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TM 5-3810-294-20, 5 April 1974, is changed as follows: 


Page iv, following number 2-72 add the following: 

2-72.1 Air cleaner service 2-84. 

Page V, following number 2-105 add the following: 
2-105.1 Adjusting front and rear drum brakes. 2-1 10. 
2-105.2 Location of chains and chain shafts . . 2-110. 
Page 1-1. 

Paragraph 1-4 line 1. Change “TM 7480-90-1” to 
“TM 740-90-1”. 

Paragraph 1-5 is superseded as follows. 

1-5. Reporting Errors and Recom- 
mending Improvements 

You can help improve this manual. If you find any 
mistakes or if you know of a way to improve the pro- 
cedures, please let us know. Mail your letter or DA 2028 
(Recommended Changes to Publications and Blank 
Forms) direct to: Commander, US Army Tank- 


Automotive Command, ATTN: DRSTA-MBP, 
Warren, Ml 48090. A reply will be furnished to you. 
Page 2-3: paragraph 2-4e(3). Following subparagraph 
(3) add. 

CAUTION 

When reeving a three or more part line, posi- 
tion the cable outside the boom point cable 
guards. This will prevent the cable dragging 
on the inside rear of the guards. 

Page 2-25: paragraph l-\^a. Warning is superseded as 
follows. 

WARNING 

Do not transport crane with the clamshell 
bucket, the dragline attachments, or the 
piledriver front end installed. 

Page 2-26: Section V is superseded as follows. 
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Page 2-26. Table 2-1 is superseded as follows. 


Table 2.L Organizational Preventive Maintenance Checks and Services (CRANE} 

Q-Quartcriy A-AmmaSy H-Hours 

S-SemiammaHy B-KcnaiaBy Mi-Miles 


Item 



Interval 
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No. 






~m~] 

Proocctere 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

• 

# 

• 

• 

• 

• 

# 

# 

• 

• 

• 




1 

1 

NOTE 

PERFORM OPERATOR/CREW PMCS PRIOR TO OR IN CONJUNCTION 
WITH ORGANIZATIONAL PMCS. 

FUEL TANK, UNES, AND FITTINGS 

IiKpect iiaes and ntdngs for leaks. Tighten loose fittings. Replace damaged lines or 
fittings <para 2-79). 

RADIATCMt 

Tlgl^em mourning clamps and ccmnections if necessary, making stire no leaks are 
apparesit. The correct cap pressure rating is 4 p». Replace cracked or damaged 
hose. Rq;>lace a leaking or faulty radiator (para 2-74). 

V-BELTS 

ln^)ect for wcmti, frayed, <Mr cracked belts. Adjust as required (fig. 2-85). 

BATTERIES 

Check dectrdyte level and specific gravity (1.285-1.300) using hydrometer. Check 
tightness of connections. Fill to 3/8-inch above the plates. In freezing weather, run 
engiiw for 30 minutes after adding water. Clean vent hole in filler caps before 
installing (para 2-53). 

HOOK ROLLERS 

Inspect hook rollers for wear and proper adjustment. Maximum allowable clearance 
between rollers and lower side of roller path is 1/ 16-inch. Replace severely worn 
rollers (para 2-1 1 1). 

GANTRY 

Inspect for cracks, worn sheaves, and improper lubrication (para 2-65). 

BOOM AND/OR JIB 

Inspect visually for damage, including cracks, breaks, and general condition. Repair 
or replace damaged boom or jib sections (para 2-37). 

REAR DRUM DRIVE CHAIN, REVERSING CHAIN, SHOVEL CROWD CHAIN, 
AND HORIZONTAL SWING SHAFT CHAIN 

Inspect for wear. Replace chain if worn excessively (para 2-110). 

LIGHTS 

Inspect lights for loose cables, mountings, cracked lens, and proper operation. Repair 
or replace defective lamps or bulbs (para 2-51). 

ENGINE CLUTCH 

Inspect and adjust if necessary (para 2-101). 

FRONT DRUM CLUTCH 

Check operation; adjust if necessary. Check lining thickness; if band is worn to within 
1/ 16-inch of rivet heads at point of most wear, install new band (para 2-106). 

FRONT DRUM BRAKE 

Check operation; adjust if necessary. If band is worn to within 1/16-inch of rivet 
heads at point of most wear, install new band (para 2-106). 

REAR DRUM CLUTCH 

Check operation; adjust if necessary. If band is worn to within 1/16-inch of rivet 
heads at point of most wear, install new band (para 2-105). 

REAR DRUM BRAKE 

Check operation; adjust if necessary. If band is worn to within 1/16-inch of rivet 
heads at point of most wear, install new band (para 2-105). 

BOOM HOIST CLUTCH 

Check operation; adjust if necessary. If band is worn to within I /16-inch of rivet 
heads at point of most wear, install new band (para 2-108). 

BOOM HOIST BRAKE 

Check operation; adjust as necessary (para 2-112). 


Page 2-84, paragraph 2-78. 

Subparagraph b is superseded as follows. 

b. Removal. Refer to figure 2-72 and remove the air 
cleaner. 

Subparagraphs c and d are added as follows. 


c. Service. Refer to figure 2-72.1 and service the air 
cleaner. 

d. Replacement. Refer to figure 2-72 and replace 
the air cleaner. 
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•igures 2-105.1 and 2-105.2 are added as follows. 
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Figure 2-105.1. Adjusting front and tear drum brakes. 


Man hat aber erst angefangen die G-esetze der Blasticitat in ihrem ganzen 
Umfange zu studiren j bei jedem Sohritte stosst man in diesen Untersuchungen auf 
neue Eigenschaffcen der elastisohen Kdrper; je weiter man vorgeht desto mehr 
Verwiokelung. Bei solchen Umstanden ist woM in diesem Angenbliok keine vdllig 
abgesohlossene Arbeit iiber irgend eine Eigensohaft der elastisohen Kdrper moglich. 

Kupffer, 


I cannot doubt but that these things, which now seem to us so mysterious, will 
be no mysteries at all ; that the scales will fall from our eyes ; that we shall learn 
to look on things in a different way — ^when that which is now a diflSlculty will be the 
only common-sense and intelligible way of looking at the subject. 

Lord Kelvin. 


Works of this nature form, as it were, the principal fund of the science property 
of mankind, the interest of which we may turn to further profit. We might 
compare them to a capital invested in land. Like the soil, of which landed property 
consists, the knowledge stored up in these catalogues, lexicons, etc., may have but 
slender attractions for the vulgar, the man unacquainted with the subject can have 
no idea of the labour and cost at which the soil has been prepared ; the work of the 
husbandman appears to him terribly toilsome, tedious and clumsy. But although 
the work of the lexicographer and physical science cataloguer calls for the same 
painful and persevering industry as the labour of the husbandman, we must not 
therefore hastily assume that the work itself is of an inferior character, or that it is 
as dry and mechanical as it at first appears when we have the catalogue or lexicon 
ready printed before us. For it is necessary in such compilations that all the 
isolated facts should be selected by careful observation, and afterwards tested and 
compared vith one another, the essential sifted from the unessential, — and all this 
it is plain, he only can efficiently accomplish who has clearly conceived the end and 
aim of his work, and the scope and method of the branch of science which it 
concerns ; but for such an one each minute detail will have its own peculiar interest 
from its position in relation to the whole science of which it is a part. Were it not 
so, such work would indeed be the worst kind of mental drudgery it were possible to 
conceive. 


von Helmholtz. 



Page 2-1 14, figure 2-107 is superseded as follows. 


STEP 1. LOOSEN LOCKNUTS (4) WHICH SECURE ADJUSTING BOLTS (4). 

STEP 2. TURN ADJUSTING BOLTS OUT OF CONTACT WITH CLUTCH BANDS. CLUTCH 
BANOS HUST BE CENTERED IN CLUTCH DRUM. USE ADJUSTING BOLTS (4) 
AND A FEELER GAGE TO CENTER CLUTCH. BANDS. TIGHTEN LOCKNUTS. 

STEP 3. LOOSEN LOCKNUT ON CYLINDER ROD. 

STEP 4. TURN CYLINDER ROD OUT UNTIL A PULL OF 15 TO 20 POUNDS ON A SPRING 
SCALE IS NEED TO ENGAGE THE CLUTCH. TIGHTEN LOCKNUT. 


ADJUSTING 

BOLT 


LOCKNUT 


LOCKNUT 


CYLINDER 

ROD 


LOCKNUT 

ADJUSTING 

BOLT 


CLUTCH 

BRAKE 

DRUM 



CLUTCH 

BANDS 


ADJUSTING 

^OLTS(2) 


NOTE: ONLY STEPS 3 AND 4 ABOVE ARE NECESSARY TO ADJUST FOR 

LINING WEAR. USE COMPLETE PROCEDURE ONLY WHEN 
CLUTCH HAS BEEN REMOVED AND REPLACED. TA0723I0 


Figure 2-i07. Adjusting front and rear drum dutch. 
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PREFACE. 


viii 

said that without a thorough study of their writings, it is impos- 
sible to be an accomplished elastician, or to follow without great 
difficulty the drift of modern elastical research. Their memoirs 
and treatises form the frame, which the Editor had hoped he 
might be able to fill up by briefer accounts of the discoveries due 
to, perhaps, less distinguished but none the less useful workers in 
the same field. This process of filling up is only completed for 
the years 1850-60, but the Editor ventures to think that the 
reader of his Chapter XI. will be surprised at the wealth of 
material, theoretical, technical and physical, which was brought to 
light in that decade. Many facts have been discovered, more, 
perhaps, rediscovered since 1860, but till the last few years it may 
be doubted whether any period has been more fruitful of genuine 
progress in the science of elasticity than these ten years. 

The number of the memoirs included in this volume by no 
means measures the work of preparation it has involved. The 
study and analysis of many memoirs not included in its contents 
had to be undertaken. But the chief task has been the verifica- 
tion of the analysis of all the more important mathematical 
memoirs. In some cases the whole of this analysis has been 
wvo, occasionally with different results. As 
ot tins I may cite ResaFs researches on the figure of 
3arth, the whole of Winkler^s work on the strained form of 
links of chains, and Lord Kelvin’s analysis of the strains 
produced by the tides in an elastic earth. In all the work of 
verification, not only of others’ analysis but of my own, I have 
had the most self-sacrificing and devoted assistance from Mr. C. 
Chree of King’s College, Cambridge. Without his aid not only 
would this volume have been much longer delayed, but I veritably 
shudder to think of the blunders which would certainly have 
escaped my unaided revision. My thanks are due to him, not as 
to a mere friendly proof-reader, but as to one whose cooperation in 
the task of editing has given the volume the major portion of any 
freedom from ei'ror it may possess. I trust that many serious 



Page 2-124. Figure 2-115 is superseded as follows. 



STEP 1. LOOSEN LOCKNUTS WHICH SECRUE ADJUSTING BOLTS. 

STEP 2. TURN ADJUSTING BOLTS OUT OF CONTACT WITH CLUTCH 

BAND. CLUTCH BAND MUST BE CENTERED IN CLUTCH DRUMS. 
USE ADJUSTING BOLTS AND A FEELER GAGE TO CENTER 
CLUTCH BAND. TIGHTEN LOCKNUTS. 

STEP 3. LOOSEN LOCKNUT ON CYLINDER ROD. 

STEP 4. TURN CYLINDER ROD OUT UNTIL A PULL OF 15 TO 20 POUNDS 
ON A SPRING SCALE IS NEEDED' TO ENGAGE THE CLUTCH. 
TIGHTEN LOCKNUT ON CYLINDER ROD. 


NOTE: ONLY STEPS 3 AND 4 ABOVE ARE NECESSARY TO ADJUST FOR 

LINING WEAR. USE COMPLETE PROCEDURE ONLY WHEN 
CLUTCH HAS BEEN REMOVED AND REPLACED. 





Figure 2-115. Adjusting boom hoist clutch. 
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PREFACE. 


Clebsch's Treatise — arises chiefly from two causes. In the first 
place Dr Todhunter omitted all memoirs dealing with the physical 
or technical branches of our subject, and more than a third of the 
present volume will be found to deal with physical or technical 
problems. In the second place a still larger portion of the work 
falls beyond the period to which Dr Todhunter had carried his 
researches. On this point I may, perhaps, be permitted to refer 
to the remarks I have made in the preface to The Elastioal 
Researches of Barr6 de Saint-Venant, and content myself here / 

with citing from them the following words : 

...it has seemed to me that the best memorial to the first Cambridge - 

historian of mathematics would be that the last history bearing his ^ 

name should have the widest possible sphere of usefulness. That 
usefulness will, I am firmly convinced, be best obtained by its com- 
prehensive character, by its attempt to be a Eepertorium of elasticity 
rather than an Historique Ahreg^ of its purely mathematical side. 

F or the Index to the present volume I alone am responsible. 

In a work of this comprehensive character a complete and 
systematic index is a first necessity. To prepare it is a duty 
which experience has taught me no one can fulfil so efficiently 
as the writer of a book. 

Lastly, I have to express the great sense of the indebtedness I 
feel to the Syndics of the University Press for the patience with 
which they have submitted to the delay in the publication of this 
History, and the kindness with which they have permitted these 
volumes to grow so much beyond my original estimate. Should 
the reader complain that the work after all remains a fragment, 
then the blame must fall on the shoulders of the Editor, who 
much underestimated the extent of his material and overestimated 
his own powers, when he reported to the Syndics nine years ago 
on the original manuscript. 


University College, London. 
Jme 7, 1893. 


KARL PEARSON. 



Table 4-1. Organizational Preventive Maintenance Checks and Services (CARRIER) 


Q-Quarterly A-Annually H-Hours 

S-Semiannually B-Bicnnially Ml-Miles 


Item 

No. 


Interval 


B 


H MI 


ITEM TO BE INSPECTED 
Procedure 


# 


NOTE 

PERFORM OPERATOR/CREW PMCS PRIOR TO OR IN CONJUNCTION 
WITH ORGANIZATIONAL PMCS. 

TRANSMISSION AIR FILTER 

Monthly, remove drain phig and blow out accumulated sediment. Quarterly, or each 
400 operating hours, replace the element. 

FUEL LINES AND FITTINGS 

Inspect fuel lines for leaks and tighten loose connections. Replace defective lines 
and Httings (para 4-39). 

RADIATOR 

Fill to 3/4-inch above baffle plate. Replace cracked or worn hose. Tighten all 
iiKHintlng damps and connections (fig. 4-12 and 413). 

ENGINE DRIVE BELTS 

Adjust as required. Replace worn or frayed belts (para 447). 

BATTERIES 

Check electrolyte level and specific gravity (1.285-1.300) using hydrometer, and check 
tightness of connections. Fill to 3/8-inch (approx) above the plates. In freezing weather, 
run the engine for 30 minutes after adding water. Clean vent hole in filler caps 
before installing caps. Replace a cracked or leaking battery (para 4-26). 

SERVICE BRAKES 

Remove wheel. Inspect brake lining and replace brake shoes if lining is within 
1 /16-inch of rivets (para 480). 

ENGINE CLUTCH 
Adjust if necessary (para 467). 

LIGHTS 

Inspect lights for loose cables mountings, cracked lens, and proper operation. Repair 
or replace defective lamps or bulbs. 


Page 4-18. Following paragraph 4-38/>(2). Add the 
following: 

6.1. Refer to paragraph 2-78 for servicing of air 
cleaner. 

Page A-l. 

Paragraph A-5. Change “TM 9-1870-1” to ”TM 
9-2610-200-20”. 

Paragraph A-6. Change ”TB 740-93-2” to ”TB 
740-97-2” and “TB 740-93-1” to “TM 740-90-1”. 


Page B-Il, group 3101, column (3)H. Change “F” to 
“O”. 

Page B-2L 

Group 3201, column (3)A. Add “O” to indicate 
maintenance function and “1.5” to indicate time 
standard. 

Group 3202. 

Column (3)A. Add “O” to indicate maintenance 
function and “1.5” to indicate time standard. I 

Column (3)H. Change “F” to “O”. 
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Partgrsph 


Part One. CRANE (REVOLVING FRAME) 
Chapter 1. INTRODUCTION 


Section I. (^teneral - — — 1-1 

II. Description and data - — 1-6 

Chapter 2. ORGANIZATIONAL MAINTENANCE INSTRUCTIONS 

Section I. Service upon receipt of material 2-1 

IL Movement to a new worksite 2-10 

in. Repair parts, special tools, and equipment - — 2-12 

IV. Lubrication instructions - 2-15 

V. Preventive maintenance checks and services - — 2-17 

VI. Troubleshooting - 2-19 

VII. Radio interference suppression 2-21 

VIII. Maintenance of shovel front attachment 2-25 

IX. Maintenance of backhoe attachment 2-31 

X. Maintenance of piledriver attachment 2-34 

XL Maintenance of crane, dragline, and clamshell attachments 2-36 

XTI. Maintenance of hull wiring harness 2-49 

XIII. Maintenance of lights, batteries, and miscelj^neous items 2-51 

XIV. Maintenance of instrument control assem1>ly' 2-54 

XV. Maintenance of horn, wiring, and tachometer gage 2-56 

XVI. Maintenance of exhaust muffler and pipes — 2-59 

XVII* Maintenance of cab assembly 2-61 

XVIII. Maintenance of gantry assembly 2-64 

XIX. Maintenance of accessory items 2-66 

XX. Maintenance of hydraulic system 2-69 

XXL Maintenance of engine cooling system 2-73 

XXII. Maintenance of engine transmission assembly and propeller shaft 2-75 

XXIII. Maintenance of engine fuel system 2-77 

XXIV. Maintenance of engine coaling svstem accessories 2-85 

XXV. Maintenance of engine electrical system 2-87 

XXVI. Maintenance of engine assembly and mechanical acessories 2-94 

XXVII. Maintenance of crane-shovel and earth working equipment 2-102 

XXVIII Maintenance of counterweight 2-115 

XXIX. Maintenance of miscellaneous items 2-117 


Pase 


1-1 

1-1 


2-1 

2-25 

2-25 

2-25 

2-26 

2-27 

2-30 

2-31 

2-40 

2-41 

2-4 

2 - 

2 - 

2 - 0 . 

2-55 

2-55 

2-56 

2-59 

2-60 

2-62 

2-69 

2-82 

2-84 

2-92 

2-94 

2-102 

2-109 

2-137 

2-138 


*This manuol suparsadas TM 5-381 G-2 94-20, 12 Moy 1971 tndudlns oil ctiongM. 
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ERRATA. 


PAET 1. 

p. 3, 1. 5, from bottom deU reference to Hopkins, 
p. 26, L 7, from top for ir=*843462/Arw262y3 ikZ‘=*848462/4rw262/3. 

p. 68, 1. 2, from top for w on left-hand side of equation read lo. 
p. 79, 1. 19, for a^=:duldr read u^^dujdr. 

„ footnote for co-latitude read latitude. 

„ „ „ in first body-stress equation of sphere read 2^ for 

p. 113, 1. 13, for neutral line read neutral axis, 
p. 114, 1. 4 of footnote, for central axis read central line, 
p. 125, 1. 2, for SqIG read S^fi. 
p. 244, add to footnote : see, however, our Art. 410. 

pp. 379-81. Phillips’s analysis for the case of a doubly built-in girder has 
been shown by Bresse and Saint-Tenant to be in error : see our Arts. 
382 and 640. 11. 3 and 4, p. 380, and the footnote p. 381, must be 
modified in this sense. Arts. 552-4 were written at a very different date 
to Arts, 381 and 540, and the facts stated in the latter had escaped me. 
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Trock-mcmnted crane, modd 320T2, with crane attachment, 
front three-quarter view, and shipping dimensions — 
Tmck-mounted crane, model M320T2, with crane, 

attachment, rear three-quarter view 

Crane engine 

Crane (revolving frame) wiring diagram 

Separately packed components 
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Cribbing prepared for boom assembly and installation 

Coimecting bocan sections 

Installing boom foot pins — 
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Tagline winder installation 
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Shovel boom installation 

Crowd and retract cable reeving 

Digging hoist cable reeving 

Boom hoist cable reeving 

Dipper trip cable reeving 

Radio interference suppression resistor and 

capacitor removal and replacement 

Adjusting saddle block 

Rake angle and retract cable adjustment 

Dipper trip cable adjustment 

Dipper latch bar adjustment 

Crowd chain idler sprocket 

Crowd chain direction and travel viewed from above 
while entering drive sprocket in crowd out direction — 

Chain repair and replacement 

Dipper trip wiring diagram 

Dipper trip magneto switch removal 

Shovel dipper removal and installation 

Dipper teeth removal and replacement 

Cable roller and boom point sheaves service 

Cable guide rollers removal 

Hook block 

Bridle assembly, replace and repair 

Jib and jib strut removal and replacement 

Boom hoist cable lower spreader connection removal 
and replacement 




1-2 


1-3 

1-5 

1-6 

2-2 

2-3 

2-4 

2-4 

2-4 

2-5 

2-5 

2-5 

2-5 

2-6 

2-6 

2-7 

2-8 

2-9 

2-10 

2-11 

2-12 

2-13 

2-14 

2-15 

2-15 

2-16 

2-17 

2-18 

2-19 

2-20 

2-21 

2-22 

2-22 

2-23 

2-24 

2-25 

2-30 

2-32 

2-33 

2-34 

2-35 

2-36 

2-36 

2-37 

2-38 

2-39 

2-40 

2-41 

2-42 

2-43 

2-43 

2-44 

2-46 

2-47 

III 



Le travail dont nous venous de rendre compte, nitrite des 6loges 
^ plus d'un titre : par les nombres et les risultats nouveaux qu’il ofire 
aox arts industriels, il constate, une fois de plus, Timportance de la 
tbiorie de T^quilibre d’toticit6 ; par remploi de la m^thode mixte, il 
indique comment les ing^nieurs, qui veulent s'appuyer sur cette th^orie, 
peuvent utiliser tons les precedes actuellement connus de Tanalyse 
matb§matique; par ses tables, ses 4pures, et ses modules en relief^, il 
donne la marcbe qu’il faut n^cessairement suivre, dans ce genre de 
recberches, pour arriver k des r^sultats imm6diatement applicables h la 
pratique; enfin, par la vari^t6 de ses points de vue, il offre un nouvel 
temple de ce que pent faire la science du g^omtoe, unie k celle de 
I’ing^nieur. (p. 988.) 

The report gives a succinct account of the memoir. A second 
account by Saint- Venant himself will be found in : Notice sur les 
tramux et tii/res scientifiques de M. de 8aint-Venan% Paris, 1858, 
pp. 19—31, and 71 — 80. This work together with one of the 
same title published in 1864, when Saint-Venant was again a 
candidate for the Institute gives an excellent r^um4 of our 
author’s researches previous to 1864. We shall refer to them 
briefly as Notice I. and Notice II. 

[2.] The memoir itself is principally occupied with the torsion 
of ^rism, a great variety of cross-sections being dealt with. This 
particular problem in torsion has been termed by Clebsch : Las 

Of ^.-^4 Yenantsche ProhUm {Theorie der Elasticitdt, S. 74), 
ing him we shall term it Saint-Venant' s Prohlem. The 
/±i‘ consists of thirteen chapters. 

3. The first chapter occupies pp. 233 — 236 ; and gives an 
introductory sketch of the contents of the memoir. If the values 
of the shifts of the several points of an elastic body arc given the 
stresses can be easily found by simple differentiation. But the 
inverse problem — to find the shifts when the stresses are given — 
has not been generally solved, because we do not yet know how 
to integrate the differential equations which present tlicmsclvcs. 
Saint-Yenant accordingly proposes the adoption of a mixed method 
{miihode mixte ou semi-inverse), which consists in assuming a part 
of the shifts and a part of the stresses, and then determining 
by an exact analysis what the remaining shifts and the remaining 

1 Copies of these numerous models are at present deposited in the mathematical 
model cases at University College. They represent much better than the poor 
woodcuts of the original memoir the distortion of the various cross-sections. 
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Number 

2-100 

2-101 

2-102 

2-103 

2-104 

2-105 

2-106 

2-106 

2-107 

2-108 

2-109 

2-110 

2-111 

2-112 

2-113 

2-114 

2-115 

2-116 

2-117 

2-118 

2-119 

2-120 

2-121 

2-122 

2-123 

2-124 

2-125 

2-126 

2-127 

2-128 

2-129 


3-1 

3-2 

3-3 

3-4 

3- 4 

4- 1 


4-2 

4-3 

4-4 

4-5 

4-6 

4-7 

4-8 

4-9 

4-10 

4-11 

4-11 

4-12 

4-13 

4-14 

4-15 

4-16 

4-17 

4-18 

4-19 

4-20 

4-21 

4-22 


Title 

Full flow oil filter 

Oil cooler and external oil lines, removal and replacMnent 

Intake and exhaust manifolds, removal and replaoement 

Enj^ne clutch adjustment 

Not used 

Chain case 

Control identification (sheet 1 of 2) 

Control identification (sheet 2 of 2) 

Adjusting front and rear drum clutch 

Bear drumshaft brake band removal and replacement 

Rear drumshaft clutch band removal and replacement 

Adjusting reversing shaft clutch or honzontal swing shaft clutch 

t^Reversing shift clutch or horizontal swing shaft clutch, 

removal or replacement 

Boom hoist brake adjustment 

Boom hoist clutch removal and replacement 

Boom hoist brake band removal and replacement 

Adjusting boom hoist clutch 

Swing brake shoes, removal and replacement 

Swing brake adjustment 

Reversing shift chain, removal and replacement 

Rear drum chain case removal and replacement 

Rear drum drive chain removal and replacement 

Horizontal swing shaft chain removal and replacement 

Hook roller removal and replacement ~~ 

Hook roller adjustment 

Swing lock assembly adjustment, removal, and replacement 

Boom hoist planetary pawls 

Boom hoist drum, rear drum, and front drum safety pawl adjustmeni^ 

Toggle linkage adjustment 

Adjusting front and rear drum brake pedal return spring tension 
Counterweight removal and replacement 

Part Two— Carrier 


Page 

2-106 

2-.107 

2-108 

2-d09 


. 2-illO 
- 2-112 
> 2-113 
, 2-414 

- 2-115 

- 2-116 
- 2-117 

. 2-118 
. 2-119 
. 2-120 
. 2-^122 
. 2-424 
2-.125 
2-126 
2-^127 
2-128 
2-129 
2-130 
2-131 
2-432 
2-^133 
2-134 
2-135 
2-136 
2-137 
2-138 


Carrier engine 

Carrier hydraulic steering system 

Carrier air brake system 

Carrier wiring diagram (sheet 1 of 2) 

Carrier wiring diagram (sheet 2 of 2) 

Radio interference suppression resistor and 

capacitor, removal and replacement 

Engine control panel removal and replacement 

Trailer coupling removal and replacement 

Oil temperature sender removal and replacement 

Water temperature sender, removal and replacement 

Oil pressure sender removal and replacement 

Horn button removal and replacement IIIIIIIIII' 

Seat installation 

Carrier cab assembly, exploded view 

Engine hood assembly removal and replacement 

^indshield wiper motor removal and replacement (sheet 1 of 2^1” 

Windshield wiper motor removal and replacanent (sheet 2 of 2) 

Radiator removal and replacement 

Thermostat housings, removal and replacement IIIIIIII 

Themostat removal and replacement 

Engine air cleaner, removal and replacement IIIIIIIIII 

Fuel tank removal and replacement 

Fuel lines and fittings reiJacement and ^repair 

Carburetor adiustment removal and replacement 
Fuel filter service and fuel pump removal and replacemenir-IIIIII] 
c^leiation and throttle control, removal, replacement, and repair 
Exhaust pipes and muffler removal and replacement 1.. 

Engine belt and pulley arrangement, removal and replacement 


3-2 

3-3 

3-4 

3—6 

3-7 


4-6 

4—8 

— 4-10 

— 4-10 
4-10 

— 4-10 
— ~ 4-11 

— . 4-12 

— 4-13 
— . 4-14 

— 4-.15 

— 4-.16 

— 4-17 
4-17 

— 4-18 

— 4-19 

— 4-20 

— 4-21 
4-21 
4-22 

— 4—23 

— 4-24 

— 4-25 


V 



Finally the strain is expressed for srmU shifts in terms of the shift- 
fluxions (pp. 246—8). There is reference in a footnote to the strain- 
values for large shifts (see our Art. 1618*). 

(c) We next pass to an analysis of stress on pp. 248 — 254. Stress 
is defined from the molecular standpoint as follows : 

Nous appellerons done en g^n^ral Pression^ swr un des deux edtes dJwne 
'petite face plam wiagMe d VirdMewr diwi corps ou d la limite de separation 
de deux corps^ la r^suUoMe de toutes les aotions des molecules situees de ce c6te 
swr les moUcules du c6te oppose, et dont les directions traversent cette face ; 
toutes ces forces dtant suppos4es transport4es parallblement k elles-mSmes sur 
un m§me point pour les composer ensemble, (p. 248.) 

The reader will find it interesting to follow the evolution of the 
stress-definition by comparing this with Arts. 426*, 440*^ 546*, 616*, 
678—9* and 1563*. 

From this definition Saint- Venant deduces Cauchy’s theorems (see 
our Arts. 606* and 610*) and an expression for f?. On p. 253 is 
erroneously printed for p^,. 

In a footnote to p. 254 a generalisation of the expression for PP is 
obtained. Suppose x, y, z to be any three concurrent but non- 
rectangular lines, and let x\ y\ ^ be lines normal respectively to the 
planes yz, zx, xy. Then in our notation : 

^ cos rx' ( ^ cos r’d ^ cos r'y' ^ cos yV\ 

^ — I 1 j 

cos XX \ coaosx <^osyy coszz J 

cos ry' cos r'd ^ cos ^ cos rV\ 

H f ( yx 7 4 - yy , + yz — 7 ) 

cQsyy \ cos xx cos yy cos zz ) 


The proof is easily obtained by the orthogonal projection of areas. 

(^) Saint-Venant next proceeds to express the relations between 
stress and strain (pp. 255 — 262). It cannot be said that this portion of 
his work is so satisfactory as the later treatment in Moigno’s StMique 
(see p. 268 6^ seq,) or the full discussion of the generalised Hooke’s Law 
in his edition of Clebsch (pp. 39 — 41). In fact the liii(i;u*ity of the 
stress-strain relations is obtained in the text hy assumption . Admottons 
done avec tout le monde que les 2:)ressions sont functions Ihdaires des 
dilatations et des glissements taut qu'ih sont tres~petits (p. 257). A 
long footnote (pp. 257—261) treats the matter fi-om the standpoint 
of central intermoleciilar action. Appeal is made to Cauchy {ExarcAces 
demathematiques t. iv. p. 2: see our Art. 656*) for tlie reduction of the 
36 coefficients to 15. Saint-Venant, however, — consistent rari-constant 
elastician as he has always been — retains the multi-constant formulae 
remarking : 


cos rz' cos rV cos r'y* ^ cos r'^ 

+ 7 ( ZX zy 7 + zz > 

coszz \ cosicjc oosyy cos,' 3 s 
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PART ONE CRANE (REVOLVING FRAME) 
CHAPTER 1 INTRODUCTION 


Section i. GENBtAL 


1-1. Scope 

a. This manual contains instructions for the 
use of personnel to whom the Model M320T2 
Truck-Mounted Crane is issued. It provides in- 
formation on the maintenance services allocated 
to Organizational Maintenance by the Mainte- 
nance Allocation Chart (MAC). 

h. This manual is divided into two parts. Part 
One primarily concerns maintenance of the crane 
(revolving frame) portion of the truck-mounted 
crane. Maintenance personnel should read the 
instructions provided in both parts of this man- 
ual before operating or servicing the equipment. 

c. Numbers in parentheses on illustrations in- 
dicate quantity. Numbers preceding nomencla- 
ture callouts on illustrations indicate the pre- 
ferred maintenance sequence. 

1—2. Maintenance Forms and Records 

Maintenance forms and records that you are 
required to use are explained in TM 38-750. 


1—3. Destruction of Army Mcrterial to Prevent 
Enemy Use 

Refer to TM 750-244-3 for procedures for de- 
struction of equipment to prevent enemy use. 

1-4. Administrative Storage 

Refer to TM 7480-90-1 for information concern- 
ing administrative storage. 

1-5. Reporting of Errors 

You can improve this manual by calling atten- 
tion to errors and by recommending improve- 
ments, using DA Form 2028 (Recommended 
Changes to Publications) or by letter, and mail 
directly to Commander, U.S. Army Mobility 
Equipment Command, ATTN: AMSME-MPP, 
4300 Goodfellow Boulevard, St. Louis, Missouri, 
63120. A reply will be furnished direct to you. 


Section II. DESCRIPTION AND DATA 


1-6. Description 

A general description of the truck-mounted 
crane (figs. 1-1 and 1-2) and of its identification 
plates are in TM 5-3810-294-10. A more de- 
tailed description of specific components and as- 
semblies is contained in the applicable sections 
of this mahual. Detailed descriptions of the 
components of the truck-mounted crane are pro- 
vided in the applicable maintenance paragraphs 
of this manual. 

1-7. identification and Tabulated Data 

o. Identification Plates. Refer to TM 5-3810- 
294-10. 


b. Tabulated Data. 

(1) Crane 

Manufacturer Harnischfeger Corporation 

Model M320T2 

(2) Crane engine (fig. 1~3) 

Manufacturer International Harvester 

Company 

Model U-450 

Ignition timing Top dead center 

Number of cylinders 6 

Horsepower 92,5 net hp at 1800 rpm full 

load 

Intake valve tappet 

clearance (hot) 0.024-to-0.026 inch 

Exhaust valve tappet 

clearance (hot) 0.024-tO“0.026 inch 

Displacement 450.9 cubic inches 
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Substitute from (iii) in (i) and then the values so deduced in (ii). 
We obtain 



+•^^008 2j8 + A sin 3j8 




+ sin 2^ + A cos 2/3 

) C’aia 



\ ^ 

^ 2j8 - A sin 2y5 

/ 

■ (H 


+ ^ cos 2/3 

^ ^xy' 


Obviously, 

if we take tan 2B = we reduce this last pair of 

f-e 

equations to 



(V), 


where and are roots of the quadratic /a® - (/+ e) /a +/e - = 0. 

Such is substantially Saint-Yenant’s reduction. It is obvious, 
however, that this result follows at once when a known problem as to 
the invariants of a conic is applied to the work-function. 

(i) A remark as to isotropy on p. 272 may be reproduced as 
bearing on the uni-constant controversy : 

Aais I’isotropie paralt rare. Non-seulement les corps fibreux, tels que 
bois, les fers ^tir^s ou forges, mais m^me les corps grenus ou vitreux, refroidis 
de la surface au centre apr^s leur fusion, peuvent presenter des <51asticit4s 
difi(§rentes en divers sens. 

Saint- Yenant refers to the experiments and remarks of Regnault, 
Savart and Poncelet already noted in our first volume : see Arts. 332*, 
978* and 1227 ^ 

(k) On pp. 272 — 8 we have deductions of the body- stress equations, 
the body-shift equations and the surface -stress equations. 

On p. 276 Saint- Yenant deduces the body-shift equation for a 
planar distribution of elasticity such as he requires for his torsion 
problem. 

He takes for the shears the expressions found in Equation (v) 
above, and for the traction ^ perpendicular to the planar system the 
expression 

^ + 55^ + CS^ + +/o-.n/, 

with six independent constants. Substituting in the body-stress (Hpia- 

. d^ d'o^ d^ _ . . , 

tion -h -f = Al, and expressing the strain in terms of the 

shift-fluxions, he finds : 
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slides to be so snaall that theii* squares may be neglected. It is 
conceivable that in some materials before rupture and, possibly, before a 
dangerous set is reached, this might not be allowable. 

(c) Our author begins by noticing that the proper limit to be 
taken for the stability of a material is a stretch and not a t/raction limit. 
He attributes to Mariotte^ the first recognition of this fact ''que c'est 
le degre d’ extension qui fait rompre les corps’’ and remarks that 
although it is legitimate, and occasionally convenient, to take a traction 
limit given by where s is the stretch-limit and E the stretch- 

modulus, T need not be the stress across any plane, whatevei*, at the 
point in question. 

Et cette sorte de notation est sans inconvenient si I’oii n’oublie pas quo T 
reprdsmte dmjplmmt le produit Es, ou la force capable de donner (aussi par 
unite superficielle) h ce mtoe petit prisme suppose isoie, la dilatation limite s 
relative k sa situation dans le corps, mais qu’il ne represente que quelqicefois 
et non toujowrs I’effort interieur ou la pression supportee normalement par sa 
section transversale pendant qu’il fait partie du corps, (p. 280.) 


This r^ark is all the more important as the distinction has been 
neglected by Lame, Clebsch and more recent elasticians : see our 
Arts. 1013^ 1016* footnotes and 1567* 


(d) The stretch in any direction being given by the equation (i) 
above, we have next to ask what in an aeolotropic body is the distn- 
bution of limiting stretch ? Saint- Venant having regard to equation (i) 
asswmes it to be ellipsoidal in character; in other words he takes 

s == 5aj cos®a + ly COS^jS -t- ,v,. cos^y, 

where Sg., Sy, 5^ are three constants to be determined by experiment, 
and the axes of ellipsoidal distribution are chosen as those of co- 
ordinates. The condition of safety now reduces to the maximum value 
of sjs being = or < 1. By the ordinary max. -min. processes of the Differ- 
ential Calculus we obtain for s/s the equation : 




(?"!)■ (“)• 


The roots of this equation are known to be I’eal and we must have 
the greatest of them = or < 1. 

Suppose the material is subject only to a sliding strain, then 
Sx - Sy = = 0 *^ = o-^v/y = 0. Hence it follows that 


In other words if 9 is the limit of 6*, tlani '2j.s 
gives the slide-limit. Let us represent it by 5-^,, 

^ Tmite da nwuvement des eaux, sixieme et troisiemc 


„ 9. is the limit of or 
alinua du sccoiid dLscoiirs. 
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Figure IS. Crane engine. 
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semi-axes. Saiat-Venant uses throughout his memoir a slightly differ- 
ent form. Let /ij, /x, be slide-coefficients and S, the shears capable 
of producing the slides and a-„z> the _ condition of ncmrTwpIm'e 

pot/r glAss&rrcent (i.e. of no failw6 of linear elasticity) is expressed by 

The chapter concludes with a few general remarks on the physical 
characteristics of rupture by torsion. 

[6.] The third chapter occupies pp. 288 — 99 ; it relates to the 
simple case of a prism on any base, whose terminal faces and sides 
are subjected to any uniform tractive loads. Lamd and Clapepon 
in their memoir of 1828 (see our Art. 1011*) had treated the 
simple case of isotropy. Saint-Venant as an example of the 
mixed or semi-inverse method gives the solution for the case when 
there are three planes of elastic symmetry, the intersection x of 
one pair being parallel to the axis of the prism. He assumes that 
the tractions are constant and the shears zero throughout. This 
satisfies the body stress-equations ; the constant values of the trac- 
tions are in this case given by the surface stress-equations. The 
stress-strain relations then give in terms of the elastic constants 
and the loads the values of the shift-fluxions. We thus arrive at 
a system of simple linear partial differential equations, whose solu- 
tion is extremely easy. The complete solution gives for each shift 
a part proportional to the corresponding coordinate and a general 
integral which is only the resolved part of the most general dis- 
placement of the prism treated as a rigid body. On p. 292 Saint- 
Venant determines the value of the stretch -modulus when the 
tractive load on the sides of the prism is zero, and on p. 293 he 
considers the simple cases of (1) the axis of the prism being an 
axis of elastic symmetry, and (2) the material being isotropic : see 
our Art. 1066*. On p. 293 we have a remark that some writers 
have doubted the exactness of the above results, considering 
them only as plausible but not necessarily unique. Saint-Venant 
asserts that they are unique, which is undoubtedly true in this 
case, but I am not quite satisfied with the nature of his proof, for 
it would at first sight apply to any elastic body. It depends 
essentially on the following line of reasoning : Take any particular 
integrals of the equations of elasticity put the sliifts equal 
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CHAPTERS 

MAINTENANCE INSTRUCTIONS 


Section I. SERVICE UPON RECEIPT OF MATERIAL 


I . Inspecting and Servidng die Equipment 

u Remove all exterior material used to protect 
truck-mounted crane during shipment. 

>. Remove all interior protective materials, in- 
ding wrapping on the operator’s seats, head- 
its, tail lights, flood lights, and the faces of 
truments. 

Make a complete visual inspection of the 
ne and carrier to see that the required publi- 
ions, tools, accessories, attachments, and re- 
r parts are with the crane and carrier. 

1. Inspect the crane and carrier for missing 
ts, or damage which may have occurred dur- 
' loading, shipment, or unloading. Inspect the 
ne and carrier engines, tires, revolving-frame 
chinery, glass panels, and instruments for 
nage. 

. Inspect all separately packaged components 
damage. See figure 2-1. 

. Inspect carrier brakes and be sure brake 
es do not stick to brake drums. 

'. Replace any missing parts. 

NOTE 

Make certain that the crane and carrier have 
been deprocessed completely before servicing. 

1 . Drain the engine crankcases and oil filters 
1 refill to the operating level with oil of the 
e specified in the current lubrication order 
D). 

. Remove all tape and wrappings from the 
rine crankcase breathers, intake and exhaust 
mings, crane engine transmission, breather, 
5mator, and clutches and brakes. 

’. Check the tension on the water pump and 
imator drive belts and adjust, if necessary, 
fer to figure 2-2. 

5. Check the level of the lubricant in the 
ne gear and chain housing and add lubricant 
the t 3 q)e specified in the current LO, if nec- 
ary. Lubricate the reversing shaft drive chain. 


L R^ove tbe tape or plugs from the air 
brake system safely valve and relay emergency 
valves. Close air reservoir drain cocks. 

nt. Remove wrappings from all m ac h ined sur- 
faces and dean the surfaces to remove preserva- 
tive coatings. 

NOTE 

If the LO specifies OE 10 for operation under 
prevailing tempecrature conditions, the preserva^ 
lave oil may be used until the first required oil 
diange. 

n. Remove the seals from the crane and car- 
rier battery filler caps. Remove battery material 
and clean the preservative coating from the ter- 
minals. Fill the batteries with the separately 
packed electrolyte. Check the specific gravity of 
the electrolyte using a hydrometer. Check to see 
that all electrical switches are in the OFF posi- 
tion and then connect the battery cables. 

0 . Lubricate the entire crane in accordance 
with the current LO. 

р. Make a final complete inspection of the en- 
tire machine, looking for leaks, loose electrical 
connections, loose or broken hoses and lines, or 
any other damage or unsafe condition. 

2-2. Installation 

а. Refer to TM 5-3810-294-10 for installation 
or setting-up instructions. 

б. The use of separately packaged components 
illustrated in figure 2-1 is covered in this man- 
ual where they would logically be installed or 
used. 

с. Refer to equipment conversion (para 2-3, 
below) for instructions to install the various 
working attachments available for use with the 
truck crane. 

2-3. Equipment Conversion 

a. The basic crane can be converted to various 
uses by dianging front-end attachments. The 
converted crane may be referred to as a crane. 


2-1 
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tres-proohes de cem oil agissent les forces (p. 299). We can 
perhaps, however, reach some conception of the field to which 
he suppqses the influence to extend by paying attention to a 
footnote on p. 22 of Notice I. 

Suppose the terminal of a prism subjected to any system of 
load statically equivalent to that distribution which produces the 
system of strains theoretically calculated. Impose upon the 
terminal two equal and opposite loads having the theoretical 
distribution. One of these will produce the theoretical strains, 
the other will be in statical equilibrium with the actual load 
distribution. The terminal is thus acted upon by two equivalent 
and opposite systems of force. These systems will produce certain 
small shifts in the end of the prism, and these shifts measure the 
extent to which the prism is influenced by the difference between 
the theoretical and practical distributions. Saint- Vcnant tells us 
in his footnote that the influence of forces in equilibrium acting 
on a small portion of a body extend very little beyond the parts 
upon which they act. 

L’auteur a fait deux experiences de ce genre sous les yeux de 
TAcad^mie en lisant un de ses meinoires. Elies out consists simplement 
a pincer avec des tenailles un prisme de caoutchouc, et a dilater traus- 
versalement une lani^re mince de m^me matiere, en tirant ses bords en 
deux sens opposes. Tout le monde peut les r6peter et voir que 
rimpression ou T^largisseraent ne se fait point mntir d dea distance^ 
excidant la projondeur dans le pt'&mier cos et Famplitude dam le 
second. 

The reader will find this matter still further treated of in the 
Navier, pp. 40 — 41 and the Glehsch, pp. 174 — 7. The principle is 
of first-class importance, as it is scarcely possible in a practical 
structure to ensure any given theoretical distribution of load. The 
terminals will generally take a form which lies beyond theoretical 
investigation and only the statical e([uivaleiit of the load system 
will be really ascertainable, e.g. the tractive load on a bar may be 
applied by means of a nut carrying a weight, the nur itself being 
supported by the thread of a screw cut on the bar, 

[9.] Saint- Venant’s fourth chapter deals with the problem ol 
flexure by the semi’inverse process. The important residts here* 
first published were afterwards considered at greater length in the 
well-known memoir on flexure : see our Art. 69 et seq. 
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Figure £-S. Alternator and water pump belt tension adjustment. 


ilamshdl, dragline, piledriver, backhoe, or 
shovel. The various conversions are described in 
jaragraphs 2-4 through 2-9. 

6. When a conversion is anticipated, make 
certain that all required attachments, tools, 
Blocking, a suitable lifting device, and madnte- 
aance personnel are available. 

c. Before reeving any line, lay out the line so 
!hat there is no possibility of kinking during the 
reeving process. Refer to TM 5-3810-294-10 for 
information on handling and maintenance of 
cables. 

NOTE 

When wrapping new cable on a drum, wrap the 
cable slowly and make certain that the cable 
wraps evenly on the drum the first time. 

2-4. Crane Conversion 

a. General. The crane may be converted to 
crane operation by installing the crane front-end 
assembly. The following components are neces- 
sary for the equipment conversion: one 15-foot 
boom base section, one 15-foot ptwt section, 
boom foot pins, boom guy cables, boom hoist 


cable, boom backstops, hoist line, and hook 
block. The basiic crane boom may be extended 
by installing boom inserts between the boom 
base section and the boom point section. The 
boom inserts are in 10-foot lengths and must be 
for the specific boom installed so that the con- 
necting joints of the boom and insert match. 

NOTE 

Longer guy cables are necessary when the length 
of the boom is increased. Refer to cable specifica- 
tions in T^M 5-3810-2&4-^10. 

h. Boom Installation. 

NOTE 

To install the boom, a cribbing will be necessary 
to support the boom in a horizontal position. The 
cribbing must be high enough to bring the boom 
into position with the bocan foot lugs on the re- 
volving frame as shown in figure 2-8. 

(1) Lift boom sections into place on crib- 
bdng. 

(2) Refer to figure 2-4 and install the 
boom connection capscrews, lockwashers, and 
locknuts so that the boom base section, insert 
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between any two practical cases of flexure. It is just as reasonable 
or unreasonable to quarrel with Coulomb’s torsion solution as with 
Saint-Venant’s flexure results. 

[10.] With regard to the uniqueness of the solution obtained 
by the semi-inverse method — supposing the theoretical shearing 
and tractive loads were applied to the terminals — Saint-Venant 
has some remarks on p. 307 which it is well to consider. After 
remarking that the shifts satisfy all the conditions and equations 
of the problem, he continues : 

Et ils sont les seuls qui y satisfassent, car le problems des 
d6plaoements est complStement dgterminS si, en donnant les pressions et 
tractions sur tons les points de la surface, on suppose fixes I’un des 
points du prisme (le point 0), et les directions d’un 4llment lin4aire et 
d’un element plan qui y passent (un 4l4nient sur I’axe des « et un 
SlSment sur le plan yz) en sorte qu’il ne puisse y avoir ni translation 
ni rotation g4n4rale i ajouter aux d4placements provenant de la flexion, 
(p. 307.) 

He then proceeds as on p. 294 to put the shifts equal to the 
particular solutions found plus additional unknown parts v\ w'), 
these latter he argues must be zero as they are shifts due to a 
zero system of loading as appears by the vanishing of the load 
terms from the equations on substitution. This sketch of a proof 
of the uniqueness of solution of the equations of elasticity has 
been adopted and expanded by Olebsch : see Kap. I. § 21 of his 
Theorie der Elasticitdt. I have suggested above that there is 
need of applying the proof with some caution ; see Art. 6. 

[11.] In treating the problem of flexure Saint-Venant assumes 
the longitudinal shifts and the lateral loading, hence he deduces 
the transverse shifts and the terminal loading. The values of the 
longitudinal shifts were doubtless suggested by the Bernoulli- 
Eulerian solution of the problem, but in this chapter tin 7 a])pear 
to arise very naturally from the consideration of the siinplcM’ case 
of uniform flexure, or the bendings of each longitudinal ‘ fibre ’ 
into a circular arc ; see pp. 292 — 304. 

Saint-Venant makes two generalisations of his problem. The 
first (p. 306) to the case when besides terminal shearing load, 
there is also terminal tractive load. It is necessary, however, to 
remark that when such load is negative, and the prism of con- 
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Figure S—7. Crane boom angle indicator installation. 
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Figure 2-6, Boom backstop installation, (Sheet 2 of 2) 


Figure 2-3, Guy cables, installation (Shset 1 of 2) 
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[13—14 


Then Saint-Venant assumes that jxS dm = -P and this leads 
to the value of K -which he uses in this case; see p. 312 line 3 from the 
foot. 

13. On p. 311 Saint-Venant says that F =0, and dF/ds = 0, 
■when y = 0 and 8 = 0. Suppose that h and k denote very small 
quantities; then the value of M_at the origin being denoted by the 
value at a point very near the origin would be 


M„ + 




jq-Qw ( is zero since m is an even function of y, so that if we 
W/ 

have (—^ zero as well as value of u vanishes all over 

\<^Jo 

cm element near the origin. 


[14.] Pp. 316 — 318 are deserving of close attention; they 
give results which were partially published in the memoir of 
1843 (see our Art. 1581*) and which followed up the suggestion 
of Persy; see our Art. 811*. Saint-Venant namely finds the 
plane of flexure when the load-plane does not coincide with the 
plane of one set of principal axes of the cross-sections. 


Let Oz, Oy be the principal axes at 0 the centroid of any cross- 
section of area <o; let be the swing-radii about these axes, and 
<l>, xj; the angles which the load and flexure planes make respectively 
with the plane through Oz and the axis of the prism. Tlion Saint- 
Yenant easily shews that ; 


tani/^ = 



I _ M /cos^</> sin^<j!> 


where 1/p is the curvature, M the bending moment and E the longitudinal 
stretch-moduln s ^ . 

Assuming that only longitudinal stretch produces danger, Snintr 
Yenant deduces that if Sq = T^IE be the limit of safe stretch then 


M = or < the minimum of 




cos cb sin i ' 

K,, Kr 


For the rectangle (25 x 2c) we have 

4 ^ 


Ar= or ■ 


3 (6 cos sin </>) ’ 


^ The first equation expresses geometrically that the planet of lloxure ih perpen- 
dicular to the diameter ot the momental ellipse (neutral axis) conjugate to the ])lane 
of loading : see our Art. 171, 
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Figure 2-10. Securing cable to drum.. 

(5) Pull cable free of cable drum and boom 
point sheave and lay it out straight on ground. 

(6) Roll cable into a coil and secure with 
wire. Label the cable for future use. 

g. Unreering the Boom Hoist Cable. 

(1) Swing revolving frame so that the boom 
is over rear of carrier. Lower boom to horizon- 
tal position, level with carrier. 

(2) Build up cribbing under boom as 
shown in figure 2-3. 

(3) Lower boom to rest on cribbing and 
continue to slack off on boom hoist cable until 
upper spreader comes to rest on boom. 

(4) Unspool boom hoist cable from drum. 
Remove wedge from cable drum socket and free 
cable. 

(5) Disconnect cable dead-end at gantry 
and free cable. Refer to figure 2-9. 

(6) Unreeve boom hoist cable from gantry 
spreader and upper spreader sheaves. 

(7) Lay cable out straight on ground. 

(8) Roll cable into coil and secure with 
wire. Label the cable for future use. 

(9) Remove guy cables by removing cotter 
pins and pins from both ends of cables. Refer 
to figure 2-8. 

(10) Using a^,^itable lifting device, lift 
upper spreader from crane boom. 

h. Removing the Crane Boom. 

(1) Unreeve hoist line and boom hoist line. 
Support boom on cribbing as shown in figure 
2-3. 


(2) Use wedges or hydraulic jack to relieve 
weight of boom on boom foot pins and remove 
pins. Refer to figure 2-5. 

(3) Disconnect boom backstops from gan- 
try A-frame and lay backstops on top of boom. 
Refer to figure 2-6. 

(4) Drive carrier away from boom. 

2-5. Clamshell Conversion 

a. General. The crane may be converted to 
clamshell operation by installing the crane boom 
(para 2-4) and a clamshell bucket. The follow- 
ing components are necessary for equipment con- 
version: crane boom components (para 2-4), 
clamshell bucket, bucket holding and closing 
lines, tagline winder, and tagline. 

NOTE 

The crane hoist cable may be used for the bucket 
holding line, but if additional depth below ground 
level is desired, longer holding and closing lines 
must be installed. Refer to cable specifications in 
TM 5-3810-294-10. 

b. Installation. Install the crane boom, back- 
stops, and boom hoist cable as described in para- 
graph 2-4. 

c. Reeving. 

(1) Swing crane boom over clamshell buck- 
et. Lower boom to approximately six feet above 
ground beside clamshell bucket. 

(2) Reeve the closing line on clamshell 
around left boom point sheave and to rear hoist 
drum. Secure line to drum (fig. 2-10) and wrap 
sufficient line on drum to close clamshell buck- 
et. 

(3) Reeve the holding line around right 
boom point sheave and to front hoist drum. Se- 
cure line to drum and wrap line on drum until 
same number of turns are on both drums. At- 
tach holding line loosely to clamshell bucket. 

(4) Raise boom to working angle. Raise 
clamshell bucket, using both lines, until the 
second layer begins on rear (closing line) drum. 
The second layer should begin on the front 
drum at the same time. If it does not, adjust the 
point of attachment of holding line to bucket. 

(5) Cut both lines and secure them to 
bucket. 

d. Tagline Winder. 

(1) Using a suitable lifting device, lift tag- 
line winder into position between diords of 
boom base section, near upper end of section. 
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We will now sketch the method by which our author reaches 
the general equations of torsion. 

[17.1 The axis o£ torsion will be taken as axis of x; the direction 
of torsion will be from the axis of ^ towards that of The area of a 
cross-section will be denoted by <i), and we shall write =r 
wKJ = Jz^d(o, these being the sectional moments of inertia. The torsion 
r^erred to unit of length will be t; that is, if we draw the radius-vector 
of a displaced point in one section, and also that of the homologous point 
in a section at distance ^ from the first, then the second radius-vector makes 
with a parallel to the first an angle of which the circular measure is ; 
this angle is measured from the axis of y to that of z. This language 
implies that the torsion is constant, but the meaning of r, when it is not 
constant, will be assigned in the same manner as before at any point, 
provided we consider ^ as infinitesimally small. 

The above definition of torsion leads us at once to the results : 

' dv/dx^-TZj dwjdx = Ty (i). 

The consideration that there is no lateral load gives for every point 
of a sectional contour the equation 

Tx>dy-^jdz:=:^0 (ii). 

On p. 329 Saint-Yenant fixes a point, line and elementary plane 
as in our Ait. 10, and remarks that the total torsion between the 
terminal sections may be considerable provided each short element into 
which we may divide the prism by two cross-sections receives only a 
small distortion relative to itself, the length of the prism being great 
as compared with the linear dimensions of the section. The total 
shifts can then be obtained by summation from the solutions of the 
above equations for each short element. 

Referring to the equations in our Art. 4 {$) we easily obtain 


S =/j {dujdy - 7z), {du/dz + ry) (iii). 

Whence if 3£ be the moment of all the stresses on a cross-section 
about the axis of cc, 

r<a 

M-\ d(^ [e^ {dujdz -l- nj) y -/^ {dujdy - t^j) ^;] (iv). 

J 0 

It will be seen that this agrees with the old theory — which gave 


M = ej do) (y^ ^only when and du/dz ~ d7f,/d7/. This, since 

du/dx is assumed constant, amounts to u = 0, or the old tlK 3 ory that 
the cross-sections remain plane and perpendicular to the axis. Substi- 
tuting in the equation of our Art. 4 {k)j and in (ii^ above, wo find for 
body and surface shift-equations : 

ad^u/dx^ +f,d^uldy‘^ e^d^u/dz^ + fd^-ujdxdy + ed^ujdxdz . 

+ {fiy'-fi)djldx o( ...(v). 
{dujdz + ry)dy -J\ {d7ijdy - tz) dz - 0 1 
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STEP 1 . UNREEVE TAGLINE (PARA- 
GRAPH 2-5e). 

STEP 2. REMOVE U-BOLT. 

STEPS. REMOVE MOUNTING 
BOLTS AND NUTS. 



WINDER 



WOOD MOUNTING 

FILLER BOLTS (4) 

BLOCKS NUTS (4) 
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Figure Z-li. Tagline winder installation. 

2-6. Dragline Conversion 

a. General. The crane may be converted to 
dragline operation by installing the crane boom 
(para 2-4) and a dragline bucket. The follow- 
ing components are necessary for equipment con- 
version: crane boom components (para 2-4), 
drag bucket, bucket hoist and drag lines, and 
fairlead. 

NOTE 

The crane hoist cable may be used for the bucket 
hoist line, but if additional reach and depth are 
desired, a longer cable must be installed. Refer to 
cable specifications in TM 5-3810-294-10. 


b. Installation and Reeving. 

(1) Install crane boom, backstops, and 
boom hoist cable as described in paragraph 2-4. 

(2) Install the fairlead (fig. 2-13). 

(3) Reeve the hoist cable over center boom 
point sheave and secure it to the rear drum. Se- 
cure remaining free end to cable socket on dump 
sheave chain (fig. 2-14). 

NOTE 

When inserting the cable end back into the cable 
socket, do not let it protrude on the opposite side 
more than one inch. 
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accompanying figure tie contour lines of these surfaces of distortion are 
marked j broken lines denoting depressions. 



The principal slide cr is given by 

<r* = + <rj = ( (6V + cV) H- 

The point dangereux or fail-point is obtained by making 6 V + a 
maximum, thus it is at the extremity of the minor axis, i.e. is the point 
nearest to the axis of torsion. 

From (iv) we obtain by means of our Art. 5 (/), if Si- /SJ, : 

S, = OT>flT2b^cl{b^ + C^) (v), 

whence it follows that M = or < — or < (vi). 

The general appearance of the prism under torsion is given in the 
figures on the next page, the torsion being diagram matically exaggerated. 

[19.] There are one or two important points to be noticed in 
- this chapter. In the first place Saint-Venant solves equation (vi) 
of Art. 17 by a series ascending in powers of y and z ; one term 
{a!^yz) suffices for the elliptic cross-section, he makes use of others 
later. Secondly he points out pp. 339—341 that his results agree 
with the theory of Coulomb only in the case of a circular section, 
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Figure 2-H. Dragline reeving diagram. 


(11) Refer to figure 2-16 and install catwalk 
to foot of boom and the leads; adjust catwalk 
so the leads are vertical, and bolt catwalk sec- 
tions together. 

c. Removing the Piledriver. 

(1) Lower hammer enough to allow slack 
in cable sling. Remove sling and move piledriv- 
er clear of cap. 

(2) Remove bolts and nuts securing the 
catwalk sections. Raise boom enough to clear 
hammer and lower hammer to ground. Remove 
cable from hammer. 

(3) Remove bolts securing catwalk to leads 
and boom and lower catwalk to ground. 

(4) Lower leads to ground and slowly drive 
carrier forward; at same time, lower boom to the 
wood blocks. 

(5) Remove piledriver lead adapters and 
leads as shown in figures 2-15 and 2-16. Secure 
pile lead adapters to leads. 

(6) Remove boom hoist cable and boom 
(para 2-4). 


2-8. Backhoe Conversion 

a. General. The crane may be converted to 
backhoe front-end attachment. The following 
components are necessary for equipment conver- 
sion: backhoe boom, dipper handle, backhoe 
bucket, pitch brace, drag padlock sheave, hoist 
padlock sheave, gantry mast, boom foot pins, 
boom hoist cable, pull cable, and mast suspen- 
sion cable. 

b. Installation. 

NOTE 

To install the backhoe boom, a cribbing will be 
necessary to support the boom in a horizontal po- 
sition. The cribbing must be high enough to bring 
the boom into position with the boom foot lugs on 
the revclvi.ig frame as shown in figure 2-18. 

(1) With base of backhoe boom assembly 
cribbed up to height of boom foot lugs on re- 
volving frame, swing revolving frame to face the 
rear of carrier. Carefully back carrier up to 
cribbed up boom so that the bores in boom foot 
lugs on revolving frame are alined with bores 


2-11 



22 


SATNT-VENANT. 


[20—23 


[20.] On pp. 341 — 343 we have, thirdly, a footnote on 
Cauchy's suggestions that the torsion t should be made to vary 
transversally : see our Art. 684*. Saint- Venant shews that this 
would require, — at least in the case of a circular cross-section and 
an axis of elasticity coinciding with the axis of figure — a shearing 
load at each element of lateral surface. This is a supposition 
which could hardly be attained in any practical case. 

[21.] Fourthly we have on pp. 342 — 346 a very concise and 
admirable consideration of the point referred to in our Art. 9; 
namely, the 'practical equivalence of statically equipollent systems 
of terminal loading at very short distances from the terminals. 

Kos r^sultats relatifs ^ la torsion d'un prisme elliptique par des 
couples quelconques peuvent toe adopt^s au m^me titre et avec la ni6me 
confiance qu’on adopte les formules, soit de Textension simple, soit de la 
flexion par des forces lat^rales, et la formule plus analogue du cas de 
torsion des cylindres circulaires (p. 345). 

In all these cases there is the same assumption as to the 
equivalence of the shifts produced by the theoretical and by the 
actual equipollent load systems. 

[22.] Fifthly §§ 59 and 60 (pp. 346 — 7) may be noted. The first 

deduces from the equations i ^cl(o= ^ do ==0 that the axis of 

•^0 Jo 

torsion for the shifts assumed must coincide with tlio line of sectional 
centroids* : see our Art. 181 (d). The second treats of tho case of large 
torsional shifts, see our Art. 17, p. 18. Saint-Venant rcmurk.s that the 
values « = - Ta;» and M; = T!» 2 /of our Art. 18, equation (i), no longer hold, 
but by an easy process of summation (p. 347) we find the now values : ’ 
« = - 2 sin Tx-'i/(l - cos Tso) 
w= i/shirx-e(l - costx) ’ 

[23.] Lastly we may note on p. 349 the general argument by 
which Saint-Venant would explain why the fail-points are those 
nearest and not farthest from the axis of torsion as in the old 
theory Q,a tUorie ordinaire, S‘-V.). He points out that at tho 
extremity of the major axis the slide produced by the distortion 
of the plane section is zero and so we have only tlie slide produced 
by the ‘fibres becoming helical,’ while at the extremity of the 
minor axis the two components of the slide botli exist and com- 
pound, operating together. Hence generally we sec how it is 
possible for the slide to be greater at the latter than the former ])oint. 
VeuaS^spSsS^ eanoelled in the copies of the memoir lemuimtiK in Saint- 
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Figure t-16. Piledriver lead and adapter inetaJlatiotu 


(2) Release front cable drum brake and (8) Remove wedge from dead-end socket 

spool cable off drum. Remove cable wedge from on boom and pull cable free of padlock, guide 
drum socket and pull cable free of drum and sheave, and boom, 
cable guide sheave on boom. 
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These equations can be solved by the assumption 
vf = S-dfli (e'®*' — 6“'®*') sin mz 

and the usual determination of the constants by Fourier’s Theorem. 
[27.] Saint Venant obtains the following general results : 

r r 

^ 2 w j2„=i (2n- 2c 

1 r sinh.d’L-l)!:? 1 

= ^c-2Ui 0^®=^ {2»»-l)%osh^ 26 

26 

( cosh (2^ ~ ^ 

L» /4V^«=« (-1)"-' 2c . (2» -!)«;( 

H^rw ^*=1 (2n-l)^.„^. - 2c 


4V&^u=« (-ir‘ 26 ...(2n-l),ry 


^ \7r/ c ^^=1 (2n - 1/ ^ 0 ^^ (2y^--- 1) ttc 26 

26 

(2w-l) ^y 

(-ir- 2c ^^,(2.- 1J.C 

^ 6V7r/ ^»=i (2w— (2n- l)ir6 ' -Ja 

2c 

Jo 2' 26 . (2n-ll 

6 U ^®=1 (2»-l)YQgjj (2?1- 1) wc *■'" 26 

"'•'‘■‘’{t -0 ; cr (2... I). •»» a >"}■ 


[28.] It will be noted that Saint-Vcnant obtains in eaoli case 

double values for his quantities which arc unsyininctrical in 6 

^ Saint- Venaut puts sinh for cosh in the denominator hero hy a misjiiint (p. ,‘hJH, 
equation 159). 
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Figure S- 18 , Cribbing prepared for backhoe boom oMembly, 
installation and removal. 



Figure g-19, Backhoe auxiliary gantry suspension 
reeving. 


foot pin holes in boom with those in revolvin 
frame. 

(5) Install boom foot pin through left 
boom foot lug. Using a suitable lifting device, 
support boom foot drum in position and install 
boom foot pin through drum and right boom 
foot lug. Install boom foot pin retaining plates, 
capscrews, lockwashers, and nuts (fig. 2-26). 
Connect electrical line to dipper trip motor. 

(6) Install crowd chain around front drum 
sprocket, boom foot drum sprocket, and over the 
chain tightener. Adjust chain (TM 5-3810-294- 
10 ). 

c. Reeving Crowd Cable. 

(1) Unroll and stretch crowd cable out on 
ground on right side of boom. 

(2) Reeve one end of crowd cable under 
and around the bottom foot drum to right cable 
socket on drum and secure cable to drum as 
shown in figure 2-10. 

(3) Reeve other end of crowd cable around 
front of right groove in shipper shaft roller, 
around dipper stick rope thimble, around front 
of left groove in shipper shaft roller, under and 
around boom foot drum to left cable socket on 
drum and secure cable to drum (fig. 2-27). 
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The values of u are calculated and given in a table on p. 377. 
The accompanying figures give the contour lines of the distorted 
cross-section and the boundaries of the cross-section as cutting the 
lateral faces of the distorted prism in elevation (diagrammatically 



For numerical values we have, 

M ~ '843462 /atcd® / 3 
= or < 1*66532 

O' *= 1*350630 6r is the maximum slide and occurs at tlio middle 
points of the sides of the cross-section, which are thus the f (tit-points. 
These values are all less than those obtained from the old tlujory. 

[31.] On pp. 382 — 387 Saint-Venant refers to the experi- 
ments of Duleau^ and Savart* as confirming his results. From 
Duleau’s experiments on circular bars the mean value of p 
obtained was 6,659,230,000 kilogs. but from his experiments on 

1 See our Art. 229*. 2 334*. 
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Figure t-Sl. Baekhoe hoist eaile reeving. 


g. Reeving Shovel Dipper Trip Cable. 

(1) Raise dipper off ground and crowd it 
ut as far as it will go; then lower it to the 
round. 

(2) Unroll and stretch dipper trip cable 
ut on ground on right side of boom. 

(3) Reeve cable from trip lever on dipper 
tick, over small sheaves on shipper shaft, 
round dipper trip motor eccentric, around out- 
ide sheave on shipper shaft, and back to dead- 
nd on dipper stick (fig. 2-80). 

h. Adjustments. Refer to TM 5-8810-294-10. 

NOTE 

Each adjustment must be made or checked before 
a machine converted to shovel operation is placed 
in service. 


i. Unreeving Shovel Cables. 

(1) To unreeve shovel dipper trip cable, 
remove cable clamp at dipper trip lever and dead 
end on dipper stick. Pull cable from drum and 
sheaves. Coil cable neatly and secure with wire. 
Label cable for future use. 

(2) To unreeve boom hoist cable, hoist dip- 
per up and crowd it out beyond boom point 
sheaves. Lower boom onto blocking (fig. 2-25), 
Unspool cable from drum. Remove cable wedge 
from cable drum socket and free cable. Pull 
cable free of drum and boom point sheaves and 
lay it out straight on ground. Roll cable into 
coil ^d secure with wire. Label cable for 
future use. 
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square sectioned bars it was only 5,636,626,000 on the old theory. 
Saint-Venant’s however brings it up to 6,682,760,000, which may 
be considered in fair agreement with the result obtained from bars 
of circular section; especially when we remember the non-isotropic 
character which was inevitable in the iron bars of Duleau’s experi- 
ments (see table p. 383). At any rate Saint-Venant’s theory 
accounts for the greater part of the inferior resistance to torsion of 
square as compared with circular bars of equal sectional moment 
of inertia. 

Some experiments on copper wires of square and circular 
cross-sections are tabulated on p. 386. Here the mean for the 
circular cross-section is ya = 4,174,825,000 ; the old and the new 
theory give for the values 3,384,121,000 and 4,012,180,000; 
again to the advantage of the latter. The isotropy of these wires 
is however very questionable. 

[32.] Saint-Venant deduces on pp. 387 — 391 the value of the 
numerical factor which occurs in if (see our Art. 30) by an 
algebraic expansion for u and a calculation after the manner of 
Fourier {TMorie de la chaleur, chap. ill. art. 208, Eng. Trans, 
p. 137) of the indeterminate coeflScients. It does not seem a very 
advantageous process. A remark on p. 397 as to the difference 
between resistance & la rupture 6loignee and rupture immediate is 
to the point. Saint-Venant remarks namely that experiments on 
the latter can throw little light on the mathematical theory of 
elasticity. At the same time it is regrettable that he should have 
retained the word rupture in reference even to the first limit. Some 
support, however, for his theory may even be derived, he thinks, 
from Vicat’s experiments on rupture; see our Art. 731^ and p. 398 
of the memoir. For Vicat found that for pierre calcaire, hrique crue 
and pldtre the moment of the forces required to break a prism of 
square cross-section and length at least twice the diameter was 
less than in the case of an infinitely short prism, i.e. a case where 
the plane section cannot be distorted. This result of Vicat is of 
great interest and would be well worth further experimental in- 
vestigation. 

[33.] We now come to the general case : Cas d^'iin rap>port 
quelconque des deux dimensions de la base (pp. 398 — 413). Saint- 
Venant has calculated numerically all the particulars of the 
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STEP 1 . REFER TO PARAGRAPH 2-4 AND JNREEVE THE CABLES FROM FRONT AND 
REAR DRUMS. REFER TO FIGURE 2-23 AND REMOVE COTTER PIN, PIN 
AND REVERSING CHAIN. 

STEP 2. REMOVE CAPSCREWS (5) AND LOCKWASHERS (4). REFER TO FIGURE 2-22 
AND REMOVE LAGGING BOLTS. 

STEP 3. REMOVE ROPE LAGGING FROM THE FRONT DRUM, AND REMOVE REVER- 
SING SPROCKET HALVES (3) FROM THE LAGGING HALVES BY REMOVING 
CAPSCREWS (1) AND LOCKWASHERS (2). 

STEP 4. INSTALL REVERSING SPROCKET HALVES (3) ON CROWD SPROCKET 
LAGGING HALVES AND INSTALL THE CROWD SPROCKET LAGGING 
ON THE FRONT DRUM. INSTALL CAPSCREWS (5) AND LOCKWASHERS (4). 

ME 3810-294-20/2-23 

Figure S-SS. InatalUng crowd sprocket lagging. 
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[35—36 


and maximum slide takes place at tke centre of the longer side of 
the rectangular cross-section, (p. 410.) 

(iii) Sq = ov> fiyrc, hence 
M=ov<^hc’S,=M,. 

y 

These complex analytical results are rendered practically of service 
by a table on pp. 559 — 60 of the memoir, the most serviceable portion of 
'which we shall reproduce later. This table gives the values of /3 and 
of p/y for magnitudes of the parameter h/c varying from 1 to 100, after 
which they become sensibly constant. We are thus able to determine 
M and its limit 

Saint-Yenant, however, gives in footnotes empirical formulae which 
agree 'with less than 4 per cent, error with the above theoretical values. 
He appears to have reached them by purely tentative methods, but he 
holds that they satisfy all practical needs. They are 



mv 

156 + 9c 


• -S'.. 


{It should be noted that our or = our y8 = /a, our r= 9, our /* = (?, 
our Sq = Tq of the memoir.} 


[36.] On pp. 403 — 6 we have a further discussion of experi- 
ments of Duleau and Savart on the torsion of rectangular bars of 
iron, oak, pldtre, and verre d vitre, the paucity of the experiments, 
and the large variation in the values of the slide-moduli as 
obtained from Saint-Venant’s formula do not seem to me very 
satisfactory. A series of experiments directly intended to test the 
torsion of rectangular bars for variations of the parameter cjh 
would undoubtedly be of considerable value. 

[36.] We now reach Saint-Venant’s ninth chapter which is 
entitled : Torsion de pHsmes ayant d'autres bases que V ellipse on le 
rectangle. It occupies pp. 414 — 454. 

The chapter opens with an enumeration of the various forms 
of contour for which it is easy to integrate the cc|uations of 
Art. 17 . We will tabulate them on the next page. 
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Solutions (3) and (5) are really identical. ITo. 4 has given rise to 
the solutions in terms of coiyugate functions : see Thomson and Tait’s 
NoMn/ral Philosophy, 2nd Ed. Part n. pp. 250 — 3. 

[37.] In the present chapter Saint-Venant dismisses Nos. 1 
and 2 on the ground that the resulting curves are very difficult to 
trace. He contents himself with two closed curves of the fourth 
degree and one of the eighth as given by No. 5. On pp. 421 — 434 
he calculates and traces these curves at considerable length. The 
most practically valuable results are those obtained on p. 439. 

We have there the following characteristic sections treated : 




(a) The equation of the first curve is : 

- — 5 -4 3 = -6 (Square with rounded angles). 

% % 

w = 2-0636r/ ; <ok*= •7174r„^ = 1-0586 q)72x; 

M= '5873f/.Tr*= •8186fiT(i)K*= •8666jaTa)725r. 


(6) The equation to the second curve is ; 


.5 y* ~ 


= '5 (Square with acute angles). 


< 0 - l-7628r/; W= •5259r/ = l-0634o)72,r; 
M= -4088/1^/= -7783^*^= •8276/xTa)727r. 


(c) The equation to the third curve is, if y = r cos tp, z - r sin <^, 

_ 48 16 cos 4^ 12 16r“cos8<^ 36 10 

r/ “ 49 ■ 17 r/ 49 ■ 17 “ »•„" ^ “ 49 ' 1 7 

(Star with four rounded points). 

o) = l-2202r/; a)/c’‘= •2974r,‘ = 1 •2.551 <a72,r ; 

M= •15983/*Tr„'‘= = •674.5/iT«)72ir. 

We add to these the results for the circle and wcjuaro. 

(d) Circle : M = firmP = jaT(i)72x. 

(e) Square : M = •84346/4Tti)K'’ = -88327 y.roi- ftir. 
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•01857/iTa)»c*, or the torsion of such a pair of cylinders round an 
intermediate .axis is only one fifiy-fowrih of that given by the old 



theory Oela ne doit pas gtonnei^si Ton considfere que le glissement 
est nul aux points » = 0, on A trbs-peu pr6s au centre de 

gravite de chaque orbe.” 

[39.] Saint-Venant on bis pp. 441—9 discusses the contour- 
lines of the distorted cross-sections of our Art. 37. This he 
accomplishes by numerical tables in a footnote (pp. 441 — 3). 
Then he considers the maximum slides aadi fail-points of the same 
sections and finally the limiting values of the torsional couples. 
These values axe as follows : 

For section (a) of Art. 37 = *8269 ■— Sq — *7094 — p 

„ (5) „ -85514^^^0 = -6812^^,. 

„ (c) ,, if,= = 

The reasoning by which Saint-Yenant deduces the fail-points 
cannot be considered satisfactory. Indeed the statement as to the 
' side of the triangle ' and the deduction of the maximum slide on 
p. 444 are unsound. The same judgment must be passed on the 
process of p. 447, where the maximum slide for the section (c) is 
shewn to be on the contour. Thus Saint-Venant has not de- 
monstrated his very general statement (237) on p. 448. The 
reader will however find little difiSculty in proving the accuracy 
of Saint-Yenant’s results by casting the expressions on pp. 444 and 
447 into other forms or by the ordinary processes of the I)iffercntial 
Calculus. In his edition of the Lemons de Navier, our author lias 
recognised the defective reasoning of these pages and replaced 
them by more accurate arguments. (Cf. his § 31, pp. 308—310 
and § 37, pp. 340 — 1 : see our Art. 181 (e),) 

[40.] In the concluding pages of this chapter Saint-Venant 
points out how the solutions of a number of other sections can he 
obtained. Thus we can take solutions like (3) of Art. 3(1 involving 
terms of the 12th and 16th degrees and so obtain curves e([ually 
symmetrical with regard to the axes of y and 
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DEAD END 
ON DIPPER STICK 


DIPPER 
TRIP MOTOR 


DIPPER TRIP LEVER 



CHAIN 

(TO DIPPER DOOR 
LATCH BAR) 

SHEAVES 
SHEAVE (IN SADDLE BLOCKS) 


ME 3810-294-20/2.30 
Figure 2--S0, Dipper trip cable reeving. 


Section 11. MOVEMENT TO A NEW WORKSITE 


2-10. Dismantling for Movement 

o. The crane can be transported readily as it 
is mounted on its own carrier. Instructions for 
transportation of crane with front end equip- 
ment attached are contained in TM 5-3810-294- 
10 . 

WARNING 

Do not transport crane with the piledriver front- 
end installed. 


6. When it is necessary to r«nove the front 
end equipment for movement to a new worksite, 
refer to the appropriate instructions (para 2-4 
througrh 2-9). 

2-1 1. ReinstallaHon after Movement 

a. Refer to the appropriate instructions (par* 
2-4 through 2-9) to install front end equipmait. 

h. Refer to TM 5-3810-294-10 for installa- 
tion or setting-up instructions. 


Section III. REPAIR PARTS, SPECIAL TOOLS, AND EQUIPMENT 


2-1 2. Tools and Equipment 

Tools, equipment, and repair parts issued with 
or authorized for the crane are listed in the basic 
issue items troop installed or authorized list. Re- 
fer to TM 5-3810-294-10. 

2-1 3. Special Tools and Equipment 

No special tools or equipment are required for 


organizational level maintenance of the crane 
(revolving frame) . 

2-14. Maintenance Repair Parts 

^enair parts and equipment are listed anH n. 
lustrated in the repair parts and special tools list 
covering organizational maintenance for this 
equipment (TM 5-3810-294-20P). 


Section iV. LUBRICATION INSTRUCTIONS 

R-16. Detailed Lubrication instructions 

Refer to Lubrication Order (LO 5-3810-294- 

12 ). 


2-15. General 

General lubrication instructions are listed in TM 
5-3810-294-10. 


3-25 
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Thus the form of the surface into which the originally plane 
cross-section becomes changed by torsion is easily understood. In 
the part between Oy and the perpendicular OL, we have u negative ; in 
the part between OL and OB we have u positive ; in the part between 
OB and yO produced through 0 we have u negative ; in the next piece, 
which is vertically opposite to the piece between Oy and OZ, we have u 
positive ; and so on. 

We have as usual the equations 

^ du ^ du 

these by (ii) of Art. 41 give 

The moment of torsion by equation (iv) of Art. 17 is 


if = /XT U 'jfdiji + J ^ J ijz^dui - ^ Jy^dwJ . 


All these integrations are easily effected ; for here if | denote any 
function of y and even in we have 

fido)-2ffidydz, 






where we integrate for z from » = 0 to z 

2 / = - J to 2 / = 26. Thus we find that 

/^c^o) = |6V3, 

/2/®dla) = |6V3, 

Jyz^diD=^-’^y3y 

/2/Va) = |6V3. 

Then for the moment of inertia round the axis we have 


, and for y from 


Hence 


o)K* = fy^do^ - 1 - Jz^diD = 36V3 = A, , for w - 36 V3. 

O/v/o 


The new theory thus gives a value for M only *6 of that given by 
the old. 


42. ^ To find the greatest slide, Saint- Venant considers the side 
which is parallel to the axis of z] then he says that along this 

36 “ — z“ 

side 2 / + 6 = 0, so that S=0, and r. Tlius the greatest 

value of ^ is when 2 ;= 0. Hence he tells us that the fail-point is on 
the boundary at the point which is nearest to the axis. Thc^ grt^atest 

36 

value of the glissement principal is then — j and to ensure safety 
we must have as before 

= or > A;x6t, 
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Table j8-J. FrevenUve Mamtentmee Cheeke and Serviaea — Continiied 


— Monthly . , , ^ Q — Omrierij 

Total man-hours required; 1.6 Tdtal maa4Miart required: tfiA 


Interval and 
Sequence No. 

Item to be inspected 

Work Thne 
(IC/H) 

M 

Q 1 

Procedure 


10 

REAR DRUM CLUTCH 




Check operation ; adjust if necessary. If lining is worn to within 1/16-mch 
of rivet heads at point of most wear, install new HT«T\g 

2.5 


11 

BOOM HOIST CLUTCH 




Check operation: adjust if necessary. If lining is worn to within 1/16-inch 
of rivet heads at point of most wear, install new lining (para 2-«108). 

2.5 


12 

FRONT DRUM BRAKE 




Check operation ; adjust if necessary. If Hning is worn to within 1/16-indh 
of rivet heads at point of most wear, install new lining (para 2-106). 

2.5 


18 

REAR DRUM BRAKE 




Check operation ; adjust if necessary. If lining is worn to within 1/16- 
inch of rivet heads at point of most wear, install new lining (para 2-105). 

2.5 


14 

BOOM AND/OE JIB 




Inspect visually for damage including cracks, breaks, and general condition. 

Replace damaged bvxmi or jib sections (para 2-37). 

2.0 


15 

ENGINE CLUTCH 




Inspect, and adjust if necessary (para 2-101) . 

.5 


16 

HOOK ROLLERS 




Inspect hook rollers for wear and proper adjustment. Maximum allowable 
clearance between hook rollers and lower side of roller path is 1/16-inch. 

Replace severely worn rollers (para 2-111). 

3.0 


17 

OPERATOR’S CAB 



1 

Replace cracked glass or damaged door (para 2-62 and 2-61). 



18 

LIGHTS 




Inspect lights for loose cables, mountings, cracked lens, and proper 
operation. Repair or replace defective lamps or bulbs (para 2-51). 



19 

REAR DRUM DRIVE CHAIN, REVERSING CHAIN, SHOVEL CROWD 

CHAIN, AND HORIZONTAL SWING SHAFT CHAIN 




Inspect for wear. Replace chain if worn excessively (para 2-110). 



20 

GANTRY 




Inspect for cracks, worn sheaves, and improper lubrication (para 2-65). 

2.0 


Section VI. TROUBLESHOOTING 


2-19. General 

a. This section contains troubleshooting infor- 
mation for locating and correcting trouble which 
may develop in the crane (revolving frame) 
that are within the scope of organizational main- 
tenance. Each malfunction for an individual com- 
ponent, unit, or system is followed by a list of 
tests or inspections which will help you to de- 
termine probable causes of trouble and corrective 
actions to take. You should perform the tests/ 


inspections and corrective actions in the order 
listed. 

b. This manual cannot list all malfunctions 
that may occur, nor all tests or insi>ections and 
corrective actions. If a malfunction is not listed 
or is not corrected by listed corrective actions, 
notify youx supervisor. 

2-20. Troubleshooting 

Refer to table 2-2. 
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r46 1 Thus in the case of the ellipse (pp. 455—8 of memoir), we 
L J .2 J ,/! 


must write for |s + ^ = 1) tIt“ ■*" ’JT, obtain at once 


the results ; 


67/*, c7/*, 

67 Ml “ ®7 /*9 


67/*. + c7m2"^*' 


Similarly 


.a?^ = • 


and 


M= 


2rgb‘ 

67m,+«7/*2’ 

w6Vt 




■67/*, + c7/*9 


(see Art. 18). 


67m,+«7/*s 

Saint-Yenant remarks that with this inequality, the cross-section 
of a circular cylinder will be distorted by torsion. The e lliptic prism 
however, for which the ratio of the semi-axes hjc will retain 

undistorted cross-sections although under torsion (p. 456). Saint- 
Yenant in the course of the chapter again refers to relations of this 
kind (p. 462), but it is obvious that such are extremely unlikely to occur 
in practice. 

It must be noted that the ^fail-limit’ {condition de non-rupture^ 
pp. 456-— 7) now takes another form, namely that of our Ai’t. 5 (/), 




1 = or > I 

From this we find at once 

(67/.. + c7/.,)= = or > 4t» (6V/8',“ + cy/8'/). 

We have then to find the maximum value of the right-hand side. 
It is easily seen to be on the contour of the cross-section, and at the 
extremities of the minor or major axis according as hjc is > or < SJS^. 
In the first case we find that the limiting value of M is given by 

„ _ irbc^ „ 


[47.] Saint-Yenant devotes pp. 458 — 460 to describing the 
changes which must be made in the general solutions of our Art. 
36 in order to adapt them to this case of unequal slide-moduli. 
They follow easily from our Art. 45. On pp. 460 — 8 he treats at 
some length the case of the prism with rectangular crosK-section. 
The results are the same as those of our Art. 27, provided we re- 


c b 

place the ratios ^ and - where they occur in our formulae by 

hM u. 


and- 
/^2 ^ 




respectively, and the exponentials 


^ (2^-l)7r g ±'2%-l)7r// A.. ^(2n-l)7r5 A, 

e ^ ^ and e ^ ^ by e ^ <• V ^ 2 /o V 

respectively. 
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TnhU . Tr<nt^le9hooiin0 — CJontmned 


MALFUNCTIpN^ INSPECTION 

CORRECTIVE ACTION 


Step 2. Check for clogged oil filter. 

Replace oil filter (para 2-98). 

Step 3. Check for oil too thin due to dilution or too light a grade used. 
Drain crankcase and refill with proper oil (para 2-96). 

8. HIGH OIL PRESSURE 

Step 1. Oil too heavy. 

Drain crankcase and reHll with proper <Al (x^ara 2-96). 
Step 2. Check for defective oil pressure gage on engine control panel 
Replace oil pressure gage (para 2-54). 

9. EXCESSIVE OIL CONSUMPTION 

Step 1. Check oil lines for leaks at connections. 

Tighten loose connections (para 2-98). 

Step 2. Check for poor quality or wrong grade of 

Drain crankcase and refill with premier (para 2-96). 

10. ENGINE LACKS POWER 

Step 1. Fuel pump not operating properly. 

Refer to paragraph 2-84 and test fad pump. 

Replace defective pump. 

Step 2. Check for dirty or faulty carburetor. 

Clean or replace carburetor (para 2-83). 

Step 3. Check for faulty spark plugs. 

Replace plugs (para 2-91). 

Step 4. Check for burned, pitted, or sticking ignition points. 

Replace points (para 2-90). 

11. BATTERIES DISCHARGE WITH ENGINE RUNNING 

Check for loose alternator V-belt or faulty alternator. 

Adjust V-belt tension or replace faulty alternator. 

(para 2-88). 

12. LIGHTS PAIL 

Step 1. Check for defective or burned out lamps. 

Replace lamps (para 2-51) . 

Step 2. Check for defective wiring. 

Repair or replace ^wiring (para 2-50). 

Step 8. Check for defective switch. 

Replace switch (para 2-55) 

Step 4. Check for faulty ground. 

Clean ground terminals 

13. REVOLVING FRAME TEETERS 

Check hook rollers for improper adjustment. 

Adjust hook rollers (para 2-111). 

14. HEATER MOTOR INOPERATIVE 

Step 1. Check wiring. 

Replace faulty wiring (para 2-68). 

Step 2. Check heater blower motor. 

Replace defective motor. 

15. HEATER DELIVERS COLD AIR 

Step 1. Check for stuck thermostat. 

Replace defective thermostat. 

Step 2. Check for blocked heater hose. 

Repair or replace hose. 

Step 3. Check for air lock in water line to heater. 

Disconnect heater hose and drain line until air block is 
bled from system. 

Step 4. Check for dirt on outside of coil. 

Remove cover and clean outside of coil. 

Step 5. Check for sediment in inside of coil. 

Remove input and output hoses and flush coil with suitable 
solvent. 

16. HEATER DOES NOT DELIVER AIR 

Step 1. Check for inoperative heater motor. 

Refer to malfunction 14 above. 
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gives the value of ^ 3 , where M-13/Jbjbc^ is the value of the torsional 
couple. The third and fourth columns give the maximum slides 
by means of the coefficients 7 ^^ and where = — %ct and = 7 ^ 67 . 
The fifth and sixth columns give the maximum value of M 

by means of the tabulated values of /S/ 7 i and ~ where 

72 ^ /^2 

hc^ and ^ V'cS^. is to be taken equal 


to the lesser of and 

[48.] Pages 468 — 9 of this chapter suggest the modifications 
which must be made in the results obtained for prisms of other 
cross-sections, when differs from while on p. 470 we have a 
simple proof that in this case at corners and angles which project 
there is no slide, or the intersection of the lateral faces at such 
corners remains normal to the cross-section. 


[49.] Saint-Venant’s eleventh chapter deals with the torsion 
of hollow prisms (pp. 471 — 6). 

In this case we have to satisfy the surface shift-equation 

(du/dz + ry) dy - (dujdy - ts) = 0 (i) 

r two surfaces. If then we form a family of surfaces satisfying this 
^-ation and give to the arbitrary constant which appeal’s on the right- 
nand side two different values we shall obtain tlie two boundaries of 
a hollow prism satisfying all the required conditions. 

For example : 


(a) 

satisfies the 
integration 


body shift- equation. Substituting in (i) 


wo 


have on 


-f- = constant. 

Giving the constant different values we obtain a systc’in of similar 
and similarly placed ellipses. Thus we find for a hollow olliptie cylinder 
formed by the ellipses (26 x 2(?) and (26' x 2c') 


f f 

= ^ ( 67 /^, + 07 ^ " 


J • 


(6) In the rectangular section 

M = - T 2/2 + sinh ) sin ( 


where 


iJ 

. 6c/4\^c /fjL 


and 


2 c 
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AiFUNCTION 

TEST OB INSPECTION 

CORRECTIVE ACTION 


Step 2. Check for clogged oil filter. 

Replace oil filter (para 2-08). 

Step 3. Check for oil too thin due to dilufion or too light a grade used. 
Drain crankcase and refill -with proper oil (para 2-S6). 
HIGH OIL PRESSURE 
Step 1. Oil too heavy. 

Drain crankcase and refill 'with proper oil (para 2-96). 
Step 2. Check for defective oil pressure gage on engine ocmtrol panel 
Replace oil pressure gage (para 2-34). 

EXCESSIVE OIL CONSUMPTION 

Step 1. Check oil lines for leaks at connections. 

Tighten loose connections (para 2-08). 

Step 2. Check for poor quality or wrong grade of oiL 

Drain crankcase and refill wifii proper (para 2-96). 

I. ENGINE LACKS POWER 

Step 1. Fuel pump not operating properly. 

Refer to paragraph 2-84 and test fu^ pump. 

Replace defective pump. 

Step 2. Check for dirty or faulty carburetor. 

CJlean or replace carburetor (para 2-83). 

Step 8. Check for faulty spark plugs. 

Replace plugs (para 2-91). 

Step 4. Check for burned, pitted, or sticking ignition points. 

Replace points (para 2-90). 

. BATTERIES DISCHARGE WITH ENGINE RUNNING 
Check for loose alternator V-belt or faulty alternator. 

Adjust V-belt tension or replace faulty alternator. 

(para 2-88). 

. LIGHTS FAIL 

Step 1. Check for defective or burned out lamps. 

Replace lamps (para 2-51). 

Step 2. Check for defective wiring. 

Repair or replace wiring (para 2-50). 

Step 3. Check for defective switch. 

Replace switch (para 2-55) 

Step 4. Check for faulty ground. 

Clean ground terminals 
. REVOLVING FRAME TEETERS 

Check hook rollers for improper adjustment. 

Adjust hook lollers (para 2-111). 

HEATER MOTOR INOPERATIVE 
Step 1. Check wiring. 

Replace faulty wiring (para 2-68). 

Step 2. Check heater blower motor. 

Replace defective motor. 

. HEATER DELIVERS COLD AIR 
Step 1. Check for stuck thermostat 

Replace defective thermostat 
Step 2. Check for blocked heater hose. 

Repair or replace hose. 

Step 3. Check for air lock in water line to heater. 

Disconnect heater hose and drain line until air block is 
bled from system. 

Step 4. Check for dirt on outside of coil. 

Remove cover and clean outside of coil. 

Step 5. Check for sediment in inside of coil. 

Remove input and output hoses and flush coil with suitable 
solvent 

HEATER DOES NOT DELIVER AIR 

Step 1. Check for inoperative heater motor. 

Refer to malfunction 14 above. 




2-29 


42 


SAINT-VENANT, 


By a simple analysis Saint- Venant finds its absolute magnitude for a 
right-cvrcula/r cylinder of radius a. Take / 

a fibre at distance r from the axis and p/ 

let us consider the element PF' of it be- 

tween two planes at unit distance. Sup- 1 

pose owing to torsion that the two planes -- • I 

approach each other by a quantity yj and P P PT 

let P'iV'be the perpendicular from the new position of F on the cross- 
section through P, 

PF = JFN> + PN^ = V(l-^)‘ + W‘ 
tV* 

= 1 — 17 4 - — nearly. 

Saint-Yenant takes for PP' the quantity 

+ tV® 

1 

1 ’?+ 2 ’ 

but I do not think he obtains the first expression very rigorously. He 

has practically the same value in the Legons de Nmier (pp. 240 1 ). 

The traction in the fibre will now be given by 


/tV n 


■wliere E is the longitudinal stretch-modulus. The quantity - -q must 
be determined by the condition that the total traction is zero, or 




sinP'PY = 0. 


sin FPJV = 


r V " ^ 2" 

1-V+-2 


it may be put = 1 in the integral. 


We find giving = a result which agrees witli 

Saint-Yenant’s; our analysis thus proves that y is of the second order 
in T. 

^ Further we have for the total-moment of these tractions about the 
axis 

2iTrdrE FJWx r 
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Section VIII. MAINTENANCE OF SHOVEL FRONT ATTACHMENT 


2-25^ General 

a. This section contains instructtons for serv- 
ice, adjustment, repair and replacement of the 
shovel front attachment and components. 

b. Use a crane or other adequate lifting de- 
vice for removing and installing components. 

2-^26. Shovel Front Attachment 

a. Service. The shovel front must be lubricated 
at the periodic intervals listed in the current 
lubrication order (LO 8810-294-12). WhMi re- 
moved from the machine, all exposed finished 
surfaces must also be lubricated as oft^ as re- 
quired to prevent damlage due to rust and cor- 
rosion. If possible, the entire attachment ^ould 
be placed inside a suitable dry building, prefer- 
ably on wooden blocking. The shovel front 
should be cleaned with cleaning solvent. Paint 
the shovel boom as required to prevent rust and 
corrosion. (Refer to TM 9-218.) 

b. Adjustments. Each of the following adjust- 
ments must be checked after every 40 hours of 
shovel operation. Adjust only if necessary. 

(1) Saddle block adjustment. Shims and 
wear plates are used to adjust the clearance be- 
tween the dipper stick and the saddle block 
wear plates as shown in figure 2-32. The de- 
sired minimum clearances between wear plates 
and saddle blocks are l/64jinch at each location. 
Adjustment is mandatory when clearance reaches 
1/16-inch at any point illustrated. Use the fol- 
lowing procedure for adjustment: 

(a) Support the dipper stick in horizontal 
position, using the hoist line. 

(b) Divide the dipper stick into three ap- 
proximately equal lengths, using chalk mai'ks or 
paint. 

(c) Move the dipper stick back and forth 
a few times to make sure it is free in the saddle 
blocks and in its normal operating condition. 

(d) Position the dipper stick so that the 
outer third of the dipper stick, as measured by 
the chalk or paint marks, is located in the saddle 
block. Measure the clearance between the wear 
plates on each side of the dipper stick and the 
dipper stick. Record tiie measured distance. 

(e) Measure the clearance between the 
top of the dipper stick and the wear plate at 
each end of the saddle block and record the 
measured distance. 

(/) Repeat steps (d) and (e) above for 
each of the other two marked sections of the 


dipper stick, each time recording the measure- 
mrats. 

(£f) Loosen wear itiate bolts and insert 
shims beneath the wear plates until the clear- 
ance between the dipper stick and the wear 
plates is approximately 1/64-indi at the thickest 
point of the dipp^ sticks Adjust both top and 
aide clearances in this manner. 

NOTE 

S hima axe slotted so they may be into 

place withont removing wear {dates. 

(2) Crowd dudn adjustment. Adjust for 
crowd clmin wear as illustrated in figure 2-24. 
Total midspan chain slack at top of chain must 
be maintained at approximately 1/4-inch. 

(3) Rake a/ngle adjustment. Refer to figure 
2-33 and adjust the dipper pitch braces in ac- 
cordance with type of material being moved and 
working conditions. In graieral, pin the pitch 
brace in hole 1 for easy digging and low bank 
cuts. Pin the brace in hole 2 for medium or aver- 
age soil conditions and bank heights, and in hole 3 
for hard digging, high banks, and when grading 
the area. 

(4) Retract cable tension adjustment. Refer 
to figure 2-34 and adjust retract cable tension. 

(5) Di-p^er trip cable adjustment. This ad- 
justment should not be necessary unless the dii)- 
I)er trip cable wears or stretches. Therefore, the 
cable should be inspected to determine that it is 
safe for further use before it is adjusted. Refer to 
figure 2-34 and adjust the dipper trip cable 
tension. 

(6) Dipper latch bar adjustment. The dip- 
per latch bar must be adjusted to move forward 
into the opening in the dipper latch as latch bar 
wear occurs. Refer to figure 2-35 and adjust the 
dipper latch bar. 

c. Shovel Front Replacement, Refer to para- 
graph 2-9 for removal or replacement of the 
shovel front attachment. 

2-27. Idler Sprocket Replacement 

a. Inspect sprockets for wear or other defects. 
Replace a badly worn or defective sprocket to 
prevent excessive chain wear. 

b. Refer to figure 2-36 and remove or replace 
the idler sprocket assembly by removing the at- 
taching bolts. 

2<^8. Crowd Chain 

a. Replacement. The crowd chain may be 
opened at any point for chain replac^ent. The 
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stretoli. Thus ve find as safe-stretch limit 

(i) ... 1 =maximum of y/ ^ s®) + (■^) ■ 

We take the positive sign of the radical, because if o-a, = 0 we should 

E EE 

have the alternative between s^i and - “j;! jr ^£c = former 

will he considered the greater (^aint-Yenant, p. 484). 

Gase (2). A like equation is obtained, if, without supposing an 
axis of elasticity, two out of the three slide components vanish at a 

failrfoint, 

Gase (3). This is a case of approximation, Saint-Yenant supposes 
(Ty^ to be zero ; but - Syfsy and - sjs^ without being equal to differ but 

slightly, and he then takes them equal to 77 ^ ™ ^ une certaine moymne 

entre ces deux rapports' Thus he replaces (sjs - Syjs^ (sjs - s^/s^) by 
{$ls + %Sa}lsaf and divides out all the terms by the same factor. We 
thus reach the equation 

Vs sj \s ^sj cr^y crj 
and obtain for the safe-stretch condition 
(ii) ... 1 = maximum of 


2 T 


l+’/si®, 




Here rj^ is given, I think, most satisfactorily by the arithmetic mean 


Hi*?)-’-.?- 

Now if Sy = - 775 ^;, and = - r[s^^ 


= 2 f ?7 ^2 + rt' Sj," : see our Art. 5 (d), 


This result gives a constant value for and fippojirs to agrofi witli 
Saint- Yenant’s note on Clebsch, p. 275. I do not tliink tlu^ value given 
for — our Tj^) on p. 485 of the memoir is quite satisfactory. 

It will be noted that in all three cases tlio r(‘sulting (|ini(lratic is 
practically of the same form and the condition may for all thre.e b(‘. 
thrown into a somewhat different shape, namely, transposing and 
squaring we find 

- 5 ‘.) (, * ,.) . (e^,y _ (^0 
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STEP I . REI^VE PITCH BRACE COTTER 
r, .. FIN/NUTANO 
STEP 2. LINE UP PITCH BRACE HOLE 
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RETto^« 

STEP 6. TIGH^I^" NU|:„ 

. ^ PITCH ft&PP WT/ ^ 
\ COTTER fm AND PIN 
HOLES 

V, I 

PITCH 
BRACE 
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Figure SSS, Rake angle and rebraet eable adjuetment. 


easiest point will be at the boom foot drum 
sprocket, since the chain is accessible and sup- 
ported by the sprocket. To open the chain, chisel 
off the cotter pin (fig. 2-36) and drive out the 
chain connecting pin at the point shown. To re- 
install the pin, wrap the chain around the two 
sprockets as shown. Make sure the chain points 
an the direction shown in figure 2-37. Then sup- 
port the chain on one side with a heavy hammer 
or steel plate while installing the connecting pin 
and a new cotter pin. 

6. Repair. If a single section of unworn chain 
should break, refer to figure 2-38 and repair 
the chain by replacing the broken link. 

2-29. Dipper Trip Motor Magnetic Switch and 
Wire Leads 

a. Refer to the dipper trip wiring diagram, 
figure 2-39, When the shovel attachment is in- 


stalled, the dipper trip pushbutton switch is 
mounted on a bracket on the front drum clutch 
lever. If closing the dipper trip pushbutton will 
not actuate the dipper trip mechanism, first 
check the batteries (para 2-53). 

h. Refer to figure 2-40 and replace the dip- 
per trip motor megnetac switch and wire leads. 

2-30. Dipper and Dipper Teeth Replacement 

a. Dipper Replacement. Refer to figure 2-41 
and remove or replace the shovel dipper. 

h. Dipper Tooth Replacement. Drive out the 
attaching pins and replace dipper teeth. 

NOTE 

Dipper teeth can be kept sharp in service by regu- 
larly reversing them, top for bottom, as they 
wear. However, when teeth are worn to about one 
third their original length, they must be replaced. 
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[56 


The expressions (v) of course are only true for these excep- 
tional sections, which can never occur in pure torsion as sections of 
danger, while in practical cases of flexure combined with torsion 
or slide they are frequently found to be specially strengthened 
(e.g. built-in ends). 


[56.] We will now enumerate the examples Saint-Venant gives 
of the above condition of safety. 


Case (1). Consider a rectangular prism (cross-section 26 x 2c) sub- 
jected only to a force P parallel to the axis of s (or side 2c). Let the 
built-in terminal of the prism be so fixed that it can be distorted by 
fiexure. Then if the length of the prism be a, and 2c be much greater 
than 26, we have 

_ 5 -f* / 1 p ^ p ^ 0 

fh ” 2 (0 \ 

_ I <I)C^ 

cra^ = 0, E8^^ra% 

4 1 

so that, granting uniconstant isol/ropy^ “J? == j thus the 


equation (i) of our Art. 53 becomes 


- . . 3Pa 3 z 

1 = maximum of ^ - 
To3C 8 c 



Saint-Yenant gives a table of the values of the quantity between 
square brackets for values of zlc — 0 to 1, and for values of 2c/ a 
(depth to length) from 3 to 6. Prom this table the following results 
may be drawn. So long as 2c j a < 3*05 the fail-point li(‘S on the 
surface of the prism where s/c = 1, or at that point where there is qh) slide. 
If then the ratio of depth to length be < 3-05, the prism's resistance is 
just that of flexure without consideration of slide. If on the other 
hand 3c/a> 3*05 the maximum passes abruptly to the points for which 
z/c = *2 about, and approaches more and more to those for whicli = 0. 
But this latter point lies on the neutral-axis^ or it must Ixi slide 
and not flexure which produces the failure. When 2r/o 3*2 we may 
calculate the resistance either from flexun^ or ti’a ns verse slifh‘, hut 
after 2c/a = 4, it is the slide alone which is of inipoi tana*. Similar con- 
clusions Saint-Yenant tells us maybe obtained for a circular section 
(radius r); in this case the fail-point passes abruptly when 2rj<f 1 .‘i 
from ; 2 ; = r to ^ = *2^ about. 

The reader who bears in mind Yicat's attack uj)on tin* matln‘maiieal 
theory of elasticity (see our Arts. 732* — 733') will find that tlui ah()\(* 
remarks satisfactorily explain Vicat’s cxp(3rimc;ntal rc'sults. 

Case (2). This is that of a prism (length 2o, s(‘ction 'Ih x 2r) lei-mi- 
nally supported and centrally loaded. Here the section of grc'atc'st 
strain sufiers no distortion. If the load P be in the direction of 







I shall have something to say of these experiments when dealing with 
IVEorin’s R^^sto/yiCB d6s TyidtBTiduXj 1853 i see our Chap, xi. 

Case (4). This case gives the calculation of the ‘solid of equal 
resistance ’ for a bar built-in at one end and acted upon at the other by 
a non-central load perpendicular to its axis, i.e. combined flexure and 
torsion. Saint-Venant supposes uni-constant isotroi)y and neglects the 
flexural slides. His final equation is 

2 ^=Bx+5j¥+W. 

Here P is the load acting on an arm k, and r is the sectional radius 
at distance x from the loaded terminal, (p. 504.) 

Case (6). An axle terminally supported has weight 11 and carries 
two heavy wheels and w') upon which act forces, whose moments 
about the axle are equal and whose directions are perpendicular to the 
axle. We have thus another case of combined flexure and torsion, 
which is dealt with as before. 


[57.] The next case treated by Saint-Venant is of greater com- 
plexity; it occupies pp. 507 — 18 of the memoir. It is the investi- 
gation of combined flexural and torsional strain in rectangular prisms 
(25 X 2c), and possesses considerable theoretical int eldest. In practice 
also the non-central loading of beams of rectangular section must be a 
not infrequent occurrence. 

Case (6). Saint-Venant in his treatment does not suppose the elas- 
icity round the prismatic axis to be isotropic, but takes the general case 
of two slide-moduli, supposing, however, that bJjj.,, > . 

He neglects also the flexural slide-components. Lot the torsional 
slide-components be given by o-i = -'yi,CT and o-^^-y.hr for and 

yjh = 1 respectively, r must be eliminated by inoans of the relation 
If be the angle the plane of the flexural load makes 
with the plane through the prismatic axis and the axis of //, and M' the 
flexural moment at section x, we easily obtain for the siriitch the value 

/z cos (l> y sin <^\ 

= (for . = c) ^ ^ - sin ^ j 

. « . 31/*' fz , c . \ 

= (for2/ = 6)j^,(-cos,^ + ^smVi). 

Let us substitute these values in equation (ii) of our Art. 53. Taking 
these expressions alternately for the sides 26 and 2c wo o])tain : 

. 1 — ‘>?‘2 3 AT' / , c y . \ 

1 =maximum^ — (^cos<^,+ 


'''2T 46c" 


cos<^+ «in</> 


7 . 

/V, /^6c- 




STEP 1 . PLACE THE CHAIN ON STEEL PLATE WITH BUSHING BENEATH PIN. 
BUSHING MUST HAVE HOLE LARGER THAN PIN, AND MUST BE 
LONG ENOUGH TO ALLOW PIN TO MOVE. 

STEP 2. STRIKE THE PIN VERY SHARPLY. HIT IT HARD. THIS WILL DRIVE 
THE PIN FROM THE CHAIN, WHILE CUTTING OFF COTTER PIN. 
STEP 3. INSTALL NEW PIN AND DRIVE COTTER PIN IN PLACE. DO NOT 
FILE DOWN PINS TO AID IN INSTALLING. PRESS FITS ARE 
NEEDED FOR CHAIN LIFE, 
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Figure tS8. Chain, repair and replacement. 
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[59-.60 


(2) c so much less than h that clb.t&Ji(t> may be neglected as 
jompared with 1, i.e. the case of a 'plate* (pp. 511 — 2). 

(3) Prism on square base, when tan<^ = 0, — I, =1, and = anything 
j^hatever when there is a non-distorted section for section of least safety 
'pp. 512 — 4). The fail-points are also determined. 

(4) Prism on rectangular base for which b = 2c, when tan<^ = 0, 
=1, =2, = 00 , and = anything whatever when there is a non- 

iistorted section forldiat of least safety (pp. 514 — 518). The fail-points 
ire also determined. 


[59.] On pp. 518 — 22 we have the treatment of a prism on elliptic 
3 ase subjected at the same time to flexure and torsion. Saint-Yenant 
)nly works this out numerically for the case of uni-constant isotropy and 
frhen tan<^= oo . 

It is found that after a certain value of the ratio of torsional to 
iexural couple, the fail-point leaves the end of the major axis (through 
vhich the flexural load-plane passes*) and traverses the quadrant of the 
fllipse till it reaches the end of the minor axis (p. 522). 


[60.] We now turn to Saint- Venant*s final chapter (pp. 522 — 
558). This consists of three parts : § 135 Risume g4niral\ § 136 
Recapitulation des formules et regies pratiques and § 137 Ecuemples 
V applications numiriques. 

In the first article there is little to be noted. A reference is 
nade on p. 528 to the models of M. Bardin shewing the gauchis- 
\ement of the cross-section to which we have previously referred. 
3aint-Yenant also mentions the visible distortion of the cross-sec- 
ions obtained by marking them on a prism of caoutchouc and 
hen subjecting it to torsion. 

In the general recapitulation of formulae we have some results 
lot in the body of the memoir, as on p. 536 (d^ where the flexural 


ilides for the prism whose base is the curve 




1 are 


dted from the memoir on fiexure : see our Art. 90. So again on 
D. 546 for the flexural slides of other cross-sections. The best 
^dsume, however, of formulae as well as numbers for both flexure 
ind torsion is undoubtedly to be found in Saint-Veiiaut’s /je^ 07 is 
ie Navier to which we shall refer later. The last section § 137 
jontains some instructive numerical examples of Saiiit-Vcmant s 
Teatment of combined strain. 


^ Saint-Venant terms this sollicite de chavvp. When the lc)a(l-i)lano is perpnn- 
licular to this the prism is sollicite a plat. 
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LEADS. 

STEP 2. REMOVE CAPSCREWS AND 
LOCKWASHERS. 

STEP 3. REMOVE MAGNETIC SWITCH. 
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I 


Figure 2-iO. Dipper trip magnetic switch, removal. 
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[64 — 68 


[64.] In the same volume of the same J ournal, pp. 220—1, 
ire particulars of the memoir on the Flexure of Prisms communi- 
sated to the SocidtS Philomathique, 

[66.] In the same volume of this Journal, pp. 396 — 398, is 
mother communication of Saint-Venant^s to the Socidtd Philo- 
m^atUque (July 8, 1854). This deals with the formulae for the 
lexure of prisms and for their strength, when the cross-section 
ioes not possess inertial isotropy. It gives the general equations 
md treats specially the case of a rectangular cross-section: see 
3 he Legons de Navier, pp. 52 — 58 and our Arts. 1681*, 14 and 171. 

A final paragraph to the paper points out that the resistance 
;0 torsion varies more nearly inversely than directly as the axial 
noment of inertia : see our Art. 290. 


[66.] On pp. 428 — 31 of the same volume of th^ same Journal 
3aint-Venant communicates to the SocidU Philomathique (July 8 
md October 21, 1854) the results obtained from the stretch- 
condition of strength. These results were afterwards published in 
ihe memoir on Torsion : see our Arts. 53 et seq. 

[67.] Volume 23 of the same Journal, pp. 248 — 50. Further 
'esults of the memoir on Torsion communicated to the Socidtd 
Philomathique (April 12 and May 12, 1855), notably the case of 
1 prism on an equal-sided triangular base : see our Arts 40 — 2. 


[68.] The same volume of the same Journal, pp. 440 — 442. 
Diverses considdrations sur Vdlasticitd des corps, siir les actions 
mtre leurs moldcules, sur leurs mouvements vihratoircs atoniiques, 
et sur leur dilatation par la chaleur. An account of a memoir 
presented October 20, 1855, to the Socidtd Philomuthicpfe contain- 
ing general remarks on the rari-constant theory of intormolccular 
action. The expression for the velocity of sound on p. 441 h 

and not 


should be 


sec Ulnstitat, Vol. 24, 


p. 215. Saint- Venant refers to the labours of Newton, Ainp^TC 
and others on this subject : see our Art. 102. Ho points out that 
in order to explain heat by translational vibrations, the second 
differential of the function which expresses the law of intcTino- 
lecular force must positive: see our Arts. 2i)H a.nd 278. 
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’H'pper Assembly Pitch Adjustment. R^er 
agraph 2-8d and adjust the backhoe pitcii 

'.epair and Replacement. 

L) Inspect sheaves and sheave bushings, 
■e faulty sheaves or sheave bushings as in- 
sd in paragraph 2-8. 

J) Inspect all parts for wear, defects, or 
:e of any type, and repair or replace de- 
! parts. 

0 Replace side cutters if they are dull or 

i. 

1) Refer to paragraph 2-8 for ranoval or 
jment of backhoe front attadunent or com- 

■&, 

Dipper Assembly 

'■eneral. The dipper assembly consists of 
pper, dipper teeth, side cutters, attaching 
nd bushings, and bracket assembly, block, 
ik assembly. The dipper is attadied to the 
and pitch brace assembly. It is actuated 
pull cables through the bracket assembly, 
and link assembly. 

■emoval. 

.) Lower dipper to rest on blocks, then 
j drag cable from bracket assembly, block, 
k assembly. 

!) Remove cotter pins and washers from 
and pitch brace pins. Remove handle and 
)race pins and remove dipper and bracket 
)ly, block, and link assembly from handle. 
leaning, Inspection and Repair. 

) Clean parts and attaching hardware 
eaning solvent. 

) Inspect parts and attaching hardware 
nage and wear. 

) Insi>ect teeth and side cutters for wear 
mage. 

) Inspect bracket assembly, block, and 
sembly for worn or damaged links, broken 


Section X. MAINTENAtICE OF 

General 

Maintenance of the piledriver attachment 
s of service, inspection, repair, and re- 
lent. 

se a crane or other adequate lifting de- 
>r removing and installing components. 

Piledriver Rig 

ervice. Keep the piledriver rig clean, well 


STEP 1 . DRIVE OUT PIN AND PIN 
KEEPER. 

STEP 2. INSTALL NEW TEETH. 

STEP 3. IF NECESSARY, DRIVE OUT 
ADAPTER KEEPER AND 
ADAPTER AND REPLACE. 



ME 3810-294-20/2^2 
Figure Dipper teeth, removal and replacemenU 

pins, and missing i>arts. Inspect sheaves and 
bushings for wear and damage. 

(5) Repair or replace damaged, worn, or 
missing parts. 

d. Dipper Teeth Replacement. Dipper teeth 
must be replaced when they are worn to about 
one third their original length. Refer to figure 
2-42 and replace dipper teeth. 


PILEDRIVER ATTACHMENT 

painted, and keep machined surfaces lubricated 
in accordance with LO 5-S810-294-12. 

6. Repair. Inspect the piledriver rig for faulty 
welds, bent lacings, or other damage to structur- 
al members. Any damaged item which affects 
structural strength must be repaired or replaced, 
placed. 

c. Replacement. Refer to paragraph 2-7 for re- 
placement of the piledriver rig. 


2-41 
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on Torsion had given the outlines of the true theory of flexure : 
see our Arts. 9 — 13. 

[71.] The third section (pp. 98 — 101) is entitled: Ohjet et 
sow/fndiro do 06 momoiro* Saint-Venant here indicates that he 
intends to use the semi-inverse method (see our Art. 3) to test 
how far the Bernoulli-Eulerian formulae : 

’ Traction = -Esf/p, 

■ Bending moment = Eco/c^/py 
^zdoa = 0, 

(see our Arts. 20*, 65*, 75* etc.) 
are correct, when consideration is paid to the influence of slide. 
There is also a succinct account of the contents of Sections 4 — 32 
of the memoir. 

[72.] Sections 4 — 12 (pp. 101 — 120) contain an elementary 
sketch of the general theory of elasticity. Saint-Venant wrote 
three other such sketches, namely (i) in the memoir on Torsion 
(see our Art. 4); (ii) in the Logons do Navior (see our Art. 190); 
and (iii) for Moigno’s Statique (see our Arts. 224 — 9). This sketch 
falls between (i) and (ii). It adopts rari-constancy and bases it 
upon intermolecular action being central and a function of central 
distance only. This rari-constancy Saint-Venant holds to be 
without doubt true for bodies of ‘confused crystallisation'' such as 
are used for the materials of construction (p. 108). At the same 
time for the sake of the ‘weaker brethren,' and as it docs not 
increase the difficulty of solving the elastic equations, he adopts 
multi-constant formulae. 

[73.] As a specimen of the mode of treatment, we reproduce 
his proof of the equality of the cross-stretch and direct-slide 
coefficients, i.e. in our notation \xxyy\ = \s(njxv\^. 

We have to shew that the coefficient of in jTi/tr — the coefficient of 
(Tjey in Sy. 

Suppose all the strain-components zero except and o-^,, and those 
to be constant for all points of the body. Suppose the central distance 
of two molecules m\ m!' to have length r, and projections rr, z o\\ the 
coordinate axes before strain. After strain x and z remain unchanged, 
but y will be increased by ys^ owing to the stretch and owing to 


^ See the footnote to our Art, 116 . 
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STEP 1 . REMOVE COTTER PIN AT 
EITHER END. 

STEP 2. REMOVE EXTERNAL WASHER 
AT END COTTER piN WAS 
REMOVED. 

STEP 3. PRESS ROLLER PIN OUT FROM 
END COTTER PIN WAS 
REMOVED. REMOVE SPACERS 
AND GUIDE ROLLERS. 

ME 3810-294.20/2-44 

Figure li-UU* Cable guide roHerSt removal* 

2-41. Bridle Assembly Service, Replacement, 
and Repair 

a. General. The bridle assembly contains the 
sheaves for the boom hoist cable and provides 
the point of attachment for boom guy cables. 
The bridle assembly is sometimes called the 
spreader assembly. 

h. Removal. Refer to paragraph 2-4 and re- 
move the bridle assembly. 

c. Service and Repair. Refer to figure 2-46. 
Clean and inspect sheave bushings for signs of 
wear or damage and replace damaged bushings. 
Inspect sheaves for wear, grooving, or cracks, 
and replace worn or damaged sheaves. Inspect 
.sheave pins for wear or scoring and smooth 
small rough points with a fine file or emery 
cloth. Replace severely worn or scored pins. 
Clean sheaves with solvent, removing all old lub- 
ricant. Inspect lubrication fittings and make sure 



Fiffure t-4S. Sock bloek, 

that passages are open and have been receiving 
tiie lubricant. 

NOTE 

A properly grooved sheave has smooth side walls 
and the groove is only slightly wider than the 
cable, Use a light layer of lubricant when rein- 
stalling pins, bushings, and other fitted parts. Be 
sure lubrication fittings are properly installed 
and line up with grease holes. 

d. Installation. Refer to paragraph 2-4d and 
install the bridle assembly. 

2-42. Clamshell and Dragline Bucket Service, 
Replacement, and Repair 

а. Service. The bucket must be kept clean and 
wear points must be kept lubricated in accord- 
ance with LO 5-3810-294-12. 

б. Replacement. 

(1) Clamshell bucket. Refer to paragraph 2- 

5 for removal and installation of the clamshell 
bucket. 

(2) Dragline bucket. Refer to paragraph 2- 

6 for dragline bucket removal and installation. 

(3) Bucket teeth. When teeth are worn to 
about one third of their original length, drive 
out the attaching pins and replace bucket teeth 
(fig. 2-42). 

NOTE 

Dragline bucket teeth can be reversed, top for 
bottom, to equalize wear and keep them sharp 
during operation. 

(4) Dump cable. Replace dump cable when 
it is frayed or worn, 

(5) Sheave bushings. Replace sheave bush- 
ings and sheaves as described in paragraph 2- 
41c. 
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p5— 77 


[75.] Section 13 (pp. 121—123) deals with Poisson and 
Cauchy’s method of treating the problem of flexure by expanding 
the stresses as positive integral algebraic functions of the co- 
ordinates of the point on the cross-section referred to axes in 
the cross-section: see our Arts. 466* and 618* (footnote). This 
method Saint-Venant admits had served for the departure of his own 
researches (p. 99), and he deals more gently with it here (p. 124) 
than he does in his later work. The assumption of the possibility 
of the expansion in a convergent series is a very dangerous one, 
and leads in the case of torsion to very erroneous results : see our 
Arts. 1626* and 191 (or Lemons de Favier, footnote pp. 621 — 7). 

[76.] In §§ 14 — 17 (pp. 125 — 36) Saint-Venant gives the general 
solution of the problem of flexure, carefully stating his assumptions 
and once integrating his equations. He reduces the solution to 
the determination of a single function F, which can be chosen to 
suit a great variety of cross-sections. I will reproduce as briefly 
as possible the matter of these sections. 

[77.] Taking a portion of a weightless prism between two 
cross-sections Saint-Venant proposes to determine its state of 
equilibrium after it has been subjected to flexure on the following 
suppositions : 

(i) The character of a certain portion of the shifts and strains is 
assumed; namely, the axis of the prism, or tlie right lino joining tlie 
centroids of the cross-sections, is supposed to become a plane curve 
{elastic line here one with the neutral line)^ and further the stretches of 
the longitudinal ‘fibres' vary in a uniform manner with tluiir distances 
from each other measured parallel to the plane of tlie elastic line. 

Let X be the direction of the line of centroids before flexur(i and hit 
the origin be its fixed extremity (see (iii)), and let xz be th(i plane of 
flexure (or of the elastic line), then the above condition is analytically 
represented by 

s^=Gz-)r C ( 1 ), 

where C and O' are constants for the cross-section. 

(ii) The character of a certain portion of the stresscis is assunuid ; 
namely, it is supposed that the fibres exercisii no mutual traction upon 
each other, or that their mutual action is solely of tlui natuni of shear. 
Further, on the terminal cross-sections there is supposed to be no 
tractive loading. 
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2>43. Pairleadi Service and Replacement 

a. Service. 

(1) Inspect for excessive grooving of fair- 
lead sheaves or rollers. 

(2) Lubricate in accordance witii LQ 5- 
3810-294-12. 

h. Replacement. 

(1) The fairlead is mppted on a bracket 

located on the front of the rfeviblving frame. Use 
a suitable Kfting device for removal and instal- 
latiwi. • . 

(2) Refer to figure 2-13. Rranove nuts, 

lockwashers, and U-bolts, and remove fairlead. 
Replace fairlead as described in steps 1 and 2 of ' 
figure 2-13. , 

2-44. Boom Jib Mast, Service and Replacement 

a. General. The boom jib mast is also called 
ilie jib strut and is used to support ttie jib when 
a jib is in use. 

b. Jib and Jib Stmt Service. Service for the 
jib and jib strut is the same as for the crane 
boom. Refer to paragraph 2-37a and service 
the jib and jib strut. 

e. Jib and. Jib Stmt Replacement Refer to fig- 
ure 2-47 and replace the jib and jib strut. 

2-45. Cable Replacement 

a. General. To replace either the front or the 
rear drum load cable, place the drum brake for 
the cable to be removed in the brake released 
position. 

b. Replacement of Load Cables. 

(1) Lower the hook block to the ground 
or to suitable blocking. 

(2) Loosen the cable clamp at the cable 
dead end. This may be at the boom point or 
the hook block, depending on the number of 
parts of line in use. 

(3) Manually unreeve the hook block (fig. 
2 - 11 ). 

(4) Raise the boom to any convenient 
height so that the line hangs downward. One 
man can then pull the cable off the drum. 
When the cable end is reached, refer to figure 
2-10 and remove the cable wedge from the drum 
lagging. 

(5) To install the new cable, place the new 
cable reel beneath the boom point sheaves. 

(6) Run tiie end of tiie new cable over the 
boom point sheaves to the correct main drum. 

(7) Refer to figure 2-10 and install the 
new cable wedge in the drum, being careful that 


&e cable goes over the top of the rear drum, or 
beneath the front drum. 

(8) Carefully and slowly spool the new 
cable on the selected drum, using the proper 
drum clutch lever. As this is done, <«ie man 
should tap the new cable into place on the drum 
with a soft hammer. 

(9) A second man should maintain some 
drag on the new cable reel so the cable is 
under tension. 

(10) A third man operates the proper drum 
clutdi lever to wind the cable on the drum. 

c. Replacement of Boom Hoist Cable. 

(1) Provide adequate wooden blocking to 
support the boma. 

(2) Lower boom until it is supported on 
blocking. as illustrated in figure 2-3. 

(8) Pay off more cable until the upper 
spreader lies on the boom. 

(4) Refer to figure 2-48 and disconnect the 
boom hoist cable from the lower spreader. 

(5) Release the boom hoist pawl and the 
boom hoist brake (TM 5-3810-294-10). 

(6) Unreeve the boom hoist line and pull 
it from the boom hoist drum. 

NOTE 

The boom hoist drum may be used to pay the 

line off the drum under power if the operator 

desires. When this is done, one man standing 

on the ground must pull the cable out of the cab. 

(7) Refer to figure 2-10 and remove the 
cable wedge to complete removal of the cable. 

(8) Position the new cable reel close to the 
upper spreader and near the boom. 

(9) Starting at the center (equalizer) sheave 
of the upper spreader, reeve the boom hoist 
cable back to the dead end on the lower spread- 
er as shown in figure 2-48. 

(10) Pull the rest of the cable off the new 
cable reel and reeve the other half of the boom 
hoist cable back to the boom hoist drum, as 
shown in figure 2-9. 

(11) Install new cable wedge in the boom 
hoist drum as shown in figure 2-10. 

(12) Carefully and slowly spool the new 
cable on the boom hoist drum. As this is done, 
one man should tap the new cable into place 
TOth a soft hammer. 

2-46. Pulleys (Boom Point Sheaves) Service 
and Replacement 

a. General. Boom point sheaves are illustrated 
in figure 2-49. They provide low friction pdvot 
points for load cable movement. 
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dy d% 


•(11), 


If we now turn to the body stress-equations we find they reduce to 

« dM'\ 

OK* dx 

U/XU « CbXZ - 

while the surface stress-equations reduce to the single one 

"s^dy — = 0 (12). 

The last two equations of (11) lead us by means of the last two of 
(7) to the conditions^ 


or, to 


_ A ^^zoo __ A 

^ dx “ ’ 


du d\ _ ^ du dw __ ^ 

dxdy ^ dd * dxdz dx^ ” 


Hence, putting for dujdx^Sso its value zMjEuid^ we have, siTice M is 
mf posed a function of x only^ 


d\ dw ^ 


.(13). 


dd ^ dd 

The first equation tells us that there is no curvature in the 
dii’ection of y after flexure, the second that the curvature 

for small shifts^ in direction of z is equal to MjEijid. 

We thus obtain 

M = Ewdjp^ — ^ ( 1 ^)> 

the formulae of the Bemoulli-Eulerian theory, hero deduced without its 
invalid assumptions (i.e. that the croas-sections remain plane and normal 
to the strained fibres). 


[80.] The first equation of (11) shews that if M is variable or 
in other words the curvature changes, the stresses 77/ , Tz and therefore 
the slides cr^yy, cannot be zero, or it involves the contradiction of the 
Bemoulli-Eulerian assumptions. 

Further differentiating the same equation with regard to x, we deduce 
by the second and third equations of (11) the result 


dd 

or M must be of the linear form in x. 


= 0 . 


(I'U 


=■?(«-*) (ic), 


^ Provided the relation efh" = H"lf does not hold between the eluntic coiiHtaiitH. 
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SUPPORT. 

STEP 2. ENGAGE BOOM EICfST PAWL. 
STEPS. PEMC\ E CCTUR PIN AND PIN. 
STEP 4. REMC\ E CABLE SOCKET AND 
PLACE ON NEV, CABLE. 

STEP 5. INSTALL PIN AND COTTER PIN. 

ME 3810.294-20 2~48 

Figure i-A8. Boom hoiat cable, lower spreader 
connection, removal and replacement. 


b. Service. Clean the boom point sheaves and j 

lubricate in accordance with LO 5-3810-294-12. i 

c. Replaeement. 

(1) Refer to figure 2-49 and remove boom 
pmnt sheaves. 

(2) Reverse sequaice of steps in figure 2- 

49 to install sheaves. j 

2-47. Bodcsh^ Assembly, Reptoce me nt | 

a. CrcneroL Boom bacfcstops are provided i 

strictly as a means of giving an operator a vfeual i 

way of telling when the bomn has been raised 

to the maximum limit. They must never be used 
to prevent the bomn fiom being raised too hisdi- 

b. RemovdL 

(1) Refer to figure 2-6(2). Remove cotter 
pins and backstop pins at gantry. 

(2) Rrfer to figure 2-6(1). Remove cotter 
pins and backstop pins and r^ove boom back- 
stop from boom. 

c. Installation. Install boom backstop between 
the gantry and boom as shown in figure 2-6(1) 
and 2-6(2). 

2-48. Angle Indicator, Replacement 

а. Refer to figure 2-7. Remove nuts, lock- 
washers, and bolts and remove angle indicator. 

б. Install angle indicator as shown in figure 
2-7. 


2-47 
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[83—84 


These results follow by simple analytical work if we start with the 
value of u obtained from the equation — i 2 ;/p = P (a — as) and then 

proceed to those of ^ and w given by the second and third equations of 
(8), the values so found being made to satisfy (11), etc. 


[83.] Saint-Yenant, however, does not deal in his special examples 
with this general case of elastic distribution \ he assumes the material to 
have planes of elastic symmetry perpendicular to y and as well as 
perpendicular to £c. We then have K' = W* = 4 = ^ = A' = = 0, 

and clearly e = 0. 

Further, 

5? ^ ^ (20). 

The equations (18) and (19) now become, if we take^ 

/=p.i, (S = /A3, 




„2a£c-a;® v 


D (® ~ ®) 

«=— yj-r i — — ' • 




(OK* 


d/f 


I ^(«-=”) /yy y/\ _P 

^ 2ci)k* \ /tj /(.j / &Bo>id 

i-y'-ya 


(18'), 


1 1 -P 


cPF 

'(&* 


dF Pyz 


? z throughout the section; 
P = 0, dFjdz = 0, when 2 / = « = 0 ; 










over the contour of the cross-section. 


...(19'). 


[84.] The last section of general treatment (pp. 133 — 6) gives 
formulae for various quantities used for the special cases afterwards 
dealt with. Thus we note : 

First, the values of the stresses : 


COK 


It follows that 


/ dF Pyz \ 

s?=u I— +(r + ^ /yy + yyu 


.( 20 '). 


(Toiz = Atgj = ^0 y - 0 , 

that is the inclinations of all the cross-sections at Uniii- e(uiti*(‘.s to the 
axis is the same and equals cr^. 


^ I have altered Saint-Venant’s notation to corrusi)(.ii,| with tliat of oiir 
he puts for our 1^1, I', If, ’'i, ’la, _ 


IliHtury, 
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STEP 1 . kfcM07E<SCREv7S. .,/v , r . . , • i 

Stffi 2. REMOVE HEADLIGHT GUARD . ' ' '-^*'* *^ ■ 

STEP 3. REMOVE TWO SCREWS WHICH ATTACH WEADLI^ldl,!'®® AND i 
> REMOVE HEADLlGHTr'*<; ’ X 

STEP 4. REPLACE HEADLlGHft . 

INSTALL 


u 


HbmiGHT 

omr ‘ 




i f 



Figure B-50, Headlights, replacemenU 


lights furnished with this machine, both upper 
and carrier positions, is illustrated in figure 2- 
61. Refer to figure 2-51 and remove and replace 
any defective light component. 

d. Repair. Refer to the schematic diagram of 
the upper wiring, figure 1-4, to isolate wiring 
problems. Refer to paragraph 2-50 for the 
method to be used for wiring harness repair. 

2-52. Slave Cable Receptacles and Cables 

a. General. Slave cable receptacles are pro- 
vided for recharging batteries from an external 


power source. They are provided with covers to 
prevent dirt and moisture from entering. 

b. Replacement. Refer to figure 2-52 and re- 
move and replace a faulty slave receptacle. 

c. Slave Cables. Cables must be kept clean 
and must be inspected before each use to be sure 
they are not cut, worn, or damaged. A faulty 
cable could lead to short circuits which could 
damage the crane and tbe power source to 
which the cables are connected. 
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If (7 = 0 this represents a family of ellipses. If G be finite and we 
give various values to m we have curves symmetrical with regard to 
the axis of y, and symmetrical or not with regard to the axis of z 
according as m/(l -m) is even or odd. Equation (25) can be thrown 
into a somewhat different form by assuming c to be the semi-axis of 
the curve in the direction of ± and 6 the semi-axis in the direction 
y. Thus = = but for »==0, y = -^h always, =~6 also if 

m/(l -m) be treated as even. 

In putting y = 0, = c® we find, 


mPc ^ 


(26). 


Equation (25) now becomes : 

1 - 2yi - m , 1 - 2y, - m ?/ , , 

3ot-2 ix.,<^)\b) 3to-2 (14 / <? • 


Saint-Yenant now proceeds (pp. 138 — 143) to discuss the various 
forms that can be taken by this system of curves. This discussion 
seems to me perhaps a little too brief. Thus, he says: Supposing 
m/(l -m) to be treated as even, then it is sujficient and necessary in 
order that the curve may be closed, — and so capable of serving as a 
contour for a cross-section, — ^that zjc have a real value when 2//5 ■= 1 — 

X being an extremely small positive quantity. This leads him to the 
condition that m must lie between 


1 + /4iC7(/4/) 


and 1. 


[87.] We may note the following cases : 


The ellipse (26 x 2c) is obtained (not by putting m/(l — m) = 2 which 
leads to a logarithmic curve owing to the appearance of indeterminate 
forms, but) by making the coefficient of vanish. Thus we have 


_ 2(4, c' + (1 - 2y,) 

3(4.C» + f4/ ' ■ 

The circle (radius b) is obtained by putting h~c ov 

3 /*, + 


The false ellipse^ p + ^ = 1, is obtained by putting 7 ^^/(l - 7;i) - 4 
in the case of isotropic material for which uni-constancy holds, or 
= ^//^i = 5/2 and y, = 1/10. 

More generally we must take m = 2yj-l, for a similar curve in 
bodies with tri-planar elastic symmetry. 


[88.] On pp. 139 — 40 Saint-Venant deals with and figures the 
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Figure t-~51 — Contmned. 



Figure 2^2, Slave receptacle, replacement 


2-53. Botteries 

a. General. The batteries provide power for 
starting the engine, after which the alternator 
supplies required electrical power. 

b. Test. Test the batteries with a hydrometer. 
If the spedfic gravity reads below 1.225, re- 
charge the batteries. Retest with a hydrometer 
after charging. A fully charged battery should 
test between 1.280 and 1.300. Replace a battery 
that will not take or hold a charge. The differ- 
ence in specific gravity between any two cells 
must not exceed 0.025. Remove battery filler caps 
and add distilled water to 3/8-inch above 
plates before recharging. Refer to tables 2-3 and 
2-4. 


Table SS. Battery Condition (Corrected to 80° F). 


Specific gravity 

Battery condition 

1.280 

Fully charged. 

1.250 

75% charged. 

1.220 

50% charged. 

1.190 

25% charged. 

1.160 

Almost discharged. 

1.130 

Discharged. 


Table S-i. Electrolyte Freezing Points 


Specific gravity 

Temperature ** F, 

1.280 

- 90 

1.250 

- 62 

1.200 

- 16 

1.150 

+ 5 

1.100 

+19 


c. Replacement. Refer to figure 2-53 and re- 
place faulty batteries or battery box components. 
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[91—92 


false ellipse for a uni-constant isotropic material 71 = 73 = 1 / 10 ); 

of the curve m = 9/10 (or 18/20, considered as even), also for a uni- 
constant isotropic material — this curve approaches a rectangle of which 
the angles have been rounded off and the top and bottom hollowed 
out; and of m=l (= 2 / 2 ), the contour is here a quadrilateral formed 
by four curved lines. Then he proceeds to cases which have for 
practical purposes more definite contours, namely : 

(i) The ellipse. Here, iiq = we have : 


1 -f 2 $^ - 271 

271 2 P r_ _ 

1 + 3 ? //.,«)’ L“ 


5e‘ + W AF 

+ Sfju 


p ■] 

- , for uni-constant isotropy; J 

^ r = ^ ^ uni-constant isotropy H 

" m l + 35fC*’L 5mZc‘ + b‘c‘’ 

2fl-t2 g-2y ,/ g*\ 2P l-6y, / 

(I) l + Sj V cV <i) 1 


Bq b‘ 


r= - — la - f 1 — ^ -t- ^ q „ , for uni-constant isotropy;"] 

L 6<a 3c*-i-6“ V c / 5(o3c* + 5*’ 

APP ( 3(I + 2g-2Y.) ^c») 

3J'<o<!H 2(l-i-3g) IX., Py 

[= S * wiw p) ' 


(ii) The circle. We have only to put 6 = c in the above results. 


[91.] We may note that the term to be added to the deflection 
owing to shear is generally about 3 of that due to bending, if we deal 

21 /'ey 

with a uni-constant isotropic material (i.e. for circle \jJ ^ false 

© 2 27 /c\“ 

, for rectangle with flattened angles ^ ? etc.). This 


represents the amount neglected in the ordinary theory. If in practice 
we may safely neglect an error of 1/100 in the defection, it follows 
that the ordinary theory will give sufficiently close practical results so 
long as the length of the beam is 8 or 9 times its diameter 


[92.] On pp. 148 — 156 ISaint-Venant goes through some most 
interesting work to trace the form of the distorted cross-sc'ctioiis. 
He traces these surfaces by means of level or contour lines for 
different ratios of x lx\ [see equation (29')], that is by the trace of 
the surfaces on planes parallel to the tangent plane at the origin. 
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Section XIV. MAINTENANCE OF INSTRUMENT 
CONTROL ASSEMBLY 


CAUTION 

Disconnect battery cables before work- 
ing on the control panel. 


2-54. Engine Control Panel Replaceoient 

a. General. Figure 2-54 illustrates the various 
ccmtrol gages and instruments located on the 
control i>anel. Refer to TM 5-3810-294-10 for a 
description of tiie function of each. 

b. Replacement. Refer to figure 2-54 and re- 
place any damaged or faulty component of the 
control panel. Note that the panel is removable 
as a unit by removing tiie row of attaching fas- 
teners around the edge of the panel. 


2-55. Switches and Wiring, Replocentent and 
Itepoir 

a. Refer to the schematic wiring diagram of 
the upper wiring, figure 1-4, to isolate wiring 
problems. 

h. Refer to paragraph 2-50 for the method to 
be used for wiring retracement or repair. 
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It may be remarked that the conception of these surfaces 
is much assisted by plaster-models, which exist for the case of the 
circular and square cross-sections (see below Art. 111). 


[93.] Saint-Venant now passes to the discussion of the flexure 
of a beam of rectangular cross-section. This occupies pp. 156 — 168. 


JBy the assumption 

-X ') * m, 

Sainh-Yenant reduces the equations of condition (19') for F {y, z) to 

At, ^ + iu.o ^ = 0 for all values of y and z^ 
dy^ ^ dz 


X (“ 2/j «) = X (2/j everywhere, 

X = 0 and d-)(}dz = 0 for 2 / = ;£; = 0, 

(T - g y^ iox and y between =fc 

dz ° 

^ = 0 for V = * ^ ^ between ± c. 

dy 


...(31). 


Here 2h and 2c are the horizontal and vertical (flexure plane) sides 
of the rectangle. 

The first equation of (31) is satisfied by taking 

X = Se'" jxl, cos 2'y + .4', sin 5'2/| (32). 

The sines must however disappear in virtue of the second (equation, 
and since x = 0 when y-z = 0, -we must have A^=-~A or, 

X = Sxl, (e^ - e-^‘) cos 

V /Xj 

The condition dx/dz = 0 for ^ = 0, z = 0j sliews us tliat a certain 
relation must hold among the coefficients A,^; it will s(‘rve lat(T to 
determine o-^. 

The condition d^dy = 0 for ?/ = ± ^ will bo satisfied if 



w being any whole number, and obviously it will be siillicieiit to d(‘al 
only with positive whole numbers. For n 0, we must introduce a 
term ^1^(6®*^- which gives us a quantity Kz, 

Hence finally we may write : 

X = Kz + 2 sinh • oos nirylb. 

1 0 ^ 
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Section XV. AAAINTENANCE OF HORN, WIRING, AND TACHOMETER 

DRIVE 


2-56. Horn Replacement 

a. General. The horn is used to warn person- 
nel of machine movement which might endanger 
their safety. 

h. Replacement. Refer to figure 2-55 and re- 
place a defective horn switch. Refer to figure 1-4 
for the upper machinery wiring diagram. 



STEP!. REMOVE JAM NUTS 
STEP 2. REMOVE HORN SWITCH . 
STEPS. REMOVE WIRING. 

ME 381 0-294-20/2-55 


2-57. Horn Wiring, Replacement and Repok 

Refer to paragraph 2-50 for the method of re- 
placing or repairing the horn wiring. 

2-58. TodiomeiM' cmd Drive 

a. General. The tachmneier is mounted on the 
aigine control panel (fig. 2-54). It is cable driv- 
en frcnn the tachometer drive (fig. 2-S€). 
h. Tachometer Removal md RepUtoetnent. 

(1) Refer to figure 2-56 and disoonneet the 
tachmneter drive cable from the tachmneter. Re- 
move the tachOTQfiter from the omrtrol iKinei. 

(2) Install tachometer on control paod and 
connect drive cable. 



Figure 2-55. Horn switch and wiring^ replacement. 


Figure 2-56, Tachometer drive cable. 


Section XVI. MAINTENANCE OF EXHAUST MUFFLER AND PIPES 


2-59. General 

The exhaust muffler and pipes are illustrated in 
figure 2-57. Maintenance consists of inspection, 
removal, and replacement of defective muffler 
and pipes. 

2-60. Exhaust Muffler and Pipes 

a. Inspection. Inspect the muffler and exhaust 
pipes for cracks, breaks, or signs of deteriora- 
tion. 


6. Removal. 

(1) Stop the engine and allow muffler and 
pipes to cool. 

(2) Refer to figure 2-67 and remove nuts 
and bolts holding the guard to the supports. 

(S) Remove nuts, lockwashers, and muffler 
clamps, and remove the muffler and exhaust 
elbow from the exhaust pipe. 

(4) Remove capscrews, nuts, and lockwash- 
ers from the base of the exhaust pipe, and re- 
move exhaust pii>e and gasket 
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PQ-x) 


p<? 

2/X20)K^ 


P ^l«? - p l-x ( y-if T^\ 

2Etai^ 3 2(ok^ \ /*a/ 
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\b 
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SaintrVenant verifies these results by shewing that they satisfy the 
boundary e( 5 [uation 'xz dy — S = 0 and the load-conditions d<ji = — P, 
J ^ C?0) = 0. 


[96.] The next two sections 28 and 29 (pp. 164 — 8) are occupied 
with numerical, graphical and simpler algebraic expressions for the 
quantities which occur in the previous sections. 

For o-Q Saint-Yenant obtains the following results when yj = iV* 



i 


1 

1 

1-25 

1’5 

2 

2*3 

3 

Pc^ 

■67624 

■84918 

•90729 

•94031 

■9G177 

•97101 

•98311 

•98931 

•99259 


It is shewn that for all values of c fsj h J tho suin-ierm in 
equation (35) may be omitted, or we can write 

° S/AgO) 

Further the deflection 8 is then given by : 

. FP (. b'^ 

^ 3E(o? V 'i' 


since 


Ti 


~E' 


For the case of isotropy : Ejyi^ 5/2, or 


PP 


1 + 


AP 


')■ 
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Figure 2-58, Cab door assembly, removal. 


injury. Place masking tape on the piece of glass 
to be broken out to prevent flying glass. Re- 
move the weatherstripping arounii the glass. 

c. Installation. 

(1) Start the rubber weatherstripping as 
shown in figure 2-59. Go all the way around 
the window and force the ends into place, 
:ouching each other. 

(2) Install the glass in one of the lower 
corners of the new weatherstrip. 

(3) Moisten the weatherstrip with soapy 
vater. 


(4) Insert a suitable locking tool similar to 
the one illustrated in figure 2-59 and pull it 
around the complete weatherstrip to lock the 
glass in place. 

NOTE 

Do not begin the locking operation at the butt 
joint of the weatherstrip. Be sure to avoid ex- 
cessive force. 

2-63. Operators Seat 

Refer to figure 2-60 and remove and replace the 
operator’s seat (Stand). 
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[100—102 


[100.] The final section of the memoir (§ 32, pp. 187 — 9) is 
entitled : Conclusion. Observation gdndrale pour le cos oiju le mode 
d'application et de distribution des forces eoaUrieures vers les 
ecctr4mit4s est different de celui qui rend tout d fait exactes les 
formules auxquelles conduit la mdthode mixte. 

This reiterates the principle of the practical equivalence in 
elastic effect of two surface distributions of load which are 
statically equivalent : see our Arts. 8 and 9. 

101. 8xir les consdquences de la thdorie de Vilasticiti en ce 
qui regarde la tMorie de la lumihre. Ulnstitut, Vol. 24, 1856, 
32 — 34. The article adopts the view that much remains to be 
done to render the theory of Physical Optics satisfactory; it 
supports the views of Cauchy,, especially with regard to the 
existence of a third ray as obtained by him in his discussion of 
what is termed double refraction. The article concludes thus : 

Quoi qu’il puisse ^tre de ces explications, que nous devons nous 
homer k soumettre aux physicians et aux physiologistes, et bien que 
Ton puisse continuer sans doute de regarder le mouvement de la lumilre 
dans les cristaux comme represente approximativement par la surface 
d’onde du quatrieme degre de Fresnel, nous pensons qu’il convient de ne 
plus passer sous silence les composantes longitudinales des vibrations 
uour eluder qiielques difficultes dont elles sont le siijet, et que, pour 
Lidre la theorie de la lumiere exempte d’inexactitude logique, et 
^i.ovoquer pour Tavenir des recherches qui scront pcut-otre suivies 
d’importantes decouvertes, il y a lieu de ne plus ])resentGr less vibi^ations 
de Tether, dans les milieux hirefringents, coinrne etant tout a fait 
parall^les aux divers plans tangents h la surface des ondes luinincuses 
qui s’y propagent. 

102. Sur la vitesse du son. L Institute Vol. 24, 185G, 212 — 

216. Newton obtained a certain expression for the velocity of 
sound which gives a result much smaller tliaii that foiiml by 
experiment. Laplace modified tlie formula,, and thus obtaiiual a 
result agreeing with experiment: see our Arts. and (hS. 

Saint-Venant is not satisfied with any investigjition wliich lias 
been given, even with the aid of the formulae of the theory 
of elasticity. He says 

On voittoujours, par ce qui precede, qu’il rcste (uicoro hi(Mi d(‘s chos(‘H 
k savoir sur la theorie du son, ohjet dos rcch(Tch(5S d’lioinines t(^Ls (jiie 
Newton, Lagrange, Eul(;r, Laplace, Poisson et Dulong ; (ju’oii lUi doit 
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STEPl. REMOVE PIN. 

STEP 2. REMOVE SEAT. 
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Figure i- 60 . Operator’a seat, removaL 

Section XVIII. MAINTENANCE OF GANTRY ASSEMBLY 


2-64. General 

The gantry provides the anchor for items re- 
quired to support the boom. 

2-65. Gantry Assembly 

a. Inspection. Visually inspect the gantry for 
evidence of cracks, bends, or other damage. 
Check the condition of gantry sheaves, paying 
careful attention to cracks or excessive grooving. 


Make sure that points which require lubrication 
have not been missed. 

6. Removal. 

(1) Refer to applicable paragraph (2-4 
through 2-9) and remove the front end attach- 
ment. 

(2) Remove boom backstops (para 2-47). 

(3) Refer to figure 2-68 and remove sheet 
metal as required. 

(4) Refer to figure 2-61 and remove the 
gantry assembly. 
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1857, pp. 204—8. This memoir was presented on August 10, 1857. 
It was referred to Poncelet, Lamd, Bertrand and Hermite. An 
extract by the author is given in the Gomptes rendus. Some of 
the results of this memoir were communicated to the SociM 
PMlomaihique, November 5, 1853 and January 21, 1854, and 
partially published in Llnstituty T. 22, 1854, pp. 61 — 3, under the 
title : Solution du prohUme du choc transversal et de la resistance 
vive des larres ilastiques appuyees aux extrimiUs, This is a special 
case of the resilience problem experimentally investigated by 
Hodgkinson and theoretically by Cox : see our Arts. 939^, 942* 
999* and 1484 — 7*. Saint-Venant, however, does not like Cox 
neglect the vibrations of the bar, or assume that its form will be 
that of the elastic line for a beam which centrally loaded has 
the same central deflection. In the Oomptes rendus, Saint- 
Venant gives some account of the history of both transverse and 
longitudinal impact problems, but Cox’s memoir seems to have 
escaped him. 


The following result is given in the Gomptes rendus, p. 206 : 
sin mxjl sinh mxj I 
4 cos m cosh m • / o , k 

Y-pSin(m®25/T), 




sec^ m - sech® m 4- 


Q 


where the S refers to all the real and positive roots yn of the equation 
m (tan m — tanh m) - 2 PjQ, 
and the following is the notation used : 

27 = length of bar, P its weight, Q that of body striking the bar 
horizontally with velocity V at its mid-section, ?/ is the horizontal 
displacement at distance x from one end and t~ J PPI(2(fEu)K“). 


[105.] Saint-Venant makes the following remark : 

Du calcul tant num6rique que graphiquo d’nno suite dc ces valours 
du d^placement ?/, on pent decluire la suite des fonnos tros-vario(‘s ])risos 
par la barre heurtee; ce qui permet de modeller un reli(‘f on ])latre 
donnant la surface que docrirait cette harm suppos(Mi onipoi*tde trans- 
versalement d’un mouvement rapide, poTpendiculairo mu S(‘nH ou olh^ 
oscille. Cette surface est tr^s-ondulee h cause des oscillaiions ])rov(‘nant 
des second et troisi^mo tormes surtout do la seri(‘ S (p. 200). 

This surface in plaster of Paris was actually prepared und(‘r 
Saint-Venant’s directions; and T have found a copy of it v(‘ry 
useful for lecture purposes. 
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[ 110—112 


and general principles of the subject, may do more harm than 
good to the student. 

The fairly elementary treatment of the Lemons de Navier seems 
to me more advantageous (pp. 245 — 250). The treatment of the 
present paper is also reproduced in § 7 (pp. 260 — 2) of the same 
work. 


[110.] L'Institut, Vol. 26, 1858, pp. 178 — 9. Further results 
on Torsion communicated to the Socidtd Philomathique (April 24 
and May 15, 1858) and afterwards incorporated in the Legons de 
Navier (pp. 305 — 6, 273 — 4). They relate to cross-sections in the 
form of doubly symmetrical quartic curves and to torsion about 
an external axis : see our Arts. 49 (c), 182 (6), 181 (d\ and 182 (a). 

[111.] Vol. 27, 1860, of same Journal, pp. 21 — 2. Saint- 
Venant presents to the BociiU Philomathique the model de la 
surface d4crite par une corde vihrante transporUe d\m mouvement 
rapide perpendiculaire d son plan de vibration. Copies of this as 
well as some other of Saint-Venant's models may still be obtained 
of M. Delagrave in Paris and are of considerable value for class- 
lectures on the vibration of elastic bodies. 


[112.] Vol. 28, 1861, of same Journal, pp. 294 — 5. This gives 
an account of a paper of Saint- Venants read before the Bociet^ 
Philomathique (July 28, 1860). In this he deduces the conditions 
of compatibility, or the six differential relations of tiie types : 

dy dz dx \ dy dz d,v, ) 

d^o-y^ d\, d^s^ 

Ifdz ~~dz^'^ df 

which must be satisfied by the strain-components. Tliese con- 
ditions enable us in many cases to dispense witli the considt‘ration 
of the shifts. A proof of these conditions by lioussin(‘S(| will bt*. 
found in the Journal de Liouville, Vol. HJ, l<S7l, p[). |;^2 — 4. At 
the same meeting Saint- Vonant extended bis results on torsion to: 
(1) prisms on any base with at each point otdy on(‘ i)l{ine of 
symmetry perpendicular to the sides, (2) prisms on an elliptic base 
with or without any plane of symnud.ry whal.ev(‘r; s(‘(‘ our Art 
190 {d). 



TM 5-3S10-294-30 


HYDRAULIC FLUID 
RESERVOIR 


BRAKE 



PEDAL 



CYLINDER 


ME 3810-294-20/2-62 


Figure S-6S. Hydraulic aystem, achematie diagram. 


b. Hydraulic Cylinder (Brake or Clutch). 

(1) General. Clutch and brake hydraulic 
cylinders are identical. Start engine and position 
adjusting bolts in the desired position by inter- 
mittently engaging engine clutch. 

(2) Replacement. Close the hydraulic reser- 
voir shutoff valve shown in figure 2-63. Refer to 
figure 2-67 and replace a hydraulic cylinder. 
Use same procedure for each hydraulic brake 
and clutch cylinder. 


2-72. Hydraulic Fluid Reservoir 

а. General. The hydraulic fluid reservoir pro- 
vides the storage space required for hydraulic 
fluid used in the crane control system. It also 
allows air trapped in the lines from the control 
stand beneath the operator’s levers to vent from 
the system. It must be kept filled to the full 
mark at all times. 

б. Service. Service consists of keeping the hy- 
draulic reservoir full of clean fluid of the type 
specified in the lubrication chart. 

c. Replacement. Refer to figure 2-63 and re- 
move and replace the hydraulic fluid reservoir. 


1-63 
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[116 

[ 115 ,] The following paragraphs describe the quadric distri- 
butions of elasticity with which Saint- Venant proposes to deal. 

After describing the amorphic body or body of confused- 
crystallisation, such as a rolled metal plate, the elasticity of which 
varies in length, breadth and depth, — Saint-Venant continues: 

Qu’on enroule en tuyau cylindrique cetfce plaque homog^ne rectangu- 
laire non isotrope suppos^e mince, en dirigeant, par exemple, les 
generatrices dans le sens de sa longueur. Mle ne cessera pas kUrs 
homoghie; mais Tegalite d'elasticibe aux divers points n'aura pas lieu 
pour les directions parallMes entre elles. II y aura egale elasticity 
suivant les rayons qui vont tons couper perpendiculairement Taxe du 
cylindre : ce sera relasticite dans le sens de repaisseur. II y aura egale 
elasticity suivant les diverses tangentes aux cercles ayant leur centre sur 
cet axe. H n’y aura que les elasticites ^gales suivant la longueur qui 
auront conserve des directions paralieies entre elles. (p. 298.) 

We shall term this a cylindrical distribution of elastic homo- 
geneity. 

The following describes a spherical distribution : 

Qu’on imagine maintenant une sphere solide pleine ou creuse, ou un 
corps de forme quelconque divisible en couches spheriques concentriques. 
Si la rdsistance ou la ryactioii elastique, pour m^mes deplacements de ses 
points, est partout egale dans le sens des rayons, et partout egale aussi 
dans certains sens perpendiculaires entre eux et aux rayons, ceux par 
exemple oh se comptent les latitudes et les longitudes pour un yquateur 
donne, la mati^re est homogyne, mais polairemant, ou d’une maniere que 
nous pouvons appeler sphericonique vu le role qu’y jouent les cones de 
latitude ayant un axe determine, le mome pour tons. (p. 298.) 

Such distributions of elasticity are, Saiiit-Veiiant asserts, — and 
I hold him to be entirely right — the true ex[)lanation of the 
anomalies which occur in experiments on a variety of cast, rolled 
and forged bodies. Even granted that isotropy is bi-eonstant, it is 
certainly not scientific to seek by means of two constants to 
account for the divergency between uni-constant fonnnla(‘ and 
experimental results on wires, ])lates, or cylindrical and splnulcal 
bodies. Physically it is obvious that th(‘ y/'oe/v'/a/ oF such bodies 
really produces in them varied distributions of clastic houiogcuKuty, 
which bi-constant formulae only serve to mask. The ‘ isotropic 
boilers’ treated of by L^m6 (see onr Ait. lOrhS"'") or his ‘isotropic 
piezometers’ (see our Art. 1:^58*') hav(‘ ])rucl,ie;dly no (‘xisbmcc' 
(see our Arts. 332'*' and 1357'*'), and all cdastici ans can ado[)t Saint- 
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Figure HyOraulie hows, fUtingt, end tubing, mptaeommi. (Sheet 1 o/ *>. 
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[118 


three planes, or all the asymmetrical coefficients to vanish. In 
this case the types of traction and shear are : 

(cti^ xm = •\"f Sy + 6 S;g yA — > 

7y ^ 

^ = 6'5aj + ^ By + C5g SJ 

(See our Art. 78.) 

{h) If the normal to the distribution-surface be the axis of x and 
the elasticity be isotropic in tlie tangent plane, we have also : 

6 = Cj e' =/' and b^^d + d', 

(c) If the material be amor^ohic^ there is an ellipsoidal distribution 
of direct-stretch coefficients (see our Arts. 130 and 142), and we have 

2d + dJ = Jhc, %f+f-Jab. 

(d) In the case of rari-constant elasticity, the dashed and undashed 
letters are equal. Thus for the amorphic body we have :] 


55 = 3 2 s^+fsy + es^ 

i 

II 

VV — fiat + d-— Sy + ds^f 

P 

^ = CO-gjj, 

^ = es^ + dSy + 3 ^ 

(See, however, our Art. 313.) 


[118.] Before we can apply those formulae to any given 
distribution of elasticity determined by curvilinear coordinates, 
it is necessary to find : 

(1) Expressions for the above strain-components (.s*,,, s„, .s\, 
^yz> ^zxy ^xy) Corresponding to the elements of the three rectangular 
surface normals or intersection-traces in terms of the curvilinear 
coordinates. 

(2) To express the body-stress ecjuations in terms of curvi- 
linear coordinates. Sairit-Venant indicates in ^ t (pj). :U)(i — J2) 
two methods of attacking this problem, mid compares tlimn with 
Lamp’s method (in the LegonSy 1(S52, § 77) wlncii ht‘ t(‘rms “ un 
proedd^ en quelque sorto viixte” The analysis of the ])rol)k‘m 
does not probably admit of much simplihcat-ion, and Ibr practical 
purposes the general results of Lame’s tn‘a,tis(‘ on ( hirviliiu'ar 
Coordinates may well be assumed : see our Art.s I 1 

In § 6 (pp. 312 — 18) and in § 9 (pp. 333 — .9) Saint- Venant obtains 
expressions for the strains and the body-stress e< [nations in terms 
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Figure S-6S, HgdroMlic cylinder, bleeding proeedwre. 
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Hence we find for the shifts 

/» 11 ( 1 '^ e' 

M=0'r'''‘' + 0'V”'^“+ irf) ® = 0) io=-vz. 

Of — 0 

The stresses and strains can be at once deduced ; they will contain 

constant terms in y and powers of r of order 1. The constants 

G, O' and y are to be determined from the surface conditions and the 

relation I total terminal tractive stress. 

J ro 


[121.] Saint-Venant considers various special cases : 

(1) is a small thickness e. (pp. 324 — 5.) 

(2) a - h, . Here the solution changes its form, we have (p. 326) : 

u = C^r + G^fr + V' 

If d' = d the solution becomes that found by Lame and Clapeyron, 
and applied by Lame to Eegnault’s piezometers : see our Arts. 1012* 
and 1358* 

(3) When there is an ellipsoidal distribution of elasticity and rari- 

constancy is assumed, i.e. whena = 3^/<Z, b = B/dl6, c^ddej/. In this 
case u = Cr^'^ + - (5yr/{3/(c^/e + 1)}. 

The values of the stresses are then easily determined, as well as 

36 of (7, C' and y (p. 329). 

The results contain three independent elastic constants, and 
they differ in the form of the r-iridex from those found for the 
case of isotropy. Hence we can explain by means of them as well 
as or better than by biconstant formulae the divergencies remarked 
by Regnault in his piezometer experiments. 


[122.] A result is given on p. 331, wliicli is wortli citijig. The 
constants d, e,/of the ellipsoidal distribution are not easy to detennine 
by direct experiment. Let E,,, E^, E^ however be the tlireo stretch 
moduli in directions r, <^, z, then we easily fiu<l that : 

From equations 50 (p. 332) Saint-Venant might liav(‘ dcducc'd tlui 
criterion for failure arising first by lateral or first by longitudinal stretch. 
These equations are : 

•“* MJ-M, . 

where = r' - ~ and r ^ = r' + | , so that r' - -- €. 
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STEP 1 . CLOSE HYDRAULIC SHUT-OFF VALVE (FIGURE 2-63). 

STEP 2. DISCONNECT HOSE AT SWIVEL FITTING. PLUG 
HOSE IMMEDIATELY. 

STEP 3. REMOVE COTTER PIN, NUTS, V/A5HER, AND BOLT. 

STEP4. REMOVE CYLINDER MOUNTING BOLT. REMOVE 

CYLINDER, ME 3810-294-20 
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Figure £- 67 * Hydraulic cylinders, replacement. 

Section XXI. MAINTENANCE OF COOLING SYSTEM 


2-73. General 

?he cooling system consists of the radiator and 
loses, lines, and fittings required to conduct 
loolant from the engine to the radiator and back 
0 the engine to complete the cooling circuit. 
Drain valves are located on the lower radiator 
lose connection and at the right rear of the 
mgine block to drain the radiator and block. 

2-74. Radiator, Cap, and Hoses 

a. Inspect. Visually inspect the radiator and 
loses for leaks or damage. 


h. Test. If a cap tester is available, test the 
radiator cap. The cap should retain 4 psi pres- 
sure. If cap tester is not available, and the cap 
is suspected of leaking, replace tiie cap. 

c. Replacement. Before removing the radiator, 
open both coolant drain valves and drain the 
radiator and engine block. Then refer to figure 
2-69 and remove and replace the radiator as fol- 
lows. 

(1) Refer to figure 2-68 and remove radi- 
ator shutters and sheet metal as required. 


2-69 
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The important point in the piezometer problem is the dilatation of 
the spherical cavity. This is equal to — “ 

”o 

\n-\)a + 2d {n + ^)a--2e' ^ J' 

We see that it involves three elastic coefficients, and is thus, even as 
an erfipiriccd formula, better adapted to satisfy rvtutnerieally Kegnault’s 
experiments than Lame’s bi- constant isotropic formula obtained by 
putting d'~e\ b=^a and n=-S/2.^ On the other hand it is physically 
more plausible. The constants reduce to two, if we suppose the body 
amorphic and of rari-constant elasticity ellipsoidally distributed. If 
we take rQ = r'-€/2, r^^r'+ej^, we easily find for the mid-sphere of 
radius r': 




or in the case just mentioned 

2(id e 


But.E^ = ^‘^, = ^ by Art. 117 (6) if there be tangential isotropy. 


2 e 

Hence finally : 


3 


(Po-pAj^ 


[125.] The final section of the memoir is entitled: Vasn cylitidri- 
que termine par deux calottes spheriques (pp. 347 — 9). Tliis treats a 
problem similar to that dealt with by Lame in his Note of 1850: see 
our Art. 1038*. The mean lateral expansion of the sjiherical ends is 
made to take the same value as that of the cylindrical body by c(iuating 
the expressions for obtained in our Arts. 122 and 12 1. Saint-Ycnant 
thus reaches a more general rule than that given by Ijame as a nssult 
of bi-constant isotropy. We have : 

1 8 = 3 ^ 

where the subscript j refers to the spherical portions of tin* siiidacf*. 

Hence 


i = l' X 

37^’*, 

In the case of the two portions being of the sani(‘ Iso/nqyic niab'i ial, 
we have = or 

€ 7 r' 

3 T'* 


^ In Lnmo’H notation — 2/i and /''-X* sen our Ait. lOW.T. 
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1 . Canopy 

32 A. Panel assembly 

65. Nut (9) 

2- Hex capscrew (30) 

33. Capscrew (8) 

66. Flat washer (9) 

3. Nut (30) 

34. Backup strip 

67. Lockwasher (9) 

4. Lockwasher (30) 

35. Rubber seal strap 

68. Angle 

5. Safety glass 

36. Shim 

69. Capscrew (7) 

6. Weather strip 

37. Machine screw (12) 

70. Lockwasher (86) 

7. Guide 

38. Nut (8) 

71. Nut (*28) 

8. Capscrew (17) 

39. Flat washer (8) 

72. Nut (18) 

9. Nut (17) 

40. Lockwasher (8) 

73- CJapsacrew (18) 

0, Lockwasher (17) 

41. Mounting plate 

74. Capscrew (28) 

L Rain gutter 

42. Bracket 

75. Nnt (28) 

2. Capscrew (8) 

43. Capscrew 

76. Lodcrosher (23) 

3. Nut (8) 

44. Nut 

77. Capscrew (7) 

4. Lockwasher (8) 

45. Flat washer 

78. Nut (7) 

5, Ball bearing (3) 

46. Lockwasher 

79. Lockwasher (7) 

3. Washer (3) 

47. Extension panel 

80. Rear panel 

7. Capscrew (4) 

48. Mounting plate 

81. Louder (6) 

8. Cotter pin 

49. Capscrew (9) 

82. Lcfavex bracket (6) 

9. Lockwasher 

50. Nut (9) 

88. Positionmg plate 

:0. Handle 

51. Lockwasher (9) 

84. Capscrew (2) 

1. Latch 

52. Capscrew (6) 

85. Nut (2) 

:2. Handle 

53. Flat washer (24) 

86. Lockwadier (2) 

:3. Machine screw (2) 

54. Lock washer (24) 

87. Control lever 

4. Lockwasher (2) 

55. Rear side panel 

88. Capscrew (2) 

15. Capscrew (4) 

66. Nut (11) 

89. Nut (2) 

;6. Lock 

67. Lockwasher (11) 

90. Lockwasher (2) 

7. Key 

68. Capscrew (14) 

91. Actuating arm 

8. Safety glass 

59. Lockwasher (14) 

92. Capscrew (16) 

SA. Door 

60, Nut (14) 

93. Shutter 

19. Weather strip 

61. Side panel 

94. Capscrew (11) 

0. Backup strip 

62. Capscrew (23) 

95. Operating rod 

1. Rubber seal strap 

63. Mounting bracket 

96. Ball joint (2) 

2. Roundhead machine screw (3) 

64. Capscrew (9) 



Fiffure t-68(l ) — Continned 


(2) Remove upper connection hoses and 
iiose clamps (fig. 2-69). 

(3) Remove all fan guard capscrews and 
lockwashers and remove fan guard. 

(4) Remove lower connection hoses and 
hose clamps. 

(5) Remove drain line hose clamps. 

(6) Support the radiator so it can not fall 
and attach a suitable lifting device. 


(7) Remove one nut and three washers 
from the mounting studs on each side. 

(8) Remove radiator braces. One brace is on 
each side of the engine. 

(9) Lift radiator until mounting studs clear 
the mounting brackets. Then remove the radia- 
tor through the rear of the cab where rain shut- 
ters and sheet metal have been removed. 

(10) Replace by performing (1) through 
(9) in reverse order. 


2-71 
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energy: see the footnote to our Art. 117. It is desirable to 
obtain a proof of the elastic formulae due to Cauchy without 
appealing to the principle of inter-molecular action being central 
and a function only of the distance. 

Subscript letters attached to the shifts u, v, w denoting 
fluxions, the formulae are given by the types : 

(1 + ‘ 2 ^ce *^ 2 / “■ <*'^1 

9 = jSq (1 ~ + ^0 + ^0 ^35 + So + Si 

where 

= \xxxix\ s^i + l3?wl 8y + Sjs + \xxyz\ CTy^ + \xxzx\ + \xxxp\ (r^ 

= \yzxx\ Sao + \y»yy\ 8y + \yzM s^+ \yzyz\ (Ty^ + \yzzx\ <r^ + \yzxy\ cr^ 

while the type of resulting body-shift equation is : 

-pX — XXqU^ + 4- ZZ^Vfj^g^ -f- ^pz^Uy^ + ^ZX^Uj^ + ^xy^Uj^ ^ 

4- \xxxx\ Ugxa + \xyxy\ Uyy + \xzxz\ 

+ 2 \zxxy\ Uy^ -I- 2 \xxzx\ Waaj + 2 \xxxy\ 

+ \xxxy\ + \xyyy\ + \zxyz\ * (iii). 

+ {\xyyz\ + \zxyy\ } 'Dy^^ + {\xxyz\ + \zxxy\} + {\xxyy\ + |a7?/av/l} 

4- \XXZX\ WpcX + I Wyy + \ZXZZ\ WgQ 

4- {\zxyz\ 4- \xyzz\} Wy^ + {\xxzz\ 4- \zxzx\) + {\xxyz\ 4- w^f ^ 

These results representing the most general equations of 
elasticity for small strains were originally given by Cauchy, as is 
implied in our Arts. 615^, 616*, 662*, 666 *. Ho obtained them by 
calculating the stresses as the sums of interrnolecular actions on the 
rari-constant hypothesis. Saint-Venant in this section proposes to 
deduce them from the principle of energy (by Green’s method) in 
a manner which will satisfy multi-constant elasticians. 

[130.] The proof attempted by Saint-Venant is not legitimate, 
because in the expression he takes for the work the linear term 

^0 + ^0 + ^0 <^vz + ^0 <^zx + ^^0 

occurs where 5 ^., Sj,, 5 *,, cr^g, arc strctclics and slides. As- 

suming this term correct, which it is not, those ought to l)e ex- 
pressed to the second power of the sliift-fluxions as in our Art. 
1622*, for we want the work to tlie second power. This Saint- 
Venant does not do, but treats the strains .9 and a as if thc'y 
were the quantities e„ 17 ^,, of our Art. 161!)* This 

mistake was pointed out by Brill and BouBsines(j, and is acknow- 
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There is a footnote referring to Sylvester's papers in Gamh 
and Dublin Math Journah VoL vii. 1852, p. 76, and Phil. Trans. 
1853, p. 543. 

[133.] Suppose symbolically fo represent \jkim\^ 

where j, k, I, m are any of the letters xyz, ody’^ etc. Further 7 7 to 
represent the stress 5^, and or €% to represent and finally 
to represent a-rr'- Let denote the cosine of the angle between the 
directions r, r\ 

We are now able to reproduce in symbolic form the following well- 
known typical relations : 

+ C^y) -f zx {Cyz ^r'x + ^raj {^rx ^r’y ^ry 

~ ^sd ^^ocsd ®2/' ^ sad ^yfsi ^aj?/ ^asa' ^sfsd ^xsd ^scod + ^sdy' ^xad ^xyf' • • • (^)y 

^yz “ ^ysd ^zad ^ ^ ^yif ^ytd ^ztd 

si {^W (S»' ■*" ^zsd) + ^sdif (pyjd ^zy' + C////' ^zad) ■ • * (vi). 

See our Arts. 659* and 663*. 

(The last two are most readily obtained from the stretch-quadric of 
Art. 612* for axes x'y'z^ namely : 

s^ x'^ + y'^ + + cTy^sif y'z' + z'x' + cr^ay, xly' 

Substitute for cc' its equivalent xCscad + yOyad + ^<ia.d similar quantities 
for x' and y\ then the coefficients of (x^ and yz will be 6‘j, and cTy.^ as given 
above.) 

The symbolical forms are ; 

XX or yz = tjjg or ly^ X (t^je^j + ^y^y + • • (^ii)> 

whence it follows from (iv) that 

+ ^y^ry f-z^rz) {hPr'x + h^r'y + X + ^y^y + * -("^di). 

Further we have from (v) : 

^x^x i^sd^saxi ^sfd^xrj) 

^y^z ~ {^'jd^ysd + ^i/^yy' ^si^y^) {^af^zud 

whence we can take 

~ ^'jd^jjd + ^y'^jy' 

Puty = £t;, y, z successively and substitute for c,., €,,, e in (viii), we 
have 

P == + LyC^,, + IX,:) {i-afr'j, + + ^Sr.) 

+ I.C.J) + (i,c„y + v„„. + I r.„.) 

+ + i/.~' + Vv.') '■.•}“ (•■')• 

But we may obviously also express 7? in the form 

P = InVyi + + 

+ \rr'!/!i\ + + 

= ‘r'-y ' (lx' ex' +'„• V + ‘ ( '^ j )• 
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44 

44 

47, 

44 

49. 

§ 0 . 

5L 

52. 

54 

54. 

55. 

56. 


Sliding door 
Rubber strip 
Handle 

Machine screw (2) 
Ijockwasher (2) 

Plate 

Latch 

Capscrew (4) 
Lockwasher (48) 
Cotter pin 
Wing nnt (4) 
Lockwasher (4) 
Bo^m engine cover 
Backup strip 
Rubber seal 
Machine screw (3) 
Angle 


57. Nut (16) 

58. Lockwasher (16) 

59. Capscrew (14) 

60. Mounting plate 

61. Bottoni panel 

62. Nut (14) 

63. Lock^sher (14) 

64. Ball bearing (2) 

65. Flat washer (2) 

66. Capscrew (8) 

67. Nut (8) 

68. Lockwasher (8) 

69. Nut (2) 

70. Lockwasher (2) 

71. Machine screw (2) 

72. Spring lock 

73. Cover 


74. Gaslit (2) 

75. Cover (2) 

76. Bear Pand 

77. Thumb screw 

78. Bracket 

79. Capscrew (9) 

80. Nut (9) 

81. Flat wasfcer (9) 

82. Lockwasher (9) 
88, Capscrew (20) 

84. Nut (20) 

85. Flat wakier (^) 

86. Capscrew (7) 

87. Nut (7) 

88. Lockwasher (7) 

89. Capscrew (22) 

90. Nut (22) 


Fiffwre t-e8(4) — Continued 
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[136.] The relation (xiii) gives for inrri the value 

l"n-l = {{kfirx + Vrj/ + (XVU), 

or the direct stretch coefficient in direction r, (crx, Cr^, c„), in terms of 
the system of elastic coefficients for the axes x, y, e. 

If we put 

x = y = Crylt/i^, «=Cr*/y^i, 

and substitute, we obtain the surface 

l = {(‘we + %y + V»)T. 

which expanded gives us Rankine’s tadmmic quartic : 

1 = \xxxce\ + \yyyy\ + \zzzz\ 

+ 2 \\yyzz\ 4* 2 \yzyz\^ + 2 \\zzxx\ + 2 \zxzx\^ z^X“ + 2 {|a:wl 

+ 2 \xyxy\^ 

+ 4 {\xxyz\ + 2 \zxxy\\ a?yz + 4 {\yyzx\ + 2 \xyyz\\ y^zx . (xviii). 

+ 4 {\zzxy\ + 2 \yzzx\^ z^xy 
+ 4 \yyyz\ y^z + 4 \zzzy\ z^y + 4 \zzzx\ + 4 \xxxz\ o(?z 

+ 4 \xxxy\ (X^y + 4 \yyyx\^x 

This equation with its fifteen homotatic coefficients was first 
given by Haughton in his memoir of 1846. These 15 coefficients 
are the 16 coefficients of rari-constancy multiplied by the numbers 
1, 6, 12 or 4, so that the expressions for the work, stresses etc., 
can on that hypothesis be given in terms of the coefficients 
of this equation. 

Its fundamental property is that the direct-stretch coefficient 
in any direction varies inversely as the fourth power of the corre- 
sponding ray. 

[137.] Paragraphs 10 and 11 together with the footnoLe 
pp. 359—62 reproduce results of Rankinc and HaugliLon with 
regard to the nature of the elastic coefficients. Thus it is pointed 
out : 

(i) That there are sixteen directions r< 3 al or imaginary for wliicli 
uwi is a maximum or minimum. These diivoiious cut tlui tasinomic 
surface at right-angles, and possess tlie peculiarity tliat any .sti*(‘tcli in 
their direction produces a trai^tion only across a plane normal to their 
direction (pp. 356—7). 

(ii) That if we take 

I xfx' odea 1 + kV // // 1 + 1 0dj(fz!x ! ) . , 

or aS^/ equal to the sum of direct- and cross-stretch coellicients foi* the 
direction a;', then 

4 4 4 ,J) 
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1. Cover 

2. Fastener (16) 

3. Plastic washer (16) 

4. (basket set 

5. Dirt trough 

6. Cover 

7. Fastener 

8. Plastic washer 

9. Cover 

10. Fastener (8) 

11. Plastic washer (8) 

12. Cover 

13. Capscrew (4) 

14. Lockwasher (4) 

15. Nut (4) 

16. Guard ass«nbly (2) 

17. Fastener (2) 

18. Plastic washer (2) 


19. Capscrew (2) 

20. Loop clamp (2) 

21. Bracket 

22. Bracket 

23. Bracket (2) 

24. Bracket (4) 

25. Flatwas&er 

26. Plat washer 

27. Boot clamp (8) 

28. Gantry boot (^ 

29. Gantry boot (2) 

30. Cover (2) 

31. Machine screw (16) 

32. Gasket (2) 

33. Cover 

34. Capscrew (2) 

35. Lockwasher (2) 

36. Nut (2) 


87. Fastener (4) 

38. Plastic wakier (4) 

39. Cable cover 

40. Capscrew (4) 

41. Lockwasher (4) 

42. Cab cover 

48. Madhme screw (29) 

44. Jfaciiine screw (4) 

45. Seif-locking nut (4) 

46. Gasket asseml^y 

47. Cover 

48. Capscrew 

49. Bracket 

50. Bradcet 

51. Floor plate 

52. Machine screw (6) 

53. Flat washer (6) 


Figure t^B(S ) — Continued 
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[138—140 


[138.] Saint- Yenant in the twelfth paragraph of this section of his 
memoir (pp. 360 — 5) treats the case in which the elastic material has 
three rectangular planes of symmetry. This reduces the 21 coefficients 
to nine, for all the stretch-slide coefficients and cross-slide coefficients 
(i.e. E/ankine’s as^m 7 netrical elasticities) must now vanish. 

Let a, h, c be the direct-stretch ^ 

d, e, / „ direct-slide I coefficients. 

?> cross-stretch J 

Then the tasinomic surface (xviii) becomes : 

1 = -f hy^ -f -f 2 {2d -f- d') •¥2{2e + e') 2 {%f+f)x^]f .. . (xxii). 

The maximum-minimum values of lmr| are now sought and are 
found to lie in the three axial directions £c, and in pairs of others 
lying in each plane yz, zx, xy, or 9 in all. The first three solutions are 
always real 3 the second six will be imaginary, since the ratio of their 
direction-cosines become imaginary, when 

2d’\-d'\ {h and c \ 

2e + e' >• lie between -< c and a >• respectively (xxiii). 

2 / 4 -/') (a and 6) 

Saint-Yenant remarks that the conditions (xxiii) are those for the 
gradual variation m one sense of the stretch -coefficients in the three 
principal planes of elastic symmetry — a physical characteristic, he holds, 
probably possessed by all natural bodies. 

[139.] In the following section we have the statement of the 
conditions for ellipsoidal elasticity, i.e. that the first three 
quantities of (xxiii) be respectively equal: (i) to the arithmetic, 
or (ii) to the geometric mean of the corresponding second three 
quantities of (xxiii). In either case the direct-stretch coeffi- 
cient \m\ can be represented by the ray of an ellipsoid. In 
the first case the direct-stretch coefficient varies as the inverse 
square of the ray of the ellipsoid : 

1 = ax^ -h hy^ -j- 

and in the second case as the inverse fourth power of tlic; ray 
of the ellipsoid : 

1 = Ja + Jl) + Jo. 

The practical application of this ellipsoidal (listri()iition lias 
been discussed by Saint-Yenant in the annotated OLebsch : sec‘ 
our analysis of that work in Arts. 307 to 313. 

[140.] The next two paragraphs (pp. 307 — 72) ar(‘ oeeupic'd 
with an extension of Lames solution of the eipiations oi' elastic 



1 . Doorirtop 

2. Strip 

3. Hinge 

4. Door assembly 
i. Door Jam 
>e. Cotter pin (2) 

7. Handle (2) 

8. Washer 
8A. Screw 

9. Cab door lock 
9A. Lockwasher 
li. Sleeve 

Square 

^ Capscrew (8)^ 
Lockwasher (8) 
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14. Nut (8) 

15. Capscrew (12) 

16. Lockwasher ( 12 ) 

17. Door Jam 

18. Capscrew 

'19. Capscrew (13) 

20. Lockwasher (14) 

21. Nut (14) 

22. Door jam 

23. Strip 

24. Strip 

25. Panel 

26. Cable guard 

27. Cable guard 

28. Cover 

Figv/te 8-^3('dJ--Ckmti3iiied 


29. Cover 

30. Capecrew (2) 
Liockwasher (2) 

^2. PVoat floor plate 
Flat washer (5) 
Maohirn screw (5) 
Fiat washer (6) 
Machine screw (6) 
Floor plate 
Flat washier (6) 
Mae^fise sezew (8) 

40. Floor i^te 

41. Support 
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Figure i-es. Radiator, guard, and hoaee, removaL 
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[142— 143 


if a solution in terms of direct and inverse potentials is obtainable 
(pp. 372—4). 


[142.] Hitherto the set of ellipsoidal conditions of the type 
2cZ + (Z = 

has been seen as one only of the number which satisfies the rela- 
tions (xxiii). Saint-Venant now attempts to give it a far more 
important and special physical meaning. Namely, he proceeds to 
show that these relations hold exactly or very closely for bodies 
which originally isotropic have afterwards received a permanent 
strain unequal in different directions. He describes the bodies in 
question in the following terms : 

En effet, dans les corps k cristallisation confuse tels que les m^taux, 
etc., employes dans les constructions, oil les molecules ajffectent indis- 
tinctement toutes les orientations, si les 6lasticit6s sont 6gales dans trois 
directions rectangulaires, elles doivent T^tre en tous sens, car on ne voit 
aucune raison pour qufelles soient plus grandes ou moindres dans les 
autres directions. Si les 6lasticit6s y sont in6gales, cela ne pent tenir 
qu’^ des rapprochements mol^culaires plus grands dans certains sens que 
dans d’autres, par suite du forgeage, de Tetirage, du laminage, etc., ou 
des circonstances de la solidification. Calculous les grandeurs nouvelles 
que doivent prendre les coefficients d’elasticite dans un corps primitive- 
ment isotrope ainsi modifi6 (p. 374). 

Bodies with ‘confused crystallisation' Saint-Venant terms amor- 
phic solidsy and he now proceeds to show that within certain limits 
of aeolotropy, they possess an ellipsoidal distribution of elasticity. 
He assumes that the bodies have rari-constant elasticity. 


[143.] Let s, s', s" be the principal stretches of the i)enuanent set 
given to the body, let be the density, distance betweciii 

two elements, and its projections on the directions of tlie i)rincipal 
stretches before the isotropy is altered. Then if p, r, £c, y, be the value 
of these quantities after aeolotropy is produced, we liave 

K = iCo (1 + s), y = y ^ (1 + s'), ^ ( 1 + s") 

p = pj{\ + s.\+s' .iTi'] 

Let/(r) be the law of intermolecular action, and Fl-r) - 

r dr [ r 

then we have, m being the mass of a molecule : 


I (xxix). 
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BOITS, NUTS^D 
LOCKWASHERS 



" STEP 1. REMOVE BOLTS, NUTS, AND LOCKWASHERS AT TRANSMISSION END. 
STEP 2. REMOVE CAPSCREWS AND LOCKWASHERS AT WORM SHAFT END. ^ 

I STEP 3. REMOVE PROPELLER SHAFT. | 

. . :: ^ 

ME 3810-294.20^2-71 


Figwrt £-71. Propeller shaft, removal. 
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[144 


Hence we may equate like powers of o, )8, y on both sides. In the first 
relation by equating the coefficients of and again of we deduce 
the first of relations (xxxi) and also 

S m X (O = 3 2 m X (r„) 

or ■ c^=3e,.8 (xxxiv). 

In the second relation by equating the coefficients of a^/3®, 6^-/^ 

and we obtain the third of relations (xxxi), as well as the 
new one 

Co = (xxxv). 

By equating the coefficients of yS® w^e reach the second of relations 
(xxxi) ; and by equating those of a^ySy the new one : 

C6=15c,,,., (xxxvi). 

From these relations^ among the c’s we have by multiplying out the 
first two expressions of (xxxii) and neglecting the products of s, s\ 

\xxxx\ X \vm\ = 9 ® ''' 

= 9 \a!yxy\^. 

This is the required type of relation on the hypotlicscs of rari- 
constemey and small permanent strain. 

[144.] With regard to the latter assumption Saint-Venant 
'emarks that the terms neglected can only produce very small 
errors : 

...si Ton considere que les ecrouissages et la trenipc, qui changent 
tres-sensiblement la teuacite et les coefficients d’elasticite, altei-ent Ti 
peine la densite des corps. On pent d’ailleurs s’assuror, i^xr un calcul, 
que les portions ainsi negligees de Texpressioii do sont constain- 

ment comprises entre les portions correspondaiites de colics (ki \,v.i\r.v\ (‘,t 
\yyyy\j en sorte qu’en supposant memo qu’elles ultiirent Icgdronieut k^s 
valeurs absolues de ces trois coefficients, elles n’altororont jias sonsible- 
ment pour cela la relation de moyeniie proportioiiiialite de 3Mv/.r//| entre 
\xxxx\ et \yyyy\, donnee par les tenues du preiniiir ordr(i on s. s', s" 
(p. 379). 

The calculation mentioned is made by Saint-Veuant in a foot- 
note pp. 379 — 81. 

The other assumption that rari -constancy holds for isotropy 
seems very approximately, if indeed not absolutely, true in tlie 

1 Saint-Venant obtains those relations among the c’s liy appealing to a goiitMal 
principle given by Cauchy in his Nouveam, F.xercicva, Prague, LSlif), p. .‘ia. U 
amounts to replacing 4 or 0 in (xxxiii) by tlic general index 2// and then e(iuating 
general terms. 
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FITTING CARBURETOR 



Figure t-7S. Lines and fittings, removoL 


to open the carburetor throttle valve, thus allow- 
ing more fuel to enter tiie engine. The addition- 
al fuel prevents the engine from slowing down, 
and the governor has maintained the engine at 
the deS'ired speed, which is represented by the 
throttle setting. 

6. Speed Governor Removal. Refer to figure 
2-77 and remove the speed governor. 

e. Speed Governor Replacement. Refer to fig- 
ure 2-77 and install the speed governor. 
d. Speed Governor Adjustment. 

(1) Adjust the length of the linkage from 
ttie carburetor side of the cross-shaft shown ir 
figure 2-76 as follows: 

(«) Push throttle lever (fig. 2-75) for- 
ward so throttle lever (fig. 2-76) is against the 
low speed stop. Check linkage on opposite side 
of engine to be sure the carburetor throttle 
valve is closed. 

(h) Move the throttle lever (fig. 2-75) ful- 
ly back and see that thi'ottle lever (fig. 2-76) is 


against the high-speed stop. Full movement of the 
throttle lever (fig. 2-75) should result in full 
range movement of throttle lever (fig. 2-76). 
With throttle lever against highspeed stop, check 
to see that throttle valve is approximately full 
open. 

(2) Run engine until normal operating 
temperature is obtained. 

(3) Refer to paragraph 2-83i) and adjust 
carburetor. 

(4) Pull throttle lever (fig. 2-76) back to 
obtain high-idle speed (para 1-7). 

(5) Apply load to engine sufficient to re- 
duce engine speed to normal governed speed and 
determine if carburetor throttle lever is wide 
open. If the throttle lever is wide open, move 
governor linkage (fig. 2-76) slightly toward 
closed position and then release. Now the linkage 
must return the carburetor lever to the wide 
open position. 

(6) Adjust high-speed stop screw (fig. 2- 
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[147 


On pp. 884 — 393 he shews that Green’s conditions flow from 
the hypotheses with which he has started. He then proves : 

(i) From the tasinomic relation that the stretch-coefficient is 
the same for every direction or 

\je'oifafaf \ = \xsexx\. 

Thus an equal stretch always produces the same element in the 
traction whatever its direction. 

(ii) That the second set of Green’s conditions are fulfilled for all 
axes, i.e. 

= Wzfy^\ = 0, etc. 

(iii) That the conditions whose type is 

= 2 -I- Wy^sfxf\ 

are true for any change of rectangular axes. 

(iv) That the third set of conditions of the type 

\!x! od 'if !i\ -I- 2 \7i!Xf!ltfif\ = 0 

are also true for any change of rectangular axes. 


(v) That the reciprocal theorems are true, i.e. if any one of the 
relations in (i) to (iv) hold for all rectangular axes, then Green’s 
fourteen conditions follow. 

It will thus be noted that Green’s conditions are not based upon any 
conception of direction in the body, if fulfilled for one set of rectangular 
axes they are fulfilled for all. So far as these conditions are concerned 
the body possesses isotropy of direction, i.e. there is nothing of the 
nature of crystalline axes, or the peculiarity of the medium has no 
relation to direction in space. This seems to me the element of isotropy 
in Green’s conditions which Glazebrook misses, and which Haint-Yenant 
overstates when he identifies it with absolute elastic isotropy. Glaze- 
brook well points out that if we give a stretch s,. only we have tlui 
following system of stresses' : 


XX = \xxxx\ Sx, “yz ~ \yzxx\ 

xy = \xxyy\ = 0 , 

= \xxzz\ Sy,, ^ —0. 

Here we are at liberty to take the stretch in the direction of the axis 


^ By choosing as our axes the orthotatic axes wo can reduce the HLrcHs-strain 
relations as given by Green to the following types : 

xx:^ad -2fsj,-2es^j 

'yz = d(Ty^, 

where a — j.r.ra’^rl = same for all directions 

d = \iizyz\ ) 

_ values for orthotatic axes of 
f direct-slide coellicionts, 
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place, il est impossible de ne point convenir que Tin^al rapprochement 
molSculaire en divers sens doit influer sur la grandeur des Hlasticitis 
d%TBct68 \xxxx\ j comme elle indue bien certainement sur celle 
des autres 61asticites, dites lat^rales, \xxyv\ — 1^lsy^ ou tangentielles, 
etc., puisque sans les in^galit€s au moins de celles-ci en 
divers sens, les formules ne donneraient pas de double refraction. Un 
milieu ne pent etre elastique et vibrant si ses parties n^agissent pas les 
unes sur les autres, et quelque soit le mode de leur action, il n’est pas 
possible d'imaginer qu’elles engendrent des elasticites directes parfaite- 
ment egaJes, lorsqu’il y a une inegalite de contexture qui rend inegales 
les eiasticites laterales ou tangentielles. (pp. 396 — 8.) 

This argument seems to me of great weight (see, however, a 
point raised in our Art. 193 (1)), and would incline me to reject 
Green's conditions (especially when we remember that Green him- 
self supposed the ether-density to vary in refracting media), even 
were there no other grounds for questioning his hypotheses. 

[148.] Saint-Venant now proceeds to deduce the exact wave- 
surface of Fresnel on the supposition that the vibrations are not 
accurately in the wave-front. He does this on the liaes of 
Cauchy’s memoir of 1830, but he does not assume rari-constancy 
and in many respects his method is an improvement on Cauchy's. 
This leads him to the following inter-constant conditions; the 
structure of the ether being supposed to have three planes of 
symmetry and thus its elasticity to be represented by the nine 
constants of our Art. 117 (a): 

(6 - d) (c - d) = (cZ + dy, (c - e) (a - e) = (6 + e'Y ] 

(a 
(a 

= 2(d + d')(e + ^){f+f)\ 

If the relations (xxxix) are satisfied we shall have Fresnel's 
wave-surface. If we make a = 6 = c we shall reduce these con- 
ditions to Green's, which are thus only a particular case of those 
of Cauchy and Saint-Venant. (pp. 398 — 406.) 

[149.] On pp. 406 — 411 Saint-Venant demonstrates that the 
relations (xxxis) give practically the same results as the ellipsoidal 
distribution of (xxxvii). He supposes d/d' = i and then solves the 
first equation of both sets (xxxix) and (xxxvii) for d\ let the values 
so obtained be respectively d^ and d^. Then by a numerical 


-/)(&-/)=(/+/? 

- e) (b -/) (c - cZ) + (a -/) (h - d) (c - e) 


. . .(xxxix). 
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Figure 2-T9, Carburetor linkage, 

2-84. Fuel Pump 

a. General. The fuel pump is a mechanical 
type with offset filter. The suction side of the 
pump is connected to the fuel tank and the dis- 
charge side to the carburetor, where the fuel ac- 
cumulates in the carburetor float bowl for use 
as required by engine demand. 

b. Test. 

NOTE 

The following test will be u.sed to determine 
if it i.s necessary to replace the fuel pump. 

(1) If the pump supplies too little fuel 
the engine -win not run at all, or will falter or 
misfire under load. 

(2) If the pump supplies too much fuel 
(which is rare), fuel will diip from the carbu- 
retor or the engine will not idle smoothly. The 
engine tvill be hard to start. Usually, too much 


fuel will be caused by some factor other than 
the fuel pump. 

(8) When tesiing iiie fuel pump^ first see 
that thero is adetiuate ftid In tiie famlp. 

(4) Disconnect the line from the fuel tank 
to the fuel pump at the pvunp and see that fuel 
flows freely. If it does, ftid is available at the 
fuel pump and the line to the tank is in good 
condition. Beconnect the line. 

(5) Connect a pressure gage in the input 
fuel line at the carburetor as shown in figure 
2-81. Be sure the length of the connecting hose 
is as shown and that ail comiections are leak 
proof. 

(6) Start the engine and run it at 500 rpm. 
Stop the engine when the maximum fuel pres- 
sure has been read on the gage. If the pressure 
is below 8 1/2 psi or above 5 psi, replace the 
fuel pump. 

c. Removal and Replacement. Refer to figure 
2-82 and remove and replace a faulty fuel pump. 
Note that this fuel pump includes a sediment 
bowl. 

NOTE 

Before installing a new fuel pump, make sure 
it is in good condition. To do so, follow steps (1) 
through (4) below. 

(1) Hold the fuel inlet and output open- 
ings closed with the fingers of one hand. 

(2) Move the lever (fig. 2-82) up and 
dotvn. The pump will create a feeling of suction 
and pressure as the lever is moved, if it is in 
good condition. 

(3) WTien installed, if there is an air leak 
between the sediment bowl and the bowl gasket, 
the pump cannot draw fuel into the bowl. To 
fix, install new' gasket and be sure the bowl 
seats firmly. Also tighten knurled nut beneath 
bowl. 

(4) If the strainer bow'l still does not fill, 
air may be trapped in lines to the pump. To fix, 
loosen bowl slightly so air can escape and blow 
into fuel-tank filler neck. This will force fuel 
into fuel pump bow.'l. Now' tighten the bowl 
down securely. 
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[152—153 


case there will be a denominator of 720 terms in the constants, 
and Saint- Venant wisely contents himself with the case of three 
planes of symmetry and a 9-constant medium. 

The conclusions drawn as to the nature of the quartic and its 
special reduction to an ellipsoid, are all treated with somewhat 
fuller detail in the annotated Clehsch, and we have accordingly 
discussed them in our analysis of that work : see our Arts. 808 to 
310. 


[152.] We may note that Saint-Yenant (pp. 424 — 5) attempts to 
apply the ellipsoidal distribution of elasticity, which leads to the 
ellipsoidal distribution of stretch-modulus, i.e. 

1 Cfirt. 

to the case of wood. He appeals to Hagen’s results (see our Art. 1229*) 
and compares Hagen’s empirical formula 


1 _ 

K 



(a) 


with that given by the ellipsoidal distribution 



He shews the theoretical impossibility of Hagen’s formula, arising 
from the fact that li is not equal to them, and endeavours to 

shew by curves that {(3) and (a) coincide within the limits of experimental 
error. By graphical representation of the curves it is seen that only 
the ellipsoidal distribution gives anything like a satisfactory theoretical 
as well as practical figure, and Saint-Yenant concludes that, although 
proved for a different kind of medium (see our Arts. 142 and 144), it 
may be practically of use in the case of fibrous material like wood. Later 
Saint-Yenant saw occasion to alter this opinion ; he treats this im- 
portant material very fully in the Le<}ons de Namer (pp. 817 — 25) and 
in the annotated Clehsch (pp. 98 — 110). Under the latter heading we 
shall discuss his more complete treatment of the subject : see our Arts. 
308 — 310. The memoir ends with the remme to which we have before 
referred. 


[153.] Siir la determination de Vetat d'equilibre des tiges elas- 
tiques d double courbure. Les Mondes, Tome 3, 1863, pp. 568 — 
575. This note was a contribution to the Societe Philomathique, 
August 8, 1863; see also L Institute 1863, pp. 324—5. 

Consider a rod of double curvature; let M,, ilfp be the 
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Figure S- 81 . Checking fuel pump output pressure. 
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I GASKET 



STEP 2. REMOVE «OLTS AND LC^.> , 
WASHERS. REMOVE FUEL 
PUMP WITH SEDIMENT BOWL 
AND GASKET FROM ENGINE. 

STEP 3. POSITION FUEL PUMP ON 
ENGINE WITH GASKET 
BETWEEN PUMP AND ENGINE. 
INSTALL BOLTS AND LOCK- 
WASHERS. RECONNECT 
FUEL LINES. 

STEP 4. LOOSEN KNURLED NUT AT 
THE BOTTOM OF BOWL, 
SWING BAIL ASIDE, AND 
REMOVE BOWL IF NECISSAf)f j 

STEP 5, WIPE OUT SEDIMENT 60^1% 


STEP 4. 












Figure ^82, Fuel pump aud fuel sediment bowU re^noval and repUicein&uU 
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This memoir draws attention to the point considered by Saint- 
Venant in his memoirs of 1843 and 1844 ; see our Axts. 1698* and 
1603* ; namely the importance of taking into consideration the 
‘ angle of torsion ’ or angle between new and old osculating planes 
in dealing with the elastic equilibrium of wires of double-curvature. 
Saint-Venant brings out the importance by a good example, namely 
a curved wire turned upon itself so as to have the same curvature 
at e a c h point of the central axis, but so that the naturally longest 
and shortest ‘ fibres ’ interchange places. 

He points out that the stretch in a fibre distant z from the 

central axis is : 

z^ljp^ - 2lpp^ . cose -1- 1/p/, 

where p, are the new and the primitive radii of curvature and e 
the angle the new and old radii of curvature make with each 
other. In the example above referred to p = and e = tt, so that 
the stretch becomes 

2zj p^. 

Generally when p = p^, the stretch equals 

In conclusion Saint-Venant refers to the contributions of 
3on, Binet, Wantzel and himself to the subject : see 
for references. 

j6.] Memoir e sur les controctiom d'une tige dont ime extrimiU 
a un mowoement oUigatoire ; et application au frottement de route- 
ment sur un terrain uni et ilastique : Comptes rendus, T. 58, 1864, 
pp. 455 — 8. 

This memoir was written in 1845, and is an attempt to apply 
the theory of elasticity to the phenomena of rolling friction. The 
chief results were published in the Bulletin de la SocUU Philoma- 
thique of June 21, 1845. The following conclusions are given in 
the resume in the Comptes rendus : 

On en deduit que le frottement de roulement sur un pareil sol est : 
r proportioniiel ^ la pression; 2“ en raison inverse du rayon du cyliodre; 
3“ independant de sa longueur (ou de la largeur de jante, si c’est une 
roue); 4“ proportionnel k la vitesse; 5° d’autant moindre que le terrain 
elastique est plus roide ou moins compressible. 

Saint-Venant remarks : 

Ces resultats sont d’accoi'd avec un certain nombre d’experiences de 
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FAN MOUNTING PUMP 



Figure i-8i. Water pump and fan replacement, 

(8) Remove the capscrews and washers se- 
curing the fan and remove the fan. See figure 2- 

84. 


(4) Ranove the fan befts from the water 
jmmp pull^. 

(5) Loosen hose clamps and remove hoses 
frtnn the water pump. 

(6) Ramwe the mounting bolts frcan the 
water pump and renmve the pomp from the 
engina Remove pump gasket 

e. InaitaSaikm. Refer to figure 2-84 and in- 
stall the water pump as follows: 

(1) Position the pump on the front of the 
crankcase and install the pun^> gasket and all 
mounting bolts. 

<2) Install radiator (para 2-74o). 

(3) limtail fan belts on water pump pulley. 

(4) Fasten radiator hose to water pump. 

(5) Install the fan. 

(6) Fasten the alternator bracket and adjust 
fan belt tension. See figure 2-85 for belt adjust- 
ment procedure, and adjust belt tension. 

(7) Fill the cooling system to the proper 
level with the correct coolant. 

d. Service Water pump service consists of 
lubricating the pump shaft bearings in accord- 
ance with the current LO. At the same time, in- 
spect the fan for bent or damaged blades. Re- 
place the fan if necessary. 

e. Guard Replacement. Refer to paragraph 2- 
74 and remove and replace damaged water 
pump fan guard. 

f. Belt Adjustmevt and. Replacement. Replace- 
ment of belts and belt adjustment are covered in 
paragraph 2-88. 


2-93 



104 


SAINT-VENANT. 


[158 


Substitute in the above equation (1) and we obtain 

, (■ dM (3 m \ dufdm, , N) . 

Integrate this equation by parts in the usual way, and it becomes 
/m - Tzj COS (nt/) + IX., + ry^ cos (n») j ds 

[m. 5 (2); 

here {ny) and {nz) denote the angles which the normal to the surface 
at the point (aj, y^ ») makes with the axes of y and z respectively ; and 
ds is an element of the curve of intersection of the body by a plane at 
right angles to the axis of x. 

If we equate to zero the term in brackets in the double 
integral we obtain the equation which must hold at every point of 
the interior ; and if we equate to zero the term in brackets in the 
single integral we obtain the equation which must hold at every 
point of the surface. 

But Saint-Venant does not explain why we must equate these 
terms separately to zero; that is, he does not explain why he 
breaks up equation (2) into two equations. Moreover the whole 
process borrows so much from the memoir on Torsion that it has 
irit of being an independent investigation. 

^c- v^enant says : 

Ur la deuxi^me et la premiere parenth^se carr6e, egal6es separement 
h, zero... : 

by this he means the terms contained within the square brackets 
in (2). The English translation has very strangely ''Now the 
squares of the second, and of the first parenthesis, each equated 
to zero,...” 

[158.] A remark of Saint- Venant’s on p. 809 may be cited : 

Le calcul du potentiel de torsion a aussi, en lui-m^me, une valeur 
pratique; car les ressorts en helice, qu’on oppose souvent h divers chocs, 
travaillent presque enti^rement par la torsion de leurs fils, ainsi que je 
Tai montre en 1843, et que Pont ermarque, au reste, Binet des 1814, 
M. Giulio en 1840, et r^cemment des ingeriieurs des chemins de fer. 

See our Arts. 175"^, 1220^ 1382* and 1593—5*. The 1814 and 
the receinment (1864) mark the wide interval which too often 

fin e^/'\'V\T -rVViO .tI-t f 
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ground connection. Use an accurate voltmeter 
on the 5()-volt dc scale for this check. The igni- 
tion switch must be turned ON during this test. 
Full battery voltage of 24 volts should be 
shown. If no voltage is indicated, an open cir- 
cuit between the battery and the alternator is in- 
dicated. Check battery cables, ignition switch, 
and wiring. 

(2) With the ignition switch on, but the 
engine NOT started, check for fuU battery volt- 
age from the ignition (IGN) lead of the alt^ 
nator to ground. Full battery voltage most be 
indicated. It will be necessary to unplug the ig- 
nition (IGN) connector and check the male side 
with the voltmeter probe. Full battery voltage 
must be present at both alternator terminals in 
order for the machine to function properly. 

CAUTION 

Do not run the alternator with its ouir 
put circuit open and the ignition lead 
energized. This will create extremely 
high voltages which will seriously dam- 
age the alternator. Never attempt to po- 
larize this alternator. Always discon- 
nect all alternator leads if welding is 
to be done on this unit. 

e. Alternator Replacement. Refer to figure 2- 
85 and loosen alternator drive belts. Remove all 
electrical connections to the alternator. Support 
the alternator, remove the adjusting lockscrew 
and remove the alternator mounting bolts, nuts, 
and lockwashers. Remove alternator. Install a 
new alternator and secure with mounting bolts, 
nuts, and lockwashers as shown in figure 2-85. 
Connect all electrical connections, and reinstall 
alternator-water pump drive belts. Adjust alter- 
nator-water pump belt tension as described in b 
above. 

2-89. Starter Assembly 

a. Starting Motor. The starting motor is de- 
signed for high torque, short use applications. It 
engages the flywheel ring gear, and is used to 
crank the engine until it starts. When the engine 
starts, the starter motor automatically disen- 
gages. 

CAUTION 

Never crank the engine for more than 
30 consecutive seconds with the starter 
motor. If this docs not start the engine 
wait at least two minutes before trying 
again. 


(1) Motor and solenoid test. Before remov- 
ing the motor make the following tests. Check 
the batteries (para 2-53) to make sure that the 
batteries are in good condition. Inspect ail start- 
ing motor wiring for frayed insulation or other 
damage. Replace or repair damaged wiring. In- 
spect all connections to the starting motor, sole- 
noid, magnetie switches, ignitkat switch, start 
pushbuitcm, and battery, including all ground 
connections. Clean and tightmi defective connec- 
tioim. If iiie trouble is not fonmi, connect a 
jumper wire around any switch or sn^encad sus- 
pected of being defective. If the system foncti<His 
properiy using this method, replace the d^ec^e 
atmn. If none of the above has located the 
trouble, check the starting motor battery termi- 
nal, using a voltmeter adjusted for de c^ration, 
and measure the battery voltage. If vdtage is 
22- to 24-volts, replace the starting motor. 

(2) Motor replacement. Refer to figure 2- 
86 and remove and replace the starting motor. 

6. Starting Motor Solenoid Replacement. Re- 
fer to figure 2-86 and remove the solenoid 
mounting capscrews. Refer to figure 2-87 and 
remove the starting motor solenoid. 

c. Magnetie Switch Replacement. 

(1) General. The magnetic switch shown 
in figure 2-88, sheet 2 is used to reduce the 
amount of current which must pass through the 
engine start switch. When energized, it energizes 
the starter solenoid, thus starting the engine. 

(2) Removal. Refer to figure 2-88, sheet 2 
and remove electrical leads, two mounting 
screw's, and lockwashers. Remove the magnetic 
switch. 

(3) Installation. Position magnetic switch 
as shown in figure 2-88, sheet 2, install screws 
and lockwashers, and attach electrical leads. 

d. Reverse Polarity Relay. 

(1) General. The reverse polarity relay con- 
tains a solid-state rectifier which prevents current 
from flow'ing through the engine starting circuit 
in the wrong direction. Refer to the wiring dia- 
gram of the relav in figure 2-88 and the en- 
gine wiring diagram, figure 1-4. 

(2) Testing. With the relay removed from 
the engine, connect a 24 volt source to connector 
C (fig. 2-88). Then touch the relay case to 
ground. The polarities shown on the diagram 
must be obsen’ed. V/hen this is done, the relay 
will be energized, and an audible “click" can be 
heard when the relay contacts close. If the con- 
tacts close, the relay is in good condition. If not, 
replace tiie relay. 
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li ; the funeral discourses on Navier by Emmery and Girard, pp. 
li — ^liy : a bibliography of the works of Navier with copious remarks 
due to Saint-Venant, pp. Iv— Ixxxiii ; the original prefaces to the 
editions of Navier’s Legons published in 1826 and 1833; pp. Ixxxiv 
— xc ; and finally Saint- Venant’s Eistorique ahrdgS des recherches 
sur la rdsistance et sur VdlasticiU des corjps soUdes; pp. xc — cccxi. 

[162.] The Eistorique dbrdgi is practically the only brief 
account of the chief stages of our science extant. Girard had 
written what was for his day a fair sketch of the incunabula (see our 
Art, 123*), but it remained for Saint-Venant, without entering into 
the analysis of the more important memoirs, to describe their 
purport and relationship. It fulfils a different purpose to our own 
history — for it makes no attempt to replace the more inaccessible 
memoirs — but as a model of how mathematical history should be 
written, we hold it to be unsurpassed, and can only regret that a 
recent French historian has not better profited by the example 
thus set\ 

We would especially recommend to the student of Saint- 
Venant*s memoirs pp. clxxiii — cxcii, which treat of the relation of 
his own researches by means of the semi-inverse method to the 
nf tis predecessors. The point we have referred to in our 
6, 8 and 9 is well brought out in relation to Lamd's pro- 
of the right-six-face. 

V e will note one or two further points of the Eistorique in the 
following five articles. 

[163.] On p. cxcviii in the footnote Saint-Venant gives the expres- 
sion for the work-function in terms of the stresses when there is an 
ellipsoidal distribution of elasticity : see our Art. 144. He finds 

_ 1 +i ^ w , ^ ^ -- 

“ 2 (2 + 3i) Vi' 5 ~c) 26c 2ca ’ 

where for isotropy and _ 52 _ ^2 _ 

^ The essential feature of scientific history is the recognition of growth, the 
interdependence of successive stages of discovery. This evolution is excellently 
summarised in Saint-Venant’s Eistorique, Our own ‘ history ’ is only a biblio- 
graphical repertorium of the mathematical processes and physical phenomena 
which form the science of elasticity, as a rule for the purpose of convenience 
chronologically grouped. M. Marie’s Histoire des sciences matMmatiques is a 
chronological biography, without completeness as bibliography or repertorium. 
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Figure 2-87. Starting motor solenoid removal 
and replacement. 


(5) Install new condenser and points, and 
idjust breaker points as follows: Turn the dis- 
.ributor shaft so that breaker arm rubbing point 
s on the high point of the breaker cam. Turn 
idjusting screw slightly until breaker point 
■learance is 0.022 inch, as measured by a round 
'eeler gage. Tighten adjusting screw. 

(6) Turn distributor shaft so breaker points 
ire closed. Inspect breaker point alinement. 
Bend fixed point bracket so that points are 
dined for full face contact. Recheck point gap 
ind readjust if necessary. 

(7) Install rotor. 

c. Distributor Replacement and Adjustment. 

(1) Wipe the cap and be sure all parts are 
lean and dry. Do not use degreasing com- 
iounds. 

(2) Turn the engine crankshaft over to 
ilace the number one piston on top dead center 
f the compression .stroke as shown in figure 2- 
0 . 

(3) Refer to figure 2-89 and place a drop 
f OE lubricating oil on the felt lubricant wick. 


(4) Install the distributor in position on the 
engine. Be sure the distributor shaft tang en- 
gages the drive properly. Do not secure the man- 
ual advance (fig. 2-89) at fiiis time. 

(5) Place the distributor cap on the distrib- 
utor and turn it until it drops into pla<^ It will 
fit in only one position. Do not secure it with 
spring clips at this time. 

(6> Trace the number one spark plug wire 
to its terminal in the cap. Raise the cap and de- 
termine if the rotor alines with this same ienni- 
naL If the rotor does not aline with this termi- 
nal, but instead alines with the number six ter- 
minal, raise the distributor, disargag^ng the 
shaft tang, and rotate the shaft and rotor 180 
degrees. Lower the distributor into the support 
again. This time install the advance arm lock- 
screw and secure fiirger tight. 

(7) Be certain that the distributor cap is 
properly located on the distributor housing and 
that both mounting screws are tight. 

CAUTION 

If the distributor cap is incorrectly 
positioned on the distributor hoosing, 
it will usually result in a broken rotor 
when attempting to start the engine. 

The firing order is 1-5-3-6-2-4; and 
spark plug cables must be assembled 
in the distributor cap in this order in 
clockwise rotation as viewed from above 
the distributor. 

(8) Disconnect the distributor vacuum ad- 
vance line at the carburetor and close the fitting 
■with a piece of tape. 

d. Distributor Timing. 

(1) Connect a stroboscopic timing light to 
the No. 1 spark plug. Some timing lights re- 
quired connecting one lead to the spark plug 
terminal and the other to ground (parallel con- 
nection). Others require disconnecting the spark 
plug wire and connecting one of the timing 
light wires to the spark plug wire and the other 
wire to the spark plug terminal (series connec- 
tion). Use white chalk to highlight the timing 
mark, figure 2-90. 

(2) Start the engine and notice if the timing 
light is flashing. Each light flash should be 
fast and accurate, and the timing marks should 
be readily seen. 

(3) When the engine is thoroughly warmed 
up and running at low idle speed (475-525 
rpm), direct the timing light to the timing loca- 
tion on the fan drive pulley. The light should 
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108 SAINT-VENANT. [165 — 167 

He refers on this point to the experiments of Easton and 
Amos : see our Art. 1474*. 


[165.] Pages ccxiv — ^xxiv deal with the problems of resilience 
and impact. 

In the footnote p. ccxvii, there is an error in the integral of the 
equation ^ cos a - ^ » there given. It should be 


«=/cosa+ F^'^sin i -/cos a cos nj 

The error was noted by Saint-Yenant himself in a letter to the 
Editor of this History, August, 1885. 


On p. ccxxii and footnote there should have been a reference 
to Homersbam Oox with regard to the factor A; = 17/35. His 
memoir of 1849 (see our Art. 1434*) seems to have escaped Saint- 
Venant’s attention. 

A further consideration of the effect of impact on bars when 
the vibrations are taken into account occurs on pp. ccxxxii — viii, 
and then follows (pp. ccxxxix — xlix) an account of Stokes' problem 
of the travelling load (see our Art. 1276*). Saint-Yenant refers 
frv t.bp researches of Phillips and Renaudot, but his account wants 
xx^iijig up to date by reference to more recent researches. 

[166.] On pp. ccxlix — ccliii Saint-Yenant refers to the rupture 
conditions given by Lamd and Olapeyron and again by Lamd for 
cylindrical and spherical vessels. It seems to me that he has not 
noticed here that these conditions are, on his own hypothesis of a 
stretch and not a traction limit, erroneous : see the footnotes to our 
Arts. 1013* and 1016*. 


[167.] After an excellent and succinct account of the course 
of the investigations of Euler, Germain, Poisson, Kirchhoff &c. with 
regard to the vibrations of elastic plates (pp. ccliii — cclxxi) the 
Historique closes with two sections LXI. and LXii. (pp. cclxxi — cccxi) 
on the experiments made by technologists and physicists previously 
to 1864 on the elasticity and strength of materials. Good as these 
pages are, they are insufficient to-day in the light of the innumer- 
able experiments of first-class importance made during the last 
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Figure 2-89. Distributor assembly removal, replacement and timing, (Sheet 1 of 2) 


(8) The liming of the spark depends on 
the breaking of electrical contact at the breaker 
points. To assure accurate timing, make up a 
simple light circuit consisting of a 24 volt auto- 
motive light bu'ib with soldered-on leads or a 
socket with leads attached as shown in figure 2- 
91. Clip one lead to the lead to the movable 
breaker point and attach the other lead to 
ground. Turn the engine to TDC on the com- 
pression stroke for number one cylinder using 
timing marks shown in figure 2-90. Turn the 
ignition switch to the OX position. Rotate the 
distributor body (fig. 2-89) slightly to determine 
the point of breaker point opening, which ■will 
be the point where the light turns on. Tighten 
the hold down screws at the base of the distrib- 
utor, making sure the body does not turn fur- 
ther. Reinstall distributor cap. 

(9) Connect the distributor vacuum advance 
line to the carburetor. 

2-91 . Ignition Coil and Spark Plugs 

a. General. The ignition coil has primary and 
secondary windings. The low voltage (24 volt) 
pulses from the distributor go to the primary 


winding, where they cause a magnetic field to 
develop. When the distributor points open, this 
field collapses, inducing a very high voltage in 
the secondary winding. This high voltage is con- 
ducted to the engine spark plugs, via the high 
tension leads, to ignite the fuel in the combus- 
tion chamber. 

b. Coil Testiiig. If a distributor ignition coil 
is thought to be defective, refer to figure 2- 
92 and disconnect electrical connections to the 
coil. Then test as follows. 

(1) Check the continuity of the coil pri- 
mary by connecting an ohmmeter across the pri- 
mary terminals. The ohmmeter reading should 
be very low. 

(2) Check the continuity of the coil second- 
ary by connecting an ohmmeter across one pri- 
mary terminal and the secondary terminal. The 
ohmmeter reading should be high. 

(3) If no reading or an infinite reading is 
obtained, the coil is open or shorted, and should 
be replaced. 

c. Coil Replacement. Remove the mounting 
screws, disconnect all electrical connections, and 
replace the ignition coil. Refer to figure 2-92. 
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cannot suppose the volume to diminish. We may, however, look 
at the matter thus : 


Let f=tihe ratio of the slide-modulus to the dilatation coefficient 
(= ju/X), then (7ol. i. p. 885) ; 

3 -^ 

Hence, since i is necessarily positive, we must have Ejii, > 2 and c 3 
(the mean of these gives the uni-constant hypothesis Ejix, = 5/2). But 


E 

oy = 1 , or 17 can only have values from 0 to 

afl 


This proof holds only for an isotropic material. In the case of 
an aeolotropic material it does not seem obvious why a longitudinal 
stretch should not produce a negative dilatation. The ratio of dilatation 
to stretch 






and in the case of wood the values obtained for rji, rj^ would seem to 
give this a negative value, for they are > Saiat-Yenant admits later 
this possibility: see his pp. 821 — 2. Hence any set of experiments 
which give values for 77 > |- may be taken to denote that the material in 
question is not isotropic and homogeneous. 


Av. 9C\ — 2 I it is suggested that for some substances 

^.v>nsider the stretch-modulus E as varying over 
the cross-section of a prism. Saint-Yenant refers to the experi- 
ments on this point of Collet-Meygret and Desplaces : see our 
Chapter XI. He also regards Hodgkinson’s experiments as lead- 
ing to a like conclusion notwithstanding a special experiment to 
the contrary : see our Arts. 952^ (iii), 1484* and references there. 
We thus have the formula 


= sJEJ^co 

put forward by Bresse, where P^ is the total traction in a prism 
stretched Sj. in the direction of its axis x, and {JE^dco)lco is the 
mean value of the stretch-modulus over the cross-section oj. For 
metals couUs ou lamin^s^ where on the lateral faces there is a surface 
or skin change of elasticity, Saint-Yenant would take : 

Px = (E^Q> -f 6%), 

X etant le perimetre de la section supposes diminuee d’un ^ deux 
millimetres tout autour, afin de representer le developpement moyen de 
la croute douee generalement de plus de roideur et de nerf que le reste : 



m S-Mlfr-<294^ 



Figure i-9t. Ignition coil, testing, removal, and replacement. 


b. Test. Connect suppression lead to positive 
side of any battery. Place the tip of a light bulb 
on the negative terminal. Hold the other end 
of this lead against the metal side of the light 
bulb. If the light bulb illuminates, the lead is 
at least not an open circuit, and may be fit for 
further use. If the light does not come on, re- 
place the lead. If an ohmmeter is available, the 
lead should test about 2,000 ohms per inch of 
ength. 

2-93. Sending Units 

а. General. The sending units and associated 
lights and switches provide visual indications of 
developing trouble. 

б. Oil Temperature Sivitch. Refer to figure 
2-93. Disconnect electrical lead. Drain oil below 
the level of the switch, then unscrew and re- 
place a faulty oil temperature switch. 

c. Water Temperature Sender. Open radiator 
drain cocks and drain coolant level below the 
level of the water temperature sender. Then 
refer to figure 2-94; disconnect electrical leads 
and unscrew and replace the water temperature 
sender. 


d. Oil Pressure Sender. Drain engine oil below 
the level of the pressure sender. Refer to figure 
2-95; disconnect electrical leads and unscrew 
and replace a faulty oil pressure sender. 



Figure t—$3. Oil temperature sender, removal and 
replacement. 
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est telle que le rapport T^jE varie moins que y, r4qTiation sera, en 
designaut comuie A I’crdiaaire par la grandeur de I’ordonnSe de cette 
fibre, et par E', T\, les valeurs correspondantes de E, ; 

“ “ Ey Ey ’ 

OH bien, (7 et c d^signant deux constantes dlpendaiLt comme et e de la 
nature de la matik'e et de son mode de forgeage ou de fusion, 

Ijy' + c ily\ 

Saint-Venant calculates the value of for a rectangular 
section, and also deals with a sinailar expression for the case of 
the wood prism referred to above; see his pp. 117 — 8. 

{g) In §§ 8 — 12 (pp. 22 — 26) the reader will find some account 
of the behaviour of a material under stress continued even to 
rupture. This account was doubtless for the time succinct and 
good, but there are several points which could only be accepted 
now-a-days with many reservations. For example the statement 
(§11): Le calcul thiorique est toujours applicable pour limiter les 
dilatations et 4tablir les conditions de resistance d la rupture 
iloignie — ^is one which requires much reservation. We have seen 
in Vol. I. p. 891 that a material may be in a state of ease and yet 
not possess linear elasticity for strains such as often occur in 
practice. Further that even when there is linear elasticity its 
limit can often be raised without enervation almost up to the yield- 
point, where one exists. Hence when Saint-Venant takes s^ to 
be the stretch at which material ceases de s'ecrouir et commence d 
s'dnerver^ ce qui se manifeste par la marche des allongements per- 
sistants, and puts = or < Ems^ as the safe tractive load — where 
E is the stretch-modulus and w the sectional area — we find some 
difficulty in ascertaining what limit s^ really represents. In most 
cases before enervation begins, linear elasticity will be long gone, 
and all the formula really can tell us is the stage at which linear 
elasticity fails \ this fail-limit may be very far from the yield- 
point, and in some materials very far indeed from the elastic limit. 

Saint-Venant refers to the ‘fatigue’ of a material due to re- 
peated loading and to the question whether vibrations can change 
the molecular structure from fibrous to crystalline (see our Arts. 
1429^, 1463* and 1464*). These are points on which we know 
to-day a good deal more than was accessible in 1857. 
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Figure 2-96. Checking and servicing engine oil pan, 

le engine crankcase to bring the oil level to 
le FULL mark on the dipstick. Always shut the 
tigine down for a few minutes before checking 
il level. This will allow oal in the engine to 
eturn to the crankcase. Refer to figure 2-97 and 
rain the lubricating oil from the crankcase at 
ae intervals prescribed in the current LO. 

'.- 97 . Rocker Arm/Tappet Inspection and 
adjustment 

a. General. Rocker arm adjustment is re- 
uired when tappet no'ise increases noticeably, 
•asically, it is the clearance between the valve 
tern and the rocker arm which is adjusted. 
h. Adjustment. 

(1) Disconnect the high tension cable be- 
ween the distributor cap and the coil, at the 
oil. 



Figure t-97. Draining engine oil pan. 

(2) Remove the valve housing cover, figure 
2-98. 

(8) The piston must be on top dead center 
when adjusting valve stem to rocker arm clear- 
ance for that piston. Turn the crankshaft to 
place number one piston on top dead center, 
compression stroke. See that the ignition timing 
mark on the flange of the fan drive pulley is 
lined up with the timing pointer on the crank- 
case front cover as shown in figure 2-90. 

(4) Refer to figure 2-99 and loosen the ad- 
justing screw locknut on both the number one 
intake and exhaust valve levers. 

(5) Adjust to the clearances shown in fig- 
ure 2-99 using a feeler gage. 

(6) Tighten both locknuts and recheck the 
clearances with the feeler gage. 

(7) Crank the engine one third of a crank- 
shaft revolution (120°) at a time, in the direc- 
tion of normal rotation, and set the valve clear- 
ances for each cylinder in firing order sequence, 
which is 1-5-3-6-2-4. 

(8) Replace the valve housing cover. Use a 
new cover gasket if necessary to obtain an oil 
tight seal. 

(9) Reinstall the high tension cable on the 
ignition coil. 

NOTE 

Valve clearances must be correct or the valves 

will fail to rotate normally, whidi may cause 

premature exhaust valve failures. 
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[173.] Article IV. (pp. 86 — 186) is entitled: Rupture par 


Flexion. 

This practically 
moment 


deals with the formula for the maximum 




h ’ 


where h is the distance of the 'fibre' most stretched from the 
neutral axis^ and co/c^ the sectional-moment of inertia about that 
axis. The question then arises: what is TJ Saint- Yenant holds 
that if Tq be the stress at which enervation commences, we have 
in reality a condition for the safety of a permanent structure. This 
involves the enervation-point being very close to the limit of linear 
elasticity. In many materials this is certainly not the case, even 
were it possible to define exactly this enervation-point. We must 
treat the results of this article as applying only to the fail-limit, 
i.e. the failure of linear elasticity -(p. 91). Saint- Venant indeed 
fully recognises that the formula does not give any condition for 
immediate rupture, and that no argument against the mathematical 
theory of ' perfect elasticity ' can be drawn from experiments on 
absolute strength. He states clearly enough that for beams of 
various sections, for which toK^jh retains the same value, varies 
with the form of the section and is greater than, even to the double 
of, the value obtained from pure traction experiments (this is the 
well-known 'crux’ which the technicists raise against the mathema- 
ticians) : see his pp. 90, 91. Yet it seems to me that even the 
extent to which he adopts the formula is not valid. It only gives 
the fail-limit, which in some cases, perhaps, may indicate rupture 


[174.] On pp. 95 — 101 our author treats of 'Emerson’s 
paradox’ or the existence of 'useless fibres’. In other words, 
the expression can be occasionally increased by cutting 

away projecting portions of cd. 

We have the cases of beams of square, triangular and circular 
cross-sections fully treated, as well as that of the croix d'dquerre. 

^ We use ‘ neutral axis ’ for the trace of the plane of unstrained ‘ fibres ’ on the 
cross-section, while we retain ‘neutral Zfnc’ for the succession of points in the plane 
of flexure toough which pass real or imaginary elements of unstretched fibre. It 
will only coincide with the ‘ elastic line ’ or distorted central axis when there is no 
thrust. 
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Figure 2-99. Adjusting valve stem to rocker arm 
clearance, 

(rf) Disconnect the upper oil cooler pipe 
from the oil cooler. 

(e) Disconnect the lower oil cooler pipe 
from the oil filter base. 

(/) Remove the brackets at the upper end 
of the oil cooler. 

{g) Remove the capscrews securing the 
lower end of the oil cooler to the crankcase. Re- 
move the oil cooler. 

(3) Oil cooler service. Immerse the oil 
cooler into a cleaning solvent to loosen sludge 
and foreign matter with compressed air. Be sure 
all passages are clean before replacing on en- 
gine. 

NOTE 

Improper maintenance of the cooling system or 
oil system are the most probable reasons for poor 
oil cooler performance. 


(4) on coder replacement. Refer to figure 
2-101 and install the oil cooler as follows: 

(a) Fasten the oil cooler to the engine. 
Bolt the bottom end to the crankcase and install 
the brackets at the top. 

(b) Using a new gasket, fasten lower oil 
cooler pipe to the oil filter base. 

(c) Using a new gasket, fasten the upper 
oil cooler pipe to the oil cooler. 

{d) Connect water pump-to-oil cooler 
pipe to oil cooler. 

(a) Install the ignition coil (para 2-91). 

(/) Fill the cooling system. 

(g) Fill the crankcase to the correct level. 

(A) Run the engine for about ten min- 
utes, stop the engine, and inspect for oil or 
water leaks. 

d. External Line Serrice and Repair. The only 
repair possible for external oil lines is replace- 
ment of damaged lines or flange gaskets, and 
tightening loose connections. Refer to figure 2- 
101 . 

e. Replacement. Refer to figure 2-101 and re- 
place any unseirviceable parts. 

2-99. Intake and Exhaust Manifolds 

a. General. Intake and exhaust manifolds 
(fig. 2-102) provide fresh air for combustion 
and exhau.st burned fuel. 

b. Inspection. Inspect manifolds for cracks, 
breaks, signs of deterioration of gaskets, warp- 
ing, or gas leaks. 

c. Removal. Remov’e the exhaust manifold as 
follows: 

(1) Stop engine. Refer to figure 2-80 and 
remove all throttle, choke, and other connections 
to the carburetor. Remove the carburetor. 

(2) Refer to figure 2-72 and disconnect air 
hose from air cleaner to intake manifold. 

(3) Disconnect the breather tube from the 
intake manifold, figure 2-102. 

NOTE 

Allow manifolds to cool before removal. 

(4) Remove all capscrews fastening mani- 
folds to cylinder heads and remove both the in- 
take and exhaust manifolds from the engine. See 
figure 2-102. 

(5) Remove capscrews w’hich connect the 
two manifolds at the center and separate them. 
Separate the exhaust manifold into three parts 
by removing two expansion clamps. 

d. Replacement. 

(1) Refer to figure 2-102 and assemble in- 
take and exhaust manifolds together using a 
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rapture stresses wlien the material sustains a tractive load in the 
transverse sense, fj the stretch-squeeze ratio. Then : 

T 

= stretch in transverse direction due to ? 

1 T 

„ = squeeze in longitudinal direction..., 

7] Et 

\ T 

E - = safe limit to negative traction in longitudinal direction. 

V Et 


Thus we must have : 


1 T 


T, -nEtT, 


Now by what precedes, Saint- Yenant holds that we can legitimately 
replace 5^o,</^o ^7 ^ easily found from rupture experi- 

ments, thus : 

E ^ 

^0 ri^Et' 


In the case of isotropy T'u = Tif E =■ Ef^ and thus on the uni- 
constant hypothesis we should have T^jT^ = I /77 = 4. 

Saint- Yenant finds from experiments of Wertheim and Ohevandier, 
that for oak 1*21 or T08 ; for cast-metals he suggests 3, for stone 

8 to 10, and for wrought iron 2. He holds the value 6 as obtained by 
Hodgkinson for cast-iron much too large to be prudently adopted, and 
discusses at some length Hodgkinson^s experiments on the beam of 
strongest section : see our Art. 243*. 

Finally we may note that on p. 115, he states that for different 
varieties of the same material it is more legitimate to take proportional 
to ^of the formula of Art. 175, than to the stretch-modulus as some 
writers have done. 


[177.] Pp. 122 — 171 are occupied with what is generally 
known as the comparative strength of beams of various sections — 
in reality it is the failure of linear elasticity and not strength 
with which we are dealing. 

ig) On pp. 123 — 5 we have the fail-limit determined for cases of 
loading in planes of inertial asymmetry. The formula of our Art. 14 
namely : 

T 0 ) 

Mq - minimum of — ^ , 

z cos <l> ^ ysmcji 

o o 


we find repeated. 
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Figure, S-101. Oil cooler and extenuU oil linet removal and replacement. 
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cross-sections. To begin with, they can hardly be taken as ap- 
proximate for any material having a distinct yield-point ; nor in 
the second place is it clearly stated how far they represent stress- 
strain relations for bodies whose elasticity is non-linear, or how far 
elastic-strain and set are to be treated as coexistent. 

Saint-Venant after citing Hodgkinson’s formulae (see our Art. 1411*) 
takes by preference the following for the positive and negative tractions 
Pi) Pa S'* distances y-i, from the neutral axis of a beam under flexure : 

where Pj, Pg are the tractions at distances Fi, from the axis, and 
wiy, are constants. On p. 177 traces of the curves for p in terms of 
y are given for values of m from 1 to 10 , and they are compared with 
the curves obtained from Hodgkinson’s formula. 

It will be observed that the difficulty of stating exactly the 
physical relation between stress, elastic-strain and set is avoided 
by an assumption of this kind. There is, however, another assump- 
tion of Saint-Venant’s which does not seem wholly satisfactory. 
He states it in the following words : 

Observons d’abord que lorsque la dilatation d’une fibre a atteint sa 
limite, comme une faible augmentation qu’on lui fait subir produit la 
rupture ou bien fait d^croitre tr^s-rapidement sa force d© tension, il est 
naturel de regarder la courbe des tensions comme ayant ^ I’instant de la 
rupture sa tangente verticals ou parallel© k I’axe coordonn^ des 3 /, 
d’autant plus que cet instant a precede d’une enervation graduelle 

(pp. 180-1). 

This paragraph assumes that for the material dealt with the 
rupture stress is an absolute macdmum, but in several automati- 
cally drawn stress-strain relations which I have examined this does 
not appear to be the case (see Vol. i. p. 891 ), and at any rate 
in some materials it could only refer to the maximum stress 
before stricture and not to the rupture-stress. 

On pp. 178 — 184 the case of a rectangle is treated at some length. 
Saint-Yenant obtains general formulae on the supposition that the 
curves for negative and positive traction coincide at the origin, i.e. on 
the supposition that the stretch- and squeeze-moduli for very small 
strains are equal {^PilYi-miPJY^, The limiting value of the 
bending moment is then calculated. 

In § 3 various values are assumed for and in particular 
if 7711 = ^ 2 = 1 , it is shewn that to make the initial stretch- and squeeze- 
moduli unequal is to increase the resistance to ru^pture by flexure^ 
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(2) Pull the adju 3 tinsr lock pin outward, 
iHising a suitable tool, and turn the Rusting 
^Br<ke inward. 

(3) Periodically check the poll required to 


eogage the clutch at the (q)erat09^s lever. Adjust 
so that 42-to 44-poandB puli is required to en- 
gage the clotdi. 

(4) Beplaee the dutch hand fade cover. 



Figure 2-103. Engine clutch adjuetmenU 

Section XXVIi. MAINTENANCE OF SHOVEL AND 
EARTH WORKING EQUIPMENT 

2_'|02. General front or rear drum brakes or clutches. Secure 

the revolving frame from turning before work- 
in every case where clutches or brake bands are ing on the swing brake, swing brake lock, or 

to be removed or replaced, safety requires that anti-rotation device. Always lower attachmraits, 

^ the load being supported by that clutch or brake including shovel fronts, backhoe fronts, clam- 

■ be lowered to the ground. Specifically, always shell and dragline buckets, booms and jibs, and 

w lower the boom to the ground when the boom jalcdriver or magnets to the ground or to proper 

hoist clutch or brake are to be worked upon. supports to prevent any possible injury to per- 

Lower the loads to the ground before vrorking sonnel or damage to the machine. 
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one. Saint-Venant had only treated of this matter in the case of 
the elliptic section (§59 of the memoir on Torsion : see our Art. 22). 
A general proof is here given in a footnote. 

(c^) In § 15, pp. 264 — 7, we have a fuller treatment than occurs in 
the memoir on Torsion of eccentric torsion, or torsion about any axis 
parallel to the prismatic sides. Taking the equations of torsion for an 
isotropic material (equations vi. of Art. 17): 

^yy 

K + '^y) " (% “ 

for which the origin lies on the axis of torsion, let us put y' = y + 7]i 
+ find 7} and f being constants : 

Uyfyf + = 0 , 

{u^ + r{y' -rj)}dy'-{Uyr-T {a' - ^) } = 0 . 

These equations have for solution 

u = u'-T(^y'-rjs/), 

where u' is the value of u when 07 = ^ = 0, or in other words the shift 
when the torsion operates round an axis through the new origin. The 
shifts u' and u giving the distortions in the two cases differ only by 

T {ty' - riz') = rjz), 

or the two distorted surfaces are superposable by rotating the one 
through small angles rr) and -r^ round the axes of y and z respec- 
tively. 

(u *1" TV ~ 4" TV^ 

Fnrt.liAr J ^ ^ slides determined for either axis 

TZ = Uy> — TZ 

ame points. Thus it follows that the torsional couple 
be the same. 

V enant then shews how by placing two prisms of equal cross- 
with corresponding lines parallel, and fixing their terminal 
faces so as to remain parallel after torsion about a mid-axis, we can 
obtain eccentric torsion. The torsional couple will be just double of 
that obtained from the simple torsion of either. Their axes it is true 
will be bent into helices, but the bending introduced is a small quantity 
of the second order in the torsion. 

(e) In § 17 (pp. 268 — 71) we have an investigation of the 
maximum-slide and the fail-points. We cite the following passage: 

Si cTa;^ [0*0;= le plus grand glissement principal croissait toujours de 
I’interieur a I’ext^rieur de la section pour chaque direction, ce serait 
constamment sur son contour qu’il faudrait chercher les points dan- 
gereux. Mais nous savons qu’il y a souvent des points dii contour oil le 
glissement est nul, et il pent y avoir, dans I’interieur, quelque point de 
maximum absolu de cr^ (quoique cela ne se soit pr^sente dans aucun des 
exemples ci-apres traites); et il n’est pas impossible que ce maximum 
excede toutes les valeurs de relatives aux points du contour (p. 269). 
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2-108. Boom Hoist Brake and Clutch 

a. General. The boom hoist brake is spring 
set-hydraiilically released. Always lower the 
lx)om to the ground before adjusting or work- 
ing on the brake or clutch. 

b. Brake Band Removal. 

(1) Refer to figure 2-125 and reimive the 
boom hoist planetary pawls. 

NOTE 

The boom hoist brake hand is removed as an 
assembly. 

(2) Refer to figures 2-112 and 2-113 for 
views shelving the band assembled. To remove 
the assembly, remove items 1 through 7 of figure 
2-114. The entire assembly can then be removed 
to the bench for complete disassembly as shown. 
Unscrew the threaded end of the lower brake 
band from the adjusting rod to complete remov- 
al of the brake bands. Note that the phantomed 
piin on figure 2-114 is welded to the revolving 
frame side frame and can not be removed. 

c. Brake Adjustment. Refer to figure 2-112 
and adjust the boom hoist brake. Be careful to 
prevent grease or other lubricant from contact- 
ing brake linings at any tame. 

WARNING 

Always lower the attachment to the 
ground before attempting to adjust the 
boom hoist brake. Serious damage to 
the equipment or death or injury to 
personnel may otherwise result. 

d. Clutch Removal and Replacement. Refer to 
figure 2-113 and remove or replace the boom 
hoist shaft clutch. 

e. Clutch Adjustment. Refer to figure 2-106 
and place the boom hoist clutch lever in the 
center (neutral) position. Refer to figure 2-115 
and adjust the boom hoist clutch. 

2-109. Swing Brake 

a. General. The swing brake is used to hold 
the revolving frame from turning while the ma- 
chine is being transported, or when it is desired 
to prevent tiie frame from turning. It is not used 
to stop the frame once it is in motion. 

b. Replacement of Brake Shoes. Refer to fig- 
ure 2-116 and remove or replace swing brake 
shoes. Engage the swing brake mechanical lock 
(para. 2-115) to prevent the frame from turn- 
ing. 

c. Service. Keep the mechanical components of 
the swing brake clean. Lubricate in accordance 


with LO 5-3810-294-12. Keep locknuts tight- 
ened. 

d. Adjust. Refer to figure 2-106 and place the 
swing brake lever in the released position. Refer 
to figure 2-117 and adjust the swing brake. 

2-1 10. Drive Chains Replacement 

а. General. The ranoval and replacement pro- 
cedures for each drive chain are given in the 
following paragraphs. 

б. Reveramg Shaft Chain. Refer to figure 2-11 
and remove the reversing shaft chain. 

c. Rear Drum Chain. Refer to figure 2-119 
and rmnove the rear drum chain case. Refer to 
figure 2-120 and- remove the rear drum chain. 

d~ Horizontal Sioing Shaft Chain. Refer to fig- 
ure 2-121 and remove the horizontal swing 
shaft chains. 

e. Shovel Crorod Chain. Refer to paragraph 2- 
28 for replacement of shovel crowd chain. 

2-111. Hook Rollers 

a. General. Hook rollers are provided to pre- 
vent the crane from tipping in relation to the 
truck. This prevents damage to the machine, 
while improving machine stability. 

b. Removal. Refer to figure 2-122 and remove 
hook rollers. There is a single hook roller at the 
front of the revolving frame as shown in figure 
2-122. A double hook roller of identical design 
is used at the rear of the revolving frame. Re- 
moval and replacement procedures are the same. 

c. Adjustment. Refer to figure 2-123 and ad- 
just hook rollers if clearance between rollers 
and roller path exceeds 1 16 inch. Items shown 
in figure 2-122 are also identified on figure 2- 
123 for clear understanding. 

2-1 1 2. Swing Lock Assembly 

a. General. The swing lock assembly mechan- 
ically prevents the revolving frame from moving 
in relation to the carrier. 

h. Adjustment. Remove deck plates as re- 
quired to obtain access to the swing lock assem- 
bly. Refer to figure 2-68. Refer to figure 2-124 
and adjust the swing lock assembly. 

c. Removal. Refer to figure 2-124 and remove 
the cotter pins and pins identified to remove the 
swing lock assembly. 

2-113. Pawls 

a. General. Safety pawls are provided for the 
front drum, the rear drum, and the boom hoist 
drum. The puri>ose of the safety pawls is to pre- 
vent the load on the front or rear drum load 
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By taking = - l/s/S, ^4 = 2 (^2 - l)/5^ and the constant = 0, we 
obtain an isosceles triangle having for base a portion of the hyperbola 
and for sides lines making with the bisector of the 
base angles whose tangent 1. The length of the bisector 

from vertex to hyperbolic base is then 5/2. The torsion takes place 
round an axis through the vertex. Saint- Venant j&nds approximately, 

M= , 56702 /jLr(OK^, 

This value agrees very closely with that of the equilateral triangle : 
see our Art. 41. 

[183.] Pages 372 — 460 deal with the conditions for resistance 
to rupture doignde under simultaneous torsion and flexure. 
Most of this matter had already been given in Chapters xii. or 
XIII. of the memoir on Torsion or in the memoir on Flexure: 
see our Arts. 50 — 60 and 90 — 8. One or two points may be 
noticed : 

(a) In the memoir on Torsion Saint- Venant when seeking for 
the fail-limit neglects as a rule the flexural slides (see our Art. 56, 
Case (iii) etc.). Here he commences with an investigation of the 
values of these slides. The approximate methods of J ouravski and 
Bresse for obtaining the slide in a beam of small breadth are con- 
chapter XL), and are applied to the rectangle, 
js-sections. A footnote gives the value of the 
ojuLtj same approximate manner for an isosceles triangle, 
fsee pp. 391 — 8. But the expressions thus obtained are not exact, 
and in a considerable number of cases differ sensibly from the real 
values, especially when the section has a measurable breadth per- 
pendicular to the load plane. The expressions found by Jouravski 
and Bresse give the total shear upon a strip of unit-breadth 
taken on a section of the beam perpendicular to both the cross- 
section and the load plane, but they do not determine how such 
shear is transversely distributed, still less the magnitude of the 
maximum slide on the cross-section. Saint-Venant then proceeds 
as in the memoir on Flexure to deduce exact expressions for the 
flexural slides (pp. 399 — 414). The notation used differs from 
that in the original memoir. The reader will find the two nota- 
tions placed side by side in the footnote, p. 405. The treatment 
in the Legons de Navier is shorter and not nearly so complete as 
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1. Swing clutch lever 

2. Front drum clutch lever 
8, Rear drum clutch lever 

4. Boom hoiat clutch and brake lever 

5. Engine throttle control 

6. Swing brake lever 

7. Rear drum brake pedal 

8. Front drum brake pedal 

9. Swing brake lock control 


10. Boom hoist drum pawl control 

11. Front drum pawi control 

12. Rear drum pawl control 

13. Engine clut^ lever 

14. Horn button (or dipper trip switch) 

15. Light switches 

16. Engine fuel tank levd gage 

17. Voltmeter 

18. Engine oH pressure gage 

Figure 1^106 (1) C<mihme4 


19. Engine oil pressure warning light 
Engine temperature gage 
2d* Engine temperatuare warmng light 
22- Starter button (engine) 

23. Ignition switch 

24. Engine tadxometer 

25. Choke control 

26. Balji shartler lever 





STEP I . PLACE LEVER IN TOP 

SLOT WHILE RUNNING. 
STEP 2. PLACE LEVER IN BOT- 
TOM SLOT WHEN RAIN 
MAY ENTER AND 
ENGINE IS SHUT DOWN. 
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Figure t- 106 . Control identifioation. (Sheet t of t) 


beei provided, as illustrated in figure 2-125, to 
pull the friction shoes out of contact with the 
boom hoist drum when the engine clutch is dis> 
engaged. This will allow a load on dther load 
line to be lowered by gravity, without changing 
boom smgle. 

6. Adjustment. Refer to figure 2-126 and ad- 
just safety pawls. Refer to figure 2-125, and see 
that the friction shoes are out of contact with 
their frictatHi surface when the engine clutch is 
disengaged. Note that the length of the rod bolt 
can be changed. This adjustment is properly 
made at the time of manufacture and should not 
be changed. Do not disassemble or adjust the 
linkage shown in figure 2-125 unless parts are 
damaged and must be replaced. If this is the 
case, always see that the pawl friction shoes are 
disengaged from contact with their mating sur- 
face on the drum when the engine clutch is dis- 
engaged and that they make firm contact with 
the friction surface of the drum when the en- 
gine clutch is engaged. 




line from being accidentally dropped. All of 
these pawls should be kept engaged at all times 
that a load is being suspended aloft, and the 
boom hoist safety pawl should be engaged at all 
times, except when lowering the boom. The 
boom hoist planetary pawls, figure 2-125, are 
both manually and automatically operated. These 
pawls are operated by manual linkage attached 
to the engine clutch control. WTaen the engine 
clutch is engaged, the pawls are engaged by 
automatically operated friction shoes, which al- 
low the operator to drive the boom downward, 
rather than lower it by gravity. However, this 
machine is designed so that a load on either the 
front or rear drum can be lowered by gravity, 
with the engine clutch disengaged, by allowing 
the weight of the load to pull the machinery 
backward. If the friction shoes were not disen- 
gaged from thedr mating surface during this type 
of load lowering, the boom would be lifted as 
the load was lowered. Therefore, linkage has 


2-1 14. Machinery Mechanism Controls 

a. Control Levers and Pedals. 

(1) Service. Lubrication and cleaning is re- 
quired for control levers and pedals. Refer to LO 
5-3810-294-12. 

(2) Adjust. No adjustments should be re- 
quired. However, stopscrews (adjusting screws) 
are furnished to limit the fore and aft movement 
of all control levers and pedals, as illustrated in 
figure 2-127. Adjust only the spring return ten- 
sion on front and rear drum brake pedals and 
make this adjustment only after carefully check- 
ing front and rear drum brake adjustment. Refer 
to figure 2-128. 

h. Toggle Lever Linkage. The front drum 
clutch lever, the rear drum clutch lever, the 
boom hoist clutch lever, and the swing brake 
lever are designed to “toggle in”. Figure 2-127 
illustrates the principle of operation of toggle 
linkage which most be understood to adjust such 
linlmge. When the linkage moves from the neu- 
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gular cross section {h x c) for wliicli h is much greater than c. Here the 
approximate values of the slides before the linear limit is passed are : 



These results may be deduced from Art. 46 by replacing the 
elongated rectangle by its inscribed ellipse and neglecting c^/fia as com- 
pared with See also Table L p. 39, and Art. 47. 

He assumes that after the linear limit is passed : 

Hence, since for small slides or small values of » and y, S 
and ^ must have ; 

- Q'm 2 c^p^ Q''n 

These give, ~ gs | • 

rm*ther, since the fail-points are the mid-points of the much longer 
side h, the rupture points are taken there also. Thus it is necessary 
that: 

ds^jdz = 0, JJ = /S' when z = c/2, 

It follows that A = c/2 and the ahsohote shearing strength in 

direction of y. 

To proceed further Saint-Yenant assumes that the slide o-a^ always 
remains much less than the slide otj^, so that for the former it is sufficient 
to retain tbe linear strain form, we have thus 


Tz=Q"ny/k = S'm^ 


23/ 


together with 



It easily follows that 






(m + 1) (m + 2), 


)• 


Cases (h) and (c) confirm the law of the cube stated in (a). Such 
formulae, although by no means satisfactory from the theoretical stand- 
point, are yet useful as suggesting lines for future experiment. 


[185.] Pages 469 — 77 (§ 62) contain a useful discussion of the 
various methods of determining the elastic and fail-point constants, 
especially in the case of prisms whose material is transversely aeolo- 
tropic.* Saint- Venant (p. 471) adopts the result given in Art. 5. d. 
of our account of the memoir on Torsion, = 2^^, to obtain a 
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Figxire 2-lOS. Ren/r dnimshufi brake bandt removal and replucetneflU 
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terminals (encastremmts) may be noted. Poncelet remarks that 
for a cantilever we may suppose two forces, whose resultant is 
equal and opposite to that of the .load, to act at the built-in end. 
These forces — ^whose points of application are very close, one on 
the upper and one on the lower surface of the beam — are very 
great and alter the surfaces of the built-in beam and the sur- 
rounding material, so that the elastic line at this end is not 
horizontal, but takes a certain inclination varying as the terminal 
moment directly and inversely as the profondeur de Pencastrement 
Small as this inclination is, it affects sensibly the experimental 
accuracy of the theoretical results based on the perfect horizon- 
tality of the elastic line at the built-in end. This was noted by 
Vicat: see our Art. 733*. Saint-Venant holds that careful ex- 
periments ought to be made to determine its influence. 

[189.] Appendix II. is entitled : Sur les conditions de V exacti- 
tude mathSmatique des formules tant anciennes que nouvelles d' ex- 
tension, de torsion, de flexion avec ou sans glissement. — Demonstra- 
tion syntMtique de ces formules quand on suppose ces conditions 
remplies. This appendix contains first an easy refutation of 
Lamp's ill-judged sneer at the procidis hyhrides, mi-analytiques, 
et mi-empiriques ne servant qu^d masquer les ahords de la veritable 
science: see our Arts. 1162* and 8. Saint-Venant shews that his 
methods have precisely the same validity as those adopted in the 
cases of simple traction, of the old theories of flexure, and of torsion 
for a circular cylinder. In the sequel he demonstrates afresh the 
torsion and flexure equations. He starts from an axiom and 
definitions involving the hypothesis of central intermolecular action 
as a function of the central distance only. The appendix occupies 
pp. 520 — 541. 

[190.] Appendix III. contains a complete theory of elasticity 
for aeolotropic bodies so far as the establishment of the general 
equations of elasticity and the usual formulae of stress and strain 
are concerned. It occupies pp. 541 — 617. Proceeding from central 
intermolecular action, Saint-Venant on pp. 556 — 9 reduces the 36 
constants of the stress-strain relations to 15. We may note one 
or two points of interest : 

{a) § 23 (pp. 562 — 74) with its long footnote is specially worthy 
of the reader’s attention. Saint-Venant obtains expressions for the 
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STEP 1 . LOOSEN LOCKNUTS ON ADJUSTING SCREWS. 

STEP 2. REFER TO FIGURE 2-32 AND ENGAGE THE SWING aUTCH LEVER. 
STEP 3. BACK OFF ON ALL ADJUSTING SCREWS UNTIL THBtE IS A 0.020 
INCH GAP BETWEEN HEADS OF ADJUSTING SCREWS AND CLUTCH 
SHOES. TIGHTEN LOCKNUTS AND RKHECK GAP. 

NOTE: MAKE ABOVE ADJUSTWffiNT FOR HRST ONE CLUTCH SHOE AND 
THEN THE OTHER. BE SURE CLUTCH SHOES DO NOT DRAG. 



Figure t-110. Adjusting reversing shaft clutch or horizontal swing shaft clutcfu 


in the forward position until the operator pulls it 
back, past the toggle point, to the neutral (center) 
position. It is important that only the four levers 
which are designed for toggle linkage action, 


and which are listed in this paragraph, be al- 
lowed to “toggle in”. Refer to figure 2-127 and 
adjust toggle linkage. 
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footnote before referred to. He makes some remarks on the Havier- 
Poisson controversy, and refers to a paper of his own published in 
1844 on Boscovich’s system : see our Arts. 527* and 1613*. 

(h) On p. 587 the remark is made that the stress-strain relations, 
the body stress- equations and the body strain-equations remain tme 
whatever be the amount of the shif'ts in space provided the relative 
shifts of adjacent paints or the strain-components are small. In this 
case, however, the values to be given to the strains in terms of the 
shifts are those of our Art. 1618^. The ordinary shift- equations of 
elasticity hold only for small portions of an elastic body, when the 
total shifts are not small. Hence they cannot be directly applied to 
large torsional or flexural shifts. The whole treatment on pp. 587 — 92 
is good, and better than that of the memoir of 1847: see our Art. 1618* 
(c) Saint- Venant points out that it is not sufficient to find values 
of the stress-components which satisfy the body and surface stress- 
equations. There are also certain conditions of compatibility between 
the strain components deduced from these stresses which also must be 
satisfied : see our Art. 112. 

These equations hold for all values of the shifts, provided the strains 
remain small, i.e. if they take the forms given in our Art. 1618* 

{d) Pp. 603 — 17 contain a direct investigation of Saint- Venant’s 
torsion and flexure equations from the general equations of elasticity. 
In both cases the method adopted assumes a given distribution of stress 
and deduces the corresponding shift-equations. 

In dealing with torsion Saint- Venant supposes a single plane of 
elastic symmetry perpendicular to the axis of torsion, and starts from 
formulae for the shears of the form 

y ^fcT^ + hcTfgQ, zx — ^ U'/jjy, 

dre a aiiu a are supposed unequal. See our Art. 4 (f) on the memoir 
on Torsion. He deduces the general torsional equations, which now 
contain four constants, and solves them for the case of the ellipse. The 
discussion does not seem to me of much value, as all elasticians, mul ti- 
er rari-constant, would agree that 4 = A', in which case by a change 
of axes we can take A = A' = 0 : see the same Article. In the case 
of an elliptic contour a direct analysis gives : 

M= — 

+ 0-hi - 0-1 Ih - sinV ’ 

where a is the angle between the direction in which the slide-modulus 
is ju-i and the axis of the ellipse about which the swing- radius is 
The reader must note that and are not the same constants as in 
Art. 46 of our discussion of the memoir on Torsion, where we supposed 
' the principal axes of elasticity ' to coincide with the principal axes of 
the elliptic section. 

[191.] The fourth Appendix occupies pp. 617 — 45 and contains 
a careful comparison of Saint- Venant s theory of Torsion with the 
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STEP 1 . LOWER ATTACHMENT 
TO GROUND. 

STEP 2. PLACE SUITABLE ROD 
IN HOLE IN PUSHROD. 

STEP 3. TURN PUSHROD TO 
COMPRESS SPRING. 

TURN UNTIL SPRING 
IS REDUCED IN 
LENGTH TO 4-5/8" 

AS SHOWN. 

ME 3810-294-20 '2-112 


Figure 2-112, Boom hoist brake adjustrrienU 
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Lame liave deduced the linearity of the stress-strain relation without 
any appeal to experiment' or any statement of physical fact or any 
axiom of intermolecular action: see Saint-Venant s pp. 660 — 5 and our 
Arts. 553^ 614^ 928* 1051* and 1164"^ footnote. 

(h) On pp. 665—676 we have a long and careful numerical 
examination of the experiments of Hegnault on piezometers of copper 
and brass. In general they accord with the uni-constant theory, or at 
least better with that than with Wertheim's (see our Art. 1319*).^ This 
is followed by some remarks on Wertheim’s and Clapeyron's experiments 

on caoutchouc. The former found ^ 1 to and the latter ^ : 

see our Art. 1322* and Chapter xi. Results so discordant as these lead 
Saint-Yenant to remark that neither uni- nor bi-constant isotropy, nor 

mSme des formules lin^aires quelconques, ne sont pas applicables au 
caoutchouc, liquide coagul6 ou 6paissi plut6t que solidifi6, et dune nature en 
quelque sorte interm^diaire entre les fluides et les solides (p. 678). 

(c) Pages 679 — 89 are occupied with a criticism of Wertheim’s 
hypothesis, that 2/a = A,, and with the results of his experiments. Saint- 
Yenant points out the great probability of a want both of homogeneity 
and of isotropy in the cylinders xised by Wertheim (see our Art. 1343*) 
and he examines analytically the ratio of longitudinal to transverse 
stretch-moduli, when such isotropy is not presupposed. We shall return 
to some of Saint-YenanPs arguments when examining Wertheim’s later 
memoirs. 

(d) On pp. 689 — 705 we have a consideration of Cauchy^s hypothesis 
of 1851 : see our Art. 681*, namely, that it is possible if a body be 
crystalline that : 

les coefficients des d^placements et de leurs d^riv^es dans les Equations 
d’dquilibre intdrieur ne sont plus des quantitds constantes, mais deviennent 
des fonctions pdriodiques des coordonndes (p. 689). 

In other words we arrive at stress-strain relations in which the 
36 constants aie not connected by 21 relations. Saint-Yenant conducts 
a new investigation (pp. 697 — 706) with fairly simple analysis. The 
turning point of rari- or multi-constancy for such regularly crystallised 
bodies is then seen to lie in the legitimacy of bringing stretches like 

outside certain summations of the form 

2a, B cos® (rx) . s'a,, 2a, B COS (tx) cos^ (rz ) . 

and replacing them by their mean values s^. Here is the 
mean value of for all the atoms under consideration, and we may 
replace by if the body is isotropic or possesses confused crystallisa- 
tion. On the other hand in regularly crystallised bodies, there may be 
terms in periodic in the coordinates and we cannot replace s\^^ by s^ 
and bring the mean stretch outside the summation. Hence we have 
not the 21 relations between the coefficients fulfilled. Saint- Venant 
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that, in whatever direction we take the same stretch will 
produce a traction ^ of the same intensity. Such an equality 
seems opposed to our ideas on the nature of bodies endowed 
with double refraction. The arguments used to support the 
improbability of this relation are identical with those of the 
memoir of 1863 and have been cited in our Art. 147. 

[194.] While recognising the weight of Saint- Venant’s 
reasoning in this Appendix and in the memoir of 1863, and 
admitting the difficulty of conceiving a double-refracting medium 
to obey such conditions as those given by Green, we have yet to 
notice a point with regard to the arguments Saint- Venant advances. 
A distinction must be drawn between an isotropic body held by 
external pressures in an aeolotropic state of elastio strain, and a 
body also primitively isotropic which has received set of different 
intensity in different directions. In the former case the initial 
stresses may enter into the elastic constants (as in our Art. 129) 
and so affect the elasticity in different directions. In the latter 
it would appear as if the molecules must be brought in some 
directions nearer together and so the direct stretch coefficients be 
affected and varied. But is this experimentally the fact ? If a 
bar of metal be taken and stretched beyond the elastic limit, so 
that it receives set, it is found that its stretch-modulus, which is 
certainly a function of the direct stretch-coefficients remains nearly 
constant. Now this set may be of two kinds, first : a set occurring 
far below the yield-point, which is often little more than a removal 
of an initial state of strain due to the working : and secondly, a set 
which denotes a large change in the relative molecular positions 
and can occur after the yield-point has been reached. If it can 
be shewn that the stretch-modulus remains nearly constant not- 
withstanding one or both of these sets, it would be interesting to 
investigate experimentally whether such is also true for the slide- 
moduli and the cross-stretch coefficients before we condemn Green 
entirely. 

Experiments on simple traction and torsion of large bars before 
and after very sensible set would throw light on this matter. 

[195.] Saint-Venant further remarks that Green’s conditions 
are not necessary in order that we may obtain exactly Fresnel’s 
wave-surface. Saint-Venant in a foot-note gives a fairly easy 
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teclmical expediency, but principles going to the base of onr 
knowledge of matter,— such as our proofs of the equation of 
energy and the applicatiou of the laws of motion to inter-mole- 
cular action. 

[197.] Pages 742 — 46 are occupied with a review of Clausius’ 
memoir of 1849: see our Art. 1398^. It is only necessary to 
remark here that recent experiments would, we think, have 
removed Saint- Venant’s doubt as to the existence of elastic after- 
strain in metals (p. 745). The appendix concludes with a r&sumi 
of all the arguments brought forward in favour of rari-constancy 
(pp. 746 — 62). 

[198.] The Appendioe compUmentaire is chiefly occupied with 
an examination of the elastical researches of Rankine, Clebsch and 
Kirchhoff, which Saint-Venant tells us had not then been properly 
studied in France. We note one or two points : 

(а) In § 78 (pp. 764 — 7) Saint-Venant cites experiments of 
Morin to prove the linearity of the stress-strain relation. These 
experiments are really not conclusive, and I especially distrust 
the results cited for cast-iron. For elastic strains of such magni- 
tude as occur in structures, the stress-strain relation for this 
material is certainly not linear. Nor again can arguments drawn 
from wires reduced to a state of ease serve the purpose Saint- 
Venant has in view of demonstrating the linearity and perfect 
elasticity of all materials for small strains. 

(б) § 80 (pp. 771 — 4) treats of what Saint-Venant terms 
Vitat dit naturel ou primitif. This is the state of no internal 
stress. It is used as a means of deducing the uniqueness of the 
solution of the elastic equations. If there be no body force or 
surface load the internal stresses are all zero, and vice-versd. 
I have already had occasion to remark on the caution with 
which this principle must be accepted: see our Arts. 6 and 10. 
The arguments of this section do not seem to me very convincing. 

(c) On pp. 783 — 86 the reader will find some interesting 
notes and valuable historical references on the origin of the terms 
potential and potential function. 
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Section IV. 

Memoirs of 1864 — 1882. 

Impulse, Plasticity, etc. 

[200.] Complements au Mimcnre lu le 10 aoiU 1857 sur 
Vimpulsion transversals et la resistance vive des barres, verges ou 
poutres eiastiques. 

Gomptes rendus, T. lx. 1865, pp. 42 — 47 and pp. 732 — 35, T. 
LXI. 1865, pp. 33 — 37 and T. Lxn. 1866, pp. 130 — 134. These 
extracts of additions to the memoir of 1857 (see our Arts. 104 — 8) 
are all more fully developed in the annotated Clebsch: see our 
Arts. 342 et seq. 

[201.] Note sur les pertes apparentes de force vive dans le choc 
des pilces extensibles et fleadbles, eft sur un moyen de calculer 
ilementairement V extension ou la flexion dynamique de celles-ci: 
Comptes rendus, T. LXii. 1866, pp. 1195 — 99. 

This note suggests the application of the principle of virtual 
displacements and of the hypothesis that dynamical strain is of the 
same form as statical strain to the problem of impact. Saint- 
Tenant apparently considers that in his papers of 1865 — 66 he had 
been the first to adopt this method, but as we have seen it is 
really due to Cox: see our Art. 1434*. The discussion in this 
Note appears in a more consistent form in the annotated Clebsch : 
see our Art. 368. It is Saint-Venant's great service to have 
shewn that the accurate and approximate methods agree fairly 
closely, and why they agree. Cox’s method gives a result which 
is almost the same as that given by taking the term involving the 
principal vibration only. This point is well brought out in the 
concluding paragraphs of the Note, pp. 1198—9. 

[202.] Demonstration dementaire: (I*") de V expression de la 
vitesse de propagation du son dans une barre dlastique ; (2°) des 
for mules nouvelles donn^es, dans une communication p 7 'ecedente, 
pour le choc longitudinal de deux barres : Gomptes rendus, Tome 
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rods of the same material and section. He concluded that the 
impulse terminated whenever the two bars had not the same 
speed at their impellent terminals. This, as we shall see, is not 
true, and the conclusion vitiated some of Cauchy’s results, the 
analysis of which does not appear to have been published. 

Poisson in the second edition of the TraiU de Mdcanique (1833, 
Vol. II. pp. 331 — 47) also attacked the problem supposing his rods 
of the same material and cross-section. He used a double condition 
for separation, namely, not only that the bar which precedes shall 
have a greater speed at the impelled terminal than that which 
follows, but that the squeeze in both at the impellent terminals shall 
be simultaneously zero. This condition led Poisson to the singular 
conclusion that two unequal bars would never separate. He had 
forgotten that physically they can never sustain a stretch at the 
impellent terminals. In fact Cauchy’s condition of excess of speed 
in the preceding bar is insujBGlcient, and Poisson’s additional one of 
no squeeze is superabundant. The true condition is clearly excess 
of speed at a time when there is zero squeeze at the impellent 
terminals, which can never sustain a stretch. It will also be 
necessary to shew that the bars thus separated are separated for 
good, and do not, owing to their vibrations, come again into 
contact. 

[205.] Saint-Venant’s method of treatment is to investigate 
the vibrations of a bar, of which the initial condition is given by 
zero stretch throughout, and by speeds constant for each of the 
several parts into which the rod may be supposed divided. The 
first instant at which a zero stretch at the section between any 
two of these parts is accompanied by an excess speed in the terminal 
of the preceding section marks a disunion if the parts are not 
those of a continuous rod. In this manner Saint-Venant shews 
that if two bars of the same section and material are in impact 
the shorter takes ultimately and uniformly, while losing all strain, 
the initial speed of the longer. 

This result was stated by Cauchy in 1826. Saint-Venant 
refers to the elementary proof of it given by Thomson and Tait in 
§1 302 304 of their Treatise on Natural Philosophy which in 
1867 was in the press. His notice had been drawn to this proof 
by an article in The Engineer (February 1.5, 1867) due to Rankinu 
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Fiffure g-lSO. Rear drum drive chain removed and replacement. 
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Unequal speeds occur again when t — and now the 
upper bar has a negative squeeze, 

Case 2aj < 



OaSE ^ 0^2 2^3^* 



impelled terminal. Hence the solution no longer holds, and we 
have to treat each bar from this epoch as a distinct one. The 
bar ttj moves obviously without strain and with the speed V 
which the bar initially had. To deal with the bar a^, we have 
to distinguish two cases. Let us suppose : 

(1) We have to enquire how a bar of which a 
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Figure S-ISS. Hook rollers, removal and replacement. 
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points of the rods, the dotted lines give the points at which the 
■‘.ze of the rods changes abruptly. They corre- 

Ali— Scig 



loping lines of the previous diagrams. Saint- 
3 points at which velocity and squeeze change 
Vehranlemmt It is hardly necessary to add that 
«... squeeze of the rods are for diagrammatic purposes 
msly exaggerated. 



The separation of the two rods is discussed in Saint-Venant’s 
sixth paragraph, the fifth having been devoted to a verification by 
means of the solution in trigonometrical series of the general 
results of the fourth paragraph : see pp. 262 — 269 of the memoir. 

[209.] The seventh paragraph (pp. 278 — 86) is entitled ; Con- 
sequences, — Force vine translatoire perdue dans le choc des deux 
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Figure 2-126. Boom hoist drum, rear drum, and front drum safety 
pawl adjustment. 


144 


SAINT-VENANT. 


[211—212 


of the impulse is proportional to the length of one of the rods 
and independent of the area of the cross-section. These results do 
not agree with Hamburgers exyeiiments {Untersuchungen vher die 
Zeitdauer des Stosses elastischer cylindrischer Stdbe: Inaugwral- 
Dissertation, Breslau 1885, pp. 23 — 27). Hamburger finds that 
the duration is a function of the velocity of impact, which con- 
tradicts Saint-Venant's results. 

[211.] The second part of Saint- Venant’s memoir is entitled : 
Choc de deux harres dont les sections et lea matieres sont diff Rentes. 

The first paragraph (§ 8, pp. 286 — 98) gives in a double form 
the solution of the problem of the motion of two contiguous rods : 

1® in trigonometrical series. This result Saint- Venant had 
obtained in an earlier memoir: see our Arts. 107 and 200. He 
adds the solution for beams in the form of truncated cones as 
given in the Gomptes rendus, Lxvi.; see our Art. 223. He remarks 
of these solutions : 

Au m^moire cit^, complement de ceux que j’ai presentes depuis 
1857 et qui vont ^tre imprimes au Journal de ViJcole Folytechnique, on 
trouvera le developpement de cette solution, £l laquelle fi convient de 
recourir quelquefois meme pour les barres prismatiques, comme nous 
verrons plus loin, notamment quand une des deux parties a une section 
relativement fort grande, une longueur fort petite ou une resistance 
elastiqiie considerable; suppositions qui poussees plus loin encore, 
permettent de reduire I’une des deux parties ou barres ^ une masse 
etrang^re parfaitement dure, pouvant §tre venue heurter Fautre barre 
supposle libre aussi, ce qui constitue un probl^me dont la solution 
directe, a ete presentee en 1865 {Gomptes rendus, T. lxi., p. 33 : see our 
Arts. 200 and 221). 

2® in finite terms. This solution is somewhat lengthy, but is 
accompanied by diagrammatic representations of speed and 
squeeze of the same character as in the simpler case when the 
bars have equal cross-sections and sound- velocities. It is of a 
more complex nature, how^ever, in particular the sloping lines 
become more numerous and change their slope abruptly at the 
horizontal line which marks the contiguous terminals : see p, 297 
of the memoir. 

[212.] The general solution is applied to the special case of the 
impact of two rods where initially the squeeze is zero throughout 
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NOTE; CHECK ADJUSTMENT OF FRONT AND REAR DRUM BRAKES BEFORE ADJUSTING 
PEDAL SPRING TENSION. 
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Figure 2-12^. Ad)nsf>tig fioyit m d rear dnnr^ brake pedal return spriug tersiou. 

Section XXVIll. MAINTENANCE OF COUNTERWEIGHT 


2-1 1 5. General 

The countenveifTht is mounted on the revolvinfr 
frame assembly. It v.-il! normall" he removed 
only if the mounting bolts are damaged. 

2-116. Counterweight Removal and installation 
CAUTION 

Proceed slowly and carefully when re- 
moving or installing the counterweight, 
since severe damage can be caused by 
improper handling. 


n. In.stall two eyebolts and a suitable lifting 
sling in the tapped holes provided m the top of 
the countenveight, and lift the counterweight 
into position on the two locating pins on the 
deck of the carrier. The locations of the pins are 
shown in figure 2-129. Use the crane boom and 
main hoist line to lift the counterweight. 

b. Remove the eyebolts and stoiv them in the 
tool box. 

c. Swing the revolving fi-ame so that the rear 
of the revolving frame is positioned over the 
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Ui=Y2 + 
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Z7a=F,+ f^(Fi-Z7i). 

where the value for Ui on the right of the value for must be substituted 
fi:om the first expression. 


[214.] It will be observed that these formulae are again 
widely removed from those of the ordinary theory. They have 
been tested by Voigt for the velocities fTj and of rebound, 
and by Hamburger for the duration of the impact. Neither find 
a really sufficient experimental accordance. Voigt attributes the 
discrepancy to the hypothesis adopted for the contiguous terminals, 
and considers that the rods cannot, while the contiguous terminals 
are in contact, be replaced by a single rod. He proposes a new 
theory, which introduces an elastic couch of some indefinite 
material {Zwischmschicht) between the terminals. This in a 
limiting case reduces the expressions for and to those of the 
ordinary theory, which in the same case agrees fairly with the 
results of experiment. In the general case, however, he has 
neither sufficiently specialised his hypotheses nor worked out his 
analytical results, so that we are unable to form any but the 
vaguest comparison of theory and experiment. His constants are 
unknown functions of material and of cross-section, and there 
seems no means of determining their form : see our discussion of 
his memoir later. A good test of Saint- Venants theory might be 
made by experimenting in a vacuum and so removing a portion 
of Voigt’s couch. I am inclined to think the discrepancy has 
more to do with thermal effect than with the couch of air, and 
that we ought to seek for results corresponding to those of the 
ordinary theory not when the coefficient of elastic impact is taken 
as unity, or the 'elasticity perfect,’ but when it has a value 
differing from unity and so allowing for a loss of energy by heat. 
The problem ought not to be impossible with the aid of Duhamel’s 
thermo-elastic equations. 


[215.] In the twelfth paragraph (pp. 336 — 342) it is shewn 
that the bars after separating at time t = 2r^, ov = as the case 
may be, do not again come into contact. The thirteenth paragraph 
represents by diagrams similar to the figure on our p. 142 the motion 
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cable replacement. Refer to c below when it is 
necessary to shorten a cable. 

c. Cutting Cable to Proper Length. When cut- 
ting cable, seizings must be placed on each side 
of the point where the cable will be cut. On 


preiormea caoie, <me seizing on eacn siae oi me 
cut is enough. On non-preformed cable less than 
7/8-inch diameter, two seizings are to be used. 
On non-preformed cable over 7/8-inch diameter, 
three seizings are recimunended. Use abrasive 
cutting tools, wire cutters, or blade action tools 
or flame oitters. 
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The energy lost is then represented by 


Since there must always be a loss of energy, it is necessary that 


a < 


2iC 


Saint-Yenant shews from the values of a in the various cases referred 
to in Art. 213 that this is always true (pp. 361 — 355). 

The coefficient of dynamic elasticity e as investigated by Newton 
(Frincipiay Ed, Frinc&ps^ p. 22) has probably relation to the energy lost 
not only in vibrations, but also in the form of heat. To make Ne'v^on’s 


M 

formula agree with the above, it is necessary to take a= (1 + 

IxL-^ + -M2 

supposing for a moment Newton’s laws to hold for rods and that the 
energy lost is principally vibrational, not thermal. This gives us, for 
example in Case (ii) of j^t. 213, 


mjc^ + mjc^ ’ ^2 * 


Thus if the rods were of different materials, it is difficult to 
see how e could be independent of their masses, which Newton 
proved for the impact of spherical bodies. Further in the case 
of equal rods of the same material e would always equal unity. 
This again is not true for most bodies. Hence we are driven to 
conclude either that the amount of thermal energy generated is 
generally of importance or that the conditions at the surface of 
impact adopted by Saint-Yenant are not satisfactory. It would 
be interesting to make experiments for a material for which e is 
nearly unity, the rods being of equal cross-section and the same 
material, and then endeavour to ascertain by varying their masses 
whether there was any change in e. Haughton’s experiments 
seem to indicate that e is not constant but a function of the 
velocity of impact; this does not suggest Saint- Yenant's form, but 
it is interesting as pointing out a want of constancy in this coeffi- 
cient: see our Arts. 1523* and also 941*, 1183*. 


[218.] In his sixteenth paragraph (pp. 355 — 373) Saint-Yenant 
proceeds to give an elementary proof of the formulae of Art. 213. 
This proof does not involve differential or integral processes, but 
it seems to me that, while luminous and suggestive to the reader 
of the previous analysis, it would not in the more complex cases 
be of equal value to the student who approached in this manner 
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CHAPlBt 3 INTRODUCTfON 


Sectiofi I. GBIOAL 


3-1. Scope 

а. This part of the manual gfives organiza- 
tional level nuiintenance instructions for proper 
care of the carrier portion of the machine. Main- 
tenance personnel shall be thoroughly familiar 
with both crane and carrier maintenance proce- 
dures as described in this manual before attempt- 
ing seiwice or maintenance of this machine. 

б. Refer to paragraph 1-1 for detailed instruc- 
tions for the use of this manual. 

3-2. Mainfenonce Forms ond Records 

Maintenance forms and records that you are re- 
quired to use are explained in TM 38-750, 


3-3. Destmdioii of Army Mcileriol to Prevent 
fifiemy Use 

Refer to TM 750-244-3 for procedures for de- 
struction of equipment to prevent enemy use, 

3-4. Administrative Storage 

Refer to TM 740-00-1 for information concern- 
ing administrative storage. 

3-5. Reporting of Errors 

Refer to paragraph 1-5 for instructions. 


Section II. DESCRIPTION AND DATA 


3-6. Dscription 

A general description of the crane and informa- 
tion pertaining to the identification plates are 
contained in TM 5-3810-294-10. A more de- 
tailed description of specific components and as- 
semblies is contained in the applicable sections 
of this manual. Detailed descriptions of the com- 
ponents of the carrier are provided in the appli- 
cable maintenance paragraphs of this manual. 

3-7. Identification ond Tabulated Data 

a. Identification. All identification plates for 
the carrier are located, identified, and illus- 
trated in TM 5-3810-294-10. 

b. Tabulated Data. 

(1) Carrier. 

Manufacturer Hamischfeger 

Model M320T2 

(2) Cairier engine <see fig. 3-1). 

Manufacturer International Harvester 

Company 

Model UV-549 

Number of cylinders 8 


Horsepower 201 net hp at 2800 rpm 

full load 

Displacement 549 cubic inches 

Cage compression 145 psi at 200 rpm 

Firing order l-S-7“,V6-5-4-2 

Ignition timing Top dead center 

Governed speed (high idle) 2800 ± 10 rpm 

Low idle speed 450 ± 50 rpm 

Maximum oil pressure 

(above 1500 rpm) 50-to 55-pounds per square 

inch 

Minimum oil pressure 

(idling) 15-to 20-poun<is per square 

inch 

Intake and exhaust valve 

tappet clearance Engine equipped with 

hydraulic valve lifters. 
Tappet clearance adjustr 
ments not required. 

Electrical system 24 volts, negative ground 

Spark plug gap 0.028-to 0.033-inch 

Distributor point gap 0,017 inch 

(3) Fuely vmter, oily and grease capacities, 
carrier. 


Engine fuel tank 75 gallons 

Cooling system 40 quarts 

Crankcase 12 quarts including filter 
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in -wHch a.Jh^ or the time sound takes to traverse the second bar, is an 
exact multiple n of the time <hlK it takes to traverse the first bar : 


U^= F, 


F.+ 


(F,-F,), 




where, 


-^2 ^^2 ^ 1 

“ Fj ^ 


Now if the impelling bar is infinitely short or infinitely hard (if = 0 
or = 00 ), the number ^ ^ infinitely great, hence it 

follows that : 




and the formulae (i) become : 

u^=r,+(r^- 

+ M,/M^ . (1 - ( Fi - r,). 

[222.] Saint- Venant also shews in this memoir how to obtain 
from the results of his previous memoir the velocity and squeeze 
of each bar at each instant of the impact. Thus ; 

(1®) For the impelling bar. From ^ = 0 to 2a2/^2 » 
velocity = Fa + (Fi - F^) 
squeeze = 0. 

(2°) For the impelled bar. First from ^ = 0 to 

„ , rvelocity=Fa+(Fi- 

From x^O to hdA ^ ^ \ ^ 

I squeeze = (Fi- V^)lk ^ . 


From X = ht to j'^^iocity Fg, 

\ squeeze =0. 

Secondly from t = aJJc^ to : 

From 0 ; = 0 to the velocity and squeeze have the same values 

as previously from a; = 0 to hjj. 

From a; = 2 cj 2 - to 

C velocity = Fg + ( Fj - Fg) ' {ht-x)la 2 _j_ . {fCit-{-x- 2 a^)fa 2 ^ 

Isqueeze = (Fj- Fg)/A;g. _ ^^MjM,.(ht+x-2a,)ia.^^^ 

This gives the whole state of the bars up to the end of the impact or 
until t = 2ag//^;g. 
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[224—227 


[224.] Legons de mioaniqiie analytique, par M. TAbbe Moigno. 
Statique, Paris, 1868. The last two Legons of this work, the 
twenty-first and twenty-second, pp. 616 — 723, contain a general 
theory of elasticity by Saint-Venant. This is the fourth such 
general theory that we have from his pen, the former three being 
respectively in the memoir on Torsion j in that on Flexure, and in 
the Legons de Navier: see our Arts. 4, 72, and 190. Saint-Venant’s 
treatment is in the main a modified and improved form of that of 
the second, third and fourth years of Cauchy’s Exercises de math6~ 
matiques; that is to say it starts from the molecular definition 
of stress (p. 617). After a very full analysis of stress and strain 
we reach the general elastic equations. The hundred odd pages 
form one of the best introductions to the subject of elasticity, 
though they naturally contain no new results. We may refer to 
one or two points. 

[225.] Saint-Venant rejects like Lam^ that definition of stress 
across a plane, which considers stress as the force necessary to 
retain the plane in equilibrium if it were to becqme rigid (footnote 
p. 619). This apparently simple definition conveys, he holds, no 
exact notion and its simplicity is a pure delusion. In other words 
he insists upon the importance of the molecular-definition of stress: 
see Lamp’s Legons sur Velasticite, § 5, and our Arts. 1051^ and 1164*. 

[226.] The well-known theorems of Cauchy and the equations 
to his ellipsoids are reproduced with short proofs : see our Arts. 
603* — 12*. We may note also on p. 630 a demonstration of 
Hopkins’ theorem: see our Art. 1368*. Relations for change of 
direction of stretch and slide, such as those of our Art. 133, are 
given on pp. 644 — 5. Saint-Venant remarks that these relations 
were first given by Lamd in 1851, but that he assumes that the 
shifts are small ; the proof given by Saint-V enant holds for any 
shifts, provided the relative shifts, i.e. the local strains, are small. 

[227.] On pp. 652 — 3 Saint-Venant states as a Lemma and 
proves the principle of linearity of the stress-strain relations, i.e. 
the generalised Hooke’s Law. The proof appeals to the rari- 
constant hypothesis. The reader will remember that there is an 
unjustifiable assumption often made in the proof of the generalised 
Hooke’s law by Green’s method: see our Art. 928*. We may note 
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memoir of 1859 : see our Chap. xi. It is pointed out that if 
Navier s error of taking — r)f' (r) instead of / (r) + — r) (r) 

for /(rj be avoided, and if the summations be not replaced by- 
integrals, then Poisson’s objection to the application of the Calculus 
of Variations to molecular problems falls to the ground (p. 719) : 
see our Arts. 266* and 446*. Finally there is an account of Green’s 
process and an unfavourable criticism of his theory of double 
refraction (pp. 719 — 23) : see our Arts. 147 and 193. 

[230.] Formules de VilasticiU des corps amorphes que des 
compressions permamntes et inigales ont rendus heterotropes. 
Journal des mathimatiques, Tome xiii. 1868, pp. 242 — 254. In 
his memoir of 1863 Saint-Venant has shewn on the rari-constant 
hypothesis that the ellipsoidal distribution of elasticity holds for 
aeolotropic, but amorphic bodies, i.e. bodies such as the metals, 
whose primitive isotropy has been altered by a permanent strain, 
which has not converted their elements into crystals; such a 
permanent strain for instance as would be produced by the pro- 
cesses of rolling, forging, etc. This ellipsoidal distribution he has 
applied to explain the phenomena of double refraction, without 
adopting exact transversality of vibration, but obtaining without 
approximation Fresnel’s wave-surface. The ellipsoidal conditions 
are of two kinds : 

(i) a group of the type 2d! -f d' = Jhc ) ... 

or, (ii) „ „ „ 2d + d' = ^Q) + c)] 

If the differences of the direct-stretch coefficients (b — c, c — a, 
a — 6) are so small that their squares may be neglected, these two 
groups of conditions are identical ; this is probably the case in the 
metals used for construction, and in doubly-refracting media: 
see our Arts. 142 — 7. The conditions by which Saint-Venant 
would replace Green’s relations — the Cauchy-Saint-Venant con- 
ditions as we have termed them — amount to an ellipsoidal dis- 
tribution of elasticity (see our Art. 149), but this distribution 
Saint-Venant has only discussed on the basis of rari-constant 
equations. Boussinesq in a memoir entitled : M4moire sur les 
ondes dans les milieux isotropes diformis, which immediately pre- 
cedes the present memoir (pp. 209 — 241 of the same volume) has 
deduced the Cauchy-Saint-Venant conditions for double refraction 
on the basis of the ellipsoidal distribution without any appeal to 




Figure 3-4. Carrier wiring diagram, (sheet 2 of 2) 
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This involves, as an identity true for all values of € and c', the 
further results 

a = 28 + S', m = 2r +j^, ^ + m = 4s + 2^'. 

Whence we easily find generally : 

5 -j- c = 2a + (c' + €") (^ + m) + 2me, 

= 2 (28 4* S') + 2 (e' 4* c") (2s 4- 5 ^) 4- 2 (2^* 4 - j?) €f 
=^2(2d^d'), 

or 2c^ 4 - <5?' = J (5 4 - c), 

the type of ellipsoidal condition for the second group. It will be 
identical with the group of type (2d 4- c?') = ^ be, when we may neglect 
the squares of the differences of a, 5, c, or quantities like (l—mf (e — e')^ 
Hence the ellipsoidal conditions have been deduced on a hypothesis 
, very probable in character and not opposed to multi-constancy. 

[232.] The memoir concludes by noting that to the stress-strain 
relations (ii) subject to the inter-constant relations (i), we must add 
terms of the type : 

^0 (1 + to 

^0 % + ^0 

if there be an initial stress ^ 0 , Tzq symmetrical with regard to the 
planes of symmetry of the primitive strain. Saint-Tenant appeals for 
these to his memoir of 1863, but as we have seen he has really only 
proved them there for rari-constancy (see our Art. 129). 

[233.] Galcid du mouvement des divers points d'un bloc ductile, 
de forme cylindrique, pendant quHl s'dooule sous une forte pression 
par un orifice circulaire ; vues sur les moyens d!en rapprocher les 
rdsultats de ceuco de V experience: Comptes rendus, Lxvi. 1868, pp. 
1311--24. This memoir deals only with the motion of the parts 
of a ductile mass, and does not take into consideration the stresses 
which produce those motions. Its methods thus approach those of 
hydrodynamics rather than of elasticity j it belongs as Tresca^s own 
theory, to which it refers, to the pure kinematics of deformation. 
A report drawn up by Saint-Tenant on Tresca’s communications to 
the Academy immediately precedes the above memoir (pp. 1305-11). 
It deals with and criticises Tresca's pure kinematic theory. 

Memoirs by Saint-Tenant treating of the flow of a ductile solid 
or of a liquid out of a vessel will be found in the Comptes rendus, 
Lxvii. 1868, pp. 131—7, 203—211, 278—282 and lxviii. 1869, 
pp. 221 237, 290 — 301. They cannot be considered to fall in 
any way under the title of the elasticity or even the strength of 
materials. 



CHAPTER 4 


MAINTENANCE INSTRUCTIONS 


Section L SERVICE UPON RECEIPT OF MATERIAL 
4-1. Inspecting and Servicing the Equipment 4-2. installoHen 

Refer to paragraph 2-1 for instructions. Refer to TM 5-S810-294-10 for installation in- 

structions. 

Section II. MOVEMENT TO A NEW WORKSITE 

4-3. Dismantling for Movement 4-4. Reinstallotion after Movement 

Refer to paragraph 2-10 for dismantling instruc- Refer to paragraph 2-11 for reinstallation in- 
tions. struciions. 


Section III. REPAIR PARTS, SPECIAL TOOLS, AND EQUIPMENT 
4-5. Tools and Equipment 

Refer to paragraph 2-12 for tools and equip- Maintenance Repair Ports 

ment. Refer to TM 5-S810-294-20P. 

4-6. Special Tools and Equipment 

Special tools required to maintain the carrier are 
listed in Section 111 of Appendix 6. 

Section IV. LUBRICATION INSTRUaiONS 

4-8. General 4-9. Detailed Lubrication Instructions 

Refer to TM 5-8810-294-10 for general lubri- Refer to Lubrication Order, LO 5-8810-294-12. 
cation information. 


Section V. PREVENTiVE MAINTENANCE CHECKS AND SERVICES 


4-10. General 

To insure that the carrier is ready for operation 
at all times, it must be inspected systematically 
so that defects may be discovered and corrected 
before they result in serious damage or failure. 
The necessary preventive maintenance checks and 
services to be performed are listed and described 
in paragraph 4-11. The item numbers indicate 
the sequence of minimum inspection require- 
ments. Defects discovered during operation of 
the unit will be noted for future correction, to 
be made as soon as operation has ceased. Stop 


operation immediately if a deficiency is noted 
during operation which would damage the 
equipment if operation were continued. All de- 
ficiencies and i^ortcomings will be recorded to- 
getiier with the corrective action taken on DA 
Form 2404 at the earliest possible opportunity. 

4-1 1 . Preventive Maintenance Checks and 
Services 

See table 4-1 for a tabulated listing of preven- 
rive maintenance checks and services. 


4-1 
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This note merely refers to E. Mathieu^s discussion of the potential 
of the second kind 

^ A y) - o-T + (y - + (« - rT dad^&y, 

by means of which the equation V^V^<j> = 0 can be solved. This equation 
occurs in the treatment of an isotropic solid. Saint-Yenant notices the 
form 

which solves the equations of elasticity when there is an ellipsoidal 
distribution of elasticity : see our Arts. 140-1. 

Saint-Yenant speaks highly of Oornu's memoir of 1869 and its 
bearing on the constant-controversy: see our Articles below on that 
physicist^s work. 

[236.] Preuve theorique de VigaliU des deux coefficients de 
resistance au cisaillement et d V extension ou d la compression dans 
le mouvement continu de deformation des solides ductiles au deld 
des limites de leur eiastidte: Gomptes renduSy Lxx. 1870, pp. 309 
— 11 . 

The object of this note is to prove the equality between the 
coeflScient of resistance to slide and the coeflScient of resistance to 
stretch or squeeze, when both slide and stretch are plastic. 

Saint-Yenant takes a right six-face of edges a, 6, c, and supposes 
the two faces a x 6 to be subjected to shearing forces in direction 
of a which produce a plastic slide-set crxc, so that the limit of 
elasticity is passed. If K' be the force necessary per unit of area, 
the work expended in producing this set is 

K'ab X cr X c, 

or, it equals K'<r per unit of volume. 

Now this same slide-set could have been produced by diagonal 
stretch and squeeze of magnitude cr/2 : see our Art. 1570*. Let 
us take the right six-face abc and divide it up into others of the 
same breadth 6, but of length a' and height c' making angles of 
45® with a and c and having their end-faces a' x c' in the faces 
axe. In order to produce set-stretch it is necessary to apply to 
the faces be a traction given by Kbc' and to the faces bd a 
negative traction given by Kba\ where K is the coefficient of 
resistance to both stretch and squeeze. Hence to produce a 
stretch of o-/2 and a squeeze of o-/2 parallel to a' and c' respectively, 
we require work equal to 



malfunction _ 

TEST OB INSPECTION 

COBRECTIVE ACTION 


1. ENGINE WILL NOT CEANK 

Step 1. Test batteries. 

Replace defective batteries (para 4-26). 
Step 2. Check starter relay. 

Replace defective relay (para 4-50). 

2. ENGINE CRANKS BUT WILL NOT START 


Stepl. 


Step 2. 


Step 8. 


Step 4. 
Step 5. 


Cheek for open primary ignition cdrcnit. 

Tighten primary lead at distributor (para 4-51). Glean dirty 
ignitloii points; replace defective points (para 4-51). Repidr 
open ignition switch circuit (para 4-61). 

Check for grounded primary ignition circuit. 

If insulator on primary lead is cracked, replace lead (para 4-54). 
Adjust ignition points (para 4-51). Enlace defective capacitor 
(para 4-Sl). 

Gieck for faulty secondary ignition circuit 

Clean sjark plug cable terminals. If cable insulatiofi Is broken 
or cracked, replace cable (para 4-53). Clean dirty q)axk plugs; 
replace defective plugs (para 4-63). If distributor cap is cracked, 
replace cap (para 4-51) . If rotor is cracked or rotor contact arm 
broken, replace rotor. 

Check fuel pump. 

Replace faulty fuel pump (para 4-41). 

Check carburetor adjustment 
Adjust carburetor (para 4-40). 


ENGINE MISFIRES 


Step 1. Check spark plugs for fouled plug or cracked porcelain. 

Glean or replace plugs (para 4-68). 

Step 2. Check for burned or pitted Ignition points. 

Replace points (fig. 4-51). 

Step 8. Check for incorrect ignition point gap. 

Adjust points (para 4-51). 

4. ENGINE IDLES ROUGH 


Step 1. Check carburetor adjustment. 

Adlust carburetor (para 4-40) . 

Step 2. Check ignition point gap for gap too narrow or murii too wide. 

Adjust points (para 4-51). 

Step 3. Check intake manifold for leaks. 

Repair or replace defective manifold (para 4-56). 

ENGINE FAILS TO REACH OPERATING TEMPERATURE 

Step 1. Check for thermostat stuck open or removed from vehicle. 

Replace defective thermostat (para 4-36). 

Step 2. Check for defective temperature sending unit or engine control 
panel gage. 

Replace defective unit (para 4-24 or 4-20). 


ENGINE OVERHEATS 


Step 1. Check for loose water pump V-belt 
Adjust V-belt (para 4-47). 

Step 2. Check water pump. 

Replace defective water pump (para 4-46). 
Step 8. Check for collapsed or clogged hoses. 

Replace hoses (para 4-36). 

Step 4. Check for defective thermostat. 

Replace thermostat (para 4-86). 

Step 5. Check for clogged or leaky radiator. 

Replace radiator (para 4-85). 
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[238.] The error in question was really indicated in our first 
volume (see Art. 1619*), namely that the true relations between 
the strains, and the shift-fluxions are in their most general 

form of the types^ : 

5a; + i i + "^x + ^x) 

<^'yz (1 + 5 y ) (1 + 5 ^) = 4 - UyU^ + 

but that these are not the values taken by Saint-Venant in his 
memoirs of 1847 and 1863 : see our Arts. 1622* and 130. 
Accordingly Saint-Venant’s attempt to deduce Cauchy's equations 
from a multi-constant hypothesis is erroneous. 

The full value of the potential energy is 

<^ = <^0 + ^0 (5a; + \^x) + + I 

+ '5^oO‘V*(1+5j,)( 1 +«;,)+ + > (ii), 

as Boussinesq had pointed out, and not 

<^ = <j5)Q + 5aj + + + y«o ^ ■*’ + 

as assumed in the memoir of 1863 (see our Art. 130). But the expres- 
sion (ii) hm heen deduced only from molecuh/r considerations on the ra/ri- 
constant hypothesis. The fact is that we can on the multi-constant 
hypothesis expand in linear and quadratic terms of the strain-com- 
ponents Gg, €y, €g, Tjyg^ r}^, yjroy of our Art. 1619* as Green in fact did 
{Collected Papers, pp. 298-9), but we cannot determine to what extent 
the resulting coefficients are functions of the initial stress-components. 
This apparently requires us also to make some molecular assumption 

[239.] Starting with expression (ii) for the potential energy, 
we should ai'rive at the equations of Cauchy (as Saint-Venant had 
done in his memoir of 1863 by a double self-correcting error), but 
we must renounce the hope of arriving at (ii) on the simple 
assumption of a generalised Hooke's Law. We may note one or 
two further points in the first part of the memoir : 

{a) To the second order of small quantities, 

1- I /iij) 

(Ty^=V^+Wy+UyU^-VyWy-V^wj ^ ' 

This was first noticed by Brill: see p. 279 of Saint- Venant’s memoir. 

1 (j'ys differs from the of our Art. 1621*, it being the codne and not the 
cotangent of the slide-angle. See Saint- Yenant's definition of slide in Art. 1564*. 




^MALFUNCnON^^ OE INSPECTION 

CORRECTIVE ACTION 


16. INCORRECT AIR BRAKE SYSTEM PRESSURE 


Step 1. Check compressor. 

Replace defective compressor (para 4-90) . 

Step 2. Check governor pressure range setting. 

Adjust governor (para 4-90). 

17. BR \KES GRAB OR VEHICLE TENDS TO TURN WH?N BRAKES ARE 
APPLIED 

Step 1. Check for improper brake adjustment. 

Adjust brakes (para 4-80). 

Step 2. Check for worn brake linings. 

Replace brake shoes (para 4-80). 


18. INCORRECT ALTERNATOR VOLTAGE 


Check alternator. 

Replace faulty alternator (para 4-49) . 

19. LIGHTS FAIL 


Step 1. Check for defective or burned out lamps. 

Replace lamps (para 2-51). 

Step 2. Check for defective wiring. 

Repair or replace wiring (para 2-65) . 

Step 3. Check for defective switch. 

Replace switch (para 2-65) . 

Step 4. Check for faulty ground. 

Clean ground terminals (foldout 3-4) . 

20. POWER STEERING IS ^^SPONGY” AND MAKES “GROANING” SOUND 


Step 1. Check for low fluid level. 

Add fluid (para 4-70) 

Step 2 Check power steering pump. 

Replace faulty pump (para 4-70) 

21. HARD STEERING (VEHICLE MOVING) 

Check for clogged filter. 

Clean filter or replace reservoir (para 4-70). 

22, HARD STEERING (VEHICLE STANDING STILL) 


Step 1. Check for loose or glazed pump belt. 

Adjust or replace belt (para 4-47) . 
Step 2 Check for worn tires 

Replace badly worn tire (para 4-87) 


Section VII. RADIO INTERFERENCE SUPPRESSION 


4-14. General Methods Used to Obtain Proper 
Suppression 

Essentially, suppression is obtained by providing 
a low resistance path to ground for stray cur- 
rents. The methods used include shielding the 
ignition wires, grounding with bonding straps, 
and using capacitors and resistors. 

4-1 5. Interference Suppression Components 

The primary suppression components are those 
whose primary function is to suppress radio in- 
terference. On this machine, the primary inter- 


ference suppression components are the 0 021 
microfarad capacitor mounted on the side of th< 
Ignition coil and the 0 450 - 0.475 ohm resistoi 
illustrated in figure 4-1. 

4-16. Replacement of Suppression Components 

Refer to figure 4-1 and replace the radio inter 
ference suppression resistor and capacitor. Refei 
to figure 4-32 and replace secondary radio sup 
pression components, which are spark plug leads 
and the lead from the distributor to the ignitioi 
coil. 
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if we suppress squares and products. 

Substituting in Equation (vii) and remembering that 

l®*|jOrl3/s«^!|oOrWoOrla!%f*lo = j |{a!‘oOr Y(Yo<>'^3/®o«o oras^oJ/A,} 


we obtain the typical results : 

la:^l = la^^lo (1 - 3 - Vy^ - + 4 (lajSylo + l^^lo 

'2^^1 = l2P^lo (1 - '^aso ^ ^ ■*■ ■*■ ^^o)’ 

\yH\ = lys^lo (1 - + 3 (iS/S^sio-y^^ + \scyMQ + \yi\^ 

\x^yz\ = {x’^-yzl^ (1 + + 2 {\xy^-z\Q Uy^ + \xys^\Q + {x^zl^Va.^ + \sfiz\ + \a^y\Q 

+ \OS^y\ Wy^. 

Here Ug,^,... denote du^ldx^..., and since the stresses ^o? I^o are given 
functions of Vy^...Ug^...QtG.f we can express the new coefficients laT^i... 
in terms of the old la^^io... and the initial stresses. These results are 
obviously only a more general case of the formulae of our Art. 616*. 
The following pages 297 — 304 are concerned with other modes of 
looking at these results or expressing the stresses in terms of them. 


[241.] Let us take as a special case that of a bar of primitively 
isotropic material subjected to a traction there being an initial 
traction a:^o. We have 

% = ^ol^<„ \ = \ = -Sa,J‘^- 
Further, if kvip = A = /r, then W„=3A and ^„=5X/2. 
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4-17. Testing of Radio Interference Supp 
Components 

a. Capacitor. Test the capacitor for le 
shorts on a capacitor tester. Replace defe( 
pacitor. 

b. Ignition Leads. If an ohnometer ii 
able, test for continuity. The approximab 
ance of igfnition leads should be in tiie 
area of 2000 ohms per inch of length, 
any lead which tests substantially differe 
other leads. 

c. Isolation of Fault. If test equipmen 
available and interference is indicated, isc 
cause of interference by the trial-and-errc 
od of replacing the capacitor or interfere] 
pression lead, in turn, until the cause o 
ference is found and corrected. 


Figv^re 4^-1 Radio interference euppreaeion reaistor 
and capacitor, removal and replacement 


Section VIII. MAINTENANCE OF CARRIER CAB ELECTRICAL 
SYSTEM AND MISCELLANEOUS ITEMS 


4-1 8. General 

a This section contains instructions for main- 
tenance of the carrier cab wiring harness, engine 
control panel switches, gages and lamps, lights, 
sending units, horn, battenes, and miscellaneous 
items. 

b. The carrier has a 24-volt, negative-ground, 
electrical system. Refer to figure 3-4 for the 
schematic wiring diagram. 

WARNING 

Always disconnect battery cables be- 
fore working on electrical components. 

4-19. Wiring Harness 

Refer to paragraph 2—50 for wiring harness re- 
pair. 


4-20. Engine Control Panel Switches, Go 
and Lamps 

a. General. Figure 4-2 illustrates the 
control gages and instruments availabh 
operator. Refer to TM 5-3810-294-10 f< 
scription and function of each. 

b. Replacement. Refer to figure 4-2 
place a damaged or faulty component 
control panel. 

CAUTION 

Always disconnect battery cables 
fore working on the control panel. 

4-21 . Slave Cable Receptacles and Cabit 

Refer to paragraph 2-62 for slave receptt 
slave cable replacement and repair. 
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[242.] In Tome xv. of the Journal de Liouville, 1870, there 
are two articles by Saint-Venant, but they refer to a matter 
which I have thought it well to treat as lying outside our field, 
namely the stability of masses of loose earth. The history of the 
memoirs in question may be briefly referred to. Maurice L^vy in 
1867 had presented to the Academy a memoir entitled : JEssai sur 
une tMorie rationnelle de Viquilihre des terres fraichement remuies, 
et ses applications au calcul de la stahiliti des murs de soutenement 
(published in the Journal de Liouville T. xviii. 1873, pp. 241 — 
800). This memoir had been referred to a committee including 
Saint-Venant for report. The report appeared in the Gomptes 
rendus, T. LXX. 1870, pp. 217 — 28, and was reprinted in Vol. XV. 
of the Joumaly pp. 237 — 49. Ldvy as well as the committee 
appear to have been ignorant of Eankine's memoir: On the 
Stability of Loose Earth {Phil. Trans, 1857, pp. 9 — 27) which had 
contained most of Ldvy’s results. Ldvy had started from Cauchy’s 
stress-theorems (see our Arts. 606* and 610*), and arrived at 
certain general equations. Saint-Venant in his first note solves 
to a first approximation Ldvy’s equation (pp. 250 — 63 of Tome 
xvm.) and hopes some mathematician will proceed further. This 
was done by Boussinesq, who proceeded to a second approximation 
in a memoir occupying pp. 267 — 70 of Tome xv. of the Journal. 
Saint-Venant then reconsidered the whole matter in a second me- 
moir, which occupies the following pp. 271 — 80. In a footnote he 
recognises Kankine’s priority of research. The memoirs of Saint- 
Venant and Boussinesq appear also in the Gomptes rendus. T. Lxx. 
1870, pp. 217—28, 717—24, 751—4 and 894—7. 

[243.] Rapport sur un m^moire de Maurice Livy: Gomptes 
rendusy T. Lxxm. 1871, pp. 86—91. This is a report by Saint- 
Venant and others on Ldvy’s memoir establishing the general 
body-stress equations of plasticity in three dimensions: see our 
Art. 250. The Rapport speaks well of Levy’s memoir as 
advancing the new branch of mechanics, “ pour laquelle Fun de 
nous a hasard^, sans le prdconiser comme le meilleur, le terme 
Jhydrostirio-dynamiquey This branch of research has been called 
later plastico-dynamicSy a better word, and we shall refer to it 
simply as plasticity. 

[244.] Sur la mecanique des corps duotiles : Gomptes rendus, 
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SAINT-VENANT. 


[246—247 


[246,] The first paper begins with an interesting account of 
the history of the theory of plasticity. It refers to Tresca’s memoirs 
and to the attempts of Tresca and Saint- Venant himself to obtain 
solutions by means of pure kinematics. It is pointed out that the 
problem is essentially mechanical as well as kinematical and 
involves a consideration of stress as well as of mere continuity. 

In the first place the ordinary equations of fluid-motion must be 
replaced by others involving inequality of pressure in diflerent directions. 
Thus the well-known type of hydrodynamic equation : 

dp f — du du du dv\ 


becomes the plastico-dynamic type : 


dxy d‘^ 
dx dy dz 


f — du du c 


The change of sign is due to change from pressure to traction. 
To this we must add the equation of continuity : 


du dv dw 
dx dy dz 


(ii). 


The four equations given by (i) and (ii) represent the relation between 
the flow (velocity-components w, % w) of the material and the stress-com- 
ponents. The material in the plastic state is treated as incompressible. 


[247.] Now Tresca has demonstrated that, if a material is in 
the plastic stage, the maximum shear across any face must have 
a constant value K, which he has ascertained experimentally for a 
variety of materials. This constant resistance to maximum slide 
we shall term in future the plastic modulus. Hence to obtain 
the plastico-dynamic equations we must express the fact that 

the maximum shear across any face = K. (iii). 

Again, Tresca has demonstrated that the direction of the 
maximum shear is also that of the maximum velocity of slide. 
This forms then our last condition : 

maximum shear and maximum slide- 
velocity are co-directional 

Equations (i) and (ii), with conditions (iii) and (iv) should give 
the complete plastico-dynamic equations. 
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K EMBLEM PLATE 

2. HORN BUTTON 

3. CONTACT CUP 

4. SPRING 

5* METAL TAPPING SCREW 
6. BASE PLATE ASSEMBLY 


7. WHEEL NUT 

8. WHEEL 

9. TURN SIGNAL 
HOUSING 

10. HORN CONTACT 
ROLLER ASSEMBLY 


j 

Figure j^^7. Horn buttorit removal and replacement. 
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Section IX. MAINTEIiANCi OF CAB AND ACCESSORY ITEMS 


4 - 27 . General 

This section contains instructions for removal 
and replacement of the window glass, operator’s 
seat, body sheet metal, and fendem. 

4^8. Window Gtass 

Refer to parasrraph 2-62 for glass removal and 
installation instructions. 

4-29. Operators Seat i 

a. Removal. Refer to figure, 4-8 and remove 


the capscrews, lockwashers, and nuts and re 
move the seat. 

6. Installation. Refer to figure 4-8 and instal 
the seat as shown. 

4-30. Cab Sheet Metal and Fenders 

a. Refer to figure 4-9 and remove and replao 

any damaged cab sheet metal. 

h. Refer to figure 4-9 and remove or instal 
the fenders. 


4-1 
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SAINT-VENANT. 


[249—250 


[249.] Saint-Venant remarks that even these equations will 
be diflBcult to solve for any except the simplest cases. He suggests, 
however, that those for a cylindrical plastic flow would not be 
diiBScult to obtain. 

In a final paragraph (p. 316) to the first paper Saint-Venant 
remarks : 

Je ferai seulement une derniere remarque : c’est que si, aux six 

coToposantes de pressions ci-dessus, Ton ajoute respectivement 

les termes : 2eMajj + Wy), c e (uy + repr^sentant, 

comme on sait, ce qui vient dn frottement dynamiqne dd anx vitesses de 
glissement relatif dans les fluides non visquenx se monvant avec r^gula- 
rit^, les Equations des solides plastiqnes, ainsi compl6t6es, s’etendront au 
cas od les vitesses avec lesquelles leur deformation s’op^re, sans ^tre 
considerables, ne seraient plus excessivement petites, et pourraient en- 
gendrer ces resistances particulieres, ordinairement negligeables, dont on 
a parie au ITo. 3. Les memes equations, avec tous ces termes, seraient 
propres, aussi, d exprimer les mouvements reguliers (c’est-d-dire pas assez 
prompts pour devenir tournoyants et tumultueux) des fluides visqueux, 
ou il doit y avoir des composantes tangentielles de deux sortes, les unes 
variables avec les vitesses w, -y, w, et mesurees par les produits de € et de 
leurs derivees, les autres ind^pendantes de ces grandeurs des vitesses, ou 
les m^mes quelle que soit la lenteur du mouvement, et attribuables k la 
viscositij dont £ representerait alors le coefficient sp^cifique, 

[250.] In the second paper to which we have referred in our 
Art. 245, Maurice Ldvy establishes two sets of results. In the first 
place he obtains the general equations of plasticity ; in the next 
he considers the special case of a cylindrical plastic flow. 

We cite the general equations here, but refer to our later 
discussion of Levy’s memoir for remarks on his method of obtaining 
them. 

The general equations (i) and (ii) hold for this case. The condition 
(iii) becomes : 

4 (4A2 + g) + 27r2 = 0 (ix), 

where q = AyA^ + AgAsc + AjpAy — 

^ + AgOjy^ — AjpAyAjg — 

and XX A^ — yy Ay ~ zz — A^^ = ^ (xx -¥ yy •¥ zz ). 

The condition (iv) becomes 

_ xy _ ^ — zz 'zz — 

+ Wy + + 2 {Vy - w^) ~ 2 uj) 

Thus (i), (ii), (ix) and (x) are the requisite equations. 


(x). 
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1* Window, rear 

2. Caib 

3. Weatherstripping 

4. Window 

5. Capscrew 

6. Dooi assembly 

7. Vent door 

8. Weatheratripping 
9* Window 

10. Vent door 

11. Window 

12. Capscrew 


13. Laddeor bracket 

14. Park and directional lamp 

15. Headlight 

16. Headlamp door 

17. Mirror stand 

18. Capscrew 

19. Running and blackout lights 

20. Mirror mounting base 

21. Ca^pscrew 

22. Platform 

23. Reflector 

24. Platform skirt 

Figwre J^-9. Carrier cab aseembly, < 
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26. Nut 

26. Capscrew 

27. Capscrew 

28. Battery box 

29. Cover 

30. Capscrew 

31. Lockwasher 

32. Access cover 

33. Seat mounting braicket 

34. Capscrew 

35. Rear fender 

36. Capscrew 

view. 
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SAINT-VENANT. 


[255 


These conditions are of various kinds. A certain portion of 
the block of matter alone is plastic (called by Tresca the zdne 
dJactimU), other portions may remain elastic, or after passing 
through a plastic condition return to elasticity (e.g. a jet of metal 
after passing an orifice). 

The conditions break up into three classes : 

1st. Those which relate to the surface of the material at points 
which have retained or resumed their elasticity. Let suc^ a sur^ce be 

exposed to a traction and let the elastic stresses be the 

suffix 6 merely referring to their elastic character. The type of suiface 
condition will be 

cos (^) + cos {wy) + xsiq cos (nz) cos (^) (xvii), 

where n is the direction of the surface-normal and I that of the applied 
traction 

'2nd. The material is in a plastic stage ^t the bounding surface, 

being the traction: the type of equation, if denote the plastic 

stresses, is : 

cos (twc) + “Sp CCS (ny) + cos (m;) = cos (&) (xviii). 

3rd. Equations which must hold at the surface at which the 
materi^ changes from plasticity to elasticity. These are of the type : 

(^g - ^_p) cos (wcc) + (^?e - Jyj,) cos (ny) + (^g - cos (nz) = 0. . . (xix). 

In the equations (xvii) — (xix) the elastic stresses and plastic stresses 
must be obtained from the general equations of elasticity and of plasticity 
respectively. 


[255.] On pp. 378 — 380, Saint-Yenant treats the special case of a 
right circular cylinder of radius r subjected to torsion till plasticity 
commences in the outer zone from to r. He easily finds if M be the 
torsional couple, /x the slide-modulus and t the torsional angle : 

while at the surface of elasticity and plasticity we must have 

= Z. 


There will be no plasticity then so long as 

TTT 


K nr rr 

T < — , ov M < K, 

fir ^ 


If T be greater than this we have : 




1 

6 /aV/ • 
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Figv/rs Windshield wiper motor ^ removed amd replacement 
(sheet 1 of 2) 
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SAINT-VENANT. 


[259—261 


[259.] The general principle, Saint-Venant tells us in his first 
memoir, of plastic deformation is that the greatest shear at each 
point shall be equal to a specific constant (denoted by K in Tresca’s 
memoir of 1869). It follows by Hopkins' theorem that at each 
point the greatest difference between the tractions across different 
faces ought to equal 2K : see our Art. 1368*. 

Saint-Venant treats two special cases, and a third by approxi- 
mation. We will devote the following three articles to their 
discussion, 

[260.] The first is that of a right six-face of ductile metal. 

If the axes of coordinates be taken parallel to its edges, and its faces 
be subjected to uniform tractions then these tractions will be 

the principal tractions at any point of the material, and it will be 
necessary iE ^ ^ be the greatest difference that : 

^ S = 2 (i). 

This condition is fulfilled if 

^ = — 5y=— ^ = jST, 

or if ^ = — = — ^ = — A'. 

Of this Saint-Venant remarks : 

^ C’est dans ce sens qu’il faut entendre, aveo M. Tresca, que la resistance, 
soit h I’allongement, soit h Paccourcissement du solide plastique, est constants, 
et egale k sa resistance au cisaillement (p. 1010). 

An extension of this case is that of a cylinder on any base, for which 
yy = zz without being equal to K, that is to say the transverse or radial 
tractions which we will denote by are all equal and the longitudinal 
tractions ^ are greater than them. We have then for the condition of 
plasticity ; 

XX = 2j2r + rr (ii). 

If the radial tractions are greater than the longitudinal we have : 

^ = 2 A + (ifi)* 

Either equation (ii) or (iii) gives us by variation 

Bxx = 8 ^, 

or, any increment of longitudinal, is accompanied by an equal increment 
of transverse traction. This is Tresca’s principle that in plastic solids 
pressure transmits itself as in fluids, although he proves it by the 
principle of work. 

[261.] The second case dealt with by Saint-Venant is that of 
a hollow right circular cylinder placed between two rigid fixed 
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Figure i-li. Radiator removal and replacement, 

(4) Refer to figure 4-12, loosen the hose 
damps and remove the three radiator hoses. 

(6) With the radiator adequately braced, 
■•efer to figure 4-12 and remove mounting nuts, 
ockwashers, plain washers, shock mounts, and 
stud spacers. Attach a suitable lifting device, 
»ke out all slack, and remove the radiator. 

d. Radiator Installation. 

(1) Refer to figure 4-12 using a suitable 
ifting device, install the radiator, the two radi- 
itor braces, and the lower shock mount material. 

(2) Connect the radiator hoses. 

(8) Install the windshield washer fluid con- 
tainer and hoses. 

(4) Refer to figure 4-10 and install the 
rood sheet metal. 


(5) Refer to figure 4-51 and install the 
alcohol evaporator. 

(6) Refill Ihe cooling system. 

4-36. Thermostat and Housing 

a. General. There are two thermostats and 
two housings furnished on this engme, as shown 
in figure 4-13. The thermostats are of the by- 
pass type, and one is located in each cylinder 
bank. Removal, test, inspection, and replacement 
procedures apply equally to each thermostat. 

h. Inspection. Inspect the connections to the 
radiator and thermostat housings for leaks, and 
the thermostat housing gasket for leaks. Replace 
faulty hoses or gaskets. When the engine has 
been run for a period of time long enough to 
insure that it is warmed up to normal operating 
t^nperature, check oil and water temperatures, 
as shown on the gages on the operator's control 
panel. If water or oil tranperatures show too high 
or too low, one of the possible causes of the 
trouble may be the thermostats. 

c. Removal. Drain the coolant below the level 
of the thermostat housings. Refer to figure 4-12 
for the location of the drain cock. Then remove 
tile thermostats and housings as follows: 







Figure A— IS. Thermostat housings, removal and 
replacement. 
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SAINT-VENANT. 


[262—263 


If we make 7 * = i2, we have rr ——p, 

or, 2K\og (Rj i?i) (ix). 

If the pressure applied has a less value than this, the ‘ annular 
fibres' near to the inside face can very well acquire stretches exceeding 
the limit of elasticity and even that of cohesion for isolated straight 
fibres; but as the fibres in the neighbourhood of the external face 
remain elastic, there wiU not be rupture, nor sensible deformation. 
Saint-Yenant refers to the well-known experiment of Easton and Amos : • 
see our Art. 1474*. 

In the last Section 5 of the Note Saint-Yenant refers to Tresca's 
somewhat unsatisfactory proof of the formula (ix). 

[262.] In a foot-note pp. 1016 — 1017, Saint-Yenant deals 
approximately with the following case; the outer surface of a 
right circular hollow cylinder (radii iJ, is supposed to rest on 
a rigid envelope, the internal surface is then subjected to great 
pressure which diminishes the thickness (iJ — jB^), but increases 
the height (h\ to determine the pressure which will produce this 
plastic effect. Tresca had obtained a solution of this problem on 
two hypotheses, which cannot be considered as entirely satisfactory. 
The general equations of plasticity are indeed too complex to offer 
much hope of an exact solution for this case. Saint-Yenant gives 
a solution involving only the acceptance of Tresca’s second hypo- 
thesis namely: that the upper base of the cylinder and all the 
plane-sections parallel to it remain plane and perpendicular to 
the axis of the block, and that lines parallel to the axis pre- 
serve their parallelism. It is obvious that this hypothesis is 
only approximately true ; but Saint- Yenant’s investigation is 
an interesting one, as it deals with one of those cases, in 
which the maximum difference of the principal tractions is not 
given by the same pair for all values of the radial distance. 
This breaks up the solution into two parts corresponding to 
Sr® < or > iJ®, and the case itself into two sub-cases corresponding 
to SiJj® < or > jB®. Saint- Yenant’s results are not in accordance 
with Tresca’s. 

[263.] Sur un compUment db donner d une des equations 
presentees par M. L4vy pour les mouvements plastiques qui sont 
sym4triques autour d'un mime acoe: Comptes rendus, T. LXXiv, 
1872, pp. 1083—7. 
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Figure i-15. Engine air cleaner, removal and 
replacement. 

(2) Replacement. Refer to figure 4-17 and 
eplace any damaged items. 

i-40. Carburetor 

a. General. The carburetor is a four-barrel 
oncentric downdraft type unit. It differs from 
■ther carburetors in that is has two additional 
r secondary barrels which operate only during 
«riods of heavy engine loads. Throttle plates in 
he secondary barrel are vacuum operated. The 
arburetor is similar to the dual-concentric tsiie 
arburetor in that it has two primary barrels each 
f which contain a venturi, main fuel discharge 
ioz2le, throttle plate, idle passages, and choke 
(late. A throttle operated accelerator pump sup- 
ilies added fuel for engine acceleration. It also 
las a power enrichment system which automatic- 
ily comes into effect whenever an added amount 
f fuel is needed for full power operation. The 
■ovemor assembly used is integral with the car- 
turetor ’and is also vacuum operated. 

b. Removal. 

(1) Refer to figure 4-18, remove the fuel 
ine to the carburetor and immediately plug the 
ine. 


(2) Disconnect the choke, throttle, and 
governor lines to the carburetor. 

(3) Disconnect and remove air intake tub- 
ing to the carburetor. 

(4) Remove the nuts and lockwashers 
which secure the carburetor to the intake mani- 

' fold and remove the carburetor as an assembly, 
e. InstdUaUon. 

(1) Place the carburetor on the intake mani- 
fold and secure with nuts and lockwashers, fig- 
ure 4-18. 

(2) Remove fuel line plug installed when 
carburetor was rwnoved and connect fuel Hne to 
carburetor. 

(8) Refer to figure 4-18 and connect choke 
and throttle linkage and the governor air and 
vacuum lines. 

(4) Connect air cleaner tubing to carburet- 
or. 

(5) Before returning engine to service, ad- 
just carburetor as described below. 

d. Adjustment. 

(1) Before adjusting the carburetor, see 
that ignition timing is correct and that breaker 
point gap is properly adjusted. See paragraph 
4-64 . Be sure spark plugs are properly 
gapped as instructed in i^ragraph 4-72. See 
that all carburetor flange bolts are secure and 
that there are no leaks at gaskets. 

(2) Run the engine until it reaches normal 
operating temperature. 

(8) Set engine idle speed at approximately 
860-to 400-rpm using throttle stop screw, figure 
4-18. 

(4) Turn one of the two idle adjusting 
screws in (clockwise) until engine speed begins 
to drop. 

(6) Turn the same idle adjusting screw in 
the opposite (counterclockwise) direction, count- 
ing the turns, until engine speed again begins to 
drop. 

(6) Return the idle adjusting screw to the 
midway point. 

(7) Repeat the process with the second idle 
adjusting screw. Each adjusting screw should be 
turned the same amount. Therefore, it may be 
necessary to repeat the above procedure to obtain 
best results. If available, a vacuum gauge may 
be used to obtain the highest possible steady 
vacuum reading. 

(8) Refer to figure 4-18 and place the ac- 
celerating pump link in the hole most distant 
from the throttie shaft for cold weather oper- 
ation. Use the hole nearest the throttle shaft for 
warm weather operation. 


4-19 



176 


SAINT-VENANT. 


[265—266 


[265.] Sur les diverses manihres de presenter la thSorie des 
ondes Ivmineuses. Armales de Ghimie et de Physique, 4® s^rie, 
T. XXV. 1872, pp. 835 — 381. This memoir was also separately 
published by Gauthier-Villars in the same year. 

The contents belong essentially to the history of the undulatory 
theory of light. Saint-Venant considers at considerable lengtli the 
researches of Cauchy, Briot, and Sarrau in this field and points out 
the defects in the various theories which they have propounded. 
Finally he deals with Boussinesq’s method of obtaining from a 
general type of equation the special differential equations which 
fulfil the conditions necessary for explaining the various phenomena 
of light. Saint-Venant praises highly Boussinesq’s hypothesis, and 
considers that his theory : 

qui offi:e k la fois plus de simplicity, d’unity, de probability, et je 
crois aussi, de rigueur que les autres (quel que soit le remarquable talent 
avec lequel ont yte pr^sentys ces autres essais, qui out toujours avancy 
les questions), myrite d’etre enseignye de prefyrence (pp. 380 — 1). 

I must remark, however, that convenient as Boussinesq’s 
hypotheses may be as a grouping together of analytical results 
under one primitive formula, it cannot be held as sufficient till 
we understand the reasons why and how the molecular shifts are 
functions of the ether-shifts and their space and time fluxions, 
and are able to deduce the form of these functions from some 
more definite physical hypothesis. 

§§ 1 — 2 treat of the early history of elasticity. As in the 
memoir of 1863 (see our Art. 146 — 7) Saint-Venant holds that the 
conditions presented by Green for exact parallelism and those 
suggested by Lamd for double refraction are only consistent with 
isotropy. 

Aussi Lamy et Green ne sont pas compris dans I’analyse que je fais 
des recherches de divers auteurs sur la lumi^re. II importe que des 
hommes de talent ne s’egarent plus, en pareille mati^re, sur les errements 
des deux illustres auteurs de tant d^autres travaux plus dignes d^eux. 
(Footnote, p. 341.) See our Arts. 920‘^, 1108*, 146 and 193. 

[266.] Rapport sur un Memoirs de M. Lefort prdsenU le 2 
ao^t 1875. This report is by Tresca, Eesal and Saint-Venant (rap- 
porteur) and will be found in the Gomptes r endue, T. Lxxxi. 1875, 
pp. 459 — 464. It speaks favourably of the memoir, which deals 
with the problem of finding the bending moment at the several 
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Figure i-17. Fuel lines and fittings, replacement and repair. 


turns the plunger to the top of the cylinder at 
a fixed rate to provide the required fuel pres- 
sure. During the upward movement of the 
plimger, the check valve in the plunger is held 
closed by pressure above the valve, and fuel is 
forced into the fuel system. However, the check 
valve in the bottom of the cylinder bore is open, 
thus permitting fuel to enter the bore of the cyl- 
inder for the next cycle, which starts when the 
plunger reaches a predetermined point in the 
tube. 



Figure 4-lS. Carburetor adjustment, removal, and 
replacement. 


(3) A pulsation dampener in the top of the 
pump provides steady operation and even pres- 
sure in the output line. The pump also incor- 
porates a pressure relief system to assure an im- 
mediate return to zero fuel pressure when the 
ignition is turned off. The filter system is con- 
tained in the lower portion of the pump and con- 
sists of a filter element and a magnet. The pump 
mounting bracket serves as the ground connec- 
tion. The pump must be provided with a good 
electrical ground. The pump contains a special 
radio suppression capacitor to prevent radio fre- 
quency interference. 

6. Test If the carburetor floods at engine 
idling speed or if flooding occurs with the ig- 
nition switch turned on and the engine NOT 
running, examine the engine carburetor float 
needle valve and seat for wear or foreign mat- 
ter on the valve or seat. While the ignition is 
on, the pump continues to operate in order to 
maintain constant pressure, even after the carbu- 
retor float needle valve closes. The following 
could also adversely affect pump operation: 

(1) Poor ground connection. 

(2) Poor battery-to-ground connection. 

(3) Loose electrical connections anywhere 
in the circuit. 

(4) Air leaks in lines or at fittings. 

(6) Kinked or clogged lines which restrict 
fuel flow. 

e. Service. Service must be limited to the fuel 
filter element area since the electrical portion is 
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SAINT-TENANT. 


[268 


m -^=/{r)=/{ro + v), 

= ^/(n) + J/'W + j/"'W + ... 

If dvjdt^VQ^ for V and ^ = 0, we have as a first approximation 
V = ^ sin at, where/' (^o)/^ = “ 

For a second approximation : 

= - sin ai + (1 ~ cos atf, where - = 6®. 

a 6a\ ^ ' m 

Let us find the mean value of v from ^ = 0 to 2:r/a ; we have : 

‘ _ 6 V 

Hence the stretch due to the thermal vibration 

1 /"(n) 

ro“ 2 2ro{/(ro)r‘ 

Thus we see that the stretch is proportional to the kinetic energy 
which is generally regarded as a measure of the absolute tempe- 
rature, and will be positive if /" (r^) is positive. 

Saint-Yenant states that these conclusions will still hold, if the 
two molecules be replaced by a system. The thermal effect would 
thus depend on the derivatives of the second order of the function 

/W- 

If there should be a point of inflexion in the curve which 
represents the law of intermolecular action plotted out to distance, 
we should have a case in which increase of temperature reduced 
the volume, as occurs in certain exceptional substances. Saint- 
Yenant suggests the form of the figure below for the curve 
2/ ~ /(O 5 being the distance and Oy the force axis. 

Here Ok = r^ marks the point at which the action changes from 
repulsion to attraction ; if the axes Oy, OD are asymptotic in 
character, we have the infinitely great force and infinitely small 
force at infinitely small and infinitely great distances respectively 
well marked. pM marks the maximum attractive force between the 
molecules, and any force greater than this, if maintained, will produce 
rupture. It corresponds to a distance Op, which defines that of 
rupture. Great thermal vibrations which impose such a velocity 
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1. Rod 

2. Nut with lockwaaher 

3. Washer 

4. Pedal, accelerator 
6. Washer 

6. Cotter pin 
7 Ball joint 

8. Nut 

9. Lockwaaher 


10. Crank arm 
11 Pm 

12. Rod 

13. Rod 

14. Bracket 
16. Capscrew 

16. Lockwaaher 

17. Nut 

18. Clamp 


19. Spring 

20. Spring clip 

21. Trunnion 

22. Washer 

23. Throttle cable 

24. Nut 
26. Nut 

26. Throttle knob 


Figure Accelerator and throttle control, removal, replacement, and repair. 


Section XII. MAINTENANCE OF EXHAUST SYSTEM 


4-43. General 

This section contains maintenance instructions 
for the exhaust pipes and muffler (fig. 4-21) as 
allocated by the maintenance allocation chart. 


4-44. Muffler and Pipes Replacement 

a. Removed. Refer to figure 4-21 and remov 
exhaust pipes and muffler. 

b. Installation. Refer to figure 4-21 and in 
stall exhaust pipes and muffler. 
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de Boscovich, non pas son id^e capitale de reduction des atomes k des 
centres d'action de forces, mais la loi m^me, la loi physique g4n6rale des 
actions fonctions des distances mutuelles des particules qui les exercent 
rlciproquement les unes sur les autres. Et ils attribuent ainsi au c61^bre 
religieux Verreur gram ou sont tomb^s, suivant eux, Navier, Poisson et 
nos autres savants, createurs, il y a un demi-si^cle, de la M^canique 
mol^culaire ou interne. Or cette loi blam^e, cette loi qui a 4t4 mise en 
oeuvre aussi par Laplace, etc. et prise par Coriolis et Poncelet pour base 
de la M6canique physique, n’est autre que celle de Newton lui-m^me, 
comme on le voit non seulement dans son grand et principal ouvrage, 
mais dans le Scholie general de sa non moins immortelle Optique. 
L'usage fait de cette grande loi n’est point une erreur ; et les formules 
d'elasticit6 k coefficients r^duits ou, pour mieux dire, determines, ou elle 
conduit pour les corps r4ellement solides, tels que le fer et le cuivre, 
sont conformes aux resultats bien discutls et interpret^s d’exp^riences 
faites sur ces metaux (Appendice v. des Lemons de Namer\ see our 
Art. 195), expiriences au nombre desquelles il y en a de fort concluan- 
tes, r^cemment dues A M. Cornu (p. 1225). 

That Boscovich deprived an atom of its extension, but that 
Newton treated intermolecular force as central, is a point which 
deserves to be recalled to mind : see our Art. 26^. 

[270.] Bur la plus grande des composantes tangentielles de 
tendon inUrieure en chaque point d^un solide, et sur la direction des 
faces de ses ruptures, Gomptes rendus^ 1878, T. Lxxxvii., pp. 
89—92. 

Potier had given the following formulae for the shear 5^ across a 
face whose normal r makes angles ce, yS, y with the directions of the 
principle tractions T^, : 

5^ = (jPj — TJ cos®a cos^yS + cos®yS cos ®7 4- cosV cos^oc, 

maximum value of 5^ = ^ (difference of greatest and least principal 
tractions). 

He had then proceeded to apply these formulae to the conditions 
of rupture. Saint-Venant notices that these results had been 
given by Kleitz in 1866, by Ldvy in 1870, and by himself in 
1864 He might also have added by Hopkins in 1847. The note 
then points out that rupture in the direction of maximum shear is 
hardly confirmed by experiments, which point rather to rupture in 
the direction of maximum stretch. Saint-Venant finally considers 
the results of some then recent experiments, but remarks on the 
need for further research in this direction. 
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BELT TENSION 
ADJUSTING SCREW 


ALTERNATOR 
DRIVE PULLEY 


COMPRESSOR DRIVE PULLEY 


FAN 


LOCKW ASHER (6) 
CAPSCREW (6) \ 



FAN PULLEY 


WATER PUMP 
IDLER PULLEY 



STEERING 
PUMP 

PULLEY CRANKSHAFT 

driven pulley 


WATER PUMP AND 

fan belt (2) 
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Figure i-it. Engine belt and pvMey arrangement, removal and replacement. 


(6) Install the water pump belts over the 
fan pulley and water pump idler pulley and ad- 
just belt tension as shown in figure 4—24. Refer 
to figure 4-24 and install and adjust alternator 
belts. 

(6) Refer to figure 4-22 and install the fan 

on the water pump hub. 

(7) Refer to paragraph 4-36 and install the 

radiator. 

4-47. Fan, Pulley, and Belts 

a. General. The belt arrangement for this en- 
gine is shown in figure 4—22. The water pump, 


water pump idler, and fan pulleys are driven by 
two belts from the crankshaft pulley. Two addi- 
tional belts from the fan pulley drive the alter- 
nator and air compressor. If it is necessary, for 
any reason, to remove the water pump pulley on 
which the fan is mounted, the radiator must be 
removed as described in paragraph 4—85. 

6. Service. All pump, pulley, and idler bear- 
ings are lubricated at assembly and require no 
further lubrication. Therefore, service consists of 
periodic inspection and replacement of belts and 
belt tension adjustments as required. 

c. Belt Removal and Replacement. If any belts 
are removed, tiiey must be adjusted as shown in 


4-2S 
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As the other two molecules are fixed, there is no question here of 
dilatation. To find the reaction on either molecule we have to substitute 
this value of iny (vo + v) and we obtain 


/(n + ^)=/(n) + sin a't + f 


2sin®a'i+. 


.(iii). 


Thus the mean value of p, the pressure upon the envelope of the 
vihrating elementary mass, "would be 


=/ W - 


^ ^ (i^)- 


4/'(r„) 2 


Saint-Yenant remarks that as / (tq) is obviously negative (= - 
we have only to suppose f" {r^ negative in order that this may connote 
an increase of pressure due to the vibration. 

Referring to the value of the pressure as given by Ecjn. (iv) he 
suggests in a footnote : 

Cette sorte de consideration, avec mise en compte, comme il est fait 
ici, des du second ordre /" (r) des actions, n’est-elle pas propre 

^ remplacer, avec avantage, ces chocs brusques des molecules des gaz 
centre les parois de leurs recipients, avec reflexions multiples et repetees, 
que des savants distingues de nos jours ont inventes ou revivifies, dans 
la vue de rendre compte mathematiquement des pressions exercees sur 
ces parois, etc.? (p. 717.) 


[274] Saint-Yenant in his fourth paragraph (p. 717) asks 
whether we can extend the results here found for two or three 
molecules to a multitude of molecules. He replies, yes, because it 
is easy to see that the new terms of the second degree due to the 
first derivatives f (r) will add to the second derivatives in f' (r). 
On this point he refers to a footnote on p. 281 of his memoir in 
the Journal de Liouville, 1863 (see our Art. 127), and to one by 
Boussinesq in the same Journal, 1873, pp. 305 — 61. 

Saint-Yenant concludes therefore that when on the rari-constant 
hypothesis, we calculate the stresses by means of the linear terms 
only for the shifts, we destroy all dilatation and all stress due to 
increase of temperature; we annul in fact all thermodynamics. 
According to his theory then thermal effect is entirely due to the 
second derivatives of the intermolecular action expressed as a 
function of intermolecular distance. The point is obviously im- 
portant in its bearing on the rari-constant hypothesis. Do the 
constants of f(r), the law of intermolecular reaction, vary with 
the temperature — as would be the case if the “strength of the 
intermolecular reaction ” were to vary with the energy of pulsa- 
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Section XIV. MAINTENANCE OF CARRIER ELECTRICAL SYSTEM 

'4-48. General 

The carrier has a 24-voIt, negative ground elec- 
trical system. Refer to figure 3-4 for the sche- 
matic diagram. The system consists of two 12- 
volt batteries, the starting motor, an alternator 
with an internal voltage regulator, and other 
components as shown in the schematic dia^^am. 


WARNING 

Always disconnect battery cables be- 
fore working on electrical components. 

4-49. Alternator 

a. General. The alternator is the same as is 
used on the crane. Refer to paragraph 2-88. 

h. Belt Adjtietment. Refer to figure 4-24 and 
adjust the alternator belt tension. Note that the 
alternator belts also drive the air compressor and 
that the air compressor belt tension is being ad- 
justed at the same time. 

c. Alternator Removal and Replacement. Re- 
fer to figure 4-25 and loosen alternator drive 
belts by loosening adjusting lockscrew. Rwnove 

I all electrical leads to the alternator as shown. 

" Tag all leads to show correct location. Support 
the alternator, remove the adjusting lockscrew, 
and remove the alternator mounting bolts, nuts, 
and lockwashers. Remove alternator. Refer to 
figure 4-25 and replace the alternator. 

d. Alternator Testing, Alternator testing is 
identical to the procedure for the crane alterna- 
tor. Refer to paragraph 2-88 and test the alterna- 
tor. 

4-50. Starting Assembly 

a. General. The starting motor is designed for 
high torque, short use applications. It engages 
the engine flywheel ring gear and is used to 
crank the engine until it starts. When the engine 
starts, the starting motor automatically disen- 
engages. 

CAUTION 

Never crank the engine for more than 
30 consecutive seconds with the starting 
motor. If this does not start the engine, 
wait for at least one minute before 
trying again. 

b. Motor and Solenoid Test. Motor and sole- 
noid testing is identical to the test described in 
paragraph 2-89. 


Figure Altematorj removal and replacement 

c. starting Motor Replacement. Refer to fig- 
ure 4-26 and remove and replace the starting 
motor. 

d. Starting Motor Solenoid Replacement. Re- 
placement of the carrier starting motor solenoid 
is the same as replacement of the crane starting 
motor solenoid. Refer to figure 2-87 and re- 
place the starting motor solenoid. 

e. Reverse Polarity Relay. The carrier engine 
reverse polarity relay is mounted on the cab side 
panel. TTie methods of testing and replacing the 
relay are identical to the crane reverse polarity 
relay. Refer to paragraph 2-89 and test and re- 
place the carrier reverse polarity relay. 

4-51. Distributor 

a. General. The distributor is mounted on the 
engine front cover and secured with a hold-down 
bolt and washer. The distributor contains a cen- 
trifugal advance feature, plus a governor, which 
consists of a spinner valve positiO'ned by the dis- 
tributor shaft. The spinner valve governor mech- 
anism supplies air to a diaphragm unit attached 
to tile carburetor throttle body, thus controlling 
engine speed. The cMitrifugal advance mecha- 
nism consists of two identical weights, which 
are opposed by spring force. The primary func- 
tion of the distributor is to opmi and close the 


4-27 
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what results must flow from applying the principles of dynamics 
to atoms and throwing hack the origin of those principles on some 
still more simple entity. There is much that would induce us 
to believe (e.g. bright line spectrum of elementary gas at small 
pressure and not too high temperature) that an atom has an inde- 
pendent motion of its parts, and this suggests that we should try 
the effect of applying the principles of dynamics not only to the 
action of one atom upon another, but also to the mutual action of 
an atom’s parts. If multi-constancy be experimentally demonstrated, 
then we must suppose either (i) the law of intermolecular action is 
a function of aspect, or (ii) the action of the element A upon another 
B is not independent of the configuration of surrounding elements 
{Hypothesis of Modified Action: see our Vol. L, p. 814). There 
may be other possibilities, but these, as the most probable, deserve 
at least early investigation. If the law of intermolecular action is 
a function of aspect, then we should expect to find that inter- 
molecular distance is commensurable with molecular dimensions. 
According to Ampere and Becquerel the former is immensely 
greater than the latter; accordhig to Babinet, they are in the 
ratio of at least 1800 : 1 (see § 13 of Saint-Venant’s memoir). 
It is difficult to understand under these circumstances how aspect 
could be of influence, it would be sufficient to treat each molecule 
as a mere point or centre of action, which is practically Boscovich’s 
hypothesis. According to the more recent researches of Sir 
William Thomson, who deals with a molecule as an extended, 
material body, the mean distance between two contiguous mole- 
cules of a solid is less than the riTUuhwmj ^ centimetre while 
the diameter of a gaseous molecule is greater than of a 

centimetre {Natural Philosophy, Part li., p. 502). Thus inter- 
molecular distance would be less than five times molecular 
dimensions. In this case it would seem probable that the law 
of action between parts of two molecules must be the same as the 
law of action between parts of the same molecule, for it is difficult, 
although, perhaps, not impossible to understand how one could 
begin and the other cease to be of importance at such small 
relative distances as 5 to 1. Resistance alike to positive and 
negative traction shews that the mean intermolecular distance 
cannot differ much from that at which intermolecular action 
changes its sign; further the capacity of the molecule itself to 
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Figure i^tS. Marking rotor poaiUon. 

turn or one cajn lobe in the opposite direction 
of distributor rotation past the mark previously 
placed on the distributor housing to locate the 
rotor. 

(3) Slide the distributor in position in the 
mounting hole on the engine in approximately 
the same location as when it was removed. 

NOTE 

It may be necessary to move the rotor slightly 
to start the gear mto me«rh with the camshaft 
gear, but the rotor should line up with the mark 
when the distributor is down m place 

(4) Install the distributor hold-down 
clamp, bolt and lockwasher. 

NOTE 

Do not tighten at this time. 

(6) Connect the primary lead to the coil. 

(6) Install the spark plug and high tension 
wires to the cap if removed, then install the cap 
to the distributor housing, making sure the tang 
alines with the slot in the distnbutor cap. 

NOTE 

If the distributor cap is incorrectly p-isifoned on 
the distributor housing, it will usually result in 
a broken rotor when attempting to start the engine. 

(7) Start the engine and set the timing as in- 
structed in e below. 


d. Installation and Timing (Crankshaft Posi- 
tion Unknown). 

(1) Rwnove No. 1 spark plug, then rotate 
ilie engine and hold thumb or forefinger over 
tile spark plug hole until you feel pressure. 
Slowly continue cranking the engine until the 
timing mark on the crankshaft pulley lines up 
with the proper mark on the quadrant. 

(2) Place a new distributor mounting gas- 
ket in the counterbore in the engine. 

(8) While holding the distributor cap in 
approximately the correct position, rotate tiie dis- 
tributor rotor so that the rotor tip will point in 
the direction of the No. 1 terminal on the dis- 
tributor cap indicated by a dab of paint on the 
cap. Then turn the rotor 1/8 turn or one cam 
lobe in the opposite direction of distributor ro- 
tation past the No. 1 or No. 8 terminal post. 

(4) Slide the distributor in position in the 
mounting hole on the engine. 

NOTE 

It may be necessary to move the rotor sligrhtly to 

start the gear into mesh with the camshaft gear, 

but ‘the rotor should line up with the no. 1 termmal 

post when the distributor is down in place. 

(5) Install the distributor hold-down 
clamp, bolt, and lockwasher. 

NOTE 

Do not tighten at this time. 

(6) Connect the primary lead to the coil. 

(7) Install the spark plug and high tension 
wires to the cap if removed; then install the cap 
to distributor housing, making sure the tang 
alines with the slot in the distributor cap. 

(8) Start the engine and set the timing as 
described under e below. 

e. Ignition Timing, 

(1) Make certain that the distributor cap is 
properly located on the distributor housing an<; 
that both spring clips are in place. 

(2) The firing order is 1, 8, 7, 3, 6, 5, 4 
2, and spark plug cables must be assembled ir 
the distributor cap in this order in a counter 
clockwise rotation. 

(8) Connect a stroboscopic timing light t< 
the No 1 spark plug. Some timing lights an 
intended to connect one lead to the spark plu] 
terminal and the other to ground (parallel con 
nection). Others require disconnecting the spar! 
plug wire and connecting one of the tirmn; 
light wires to tiie spark plug wire and othe 
wire to the spark plug terminal (series connec 
tion). 
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is presupposed by Saint- Venant throughout the memoir, although, 
as he remarks, he does not agree with it. It forms indeed the 
essential difference between this memoir and that of 1844 : see 
his § 7, p. 18. 

[277.] Saiut-Venant’s arguments in favour of the ultimate 
atom being without extension are of a threefold character : 

(i) arguments from the known physical properties of atoms; 

(ii) metaphysical arguments ; 

(iii) theological arguments. 

We will briefly refer to some points with regard to these in 
the following three articles. 

[278.] §§ 3 — 21 deal with more purely scientific arguments 

based on knowm properties of atoms. In § 3 we have arguments 
from the theory of elasticity with special reference to the con- 
troversy between Navier and Poisson: see our Arts. 527* — 534*. 
Saint-Venant points out how the continuity of matter is related 
to the possibility of replacing atomic summations by definite 
integrals. He proves with great clearness in a footnote pp. 12 — 15, 
on the hypothesis of continuity, the following propositions, which 
are really involved in the result of Poisson’s memoirs of 1828 and 
1829 and Cauchy’s memoir of 1827 (see especially Journal de 
VEcole polytechnique, 1831, p. 52, and the Exercices de maihima- 
tiques, 1828, p, 321, comparing our Arts. 443*, 548* and 616*) : 

1®. The stress across an elementary plane in a solid body will 
like that of a liquid at rest have no shearing component. 

2^ The traction at any point varies as the square of the 
density. 

3°. If there were no initial stresses, no state of strain would 
produce stress. 

Thus on the rari-constant hypothesis, we reach impossible 
physical results or it follows that matter cannot be continuous. 
This applies also to the ether which could not propagate slide 

distances, est celle de la pesanteur universelle, toujours n^gligeable vis-a-vis des 
actions a des distances imperceptibles qui produisent T^lasticitd, la capillarity, les 
chocs, les pressions et les vibrations; et ces dernidres et energiques actions se 
soustrahaient a la rdgle statique dont nous parlous. 
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NOTE 

Follow the manufacturer's instruction on use of 
the timing light. 

(4) See that timingr is 7 degrees before top 
dead center firing stroke as checked against the 
ignition timing quadrant and ball, figure 4t- 
29. The engine mhst be running at low idle 
speed, which is 400-to-500 rpm, 

f. Point and Cortd^nser Ifeplacement Refer to 
figure 4-30. Note that points and condensers can 
be replace4 before reinstalling distributor. 



Ftgurt i-g9. Ignition timing quadrant and hall. 


until point gap is 0.017 inch, as measure 
round feeler gage. 

(d) Tighten screws loosened ii 
above and recheck gap. Readjust if nec 
Recheck again after first 100 hours of t 
(6) Install rotor and distributor cap. 



Figure 4-30. Diatrihutor point and eondenaer re 
ment and adjuatment (aheet 1 of 3), 
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Figure 4-30. Diatrihutor point and oondenn 
raplaeament and adjuatment (ahaai\t of 3), 


(1) Remove distributor cap. 

(2) Remove rotor as shown in figure 4r.S0 
and remove dustcovar. 

(3) Refer to figure 4-80 and remove point 
lockscrew and adjusting screw. Remove points. 

(4) Remove condenser by removing attach- 
ing screw. 

(6) Install new condenser and points and 
adjust breaker points as follows: 

(a) Loosen two screws which hold con- 
tact bracket to the upper plate. Screws should 
be loosened only enough to permit the bracket 
to move when a small screwdriver is inserted be- 
tween the plate-bracket notches, as shown in 
figure 4-30. 

(b) Rotate the cam (using starter motor) / 

until the rubbing block is on the highest point I ; 
of the cam lobe. I 

(c) Insert screwdriver as shown in figure \ 
4-30 (between mating notches in upper plate 
and contact bracket) and turn the screwdriver 


4-30 
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journal. Those who are anxious to determine the real source of 
cohesion will not be hindered from adopting the principle of 
extended material atoms, if it agrees best with the facts of 
observation, by the assertion that if they accept and comprehend 
thoroughly the system of Boscovich it will preserve them from the 

deux principales et plus f unestes aberrations philosophiques de notre 
temps et des temps anciens, le panth^isme et le materialism e (p. 74). 

Notwithstanding that many readers will find themselves unable 
to approve either the method or conclusions of the latter portion of 
the memoir, the whole should certainly be read for the interesting 
questions it raises with regard to the physics of elasticity. 

[281.] Des paramhtres d’dlasticitd des solides et de leur deter- 
mination eccperimentale. Gomptes rendus, T. 'Lxxxvi, 1878, pp. 
781—5. 

This is a good risumd of the relations holding between the 
various elastic coefficients and moduli in the case of a body pos- 
sessing three planes of elastic symmetry, and of the experimental 
methods of finding their values. 

[282.] (1) The stress-strain relations will be those of our 

Art. 117(a). The coefficients are now nine in number; namely, 
iree direct stretch-coefficients, a, 6, c the three direct slide- 

jcients d, e, f and the three cross-stretch-coefficients d\ e\ /'. 

have the following special cases : 

(2) Elastic isotropy in planes perpendicular to the axis of x : 

e=/, e'=/, 6 = c = 2d+(Z'. 

Saint-Venant states the conditions erroneously and says they 
reduce the nine constants to sixj a, 6, d, e, d\ e , but d' is known in 
terms of 6 and d, or we reduce them to five, 

(3) Complete elastic isotropy, or as Saint-Venant puts it, 
isotropy in two of the axial planes ; 

a = 6 = c = 2cZ + cZ' = 2e + e' = 2/’-!- f, and d — e —f. 

This reduces the nine coefficients to two, namely c2' = A the 
dilatation coefficient, and d = fj. the slide modulus. Saint-Venant 
has forgotten to state the relations d — e =/. 

(4) Que si, sans vouloir (ce qui n’a aucune utilite) etendre I’applica- 
bilite de ces formules aux deformations perceptibles de corps spongieux 
stratifies, comme est le liege, ou de melanges celluleux de solides et de 
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e. Test. Eefer to paragraph 2-91 for coil test 
procedures. No repairs are possible. Replace a 
faulty coil. 

d. Installation. Refer to figure 4-81 and in- 
stall the ignition coil. 

4-53. Spark Plugs 

a. Removal. 

(1) Detach the ignition wires from each 
spark plug. 

(2) Using the proper size deep socket 
wrendi, loosen each spark plug two complete 
turns only. All spark plugs loosen in a counter- 
clockwise direction. 

(3) The action of loosening each spark 
plug two turns win also loosen-miy accumula- 
tion of dirt which may be embedded nround the 
base of the spark plug. Use a blast uf com- 
pressed air to remove this debris and prevent its 
falling into the cylinder combustion chamber 
when the spark plug is removed. 

(4) Remove all spark plugs, being careful 
not to lose the metal gaskets J>eneath each plug. 

b. Test. Inspect spark plugff for obvious 
cracks, broken or severely wom'^ints, pitting, 
discoloration, or accumulations of foreign materi- 
al. Discard any spark plug not in good apparent 
condition. If available, install the plugs in a 
spark plug tester and check for adequate per- 
formance. 

NOTE 

Inspection, cleaning, and adjusting of spark plugs 
is reconunended at 126 hour intervals. The con- 
dition of a plug and the color of any deposits 
found {or type of deposit) can be used to analyze 
engine performance. 

(1) Inspect the spark plug gaskets. If the 
gaskets are not flattened it is an indication that 
the spark plugs have not been properly tight- 
ened to prevent flow-by between the spark plug 
and cylinder head. This condition results in ex- 
cessive burning of the electrodes and overheats 
the insulator tip which may cause pre-ignition. 

(2) If the gaskets are flattened or com- 
pressed to the point where tiiey have become dis- 
torted (out-of-round) or tom, it is an indication 
that the spark plugs have been I tightened to the 
extent that damage may have been inflicted on 
the spark plug itself. Excessive torque often 
causes strains on the steel shell of tiie spark 
plug which results in cracked insulators, distor- 
tion of metal shell and gap settings, as well as 
blow-by between the component parts of the 
spark plug. 


(8) If the gasket is properly comp 
(approx, half of original thickness) shov 
flat, clean, even surface, it is an indicatio 
the spark plugs have been properly insta 

(4) Inspect tiie condition of the eled 
The extMit of service to which a spark pli 
been subjected is generally best indicated 1 
degree of wear of the electrodes. When th 
ter electrode has become worn away, c 
ground electrode has become so badly ero 
the sparking area tiiat resetting of the i 
either difficult or impossible, the spark p 
not fit for further efficient engine serviw 

ificleaned. 

b. Cleaning and Adjusting. 

(1) Regardless of tine condition of ti 
gaskets, they should be removed from the 
plug before cleaning. If new replacemen 
kets are available, the old ones should b 
carded. 

(2) Before abrasive cleaning, any 
plugs which have oily deposits on the firir 
or the outside of the spark plug should 1 
greased by brushing with a suitable a 
which will dry quickly by wiping witii a 
or by air blast. Failure to do this wi 
fouled spark plugs will result in packing 
cleaner abrasive inside the firing end < 
spark plug. 

(8) Place the spark plug in the i 
cleaner adapter of the correct size. Hoi 
spark plug at the terminal end and while 
ing the abrasive blast, “wobble” the top i 
spark plug in a circle. By this method the 
sive will be able to properly clean the ins 
top and the electrodes. Three seconds 
should be sufficient to clean most spark 
However, tiie extent of cleaning time shoi 
limited to that which is necessary to clei 
the deposits on the insulator nose. Prol 
use of the abrasive blast will wear away t 
sulator, causing irreparable damage to the 
plug. Visual inspection will indicate whe 
spark plug has been properly cleaned. Loose 
sive remaining inside the firing end shoi 
removed by the “air blast” jet on the cl 
Do not use picks or screwdriver to rmno^ 
posits inside the firing end of the spark 

(4) Remove loose 'nbrasive or other fi 
material from the spai^ plug threads m 
brass wire brush. 

(5) Before setting the giE^p of a cl 
spark plug, pass a thin point file or na 
between the sparking areas of the eente 
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stresses in three directions, or to a fibrous formation, three relations 
of the type : 

(2e + /)(2/+/) 

“ UTd' 


will sensibly hold, provided E^, Ey, E^ have not ratios exceeding f 
or at most 2 among themselves. This is the ellipsoidal distribu- 
tion of elasticity : see our Arts. 138 and 142. 

For the case of rari-constant isotropy we have : 

Zef , S/d ^de .... 

a ’ 

relations admissible in general for the metals. 

(9) For wood, where the ratio of E^, to Ey (the axis of x 
having the sense of the fibres) can amount to 10, 20, 40 and more, 
we can only take two of the above relations, namely : 


which give : 


e/ p fd 8ad - 4e/ „ e" _ 

2d’ e Sad-e/’ 


_ 1 £ 


id' 


For a modification of the statements in (8) and (9) with regard 
to wood : see our Arts. 308, 312 and 313. 


[283.] Saint-Venant now proceeds to indicate experimental 
methods of arriving at the values of the following moduli and 
coefficients. 

(1) To find the three direct slide-coefficients, or the slide- 
moduli d, e, /. 

Case (a). If there be isotropy in the plane perpendicular to axis 
of X (e=f). We experiment on the torsion of a right circular 
cylinder. 

Case (6). If e be not equal to / we use the formula of Art. 29 
(modified by Art. 47 and Table I) for the torsion of a prism on 
rectangular base. Let the base be 2b' x 2c' and let b' be much > c', 
^ 16a .6 V® . , 

= ~i f Y ’ 
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Figure i-Si. Cheeking and servicing engine oil pan. 


(4) Clean all parts (except the filter ele- 
ment) and dry thoroughly with compressed air. 

(5) Check the operation of the pressure re- 
lief valve in the filter base Be sure the ball 
does not stick or bind. 

(6) Place a new body-to-base gasket (14) 
m the filter base. The gasket must lay flat to 
form a good seal. 

(7) Place a new filter element (5) on the 
filter base The larger opening in the element 
faces the filter base Set the filter spring (4) on 
the filter element. Inspect the base edge of the 
filter body to be sure it is not bent or nicked. 

(8) Place the washer (2) on the hold-down 
bolt (1) and slide it through the body (3), 
spring (4), and element (5). Tighten the bolt 
after being sure the filter body is properly cen- 
tered in the base. 

(9) Replace the pipe plug (15) in the fil- 
ter body and tighten. 

(10) Scrape and clean the gasket surface of 
the filter base and mating surface on the crank- 
case. Install new gasket and secure the filter as- 
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Figure 4-^5. Draining engine oil pane 

sembly to the crankcase with three capscrews. 
After warming up the engine, check the filter 
and connections for leaks. 

4-60. Oil Cooler and External Lines 

a. General. The oil cooler is a self-contained 
unit mounted on the “V” of the engine under 
the intake manifold. In extremely heavy duty 
service or very hot climate, the oil cooler is a 
safety feature to assure safe lubricating oil tem- 
peratures, maximum bearing life, and oil econ- 
omy. In colder climates, the oil cooler works in 
reverse while the engine is warming up, by heat- 
ing the crankcase oil quickly for proper engine 
lubrication and sludge control. 

b. Oil Cooler Removal. Remove the oil cooler 
as follows: 

(1) Refer to paragraph 4-56 and remove 
intake manifolds. 
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renduSy T. LXXXVii. 1878, pp. 849 — 54 and 893—9. There are 
additions in the off-print. This memoir was read on the 2nd and 
9th of December. 

Its object is explained in § 2 (pp. 850 — 1), after the solutions 
given in the memoir on Torsion (see our Art. 36, Nos. 4 and 5) 
have been cited : 

Olebsch a remarqu^, en 1862, qu^on obtient une vari6t4 de contours 
plus grande encore en se servant des coordonn4es curvilignes isothermes 
orthogonales de Lam6 (i.e. conjugate fwnctions) ; et MM. Thomson et 
Tait dans leur beau livre J. Treatise on Natural Philosophy, 1867, ont 
indiqu^, sans le d^velopper, leur emploi pour 4tendre les solutions telles 
que (3) {= (1) of our Art. 36}, relatives aux rectangles rectilignes, h, des 
contours rectangulaires mixtilignes se composant d^un arc de cercle ou 
de deux arcs concentriques et des deux rayons qui les limitent, ‘‘ce qui 
est” disent-ils, tr^s-int^ressant en thiorie et d’une reelle utility en 
M^canique pratique.” 

II m’a paru que la solution relative k ces sortes de sections pouvait 
^tre obtenue d’une mani^re simple et directe, sans substituer pr^alable- 
ment une oertaine inconnue auxiliaire k I’inconnue g6om6trique u, et en 
s’en tenant aux coordonn6es polaires ordinaires r, 


[286.] In § 3, Saint-Yenant obtains the required solution in 
cylindrical coordinates. The fundamental equations (see our Art. 17, 
Eqn. vi.) become 

+ Urjr + u^^/r^ = 0 ^ ^ 
rrdr + u^drjr - ru^ = 0 j ^ 

If y be the angle of the annular sector, r^ and r-j^{>rj) its radii, 
then the second or surface equation reduces to the following conditions 
when the median line is taken as initial line : 


frr^ = -u^ for values of r > , when ± y/2, 




) when r = ^0 or , for all values of ^ between yj^] 

These conditions are found to be satisfied by the following value of u ; 


Tr^sin2(^ 2 t (— 

2 cosy TT 2?^+ 1 0 


- m+2' 


2 ) (r-l 


-r, 


m-2^ 




where 


2^^+ 1 

m = —~ TT, 


sin mcji 
1 ’ 


This result is practically obtained by assuming u to be of the form 
sin 2<^ + 2 (Ar^ + sin 

and determining the constants by the surface conditions (ii). 
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1. Hold-down bolt 

2. Shell washer 

3. Filter body 

4. Filter spring 

5. Filter element 

6. Relief valve plug 

7. Relieve valve gasket 

8. Relief valve spring 


9 Relieve valve ball 

10. Filter gasket 

11. Filter base 

12. Washer 

13. Capscrew 

14. Body-to-hose gasket 

15. Pipe plug 


Figure i-S6. Engine full flow oil filter, aervioe 
and replacement. 


(2) Refer to figure 4-37 and remove water 
crossover pipe (1). Disconnect cooler inlet pipe 


(11). Disconnect pipe assembly (21) at 

( 20 ). 

(3) Remove capscrews (18) and loci 
ers (19) which secure covers (8 and 14) 
engine block. There are five capscrews. E 
the oil cooler from the engine. 

NOTE 

Cover oil cooler mounting bosses on the crankc 
so that foreign material can not enter the engii 

c. Oil Cooler Service. Service as follows 

(1) Remove covers (8 and 14. fig. 

(2) Immerse oil cooler (7) in a si 
cleaning solution. Drain and blow out ai 
vent and foreign material inside the cooL 
ing clean dry compressed air. Be sure a 
sages are clean and clear before installat 

(8) Replace covers (8 and 14), usin, 
gaskets (6). 

d. Oil Cooler Inetdllaiion, 

(1) Install new gaskets (5 and 13) a 
stall oil cooler (7) with capscrews (18) am 
washers (19). 

(2) Reinstall pipes (1 and 11) and c. 
pipe assembly (21) at fitting (20). 

(8) Reinstall manifolds (para 4-56) 

e. External Linee, 

(1) Removal. Refer to figure 4-87 a 
move external oil line (21) which connec 
lubricating oil cooler to the air compressor 

(2) Replacement. Refer to figure 4-( 
replace any damaged external line. 

f. Crankcase Breather and Vent Tubing 

(1) Removal. Refer to figure 4—38 a 
move any defective component of the ver 
ing. Annually, replace hose (6, fig. 4-3 

(2) Service. Service of the vent tubin 
sists of keeping all connections proper 
cured. 

(3) Installation. Refer to figure 4-3 
install vent tubing. 
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sector on the old Coulomb theory. As is well known (see our 
Art. 181, (d)) Saint-Venant’s theory makes both torsional moments 
equal It will be seen at once that for bodies of this kind the 
results of the old theory are most erroneous and very dangerous in 
practice. The reduction of the torsional resistance for a split sec- 
tion is well brought out by the result M/JW = *5589 for 7 = 360^ 

(2) Annular sectors when r^ = : 


7 = 

60° 

120° 

180° 

M 

m 

•0800 

•1068 

•1160 

M 

w 

•6812 

•3160 

•1909 


We see again that the errors, when the old theory is used, are 
simply enormous. 

[289.] In §§ 9 — 10 Saint-Venant determines the points of 
the full sectors, 7 = 60° and 7=120°, where the slide is zero. 
These points are at distances from the centre differing from those 
of the centroids by a small amount only. He then gives the values 
of the shift u for various points of the same two sectors : 

Les plus grandes valeurs de u sont aux points de rencontre de I’arc 
aveo les deux c6t4s rectilignes. La m^diane <j!> = 0 reste immobile, et les 
6l6ments de Tare prennent, sur le plan primitif de la section, des inclinai- 
sons croissantes avec les distances oil ils sont du milieu de cet arc. 

[290.] In § 11 Saint-Venant states the value and position of 
the maximum slides for the same two sectors, i.e. he finds the fail- 
points {points dangereux). In both cases the maxima lie upon the 
contour, but the maximum of the maxima upon the rectilinear 
sides. 

For 7 = 60° the fail-point is distant *56227’^ from the centre 
and cr = -4900 rr^, 

„ 7 = 120° the fail-point is distant 'SGTlrj from the centre 

and <7 = *6525 rr ^ . 

In a footnote Saint-Venant refers to the remark of Thomson 
and Tait (see their § TlO) that for 7 > tt the slide becomes 
infinite at the centre (i.e. when r = 0). This does not necessarily 
connote rupture, but only that the strain is greater than that to 
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Section XVII. MAINTENANCE OF ACCESSORY DRIVE MECHANISM 


. General 

Customarily, only the flexible core of the speed- 
ometer or tachometer drive is replaced and a 
method of replacing it is described below. In the 
event that the entire cable must be replaced, a 
method of replacing it is also described. The 
tachometer drive cable is connected to the engine 
between the banks of cylinders, just forward of 
the air cleaner. 

4-62. Speedometer and Tachometer Drive 

a. Flexible Core Replacement. Loosen the 


knurled nuts at each end of the flexible drive 
cable and remove the end. Withdraw the flexi- 
ble core from within the sheath. Install a new 
flexible core in the sheath from the gage end 
and attach the ends of the flexible drive with 
the knurled nuts. 

b. Drive Cable Installation. Install the new 
drive cable in the same clamps as the old cable 
and attach the ends of the cable with the 
knurled nuts. 



Section XVIII. A4A1NTENANCE OF CARRIER ENGINE ASSEMBLY 


t-63. General 

Engine components and engine connected items 
ivhich are the responsibility of organizational 
evel maintenance are included in this section, 
rhese items include the engine clutch release 
nechanism, the two transmission shift mecha- 
lisms, and the engine valve covers. 

t-64. Engine Service and Test 

а. Service. Clean, inspect, and lubricate the 
sarrier engine in accordance with instructions in 
^0 6-3810-294-12/4. 

б. Compression Test. A compression check 
nust be made with all spark plugs removed, the 
hrottle wide open and the engine air cleaner re- 
noved Compression should be uniform, not to 
'xceed 10 psi between the highest and lowest 
•eading per cylinders at normal cranking speed. 
Compression readings will deviate considerably 
‘rom specifications due to crank speed, altitude, 
ind ambient temperature Therefore, the speci- 
ications listed in paragraph 3-76(2) are to be 
ised as a basic guide. 

NOTE 

The beat indication of valve or ring leakage ia to 
detect those cylinders not conforming to the allow- 
able 10 psi variation. 

1-65. Valve Covers 

a. General. Two valve covers are provided, 
)ne for each bank of the engine. There will be 
10 need for normal periodic removal and replace- 
nent of these covers since valve tappets are re- 
ilaced on this engine by non-adjustable hydrau- 
ic valve lifters. 


6. Removal and Replacement. If required due 
to oil leaks, refer to figure 4-39 and remove 
and replace valve covers. Always replace the 
cover gaskets when covers are removed unless 
replacement gaskets are unavailable and the old 
gaskets are in good condition. 

4-66. Rocker Arms 

a. General. This engine is provided with hy- 
draulic vavle lifters instead of the more common 
tappet arrangement. The valve lifters consist 
pnmarily of a body, plunger, spring, and check 
valve. The purpose of the assembly is to keep 
the rocker arm in tight contact with the end of 
the valve (zero valve lash), thus eliminating the 
need for periodic valve tappet adjustments. 

6 Adjustment. Because of the use of hydrau- 
lic valve lifters, there is no need to adjust valve 
tappets on this engine. 

4-67. Engine Clutch Controls 

а. General. The engine clutch can only be ad- 
justed when it is removed and reinstalled. There- 
fore, this paragraph is restricted to clutch con- 
trol adjustment and inspection. 

б. Inspection. Inspect the clutch pedal free 
travel by depressing the clutch pedal by hand 
until resistance is felt. Release the pedal. Meas- 
ure the distance the pedal travels. It should be 
between 3/4-and 1-inch. If not, it must be ad- 
justed. 

c. Adjustment. Refer to figure 4-40 and ad- 
just the clutch. 


4-39 
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The final section of the memoir § 3 (pp. 143—7), is occupied 
with some general observations on the elasticity of rods whose 
axes are curves of double curvature. Their only relation to the 
preceding formula for torsion is the remark that the coeflScient of 
torsional resistance used by some writers, namely must be 
replaced by Saint-Venant compares the results of his 

memoir of 1843 (see our Art. 1584*) with the more recent re- 
searches of Bresse and Resal : see our discussion of their memoirs 
below. There is nothing of importance to note; the footnote 
p. 145 should be cancelled. 

[292.] Analyse succincte des tramucc de M, Boussinesq, profes- 
seuT d la Faculte des sciences de Lille, faite par M. de Saint- Venant, 
1880. This report consists of 23 lithographed pages. 

In April, 1880, Boussinesq had printed and presented to the 
members of the Academy a notice of his scientific writings. 
(Danel, Lille, in 4°.) Saint-Yenant then drew up the above 
analysis, strongly recommending Boussinesq for membership of 
the Academy. Pp. 12 — 17 (§§ 6 — 9) treat of his contributions 
to the theory of elasticity Les travaux de M. Boussinesq sur les 

solides et leur dlasticite ne sont pas moins originaux et 

nts'), Pp. 17 — 20 deal with his various mechanical and 
)hical papers; pp. 20 — 23 with his contributions to the 
tory theory of light. We shall have occasion to return to 
Saint-VenanVs essay when discussing Boussinesq’s memoirs. 

[293.] A second paper of Saint-Venant’s dealing with the 
elastical researches of a contemporary may be noted here. It is 
entitled : Sur le but theorique des principaux travaux de Henri 
Tresca. Gomptes rendus, T. cl, 1885, p. 119 — 22. 

The influence on theory of Tresca s researches and the origin 
of the science of plasticity are sketched. The writer attributes to 
Tresca a keen appreciation of theory; he was no mere empiricist, 
as many have erroneously believed : 

II importe de montrer, dans Tint^ret de sa memoire comine dans 
celni de la verite scientihqne, que Tresca fut un es})rit plus large, un 
homme de vraie Science et par consequent de theorie dans la meilleure et 
la plus saine acceptation de ce mot si souvent mal compris, si frequem- 
ment accuse, par leg^rete ou en haine systematique de la Science, de 
n’exprimer que des chim^res (p. 119 ). 
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1. Lever, main tranemiasion control 

2. Lever, transfer case control 
8. Lever, front axle control 

4. Bracket, control lever 
6. Lever 

6. Bod, transfer case control 

7. Lever, idler 


8. Bod, transfer case control, rear 

9. Lever, front axle drive 

10. Bod, front axle control, roar 

11. Idler, shifter rod 

12. Pin, yoke 

18. Rod, front axle control, rear 
14. Bod, main transmission control 


Figure i-41. Axlei transmission, and transfer case controls adjustment. 


Section XIX. MAINTENANCE OF STEERING ASSEMBLY 


4-69. General 

The power steering system (fig. 3-2) consists of 
a vane type hydraulic steering pump, a fluid 
reservoir, the steering gear proper (which con- 
tains a hydrauMc control valve and a poiver cylin- 
der), and mechanical steenng control linkages 

4-70. Power Steering Pump and Reservoir 

a. Removal. Remove the power steering pump 
and the pump drive belts as follows: 

(1) Refer to figure 4-42, remove the cap 
nut and drain the fluid from the hydraulic reser- 
voir into a suitable container. 

(2) Refer to figure 4-43 and loosen the 
four adjusting capscrews to relieve power steer- 
ing pump belt tension. Ijft the power steering 
belts off the pump sheave. 

(3) Disconnect pump inlet and discharge 
lines. 


(4) Refer to figure 4-43, remove the ad- 
justing capscrews, nuts, and lockwashers and re- 
move the power steering pump as an assembly. 

(6) Refer to figure 4-44 and remove and 
replace the power steenng reservoir. Note that 
the cover includes a dipstick type level gage. 
Add oil to FULL mark on dipstick when rein- 
stalling reservoir. 

6. Pumf) Replacement. Install the power 
steering pump as shown in figure 4-43 

c. Belt Tension Adjustment. Refer to figure 
4-24 and adjust belt tension which should be 
1/2 inch midspan deflection. 

d Reservoir Replacement. Refer to figure 4- 
44 and replace the reservoir as follows. 

(1) Refer to figure 4-42 and drain reser- 
voir by removing cap nut. 

(2) Refer to figure 4-44 and remove and 
replace reservoir. 
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end of the fixed bar, then the shifts % and % of either bar at any point 

X d/wrmg the impact are : 

„ „„ 2 cos {mT 2 (oi + Oj - ajj/oa} sin mt , 

f -^1 "*2 \ 

m cos mr^ + -« — ) 

\sm^W2Ti cos^mra/ 

2 sin {mTi x! a-^ sin mt 

u, = AFS ^ , 

m sin mTi -r-T — + — * 

\Sin%ri COS^^WTa/ 

where is a root of the equation : 

P P 

— cot mTi ^ tan mr^ — 0, 

Ti Ta 

and Ti = cti/^ Ta = ^a/^a ; ^ ^ind ^a being the velocities of sound in the two 
bars. 


[296.] Saint-Venant then considers the case when is very 
small as compared with r^, and so deduces Navier and Poncelet’s 
expression for the vibrations of a bar struck by a weight on its free 
terminal: see our Arts. 273^, and 991*. Saint-Venant does not 
enter into the question of the time and manner in which the bars 
separate. He goes on to remark that in the case of two free bars 
we may express the result in finite terms, as also in the case of 
one free bar and a weight moving with a definite velocity and 
striking it longitudinally on one terminal. The case of a bar 
fixed at one terminal and struck by a moving weight at the other, 
he does not in this memoir attempt to solve in finite terms. This, 
however, he proceeded to do in an article in the same volume of 
the Gomptes rendm, on pp. 423 — 427, entitled : 

[297.] Solution, en termes finis et simples, du problems du choc 
longitudinal, par un corps quelconque, d'une barre dastique fixee d 
son extrimiU non heurUe. 

This solution is very similar to the full treatment of the 
problem by Boussinesq referred to in our Art. 341. But it fails to 
determine the instant of separation, and so does not completely 
solve the problem. After Boussinesq had given his solution 
Saint-Venant with the aid .of Flamant concluded the whole 
subject with a graphical investigation of the successive states 
of the bar and the impelling load for the whole duration of the 
impact: see our Arts. 401—7. 




Figure i-4i. Power steering reservoir service and replacement. 
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Green, Clebsch, Thomson and others : see our Art. 928* and 
the footnote VoL L, p. 625. 

G^neralement et philosophiquement aucune consideration purement 
mcbth^mtique ne saurait reveler le mode de la dependance mutuelle des 
forces agissant sur les elements des corps, et des changements geometri- 
ques qui s’y op^rent, tels qne ceux des longueurs et des angles de leurs 
c6tes : la connaissance de ce mode ne pent etre derivee que des faits, on 
de quelque loi physique exprimant un ensemble de faits constates (p, 39). 

Saint-Venant appeals to experiment and cites Stokes’ adduction 
of the isochronism of sound vibrations with approval : see our Art. 
928*. We have remarked elsewhere that the stress-strain relation 
cannot, however, be treated as linear for the slight elastic strains 
in many of the materials of practical structures: see Note D of our 
VoL I., p. 891. 

[300.] But Saint-Venant is not satisfied with appeal to experi- 
ment and observation ; these give Keplerian laws, without the 
backbone of Newtonian gravitation : 

En general, pour convaincre nos esprits, Tempirisme, qui ne rend 
compte de rien, ne suffit pas : il nous faut encore une explication, une 
raison scientifique, oii la preuve que les formules qu^on nous propose 
dipendent de quelque loi assez g^nerale, assez grcmdiosey o’est-^-dire 
simple, pour que nous puissions en raisonnant, comme faisait Leibnitz, 
quand ce ne serait que d’une mani^re instinctive, la regard er comme 
pouvant §tre^ celle k laquelle le souverain L^gislateur a soumis les 
ph6nom^nes intimes dont les formules en question representent et 
mesurent les manifestations exterieures (pp. 40-1). 

Saint-Venant finds this loi assez gSn^rale, assez grandiose in 
the law of intermolecular central action, as a function only of the 
distance, and cites its acceptance by the leading physical mathe- 
maticians from Newton to Clausius. He then refers to Green 
and his followers, who, as we know, appealed to Taylor’s Theorem, 
as a loi assez grandiose. Now behind this appeal for 21 inde- 
pendent constants to Taylor’s Theorem, although unrecognised 
by Green, was the important conception that possibly inter- 
molecular action depends not only on the individual molecules, 
but on the position of each pair of them in the universe relative to 
other molecules. For example, if intermolecular action arises from 
molecular pulsations in a fluid ether, we find intermolecular force 
is a function of molecular surface energy, which surface energy 
is itself a function of position relative to the totality of other 
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Figure i-A7. Steering column, exploded view. 
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Is he justified in thus making the translational energy of the 
molecular centroids a function solely of their position ? He seems 
to think that both the omissions (1) and (2) are legitimate provided 
that there are no such changes of temperature as produce violent 
atomic vibrations, and that we take the mean of large numbers 
(see his § 12). But is it not within the bounds of possibility 
that the mean internal potential energy of the molecules may be 
changed by an elastic strain, although the mean internal kinetic 
energy on which the temperature may be supposed to depend 
remains unchanged ? This change in the potential energy of the 
molecule will be a function of the relative molecular position, but 
it may be one of aspect as weU as of centroidal position. If we 
accept, however, with both Green^ and Saint- Venant that the 
former can only depend on the latter, we are thrown back, 
supposing no sensible thermal changes, on Equation (a). 


[303.] Saint-Venant in § 5 proceeds to question whether the 
Equation (a) can give the form of required by Green. He says 
that we can replace it by an equation of the form : 


SmF72 + r".,,) = C (6), 


ot est Tine nouvelle fonction dont il importe pen qne les variables 
r, r', r" &c. soient ou ne soient pas, en partie, dependantes les unes des 
aiitres,...r, r', r*"...6taiit les distances des molecules du systfeme tant entre 
elles qu’avec les centres d’action Jlxes ext^rieurs (p. 68). 


Is this change legitimate ? The form (a) retains the possibility 
of intermolecular action being a function of aspect Is this lost in 
(6) ? — It does not appear to be so if some of the variables r are the 
distances from fixed external points. From this equation we easily 
deduce for any molecule m, the typical equation: 


rax = 2 cos (r^). 




where 2 denotes a summation with regard to all values of r. 


1 Both Green and Sir William Thomson make the potential energy of the 
element a function only of the change in shape, i.e. of the relative position of 
molecular centroids. I think this assumes that the internal potential energy of the 
molecule can only be a function of centroidal position. It may, however, be that 
the internal potential energy of (either the molecule or) the element is a function 
of the relative motion of (the atoms or) the elements, in which case the velocities 
would appear in and we should obtain by the Hamiltonian process totally 
different equations to those of Green for elasticity. These generalised equations of 
elasticity leading to the Dissipative Function etc., I propose to discuss elsewhere. 
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varies, et en ajoutant aux parcours d’autres parcours quelconques 
arbitrairement cboisis. 

La nullity du travail total produit par un cycle ne peut done ^tre 
gen^rale qu^autant qu^elle a lieu poitr chaque action indimd/mlle ; ce qui 
oblige k admettre que la force que nous avons appelee i? soit fonction 
de la seule distance que nous avons appelee r (p. 71). 

I do not understand the argument which follows the words : 
elle cessera de d observer en ajoutant. Suppose the molecules repre- 
sented by electro-magnets then the total action during any motion 
of one such magnet A on another B would depend not only on the 
initial and final relative positions of A and 5, but owing to the 
induced currents on the paths and positions of A and B with 
regard to the other bodies in the field. It seems to me that 
Saint- Venant's argument would compel us to assert that by intro- 
ducing other magnets into the field or by moving them about in a 
proper manner, we could obtain perpetual motion. 

[305.] Saint-Venant's second argument is of the following kind 
(see his § 9). If the intermolecular force depends on more than 
the particular centroidal distance, then the distances between astral 
molecules will affect the action between terrestrial. Here to start 
with, we have somewhat of an assumption ; the action of A upon 
B may depend on the distance of both from G and B but not 
necessarily on the distance of G from D, For example such might 
be the case when we treat of aspect influence, as given by means of 
fixed centres having reference only to A and B. Saint-Yenant 
continues : the influence of an astral intermolecular distance on a 
terrestrial must be absolutely insensible, for even when we are 
dealing with a small portion of terrestrial matter, the action of its 
molecules is sensibly independent of the state of other matter 
even at a visible distance. 

Hence the form of (r,r',r"...) ought to be such that for any 
small system d^Jdr depends sensibly only on the molecules in the 
immediate neighbourhood of m. This condition of exclusion can 
be easily fulfilled for molecules at sensible distances by making 
a function of the inverse powers of r, r\r\... We will now cite 
Saint- Yenant’s actual words : 

Mais cette ressource d’exclusion sensible est impuissante a Tegard 
des distances mutuelles de molecules appartenant en particulier a chacun 
de ces syst^mes on elements non proches de celui dont on s’occupe. 



2 



1. Brake valve 3. Air manifold 6. SV-1 valve 7. Three-way control ' 

2. Treadle valve 4. Double-check valve 6. PP-1 valve 8. TW-1 control valve 

Figure 4-43. Avr brake ayatem piping dmgram, valvea, hoaea, and fittinga, 
ranvaval and replaeement (Sheeta 1 through s) 
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function of q^, r', r"..Jn this case our equation will be of 


the form : 

— — + --2 




r"...) = const.... {d)j 


where a and y are certain constants. We should have to apply the 
general dynamical equations to determine the F’s and q's. Thus 
the intermolecular force between and might be a function of 
gg, which in its turn might be found from the dynamical equations 
as a function of r' and r\ etc., distances, let us say, between 
etc., while r', r" would have no direct influence on the action 
between and : see Arts. 931*, 1629*. 

The point is of very great physical interest, as it really 
concerns the direct application of the Second Law of Motion to 
the ultimate particles of bodies. Can we or can we not superpose 
the action of C on A to that of B on A, or does the action of G 
on A, affect that of 5 on A ? See the footnotes to our pp. 183 and 
185. 


[306.] The strong points of the rari-constant argument seem 
to me to lie in: (i) the probable insignificance of the indirect action 
of G as compared with the direct action of A on J5; (ii) the 
insufficiency of most of the experiments yet brought to bear 
against rari-constancy. 

Be this as it may, I still feel it impossible to accept the 
following statements of Saint- Venant as satisfactory : 

j’affirme hardiment, et tout le monde, j’en suis convaincu, pensera 
comme moi, qu’il faudra absolument adopter la forme ou la particulari- 
sation indiqule ci-dessus : 

{r, r', =/(»•) +/, (/) +/2 (r") + 

...Elle fait revenir a I’adoption, comme voulue ainsi par Vexperience 
m^me, de la loi des actions fonctions des seules distances ou elles s^exer- 
cent^ et non des autres distances ; loi que le simple bon sens, aide d’une 
observation generate des faits, a fait accepter pendant plus d’un siecle et 
demi. Et je suis convaincu que Green lui-m^me y croyait sans s’en 
rendre compte. Je ne peux, en effet, interpreter d’une autre nianiere cet 
instinct de physicien et de geom^tre, ce sentiment “ quo les forces, dans 
I’univers, sont dispos^es de maniere d faire, du mouvenie/ut 
une naturelle impossibilite.^^ Green, sans aucun doute, refusait ainsi, 
d chaque action moleculaire mutuelle en 'particulier, la possibilite con- 
traire...(pp. 72 and 73). 

I doubt whether Green had thoroughly seen the important 
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Figure ir-is. Air brake system piping diagram, valves, hoses, and fittings, 
removal and replacement (Sheet i of 3) 
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Saint-Venant holds that for a feeble degree of aeolotropy 
produced by permanent compressions as, for example, in drawn 
or rolled metal and in some kinds of stone the relations (i) or (ii) 
suffice. For wood however some other conditions must hold. For 
let us suppose : 

(a) The relations (ii) to hold with equal transverse elasticity (or 
a — b) and rari-constancy then : 

3/=a, 6e = c + a and c = 6e-3/ 

We easily find from the formulae of Art. 307, that : 

whence = 9/4 - J ^18 - 2 

or, in order that the stretch-squeeze ratio be real we must have EJE^ < 9. 

This result is contradicted by Hagen’s experiments (see our Art. 
1229*). Hagen found : 

( 15 for oak, 

22-5 for beech, 

48 for pine, 

83 for fir. 

(6) The relations (i) to hold together with a = 6, = e = c?' = e'. 

It follows that = \ ejf, EJE^ = 
whence = i n/ E^j E^, EJG = ^ jE^jE^, 

These expressions are never imaginary and give reasonable values 
for rj^ up to EJE^= 4. After this begins to take unsuitable values 
till for = we have yj^ so large as 2*236. 

Clebsch (p. 8, § 2) and at one time Saint-Yenant (see our Art. 169 (ct)) 
had held that yj must necessarily be This error the latter had 

recognised in the Appmdice complementaire to the Lemons de Navier, 
and he now adds : 

Cette opinion n’est fondle sur aucun fait ; il ne I’exprime m§me que pour 
les corps isotropes ^ et quelques experiences de Wertheim ont montre qu’aux 
approches de la rupture d’une tige rndtallique, c’est-k-dire au moment oh sa 
mati^re est arriv^e k un etat tr^s fibreux, comparable h celui des bois, une 
extension de plus diminue le volume ; en sorte que, sans pouvoir aller jusqu’h 
77 = 2*236, rien n’emp§cherait de porter rj jusqu’h 1 pour les bois tendres (p. 89). 

Saint-Yenant now seeks some correction of the amorphic formulae 
(i) which will give better results than this for yj.^^ when E^jE^^ is large. 


[309.] He first proceeds on pp. 89 — 95 to determine Neumann’s 
stretch-modulus quartic ; he obtains it in the form : 

F, F, ^—FT 


i 


i 


1 
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,Tf|f^2; KIMOV^tJ;^ ADJUSTER 
- COTTBR HNAND PIN. 
STEPPS. UNSCRgW AFR LINE CON- 
NECTION to-keaR of 
BRAKE CHAMBER AT 
SWIVEL CONNECTION. 
STEP 4. REMOVE MOUNTING NUTS 
AND WASHERS. 
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Figure i-i9. Fi ont wheel brake chamber, removal and replacement. 


c. Brake Shoe Removal Remove brake shoes 
as follows: 

(1) Jack up the axle of the wheel to be 
worked on and block the axle so that the wheel 
IS supported off the ground Be sure the ma- 
chine IS adequately blocked to prevent tipping 

(2) Refer to paragraph 4-85 and remove 
the wheel Remove the brake drum nuts shown 
in the illustration and remove the brake drum. 

(3) Refer to figure 4-53, remove the shoe 
return spring, remove the “C” washers from 
guide pins and anchor pins, and remove the 
brake shoes. 

d. Brake Shoe Installation 

(1) Refer to figure 4-53 and install brake 
shoes. 

(2) Refer to paragraph 4-85 and install 
the wheel. 


4-81. Dummy Couplings 

a General. Trailer dummy couplings ( 
54) are provided both at the front of the 
and at the rear. In addition, couplings 
cated between the rear of the carrier to 
a “jumper” connection between the earn 
the rear of the outrigger box. The dumn 
plings are used to connect the crane to i 
vehicle similarly equipped. The crane c 
another vehicle when the other vehich 
tachod to the rear pintle hook and wl 
dummy couplings are connected to the to 
hide. The crane can be towed by anot 
hide when the front pintle hook is mec 
ly connected to the other vehicle and the 
couplings are connected to the towing 
Figure 4—64 shows a check valve and an o 
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which shall satisfy those conditions. After some rather complex 
analysis the necessary and sufficient conditions are found to reduce to 

9 + 12 ~ ^81 + 144 

2 + 4 BJEoi 

12 + 9 - ^144 + 81 

where we suppose Ey, 

Saint-Yenant then gives actable of the limiting values of n and of 

= 1 ^= ^ various values of EJE^ from 1 to 

and also for oc . 

The values of rjsaa are now found to be possible, provided a suitable 
value of n be chosen. What shall this be % 


80 


[313.] The empirical formula for n 

\(n = l + l{EJE,-l) (V), 

is suggested on p. 104. On p. lOd Saint-Yenant tabulates the values of 
n and for the parameter EJEoi (= 1 to 80) when y has the numerical 
values 9 and 22 -22. These values for y are chosen because, for E^jE^ = 80, 
they give respectively 7723 , = about 2/3 and 1. The Table also contains 
the corresponding values of E^je (= Ejii with transverse isotropy). These 
values vary on the first supposition (y = 9) from 2 '5 to 78*2, and on the 
second (y = 22*22) from 2*5 to 52*67. The ratio Elfx can thus be very 
great, but for EJEg^ very great, this does not seem at all improbable, at 
least we have at present no experiments to contradict it. As for the 
value of y we need not confine it to 9 or 22*22, but in general we may 
take it from 7 or 8 to 30 (p. 108). Nous pensons qu^on ne courra gulre 
risque de se t/romper en /aisant y = 16 (p. 108). 

As Saint-Yenant observes there is a great need of new experiments 
to determine E^ and E^i (by flexure), fx (by torsion) and yj (= — by 
delicate measurements of the transverse dimensions of bars under trac- 
tion). 

[314.] In default of experiment we may finally adopt as formulae 
most probably sufficient for elastic problems concerning amorphic 
aeolotropic solids, such as stone, wood, and the metals employed in the 


construction of bridges and machines : 


~ d ^ 

= dCTyz 

yy=fsx'^ —Sy^ds^, 

6 


^ j 3de 

zz — eSj, + aSy H ^ § 3 , 

w 
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Figure 4-54, Dummy couplings, removal and replacement. 

Section XXI. MAINTENANCE OF CARRIER DRIVE TRAIN 


4-&2. General 

There are two differentials and four propeller 
;hafts m the carrier drive train which require or- 
ganizational maintenance as described m the 
follow ing paragraphs 

4-83. Propeller Shafts 

a General Refer to figure 4-55 for location 
of the propeller shafts. All four propeller shafts 
are identical in construction, except for length 
and termination (flange or lock-strap mounting) 

b Removal and Installation. Refer to figure 
4-55 and remove capscrews, lockw'ashers, and 
nuts to disconnect flange mountings To discon- 
nect lock strap connections, bend the lock straps 
away from the capscrews and remove capscrews, 
lock straps, and bearings. Install flange or lock 
strap mounted propeller shafts as shown in fig- 
ure 4-55. 


NOTF 

After capscrews .ind lock -trips hue Ueeii 
inoved, plaro drift to tin* (i*ntor of sjiu 

and tap vnih h.unmor to lt>ost ?i hoannj? (a})>s I 
movo iMMunprs and cap'^ from voko 

4-84. Front Axle Differential 

n General The front a\)p rliffpiential 
4-55) is a double-reduction unit which en 
a spiral bevel pinion geai and helical .spur j 
to control drive torque to the front axle 

6. Service Refer to the cut rent issue of 
3810-294-12 for lubrication instructions 

4-85. Rear Axle Differential 

a. General. The forward-X’ear axle ass 
(fig. ^55) is equipped with an interaxl 
ferential which divides drive torque betwe 
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[316.] This note is concerned with the applicability of Saint- 
nant’s torsion and flexure solutions to such cases as occur in 
ictice. The first four sections (pp. 174 — 7) reproduce arguments 
eady given in the memoir on Torsion or the Logons do Navier 
■ the approximate elastic equivalence of statically equipollent 
ids: see our Arts. 8, 9 and 170. The remaining sections 
5 17) seek arguments in favour of the legitimacy of the 

sumptions ^ ^ ^ 

S = Jif=^ = 0 (a), 

ken by Saint-Venant as the basis of his solutions. In other 
)rds, is it legitimate to assume that for all practical loadings 
ere is little or no mutual action parallel to the prismatic 
oss-seetion between adjacent longitudinal fibres? 

After referring to the labours of Poisson and Cauchy on the 
bject of rods (see our Arts. 466* and 618*) as involving arbitrary 
sumptions only true for rods of length great as compared with 
.e linear dimensions of the cross-section, Saint-Venant enquires 
hether the investigations of Kirchhoff give any better validity to 
le assumptions (a). He points out that Kirchhoff proves only 
le possibility, not the necessity of these questionable relations 
I. 181) : see my footnote, p. 266. 

[317]. Saint-Venant next turns to Boussinesq’s memoirs of 
371 and 1879: see later our discussion of that author’s researches. 
aint-Venant applies the method of those memoirs to the simple 
ise of a bar of homogeneous material with three planes of elastic 
unmetry. 

Instead of setting out from the assumptions (a) our author 
apposes the following conditions to hold, z being the direction of 
ae prismatic axis : 

dz‘ d^ d^ dz^ dz dz 

These are described as fort approcMes, quand olios no sont 
as rigoureuses. 

From the conditions (6) the conditions (a) are deduced by the 
■rinciple of elastic work. The proof holds only for rods, i.G. prisms 
he length of which is great as compared with the linear dimen- 
Lons of the cross-section; the cross-section may, however, be 
opposed to vary slightly, and the terminal load as well as the 
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(4) Using a suitable tool, starting at the 
ing split, force the ring into place around the 
Ige of the wheel rim. 


KOTE 


It is very important that all rust, corroelon, and 
accumulated dirt be removed from the ring and its 
seating surface on the wheel rim. 

(6) With the ring installed, turn tite tire 
over so that the ring side is facing the ground. 
Using an air hose from the side opposite the 
ring, inflate the tire. 


WARNING 

Always inflate the tire from the ride 
opposite the ring. If the ring is impro- 
perly installed, air pressure may cause 
it to fly off the wheel and serious in- 
jury to personnel may result 


(6) Install the wheel-tire on the vehicle. 


4-88. Shock Absorbers 

o. Removal. Refer to figure 4r-57 and rmnove 
the shock absorbers. 

b. Installation. Refer to figure 4-57 and in- 
|||^stall the shock absorbers. 



Figure 4-57. Shook absorbere, removal and replacemmt. 

Section XXill. MAINTENANCE OF PNEUMATIC COMPRESS<» 


4-89. General 

The air compressor is lubricated by oil from the 
engine system and cooled by water from the en- 
gine system. Therefore, lubrication and cooling 
depend upon proper lubrication and cooling for 
the engine Intake aar is taken from the clean 
air side of the engine air cleaner. 

4-90. Compressor Assembly 

a. Adjustment. The governor should be ad- 
justed so that it starts compressing air when 
pressure drops to 106 psi and stops compressing 
air when pressure re^es 126 psi. To adjust, 
proceed as follows: 

(1) Start the engine and build up air pres- 
sure in the air brake system. Check the gage 
pressure at the cab air pressure gage at Ihe time 


ihe governor cuts off compression. Pressure 
should be 125 psi. 

(2) With the engine still running, make a 
series of brake applications to reduce reservoir 
air pressure. Note the pressure at which the 
governor starts the compressor. This pressure 
should be 105 psi. Before adjusting, it is recom- 
mended that the gage board pressure gage be 
checked with an accurate independent gage, if 
one is available. 

(3) Remove the governor cover (fig. 4-68). 

(4) Refer to figure 4-59 and loosen the ad- 
justing screw locknut. With a screwdriver, turn 
the adjusting screw counterclockwise (viewed 
from aWe) to raise ihe pressure settings. Turn 
the screw clockwise to lower the pressure set- 
tings. Both ttie starting and stopping pressure 
settings will change by an approximately equal 
amount. 


4-59 
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can at best only apply to rods and not tbe prisms of Saint-Venant’s 
problems. It may, however, still be the method 

la meilleure et la plus complete qui en ait 6t§ theoriquement donn^e 
(p. 190). 

Perhaps on the whole the appeal to experiment referred to in 
our Arts. 8 — 10 is more satisfactory. 


[819.] In a note pp. 195 — 7 Saint-Venant proves for the case 
of flexure the results 



where is an axis in direction of the prismatic axis, and a;, y are 
any rectangular axes in the cross-section of which d(o is an element 
of area. These formulae express analytically : 

ce th^or^me connu et tr^s utile, que Veffort trcmchant, pour une 
section quelconque, ou la force tangentielle totale dans une direction 
transversale aussi quelconque^ est egale k la d6rivee, par rapport ^ la 
coordonnee longitudinale, du moment de flexion autour d’une droite 
trac^e sur la section perpendiculairement k oette direction (p. 197). 

See pp. 389 — 9 etc. of the Logons de Navier. 

[320.] The following Note, pp. 210—20, reproduces only 
portions of the great or the subsidiary memoirs on Torsion : see 
our Arts. 1, 285 and 291 ; and the Note, pp. 240 — 2, some results 
from Chapter XI. of the Torsion : see our Art. 49. 

The Note finale du § 37 (pp. 252—82) corrects Clebsch's 
erroneous assumption of a stress-limit by the proper stretch- 
conditions. Its contents are extracted from the memoir on Torsion 
and the Logons de Navier : see our Arts. 5, (b) — (/), and 180. 

[321.] We may refer to one or two points in this last Note : 

(a) Saint Wenant takes two simple cases for an isotropic material 
and compares the stress and stretch-conditions for safe loading. First 
take the case when only the stresses have values difieriiig from 

zero, we easily find from the equation of our Art. 53, Case (i), that we 
must have ^ ' 

^0 = or > (1 — 7}) xxl2 -I- (1 + ry) V 4 + 
while Olehsch obtains from the stress condition 

^0 = or > Xx/2 + JxPji: + + ^ 2 ^ 
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Check all water, air, and oil lines to be sure 
there are no leaks. Refer to paragraph 4-49 and 
adjust the alteniator belt tension since the alter- 
nator belt also drives the compressor. 


4-97. Alcohol Evaporator Strainer 

Refer to paragraph 4-77c for removal and re- 
placement of the alcohol evaporator strainer. 


Section XXIV. MAINTENANCE OF FRAME COMPONENTS 


4-92. Boom Rest 

а. Removal. Refer to figure 4-60 and remove 
the boom rest. 

б. Replacement. Position boom rest as shown 
in figure 4-60 and install lockwashers and cap- 
screws. 

4-93. Pintle Hook 

а. General. The pintle hook (23, fig. 4-61) 
is mounted on the rear outrigger box. 

б. Removal Remove the cotter pin (11) and 
nut (12) and remove the juntle hook (23) from 
the rear outrigger box. 

c. Repair. Replace the hinge pin and chain if 
broken or damaged. 


d. Replacement. Install the pintle hook in the 
rear outrigger and secure with nut (12) and cot- 
ter pin (11). 

4-94. Outriggers 

a. Replacement. Refer to figure 4-62 and re- 
move and replace the outriggers. 

b. Repair. Refer to figure 4-61 and remove 
any rust or corrosion from the outrigger beams 
and boxes and paint in accordance with TM 9- 
213. Replace any damaged or bound outrigger 
beam roller or jack screws and damaged outrig- 
ger box pins, eye pins, or capscrews. Report any 
broken or cracked welds to direct support main 
tenance. 




AND LOCKWASHERS (3) 


SUPPORT 
BOOM REST 



0 

ME 3810-294-20 -'4-60 
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Figure i-60. Boom reat inatdlled. 
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the and of immediate rupture. A constant ratio between 

and is usually assumed : 

rapport qu’on prend gdn^ralement d’un dixi^me en France, d’apr^s Texem- 
ple des colonnes d’une ancienne dglise d^ Angers, mais q^ue des ing^nieurs 

anglais portent k nn sixi^me (p. 271). 

(c) We may note that Saint-Tenant on pp. 274 — 5 in repeating 
case 3° of Art. 122 of the Torsion: see our Art. 53, Oase (in), now- 
replaces the Syjsy and of the notation of that article by their mean^ 
so that he appears to have been dissatisfied with the value adopted in 
the memoir. He does not, however, work out the value of 072 of our 
Art. 53, Case (ii) (=171 of his notation). 

(d) A very good example of Saint-Tenant's fail-point method 
is given on pp. 279 — 82 (§ 17). It brings out well the influence which 
want of isotropy and slide have on the condition for safety. 

Let us take the case of a beam of length Z, of cross-section co, and of 
transverse elastic isotropy denoted by fx and 77. Suppose it built-in 
at one end and loaded with F at the other, or of length 2Z with a 
load 2P in the centre. Then if /c be the swing-radius of the section 
about the neutral axis and h the distance from that axis of the farthest 
‘fibre', we see that the fail-point will be at the built-in section which 
remains plane. Here the maximum stretch and the uniform slide are 
given by : 

s = Plhj o* = 

Whence the condition of our Art. 53, (i), becomes with slightly 
modified notation : 




^2 (1 + 17 ) fi. 


•j 


since Sq^x = ^T^jE by our Art. 5, (d). 

In the case of the rectangular cross section 5 x c, with c parallel to the 
load-plane, we have /c^ = cY12, <ji = hc, A = c/2 and the condition becomes : 


or. 


^ 6PZ f 1 - 77 


Po= or > 


6PZ 

hc^ 



if the second term under the radical is, as usual, small. 

^ Saint-Tenant now introduces the following suggestive table deter- 
mined^ by the method of our Arts. 312-4, being the direction of 
the prismatic axis : 
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We find at once : 

Sx = -«Ip, Sj,=o, «*=7p 


(ii). 


Substitute in the formulae of Art. 117, (a) and (6), and "vre have : 






Here the quantity 2f + /' — corresponds for the case of plates to the 

stretch-modulus in the simple flexure of a bar. We shall denote it by 

where in the case of isotropy, E = . 


We easily see that (iii) satisfy the body-stress equations. 
The load reduces to 

_ Ez 

xx 

9 


over the sides perpendicular to cc, and we can see that this gives a 
couple round the axis of y for each element of the side = ifyS2/, 
where 


j'^‘Sx.zdz=-2E^/iSp). 


We can cut away a portion of the plate by planes perpendicular to the 
axis of 2 / if we impose a load at each point of the new sides given by 

^ - (E-2/) z/p. 


Obviously 1/p must be very small, and the plate then takes a 
cylindrical curvature of radius p. 


[324.] Case of two combined cylindrical flexures. In § 3 Saint- 
Venant first combines two solutions such as that of our Art. 323, the 
value of p being the same for both. He transfers to cylindrical coordi- 
nates r, (j{), and thus obtains with the notation of our p. 79 the results : 


w = - rzjp^ v = 0, w= (^j2 ! 9 

^ = 0, '5t=^ = — 2 [H —f) zjp 


(iv). 


This is the case of spherical curvature. The proper distribution of 
side load must be obtained by compounding rr and J?, the shears bcdiig 
all zero. The corresponding total couples are 




^11--/ 
3 p 


(V). 
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STEP 1. 
STEP 2. 
STEP 3, 


UNDER CARRIER ^ ^ OUTRIGGER BOX PINS. REMOVE OUTRIGGER FROM 

^MT;IlfL^r«^!fo¥R%r?l'N?^Tp^NrA5^'s^^ 





OUTRIGGER 
BOX PINS {2) 
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Figure 4~6S. Outrigger, removal and replacement (sheet S of t). 


Section XXV MAINTENANCE OF FIRE EXTINGUISHER AND TOOL BOX 


4-95. Fire Extinguisher 

Replace fire extinguishers which have been 
used, the seals of which have been broken, or 
which have lost weight of 1/4 pound or more, 
with a like serviceable item. 

4-96. Tool Box 

o. Removal Refer to figuie 4-G3 and re- 
move the tool box. 

b Replarement Replace the tool box as shown 
in figure 4-63. 


I 





fOOLBOX 






CAPSCREWS (4) 
WASHER (4) 
lOCKWASHER (4) 
AND NUT (4) 


STEP 1. 
STEP 7 , 


REMOVE NUTS AND 
tOCKWASHERS. 
REMOVE TOOL SOX. 
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Figure iSS^ Tool boa; installation. 
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Hence we find for the stresses ; 

»=J*=*3/=0, ^ 



/ 


_ E-%fZFz, 

yy^ 2— ^(«-*) 


The deflection of the central plane is given by the cubical parabola 


_ Pa® /3 cc® 1 

a‘~2ay 


(viii). 


This agrees with the case of a rod of length 2a and depth 2e, terminally 
supported and loaded with 2P at the centre if the plate-modulus IT be 
replaced by the stretch-modulus M 


[327. J We can out out a definite portion of the plate by planes 
perpendicular to y, if we impose the tractive loads given by yy of 
equations (vii). 

Suppose we try to combine two sets of solutions such as (vi) of the 
previous Article, giving the plate now a flexure parallel to Then we 
find, if Q corresponding to P, and b to a, from (viii) : 

_ 3 /'Pa£t3® 4 - Qb^^ Pcc® + 

2 6 

Hence although we combine this with a solution of the form given 
in Art. 325, we can make only the square not the cubic terms in x and 
y vanish. In other words for cc= sfca, together with y= any value from 
6 to — 6, and for 2/ == ± 6, together with x = any value from a to - a, we 
cannot make - 0. Thus the contour of the mid-plane of the rectangu- 
lar plate cannot be treated fixed. 

Le probl^me de la flexion de la plaque rectangulaire posde de niveau tout 
peut probablement recevoir que des solutions approximatives.... 

[328.] Problem of the thick circular plate. This can be solved 
accurately for flexure whatever the thickness, if the plate be sym- 
metrically loaded in all directions round its axis of figure by forces 
applied to its cylindrical boundaiy. J ust as in the case of torsion or 
flexure, these forces will be supposed distributed in a definite manner, 
but the resultant shearing force and couple about the tangent to the 
contour of the mid plane will be arbitrary. In practical applications 
we must appeal to the principle of the elastic equivalence of statically 
equipollent load-systems : see our Art. 8. We shall suppose that there 
is no tendency to extension in the plate and that it is bounded by two 
coaxial cylinders of radii r^ and r^ > r^. 

We shall find that the magnitude of the central shift can be 
determined for any load whatever, not necessarily symmetrical. 
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Integrating "we find, if be an arbitrary constant : 

1 ^ ^ 0 log = _ 1 


Integrating again we have : 


2 ? , , . , ^ Bz T% d}(z) 

( = j {2r log (r/r,) - r} + — - j + — ^ 


.log(r/r,)- jI+xW 


Here B is another arbitrary constant and Xi arbitrary functions of 
r and z respectively. 

3Pr 

Now we have fz = e(Ug + w^) = i substituting for u and 

w from (vi) we find the following relation between x 4^ ‘ 

2r- r r B r dx \ d' ^ 2 . d<l>\ 

U c I e ^ ' dz) 


i r. 


dr 


Saint-Yenant remarks that we can satisfy this relation in several 
ways (p. 350), but the proper method seems to me to equate either side 
multiplied by r to the same constant. He takes this constant to he zero. 
If this constant be retained, however, it only alters the value of the 
constant B in the expressions for the shifts we are about to give, and so 
may be neglected. We ought to add a constant C to the value of 
(r) ; but this leads to a term in = C'jr, or in w which, not 

containing an odd power of is, would prevent us from fulfilling the 
condition 

r +e_ 

I 7rdz = (^ for r = r,. 


Substituting the values obtained by integration for and x (vi), 
we have : 


rz 1 T r ^d! ^ 2^/ z\] Bz 

^ = + _| 2 r.log - + - ^^-1. - 3^1 + - 


■C -Blog 


...(vii). 


The values of 7? and may then be easily deduced. Saint-Yenant 
givas expressions for them on pp. 351 — 2, By putting r = r^, we 
obtain : 


^n=- 3 


4.iH-f 4€^/-g/ 


•are ^ JJ 


■where y' is given by : 


bU\o e. 


and may be neglected when e/r^ is small. 
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APPENDIX B 

MAINTENANCE ALLOCATION CHART 


Section I. INTRODUCTION 

P — Direct support maintenance 
H — General support maintenance 
D — Depot maintenance 


B-1 . General 

a. This section provides a general explanation 
of all maintenance and repair functions author- 
ized at 'Various maintenance levels. 

b. Section II designates overall responsibility 
for the performance of maintenance functions on 
the identified end item or component and the 
work measurement time required to perform the 
functions by the designated maintenance level. 
The implementation of the maintenance func- 
tions ufKin the end item or component will be 
consistent with the assigned maintenance func- 
tions. 

c. Section III lists the special tools and test 
equipment required for each maintenance func- 
tion as referenced from Section II. 

d. Section IV contains supplemental instruc- 
tions or explanatory notes for a particular main- 
tenance function 

B-2. Explanation of Columns in Section II 

a. Column (1), Group Number A number is 
assigned to each group in a top down break- 
down set|uence The applicable groups are listed 
on the MAC in disa.ssemblv sequence beginning 
with the fir.st gioup removed. 

b Column (2), AHHemhlu Gioup This col- 
umn contains a iciief desciiption of the compo- 
nents ot each mimeiical gioup 
( Column ,1 Miiintenanre Funrt'ons This col- 
umn lusts the various maintenance functions {A 
through K). The lowest maintenance level auth- 
orized to perform these functions is indicated by 
a symbol in the appropriate column. Work meas- 
urement time standards (the active repair time 
required to perform the maintenance function) 
are shown directly below the symbol identifying 
the maintenance level. The symbol designations 
jjk for the various maintenance levels are as fol- 

C — Operator or crew 
0 — Organizational maintenance 


The maintenance functions are drfined as fol- 
lows: 

A. Inspect: To determine serviceability erf an 
item by comparing its physical, mechanical, 
electrical characteristics with established stand- 
ards through examination. 

B. Test: To verify serviceability and detect in- 
cipient failure by measuring tiie mechanical or 
electrical characteristics of an item and compar- 
ing tiiose characteristics with prescribed stand- 
ards. 

C. Service: Operations required periodically 
to keep an item in proper operating condition, 
i.e., to clean, to preserve, to drain, to paint, or 
to replenish fuel, lubricants, hydraulic fluids, or 
compressed air supplies. 

D. Adjust: To maintain within prescribed 
limits, by bringing into proper or exact position, 
or by setting the operating characteristics to spe- 
cified parameters. 

E. Aline: To adjust specified variable ele- 
ments of an item to bring about optimum or de- 
sired performance. 

F Calibrate: To determine and cause 
corrections to be made or to be adjusted on in- 
struments or test measuring and diagnostic 
equipments used in precision measurement. Con- 
.sists of comparisons of two instruments, one of 
which is a certified standard of known accu- 
racy, to detect and adjust any discrepancy in the 
accuracy of the instrument being compared. 

G. Install- The act of emplacing, seating, or 
fixing into position an item, part, or module 
(component or assembly) in a manner to allow 
the proper function of an equipment or system. 

H. Replace: The act of substituting a serivee- 
able like type part, subassembly, or module 
(component or assembly) for an unserviceable 
counterpart. 

I. Repair: The application of maintenance 

B-1 
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with (§ 14). The plate may now be dealt with as consisting of an ‘inner 
disc^ and ‘outer annulus.' Then evidently dwQjdr^O when r=0 because 
the tangent plane to the mid-section at = 0, r « 0, must be horizontal ; 
farther round the ring T = rQ the shearing stress must vanish for the 
inner disc which can thus only be acted upon by couples and will take 
a spherical curvature (1/po) in our Art. 324. Thus for the inner disc 




rz 

Po 






if,=- 


4 €» E-f 
3 Po ’ 


and for the conditions at ^ = ro 


Wo=Oj 


dw^ _ ^ 
d/r '' pq' 




3 Po 


Three equations to determine the three constants po, B and (7 (p is 
known from of the problem are then obtainable by putting r = ro 
in the equations (ad) which hold for the outer annulus. Saint-Yenant 
finds: 


^ 1 ’ 2p 11° V 2/ JET-/ 2 \ r,V 


... (xiii), 


whence the values of u, and for r > ro<rj, can be at once found. 


The solutions obtained by Saint-Yenant in this first case are, 
as he himself observes, hardly satisfactory except for the case of a 
very thin plate. What he does is to make the vertical shifts of 
the mid-plane zero for the disc and the annulus when r = ; then 

the slopes of the tangent planes for both are equated, and finally 
the total couples along the same circle r^r^. In the solutions he 
gives for the shifts the u and w iov the annulus are not equal to 
the u and w for the disc when except for the mid-plane. 

In particular u when r = is a function of z only for the disc, but 
of z^ as well for the annulus. In other words we have theoretical 
separation of the material at r^r^. Thus the solutions are at 
best only approximate, and cannot be considered to hold at all in 
the neighbourhood of the rim itself. But shall we assume they 
hold accurately at points not in the neighbourhood of this rim ? 
If the stresses acting at this rim were really confined to a line, 
they would certainly produce permanent alterations in the 
material; are we then justified in assuming that equating the 
vertical shifts and the tangent plane slopes (w and dwjdr) for 
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tlie solutions of (c) are applicable to the case of a plate either fixed or 
built-in at its contour and loaded with Q uniformly distributed round 
the ling r = 7 *q, The deflections obtained by Saint- Venant are (p. 362) : 


(i) Mid-plane contour simply supported or fixed 


^""327rif^ 




(ii) Oylindrical face built-in 

" “ 32,rire» W V “ ■ 

For the reasons given in my Art. 331, I am doubtful as to the 
validity of these results except in the case when we may neglect y*. 


[335.] (e) In § 19, p. 362, Saint- Yenant explains how we may 
treat the problem of a thick circiilar plate subjected to any symmetrical 
load continuous or discontinuous on a plane face. We have in the 
case of a continuous load to substitute (ji (tq) 2Trr^dr^ for Q in the 
equations of (d) and integrate between the limits 0 and to find the 
total deflection. If we integrate from 0 to we shall obtain the 
deflection of the centre below any ring and so the form of the surface 
taken by the mid-plane. Saint- Yenant seems to think this process 
more rigorous than that for thin plates dependent on Lagrange’s 
equation and used by Poisson: see our Arts. 284*, 496* — 504*. But 
I cannot get over the difficulty suggested in my Art. 331, The results 
are not true for the ring in consideration unless y® may be neglected, 
but Saint-Yenant practically divides his whole plate up into such 
rings, when thus integrating. It appears to me possible that he may 
thus be really introducing an important sum of small errors. 

In § 21, p. 365, he treats by this method the case of a thick plate 
uniformly loaded and finds from the results in (d ) : 


8 = 


30r,2 /3^-/ 

128^E^ \E-f 



8 ' = 


1287r^€5 


(i + V)> 


where Q is the total load. 

These results, first given by Boussinesq, agree in the case of uni-con- 
stant isotropy and neglect of y® with those of Poisson : see our Art. 502*. 


[336.] (/) This case is the most general possible and is thus 

stated by Saint-Yenant : 

Mais, lorsqu’on se propose d avoir seulement la fihclie centrale^ sans chercher 
la forme que prend la plaque en ses divers points, une remarque bien simple 
montre que les expressions en et suffisent au calcul de cette fibche pour 
toutes les distributions possibles, m6me non symdtriques, m6me discontinues 
et irrdguli^res, des charges que supporte la plaque soutenue en haut (p. 363). 
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Memoir of 1882 on the same subject, will be found on pp. 
881 — 8 {OompUment d la Note jmale du § 46). As these con- 
tributions are not due to Saint-Venant we postpone the discussion 
of their contents until we are dealing with the special researches 
of Boussinesq and Cerruti. 

[339.] The next important addition of Saint-Yenant is the 
Note finale du § 60. It is entitled : Thiorie de Vimpulsion longi- 
tudinale dJune harre ilastique par un corps massif qui vient heurter 
une de ses deuco eodr^mitds ; et de la resistance de la mati^re de la harre 
d un pareil choc ; it occupies pp. 480 a — 480 gg. The numerical 
results of this note together with their graphical representation will 
be considered in our account of the Memoir of 1883 : see our 
Arts. 401 — 7. 


[340.] The first seven sections (pp. 480 a — 480 k) give an 
account of the various tentative stages in the history of the 
theory. We have first two theorems of Young, which as first 
approximations may be cited. Let the bar be of weight P, 
density p, section co, length I and stretch-modulus P; let Q be 
the weight and V the velocity of the body which strikes it at the 
free end, the other end being fixed. 

Then if be the total shift of the free end, g gravitational 
acceleration, and we suppose the stretch uniformly distributed, we 
have from the principle of work : 


(i) Bo/r horizontal : 

QV^ Ql . . 

^ g '~2 statical shift, 

Jujg. 


(ii) Bc(/r vertical : 




vA 




Let ujl^TJS the, greatest safe stretch within the elastic limit, 
then in Case (i) : 


(^y_QV’‘ 

2 U/ ~ 2g ■ 

gyi 

necessary to destroy the efSciency of the bar, 
or its resilience. Hence the resilience of a bar varies as its volume <i>l, 
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[342.] The next insertion of Saint-Venant is the Note finale 
du § 61. It occupies no less than 138 pages (pp. 490 — 627) and 
contains the complete theory of the transverse impulse of bars, 
including results of Saint- Venant’s not hitherto published: see our 
Arts. 104-5, 200-1, and Notice ii. p. 20, 2®. The Note is entitled : 
Be VIrwpulsion transversale des barres dlastiques, et de leur vibration 
aveo le corps qui les aura mises en mouveraent. Ditermination de 
Imr fleodon ainsi que des conditions de leur resistance vive ou 
dyncmique. 

[343.] The first 51 sections (pp. 490 — 597) are devoted to 
the analytical and numerical solution of various problems of bars 
vibrating transversely with a load attached : 

ces pieces sont supposles vibrer non pas seules comme le supposent 
les solutions donn^es par Clebsch, mais tmies a/oec le corps Stranger dont 
rimpulsion, ou brusque, ou gradule, les a fait sortir de leur 6tat 
d’^quilibre ; car c’est pendant cette union, ne durllt-elle que le temps 
d’une demi-p6riode oscillatoire, que les d6placements relatifs des parties 
de ces pieces atteignent leur maximum et qu’elles courent le plus grand 
danger de rupture ou d’6nervation dont les calouls de resistance ont 
pour objet de les sauver (p. 490). 

Saint-Venant’s method is simply to solve in ‘normal’ functions 
or coordinates the equation : 



where u is the transverse shift of the point in the axis at distance 
2 ; from one end of the bar, p/g is the mass per unit length of the 
bar and of any permanent load at the same point, g the body 
acceleration (usually only gravity) on the same length, and Ecok^ 
with our usual notation the rigidity, which may vary from point 
to point. The bar is supposed to be loaded and to receive dis- 
placement in a plane which passes through a principal axis of 
each cross-section. The terminal and initial conditions determine 
the constants of the normal functions while the conditions at the 
impelled point select the normal functions required and determine 
the notes. 

[344.] The process of solution and the calculation of the 
dynamical deflection are generally long, even if we keep only one 
term of the series, but : 

cette expression simple de la fleche dynamique peut, comme je Tai 
reconnu dans une multitude d’exemples, etre ideiitiquement obtenue 
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(iv) 


At the join of two bars ; 




du 

dz 





d^ 

dz^ * 


(v) At the join of two bars where there is a weight of mass Qjg 
we must have : 

together with the relations (iv) : see Saint-Yenant’s pp. 494-5. 


[346.] Let us apply these results to the simple case of a prismatic 
bar supported terminally and struck by a weight Q with velocity Y at 
its mid-point. Let the length of the bar b^e 21, its weight F, and 
7^=^Fl^J{2gF(iii^). We shall suppose the bar so placed that the impact 
is horizontal, or g may be put zero. Equation (i) of Art. 343, thus 
becomes : 




(i). 

together with the conditions : 


^ = 0. ^ when z = 0 

' dz^ 

(ii), 

, d^u FP d?u , 

Sf S-O.'!"””* 

(iii)- 

lake as a particular integral : 


sm — +^^cos — 1 . 


We find = 


The solution of this equation takes the well-known form first given 
by Euler, (see our Art. 52*) : 


« ^ . mz ^ mz ^ , mz ^ , 

— -I- (7j cos -^ + Cg sinh -y + C's cosh 


mz 

T' 


To satisfy (ii) and the second of (iii) we must take 


G, = C, = 0, G, = -0 


cos m 


cosh m ‘ 

Further w = 0 when ^ = 0, therefore we have finally u of the form 

mH 


where 


u ~ ^2 A^Z,p^ sin ^ 

^ _ sin {mzjl) ^mh.(mzjl) 
^ cos m cosh 


.(iv), 
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On evaluating ttis expression ve find 



m, (sec% - seoh^i) + 


(vi). 


Equations (vi) of this Article with (iv) and (v) of Art. 346 give the 
complete solution. 

Is now this choice of initial velocities a proper one? Saint-Yenant 
has defended it in the Gomptes rendus^ T. lxi. 1865, p. 43, against an 
objection raised to it. He says that if a small portion of the bar receive 
an initial velocity, will be nearly constant for this portion ; accord- 
ingly equation (v) of the preceding .^ticle gives us for the numerator of 
the expression where is zero except over this 

small portion, where it has a value sHghtly less than V, But he 
remarks that the momentum possessed by this small portion and the 

weight Q ought to be exactly or - V. 


[349.] We will now indicate the various problems which are 
dealt with analytically by Saint-Yenant. 

(a) In §§ 7-14 he treats as a general problem the cases when the 
bar is not prismatic (ie. the rigidity varies), when its ends are 
fixed in different fashions, when there are various bars or when one 
bar with a varying load forms the complete system. He shews that 
supposing the functions can be found which satisfy the equation : 






then the integral / ZJZ^d^i = 0, 


where q represents the total weight of the system and the integration 
extends from one end to the other of the system j m and m' are two 
unequal roots of the characteristic equation in m which arises from 
the terminal and load conditions (p. 506). 

The coefficients of the time function A^ m“^ sin mH + cos mH 
will be determined by equations similar to (v) of our Art. 347 ; A^^ 
depending only on the initial velocities, only on the initial dis- 
placements (p. 507). 

The value of the denominator of these coefficients, i.e. can be 

obtained by the differentiation with regard to m of a certain function 
of Z^ and its fiuxions with regard to ^ (p. 508). Compare Lord 
Rayleigh’s Theory of Sound, Yol. i., pp. 209-10. 


[350.] (b) The next special example given by Saint-Yenant is 
that of a doubly built-in beam struck at the mid-point. He finds ; 
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In both cases 

^ obviously ZJa) = Z" Jfi)), 

dm tn‘Q 

and the characteristic equation is : 

2j> 

See pp. 514 — 

The results given in our Arts. 349 — 352 correspond with the 
mtroduction of vihratory terms to the solutions obtained by Oox’s 
method in Art. and pp. 894 — 895, c (i), c (ii) and (5) respec- 

tively of our first volume. I have gone through Saint- Yenant^s 
analysis but not worked out independently his results. 

[353.] We have next several cases in which the bar would not be 
immoveable if it were rigid, i.e, the bar is free or pivoted. Here the 
solution will have an algebraic part as well as a transcendental. This 
part can sometimes be obtained by retaining the root m = 0, which has 
been divided out of the cha/iracteristic equation ; but as a rule it is better 
to treat it separately as arising from the kinetic conditions of the 
problem and determine it by general dynamical principles such as 
the principle of momentum. I will briefly indicate Saint- Yenant's 
treatment in the following example : 

(e). A prismatic bar is struck transversely at its two terminals by 
bodies of weight q and Q moving with velocities v and Y respectively. 
The length of the bar is I and its weight P ; the origin is taken at the 
end at which q strikes the bar. As before let us take 


q + F Q = 

5 = as in Case (c) Art. 351. 

gEiOK^ ’ ' 


We have then : 

+ 

m 

II 

O 


For the free ends, 

^ = 0, when or 1 

dur 


de 

df 

FP /d^u\ ^ 

when* = 0 

PP/cPu\ - . , 

..(iii); 


= 0, for ^ = 0 ^ dujdt - v when z = 0, =V when z = lj and equal zero for 
all other values of z at the epoch t-0, 

1 Saint-Venant has a for our Z, h for our a and \ for our 6, El for our Ewk*-*, with 
other slight differences. I have altered his notation to agree with that of our first 
volume. 
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By straightforward integration we can shew that both these 
expressions = — x {the function of m to the left of equation (viii)}, 
and therefore both = 0. 


We have thus + G' jj = or, the algelrcdc pa/rt has no 

influence on the determination of the value of which accordingly 
equals : 


qvZ^{(i) + Q7Z^{T) 

(0) + QZ^m (^ + 7 / 


as before. Saint- Yenant gives on p. 525 the lengthy expressions for 
the numerator and denominator of this quantity. Equation (vii) gives 

us easily the numerator and all but the expression J in the 

value of the denominator. The value of this integral I find to be : 


{— (sin 771 cosh m - cos77isinhm)(l - cos tti cosh tti) -i-(sinh77i- sin m)^| 


+2P^{6 sin 771 sinh77i(l -cos 771 cosh 77i) +771 (cosh m - cos m) (sinh 771 - sin 771 )} 
+ { 2771^ (sinh% - sin^/Ti) + Gtti sin tti sinh m (sin m cosh tti — sinh tti cos tti) } . 

There is one point, however, which we must notice, namely, that 
equations (iv) and (v) have only been proved for the algebraic portions 
of the solution, but they must hold generally. Substituting the full 
value of w, we find that these equations will still be satisfied, if : 

q%AZ„{Q) + Q%AZ^{V) + 'S, J^AZ^jdz = 0, 


^lSAZ„(r) + :sl^AZ^~dii> = 0. 


But these equations are satisfied for each of the sum by reason of 
equations (ix). 

I do not think this point is explicitly brought out by Saint- 
Yenant, although in a long footnote pp. 521 — 4, he proves a more 
general proposition, namely : 


On pent done, dans les probl^mes de mouvement des barres ou tiges 
^lastiques fibres ou pivotantes autour de points ou d’axes fixes, dtablir 84par4- 
ment la partie algdbrique ou de solidification, et la partie transcendante ou 
vibratoire, de leur mouvement. Et mtoe on pent g^neSralement, ce qui est 
encore mieux, ne s’occuper que de celle-ci, qui seule int^resse le probl6me de 
la resistance de la mati^re, sans craindre que la non-prise en consideration de 
celle-lk soit une cause derreicr (p. 524). 


That is, the principles of kinetics will hold for the algebraic and 
transcendental parts of the solution separately as we have seen in the 
above example. 
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We have to solve the equation 




subject to tlie terminal conditions : 


u = 0, -^ = 0whenz = 0; — = 0when« = ^ (ii), 




.^cPu \ PP d?u 


when %=^l (iii). 


Saint-Yenant takes ^ = ^6^ + 27 where is independent of the time 
and chosen so that the gravitational terms disappear from equations (i) 
and (iii) i.e. : 

+ = -g^{Q+Q') = Pl^^,^\er.z = l. 


Thus we have 




and integrating having regard to equations (ii), we find 


\ I 


4 ; + ; 


(Q + Q')I^ (Sz 1/z' 


/£ 2! _ 1 /»' 
[2 1 2 \l, 


The equations for U can now he easily solved, we deduce : 




' T . . mH „ mH\ 

a^rnSin -- +^„,cos — ) 
^mr T T / 


where = 


. mz . . mz 
sin -j- sinh -j- 

oos m cosh m ’ 


and the characteristic equation is: 

m (tan m - tanh m) - 2Pj{Q + Q’) (v). 

In order to determine and we have, if ^ (z) and xj/ {z) be 
respectively the initial shift and velocity corresponding to 27, 

Now, 27g^o = the initial value oiu — u^y 
^«=o = ‘the initial value oi 

Further the initial value of u is the deflection due to the bar’s 
own weight P and the load Q' attached. 

Hencewehave: - J 0)]. 

Further = 0, or 27 = F for the weight Q, whose abscissa is I, 
but for all other points Ut^Q = 0. 
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I will indicate the method adopted by Saint-Venant. He 
supposes the arms of the beam each equal Z, and that the forces 
applied to each extremity may be represented by a periodic term 
of the form 2Q cos ilt which practically acts perpendicular to the 
beam. He justifies this assumption in the following manner : 


Quant k la forme k assignor aux expressions des efforts verticaux q et q^ 
exerc^s par les bieHes, observons que si, du c6t^ gauche, Ton appelle-§i 
Teffort op^rateur qu’exerce, tangentiellement k sa circonference, une roue 
mont^e sur Tarbre du volant, et d’un rayon 6gal k la longueur de la manivelle, 
effort qui est rendu sensiblement constant lorsque le volant a un moment 
d’inertie de grandeur suffisante, et si n est la vitesse angulaire de la manivelle, 
on doit prendre, le temps t ^tant suppose compt^ k partir de I’instant oh 
celle-ci est horizontale, 

cos Qt. 


En effet q^ devra avoir son maximum ndgatif pour Tangle Qt=0, son 
maximum positif pour Qt =7r: il devra ^tre nul aux points morts, oh =7r/2 
et Stt/S ; enfin comme I’espace parcouru mrticalement par le bouton de la 
manivelle pendant le temps dt est Qr^ dt cos Qt^ le travail de la force q-^ pendant 

le parcours d’une demi-circonference est q^ cos Qt d (Qt) \ int^grale 

qui, si Ton y fait 2 'i= - cos Qt est justement dgale k-Q^ Trr^, c’est-k-dire au 
travail de la force tangentielle constante - en sorte que Texpression pos^e 
pour est bien ce qffil faut pour que cette force verticale entretienne le 
mouvement du m^canisme en fournissant, k la fin de chaque periods, le travail 
opdrateur qui a 4t6 d^pens6 pendant sa dur4e (p. 549). 


If we accept these values for the forces acting on the beam we can 
easily state the analytical conditions of the problem. 

For the right arm: r® d^ujdf + IH^ujdz^ = 0, 
with d^ujdz^ = 0 and d^ufdz^ + q = 0, when z~lj 

For the left arm : T^(PuJdt^ + l^dhoJdz^^-0, ] 

with dhojdz^^ ^ 0 and d^u^jdz^ + = 0, when = Zj * ' * ’ 

When = 2 ;i = 0, we must have = = 0| 

dujdz = - dujdz^ and d^ujd^^d^ujdz^^] 

The initial conditions will be of the following kind : 

When t = 0f u = <l>(z)j duldt-\\f{z\ = duJdt = ij/^{z^)...(iY). 

We put also : q = 2Q cos Q^, = 2^^ cos 12^, 

Q = n^jr where = Fl^l(2gEoiK^), 


Now Saint- Yenant takes u = v-\-U', + and chooses v and 

so that q and q^ shall disappear from the equations (i) and (ii), and shall 
separately satisfy all the conditions but (iv). Substituting u and u in 
the equations (i) to (hi) we find they remain the same with the su])pros- 
sion of q and that is : d^Ujd^ and d^UJdz'^ vanish for ;s; -- I and = I 
respectively. ^ 
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whether it has been previously noticed, or how far the dimensions 
of the beams of ordinary beam-engines ensure its fulfilment. 
We can throw it into a simpler form. Let /= the deflLection of 
either extremity of the beam subject only to its own weight, then 

[360.] Saint- Venant does not draw any numerical conclusions 
from his results, which seem to me to suggest several points of 
importance, but only remarks finally : 

Nous n’insisterons pas sur la solution, dont nous croyons avoir pos6 
les bases, de ce probl^me complexe et d61icat, solution qui, une fois 
d^velopp^e, fournira la connaissance des plus grandes dilatations h con- 
tenir dans de justes limites, en riglant les dimensions de cet organe de 
mecanisme, soumis k des forces to u jours variables, le faisant fl6chir et 
vibrer altemativement dans deux sens opposes (p. 553). 

[361.] We now pass to that portion of Saint- Venant’s work 
which is peculiarly characteristic of the man, namely to the practic- 
ally important numerical calculation of the results given in the 
previous articles. This occupies pp. 553 — 576 (§§ 32 — 42). The 
appalling amount of work that lies behind the numbers given can 
only be appreciated by those who have attempted similar calcula- 
tions. The graphical representation of the results, although the 
plates have been long engraved, has not yet been published (see 
footnote p. 557)\ The plaster model referred to in our Art. 105 
will be found, however, of considerable service as offering a concise 
picture of the whole motion in a particular and most important 
case. 

[362.] Saint-Venant treats in §§ 32 — 5 the problem of the 
doubly supported bar centrally struck : see our Arts. 104 and 

1 I much regret that it has been settled that these plntos shall not bn publislincl, 
Saint-Venant at a date later than the footnote of 1883 having expressed an opinion 
that the curves ought to be plotted out for more frequent values of t/r and zjl^ as 
well as for a wider range of the ratio PfQ. It is to be hoped, having regard to tlie 
practical importance of the problem, that some one will be found willing to undertake 
the labour of the requisite numerical calculations. 



Section ill. SPECIAL TOOL AND SPECIAL TEST EQUIPMENT 
REQUIREMENTS 


Reference 

Maintenance 


Tool 

c(Kle 

category 

Nomenclature 

numbw 

1-H 

F,H 

Clutch Alinement Tool (Stub Shaft) 

SE2027a-l 

2-D 

0 

Adjust Governor 

(S1007) 


Section IV. REMARKS 


Reference 

code 

Remarlca 


CARRIER 

A-B 

On vehicle test 

B-B 

On veiiicle test 

C-B 

On vehicle test 

D-B 

On vehicle test 

K-B 

On vehicle test 

P-B 

On vehicle test 

G-B 

Compression 

H-I 

Metalize and resize 

I-I 

Install ring gear only 

J-B 

On vehicle teet 


CRANE 

A^B 

On vehicle test 

IB-B 

On vehicle test 


On vehicle test 

IJ-B 

On vehicle test 

E-B 

On vehicle teat 

F-B 

On vehicle test 

G-B 

Oomoression 

H-I 

Metalize and resize 

I-l 

Install ring gear 

J-D 

On vehicle adjust 


> 


B-j 
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[363.] In § 33 Saint»Venant describes how he has traced the 
form taken by the rod at different intervals of time from t— It 
up to ^ = 2*25t. From these curves he has deduced by graphical 
measurement the maximum curvatures and the times at which 
they occur. I reproduce some of his results in the accompanying 
table. 


Resilience of a simple-supported learn, struck transversely. 


When JPjQ = 

1/4 

1/2 

1 

2 

4 

Maximum deflection 

1-091 Ft 

*739 Ft 

•477 Ft 

•297 Ft 

•167 Ft 

at about 2= 

1-92 T 

l-34r 

1-18 r 

•82 T 

•78t 


— 

2*60Ft/Z2 

l-lBVrlP 

1-30Ft/Z2 

— 

at about 

— 

51-25r) 

jl-65ri 

1*20 r 

5-75 t) 
il-lrl 

— 


It will be noted that the instant of maximum deflection and 
that of maximum curvature do not coincide. Saint-Venant 
remarks that at each instant of time the maximum curvature 
is not central, although the maximum of the maxima for the 
various times as above tabulated is central. 

The maximum stretch at any instant = hjR, where h is the 
distance of the 'outer fibre’ from the neutral axis and l/iJ is the 
curvature ; this must be less than TJE, where gives the fail- 
limit : see our Art. 173. Hence our condition for non-failure is 


or 


TJE>h^Vrll\ 

1 


V< 


^Ehr^ 


where : 


PP 


, and ^ must be put equal to 2-60, 1*75 or I’BO 

By 


2gEcoK‘ 

according as P/Q equal 1 or 2. 

Saint-Venant throws this into a slightly different form 
substituting r and squaring we find : 




^ - < e . 


2lco^. 


2g ' E h? ' 

Here T^jE is the modulus of resilience, 2l(o is the volume of 
the beam, fc^jh^ is in general a number independent of the linear 
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PART ONE 
CRANE INDEX 


I 


A 

Accessory Drive Shaft and Housing Replacement 

Administrative Storage 

Air Cleaner Assembly Service and Replacement - 

Alternator 

Belt adiustment 

Belt replacement 

Test 

Replacement 

Angle Indicator Replacement 

B 


Barkhre Conversion 

Backhoe Dipper Assembly 

Backhoe Front Attachment 

Service 

Dipper assemblv pitch adjustment 

Repair and replacement 

Backstop Assembly Replacement 

Batteries 

Test 

Replacement 

Boom Hoist Brake and Clutch 

Brake band rejnoval — 

Brake adiustment -- 

Clutch removal and replacement 

Clutch adjustment . , . 

Boom Jib Ma*?t Service and Replacement 

Boom Maintenance - — 

Bridle Assembly Service, Replacement and Repair 



PMEW 

2-100 

2-106 

1-4 


2-78 

2-84 

2-88 

2-94 

2-886 

2-94 

2-88c 

2-94 

2-88(i 

2-94 

2-88c 

2-96 

^8 

2-47 

2-8 

2-11 

2-88 

2-41 

2-82 

2-40 

2-82a 

2-40 

2-826 

'2-41 

2-32c 

2-41 

2-47 

247 

2-58 

2-61 

2-686 

2-61 

2-58c 

2-61 

2-108 

2-111 

2-1086 

2-111 

2-408C 

2-111 

2-108(i 

2-111 

2-l(«e 

2-111 

Z-U 

246 

2-87 

2-42 

2-41 

2-48 


C 


I 


Cables. 

Inspection and Repair 

Replacement 

Carburetor 

Adjustment 

Removal and replacement 

Chain and Sprocket Adjustment 

Clamshell and Dragline Bucket SeoMce, Replacement and Repair 

Clamshell Conversion 

Conversion, Equipment 

Backhoe 

Clamshell 

Crane 

Dragline 

Piledrlver - 

Shovel - — — 

Counterweight Removal and Installatian 

Crane Boom Maintenance ^ — 

Crane Converalon — — — 


2-118 

2-188 

2-45 

2-46 

2-83 

2-88 

2—836 

2-88 

2-88C 

2-88 

2-104 

2-110 

2-42 

2-43 

2-5 

2-7 


2-1 

2-8 

2-11 

2-6 

2-7 

24 

2-8 

2-6 

2-9 

2-7 

2-10 

2-9 

2-14 

2-116 

2-187 

2-87 

2-42 

2-4 

2-8 
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calorifiques ou une sorte de fusion^ h revenir de T^tat fibreux ou k 
particules enfcrelac^es, k T^tat cristallin ou grenu ? 

Des experiences, dont il est difficile de tracer le programme, mais ok 
pourra jouer un r61e essentiel le mesurage de ces deformations persis- 
tantes regardees comme annongant des commencements d’enervation et 
de desagregation, seront necessaires pour renseigner 1^-dessus la theorie 
qui devra, quels qu’en soient les r^sultats, se bien garder d’abdiquer son 
rdle et de renoncer aux considerations et patients caJculs dont nous 
avons, k Tinstar de nos maltres, t§,che de donner quelques specimens. 

The experiments on repeated load to which we shall refer later 
in this volume have thrown light on some at least of Saint-Venant's 
problems. 


[365.] Saint-Yenant passes in § 35 to the problem of our Art. 355 
with Q' = 0. He remarks that the maximum value of the second part 
of u (Equation vi) treated as consisting only of the first term will be 
reached when 


tan 


7^ 

T 


rr^Yr 


He thus deduces for the time-terms’ bracket the value 




Hence the total deflection f produced by the blow is given by : 
maximum of w- initial deflection due to weight of beam, 






QS. 


(seo^m^ - sech^m^,) 




Here mo is the first root of the characteristic Equation (v) of 
Art. 356, or since §' = 0, of the Equation of Art. 362. Saint- Venant 
calculates on p. 562 the value of the coefficient of the radical and 
finds it has almost exactly for values of F/Q =h h 1, 2, 4 the same 
value, namely Qj{ZP)^ as when PjQ is extremely small. 

Hence /=/* + 

where f is the statical deflection and 


f - yv 
/ d - 3 ^ yr 


(i) 


is the dynamical deflection of Art. 363 to a first approximation. 

If r=0, we have non-impulsive resilience, and /=2/^, a theorem 
of Young’s. 


[366.] In the next sections (§§ 36 — 7), Saint- Venant shews 
that the solution obtained on the hypothesis of Cox, that the form 



o 


im 


Paragraph 


|tJantry Inspection and Replacement 

Jass Replacement 




General Methods U-sed to Attain Proper Suppression 

H 


MB 

Ml 

2-62 


Heater and Switch: 

General — 2-66a 

Heater replacement — 2-666 

Ho6k Block Service and Replacement 2-89 

Hook Rollers: 

Adiustment 2-lllc 

General 2-llla 

Removal and replacement * 2-1116 

Horn Replacement — 2-66 

Horn Wiring Replacement and Repair ^ 3 2_57 

Hose, Fittings and Tubing: 

Bleeding 

General 2-70a 

Replacement 2_70ft 

Hull Wiring Harness Repair 2-60 

Hydraulic Fluid Reservoir; 

General - 2-72a 

Replacement 2-72o 

Service 2-726 


I 


Identification and Tabulated Data 1-7 

Idler Sprocket Replacement 2-27 

Ignition €oil and Spark Plugs: 

Coil te«^ting 2-916 

Coil replacement 2-91e 

General — 2-91o 

Spark plug removal 2-91d 

Spark plug test and adjust 2-91e 

Spark plug installation 2-91/ 

Ignition Components 

Distributor assembly 2-90a 

Distnbntor replacoment and adjustment — 2-90c 

Distributor timing 2-0Od 

Points and condenser replacement 2-906 

Inspecting and Servicing the Equipment 2-1 

Installation 2-2 

Interference Suppression Components 


L 


Lights * 

General — 2-61a 

Headlights — 2-616 

Marker lights, dome lights, flood lights, and trouble lights 2-61r 

Repair 2-51d 


M 


Ma-'kinery Mechanism Controls ; 

Control levers and pedals 

Toggle lever linkage 

Maintenance B\)nn8 and Records 

Maintenance Repair Parts 

Manifold and/or Control Valves; 

Hvdraulic cylinder replacement 

Master cylinder Aeplacement 

0 


- 2-114<i 
. 2-'1146 

1-2 

2-14 

. 2-716 

- 2-71a 


Page 


2-61 
2-» 
. 2-61 


2^ 

IM 

MSI 

2-M 

2-61 

2-61 

2 - 6 ! 

2 - 6 ! 

2 - 6 ! 

2-41 

2 - 6 ! 

2-61 

2-61 


1- 

2-8 

2-91 

2-9 

2-9 

2-9 

2-40 

2-10 

2-9 

2-9 

2-9 

2-9 

2 - 

2 - 


2r^ 

2h 

2- 


2-1 

2-1 

1 

2 - 

2r 

2r 


Operator’s Seat Replacement 


2-68 


I- 
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The case given in our VoL i., p. 896, (iii), Saint-Venant does 
not appear to have considered. 

In a footnote he remarks that the second approximation will 
be far from exact in cases like those of Arts. 363 and 364 where 
the bar is free or pivoted at one point only. 


[368.] Saint-Venant next proceeds to obtain Cox's formula 
by an elementary method. In a long footnote he gives the history 
and a proof of the principle of virtual shifts as applied to impulsive 
forces (pp. 677 — 82). His method is more general and simpler 
than Cox's, and as it gives a general expression for the value of 
the mass-coeifficient 7, we indicate it here: see his pp. 578 — 87 : 


Let F be the initial impact-velocity of the weight Q ; let be the 
final impact velocity, or the velocity attained by Q when the beam 
begins to bend, let be the velocity of any point of the beam 
immediately after the impact, so that = Fj at the mid-point. Take 
the shifts at the instant when the bending effect begins as the virtual 
shifts, then: 




dP 


the integral extending along the length of the beam. 

QY^ — , we have 
9 


F/r,=i + 


Pff^VdP 

qAyJ p’ 


or 

where 




- ) 
1 + yPfQ 


7 = 


W'fl 


Dividing by 


(i). 


The determination of y thus depends entirely on the relation we 
choose between and F^. Cox’s assumption is that: the relation between 
the statical shifts at the centre and any other point holds continuously 
during the motion. Thus if -it = be the relation, 

u = U,<t>{z), or = F^<^(«). 


This gives 



(ii). 


Now the total kinetic energy of the system after impact must be 









Suppression Leads: 
ii nMinoval 

Ptragnph 

9 OOm 

Page 

2-lOC 

2-^lOC 

2-111 

2-111 

2-111 

2-111 

2-iia 

2-5fi 

1- I 
2^106 

2-6£ 

2HiS 

2-8C 

2-92 

2- 95 
2-95 
2-9i 

Teat — - 

9-j09lk 

S'vvring Brake: 

Adjust — — — - — — — — — — — — — 

9 lAO^ 

riATiPTAl ^ 

9 lAO^ 

Replacement of brake shoes ^ 

— ^xVVCL 

9 lAOli 

Service — ^ «, 

9 

Lock Assembly 

9 1.19 

Swit^es and Wiring Replaceanent and Repair 

- . M5 

T 

Tabulated Tlata ,,„■ ■■ 

1 7 

Tachometer Drive - — — — - 

9^1 no 

Tachometer (rage — 

2^9 

Tagline Service, Adjustment and Repair 

— - -r 2-40 

Testing of Radio Interference Suppression C!omponent» 

a-91 

ThermostJat, Honnng and Gaaket: 

Ceneral 

2-8Ka 


a-85^ 

nAm/WA.1 __ 

2^K/i 

XVtUIivYAa — — — 

2-85& 


2-8Sd 

2-95 

T./w^lfl and Eoumnient 

2-12 

2-2E 

^l*n n nTnllVdOn S>ei*vice » — I— ,_ __- 

2-7K 

2-85 

Tw\ii>ilA«i'hnottnff' — . . 

2^20 

2-21 

X rvLIJJAOol4\/wWAAi^ — — — —1—. ■ 1 _ W 

w 

WofAT Pnmn Renlacement -r rr-^-^-r-^T 

2-AA 

2-9£ 

Wiring Replacement — 

2-68 

2-6( 
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height, must be calculated by the methods of the memoir on 
flexure : see our Art. 69. But the addition of this material only 

. , /height of end-section V 

introduces into 7 a term of the order (height of mid-section j 

which is negligible. 

(d) On pp. 695 — 597 Saint-Venant deduces the result of our 
Art. 366 by Cox s method. 


[371.] Leaving on one side for a moment Saint-Venant’s 
§§ 52 — 65 we observe the following points in the concluding pages 
of this long : 


(i) pp. 620 — 623. An examination of the results of the Iron 
Commissioners' Report and Hodgkinson’s experiments: see our 
Arts. 943^ and 1409 — 10*. This amounts to little more than 
the remark that Hodgkinson’s ^ is almost equal to the theoretical 
value ^ of 7 , and the statement that the values of the modulus 
obtained by applying the resilience formulae to 67 experiments 
agree sufficiently well among themselves. 

(ii) Saint-Venant remarks that fj^—V 
applied to a variety of cases of impact, as those of carriage springs. 




g 1 + jP/Q 


can be 


etc.; the value of 7 being known 



so soon as 


we have assumed vJV^ to have the ratio of the corresponding 
statical deflections (p. 624). At the same time the method of 
vibrations involving the transcendental series ought to be used to 
control this result wherever it is possible (p. 625). 


(iii) The values obtained hy Goxs method for the maodmum 
curvature and so for the maximum stretch are not sufficiently exact, 
and we must have recourse to the transcendental series or tlie 
numbers given in our Art. 363. Thus in the case of a simply 
supported beam centrally struck we should have by Cox's method 
l/p = 3/y?, but the values deduced from the Table in our Art. 
363 give 

[1183] U] 

X J 1*252 > according as PjQ = < 1 > • 
il-486j I 2 J 

Saint-Venant gives an empirical formula for these three cases 
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PART TWO 
CARRIER INDEX 


A 


Ptngraph 


Accelerator and Throttle Controls: 

General ^ 2 ^ 

Removal, replacement, and repair 4-426 

Administrative Storage ^ 

Air Cleaner Assembly: 

General 

Removal 

Installation 4 ^ 3 ^ 

Air Reservoirs* 

General 4 ^ 73 ^ 

Installation 4-78c 

Removal 4-786 

Alcohol Evaporator 

General 4 . 77 ^ 

Installation 4-77d 

Removal 4-776 

Repair - - 4-77c 

Alcohol Evaporator Strainer Removal and Replacement 4-91 

Alternator* 

Belt adjustment 4-495 

General -- 4-49a 

Removal and replacement 4-49c 

Testing - - 4-49d 

Axle, Transmission, and 'rransfer Case Controls 4-68 

B 

Batteries and Cables ^ 4-26 

Boom Rest RernovMl an<i Repbuement 4--92 

Brake Chambers 

Installation 4-766 

Removal - 4-76a 

C 

Cab Sheet Metal and Fenders 4-80 

Carburetor 4-40 

Adiustment _ 4-40d 

General _ - 4-40a 

Installation ... _ - 4-40c 

Removal . _ 4r-406 

C'irner Encnne Service and Test 

Compressor Assembly 

Adiustment 4-90a 

Installation 4r-90c 

Removal 4-906 

D 


I Data Plates 

* Description 

Destruction of Army Material to Prevent Enemy Use 
Detailed Lubrication Inatructlona 


4-11 

4-lf 

4-4( 

4-4( 

4-4C 


4-46 

4-4C 

4-4« 

4-46 

4-ei 

4- 

4- 

4-^ 

4-^21 

4-40 


4-1 

4-61 

4-46 

4-46 


4-11 

4-lS 

4-lt 

4-lt 

4-as 

4-ii 

4-8£ 


4-61 

4-61 

4-6i 


4-1 

8 - 

8 - 
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Hence if we find that value for PjQ (say, n) for which the 
h V 

numerical coefficient of - -^is sensibly unity, we may say that the 
maximunx stretch for that and all other larger values of P/Q is 
given by the expression - and takes place in the first instant of 


the impact. 

See the Note in the Comptes rendus 1882, p. 1044, or 
Boussinesq, Application des Potentiels d V4tude,.,du mouvement des 
solides 4lastiqueSy p. 486. 

From some slight calculations I have made I believe this result 
will be reached when P/Q lies between 2*5 and 3. If this be true, 
it very much limits the range within which there is any necessity 
to apply the transcendental series to ascertain the curvature and 
so the condition of failure. We may then, I think, say that after 
P/Q = 2*5, the maximum-stretch is always given by the formula 

^ - or is independent of the mass of Q. 

uZ /c 


[372.] We must now return to pp. 597 — 619 of Saint- 
Venant’s note which we have omitted above. They deal with 
Willis' Prohlem or the resilience of a horizontal beam subjected to 
a travelling load: see our Arts. 1417^ — 1422*. We shall include 
under our discussion the memoirs of Phillips^ and Eenaudot^, 
because these writers have made mistakes in their analysis, which 
have been rectified by Saint-Venant. With Saint- Venant’s additions 
and rectifications we shall thus be able to give the reader a more 
complete view of the advance made by the problem since the 
memoir of Stokes: see our Arts. 1276* — 1291*. 

[373,] We will first give the equations for the complete problem as 
propounded by Phillips. Let P be the weight, 2^ the length, 
the rigidity of the beam, u the shift to the right and to the left of 
the travelling load Q (distant x = Vt from the right-hand terminal) of 
points distant z and from right and left-hand ends of the beam. We 
shall suppose the beam simply supported. 

^ Calcul de la resistance des poutres droites telles que les ponts, etc. sous V action 
d'une charge en mouvement. Annales des mines, t. vii., pp. 467 — 606, 1855. 

2 Etude de V influence des charges en mouvement sur la resistance des ponts 
metalliques a poutres droites. Annales des ponts et chaussees, t. i. 4" s6rie, pp. 
146—204, 1861. 
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Hygnition Coil: 
^■General — 
If Installation 
Bemoval — 


Test 

Inspecting and Servicing the Equipment 
Installation and Equipment Conversion - 
Intake and Exhaust Manifolds: 

Installation 

In<^pection and repair 

Bemoval 

Interference Suppression Components — 


L 


Lights ' 

Bepair of Wiring 

Beplacement 

M 


Maintenance Forms and Records 

Maintenance Repair Parts 

Muffler and Pipes Replacement 

0 




Oil Cooler and External Lines* 
Crankcase breather and vent tubing 

External lines 

General 

Oil cooler installation 

Oil cooler removal 

Oil cooler service 

Operator's Seat Replacement 

Outriggers Repair and Replacement - 


P 


Pintle Hook Repair and Replacement 

Po\\er Steering Pump and Reservoir* 

Belt tension adjustment 

Pump replacement 

Removal 

Reservoir replacement 

Preventive Maintenance Checks and Services 
Propeller Shafts 

General - - 

Removal and installation 


R 


Radiator and Cap 

General 

Radiator cap test and replacement 

Radiator installation 

Radiator removal 

Rear Axle Differential. 

General 

Service 

Remstallation after Movement 

Replacement of Suppression Components 

Reporting of Errors 

Rocker Arms: 

Adjustment 

General 

S 


Ptse 

4-52a 4 .-SI 

4-g2 

4-625 4 -ai 

— 4-52c 4-1^2 

4-1 4^1 

4-2 4-1 

4-66c 4 ^ 

4-665 4-38 

— 4-56a 4-88 

4-16 4-5 


4-285 4-r 

4-23a 4-7 


8—2 8—1 

4-7 4-1 

4-44 4-23 


4-60/ 4-86 
4-60e 4-86 
4—60(1 4-86 
4-60d 4-86 
4r-605 4—36 
4-60C 4-86 
4-29 4-ia 
4-94 4-61 


4-98 4-61 

4-70C 4^1 

4-705 4-41 

4-70a 4-41 

4-70d 4-41 

4-11 4-^1 

4-83a 4-56 

4-885 4-66 


. 4-85a 4-16 

.. 4-355 4-16 

4-36d 4-17 

4-86c 4-16 

.. 4-86a 4-66 

4-865 4-68 

„ 4-16 4-6 

8-5 8-1 

„ 4-665 4-39 

„ 4-66a 4-89 


8-1 8-1 


i-9 


Scope 
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Let us assume 


u=u'+^U, + 


substitute and neglect . We find from Equations (i) by dividing 
out by 1//3: 


3P 
_ 3P 

dz:^ 8z®Po)/c2 ‘ 


(2Z - oc) i 


8^Pa)K® 


£Cj«, if 05^= 2^ -a?, 


Equations (ii) now become : 


d^U 

?7= 0, and = 0 when « = 0, 
d^U 

U. = 0, and = 0 when is; = 0 

1 ' Av. •« 1 


Integrating (vi) we have 


3Paj, ( 


cok^\5 ! 


8^3P(okH5! 3! 

^ 3Pa? fsi® ^ ^ 

~ 3! 


+ ^+-D« 


These satisfy equations (vii). 

It remains to determine (7, P, C7j, by Equations (iii) and fiv). 
But they become: 

t^\ ^ (d^,\ *■ 

Further, (iv) may be written 

^ _ Ql^ d^ _ 3 ^ 

/s=« ^<oi^g de~ fld^' 

Now y = Mi when z = Xi, or after a short reduction 

Pjc®, (4Z® + £ca:,) 

^ 6i^ojK‘‘ 48 ;J'(bk® ~ ■ 

Since ®, = 2Z - ®, we have : =2{l-x) = x,-x, and thus find 

i _J_ ion 1^0+ 

dsi? r ^ ~ir 8 j; • 
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f^Wheel removal 
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4-12 
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Adding to u' of (v) we obtain tbe complete solution to this degree 

of approximation. We may write down the complete value thus 
obtained, being obviously given by interchanging with x and 
with z\ 


1 ZPx r iS® ^ f ^ / F( \ J /072 Q \) 

- {XjX (5 8£c^ + + 9 2xx^) + 7a^} + ~ ^ (Bocx^ - 2P) x(x + 2x^.... (xi v*^) . 


360 ^ 


This embraces both Saint-Yenant’s forms (< 0 ) and (w'), p. 615 and 
I have tested them, and find they agree with this result. 

If as = fl5j = « = ? we find : 

QP 6PI^ I ( Ql^ 9 PP) 

6jBw^ iSI^coK? J3 16 ^( 01 ^“ 80 £<0I^} 

QV /, 1\ 5P? /, 27 1\ 

V 4:8B(oi^ ■*■ 25 13) 

If we put P=0, we obtain Stokes’ result : see our Art. 1287*. It 
will be observed that these expressions for the bending-moment and 
the deflection have been reached without any assumption as to the value 
of the ratio QjP, 


[377.] We may make some remarks on the above results. 
Phillips first gave the complete equations for the problem and 
included the effect of the inertia of the beam (i.e. the terms in P). 
He obtained erroneous coefficients, however, for the terms in 1 //3. 
The correct values were first obtained by Saint-Venant, and his 
process is much shorter than Phillips’. In § 54 (pp. 609 — 012) 
Saint-Venant gives an elementary proof of the value of the 
bending moment in our equation (xili®*). He does not make use 
of the general differential equations, but calculates and sums the 
parts of the bending moment due to statical loading, to the 


mass 


' centrifugal force’ of the travelling load ^ , and to the 
P (P ^3 P ‘ 

(jip^ each element dz of the beam. The 


accelerations 


parts due to the last two influences are of the first older in 1//9 and 
so we use in them the statical values for 1/p, the curvature, and u. 

We may ask whether the expressions in Equations (xiii^‘) and 
(xiv^) give the maxima values of M and u. 
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wiere 



and the deflection at a is given by 

U-Z[V+ 


(ii). 


thus determining what is represented by v. 

The equation (i) shews that v is of the same order as Q/P, and 
Stokes solves it on the supposition that Q/P is so small that quantities 
of the order (Q/P) x v may be neglected, i.e. he omits the last term of 
the bracket on the right-hand side. Saint-Yenant, however, seeks a 
value of V by approximations in which powers of 1/jS are neglected, in 
other words, he makes no assuTn/ptions as to the value of the ratio QjP except 
that PjQ is not to he extremely large. In most practical cases ^ and P 
will not be very far from equality, and the exception is accordingly 
legitimate. If we take 


31 PI , 1 

'' 262 Q ^ ~ ’ 


we have the small quantities in terms of which Saint-Yenant solves the 
equation (i). 

It will be found that r/2? = l/g', where q is the constant of Stokes’ 
investigation : see our Art. 1290*. 


|We may note that 8i of Stokes = 


and fs of Saint-Yenant = 


6PP ] 

48Po)k2J 


PP 


[380.] 


The solution found by Saint-Yenant is given by : 


V 


ISPWK^ 

9JLi 

6E(j)iP \ 


— f — ) 



T . X 
, Sin - 
I r 


(iii). 


See his p. 615 e. 

Substituting for v in equation (ii) of Art. 379 we liavc^ u. For the 
central-deflection as the load passes we find 


_125 QP 

“'■' 128 6^(ok=* 



/ 155 1\ 

48^«)k= V 336 


31 . M 

84 


.(iv). 


The algebraic terms as might be supposed owing to the metliod of 
approximation, are not exactly tlie same as in (xiv’’). The factor j 
instead of 1 is not, liowever, important, while tlui factor instcjul of 
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•l-g- occurs only m terms involving Ijp Saint-Venant concludes that 
the algebraic terms given by the first method aie the coirect ones, and 
that we may add to them the expression 


96^to/c^ 



r I 
ysin-, 

I r 


in order to approximately account for the peiiodic terms This lesult 
and (iv) differ from those of Saiut Tenant (a) p 615 h and (S') p 615 1 
but seem to me to give the correct \alue ot Ui 

The coiiesponding part to be subtracted fiom the bending moment 
at the centre as the load passes it is 



This again differs from Saint Tenant^s results {^') p 615hand(€) 
p 615 j By a mispimt which has escaped collection he has the 
fraction where I have ^ 


[381 ] The last extension of the problem which we shall consider 
here is that of Renaiidot, who does not deal with the case of an isolated 
oad (as a locomotive) but with that of a continuous load (as a tmm of 
ti licks or carnages) crossing the bridge Let p be the weight pei 
foot run of the gii der, p' that of the travellmg load the head ot which 
IS distant x= Vt from the right hand terminal In this case equations 
(i) of our Art 373, are leplaced, on the supposition that the train is 
longer than budge, by 







p (Tui _ pY^ (1 

g dt g doer 




Here w is the shift of the element (jo'lg) dz of the tram on the budge, 
and z lb to be put iii w equal to Vt lebb the constant distance between 
the given element and the head of the tram Thus while the z in 
d ujdt IS not a functnm of t, that m d wjdt is to be treated as a 
function of t, or since a; = we may write 

dt^ \doi^'^ dxdz dz J 


l''hus the first equation becomes 


/ OJK 






pV d u 
g d% 


p'Y Jd u ^ d u ^ d 
g \dx "" dxdz dz j 


(ill) 


Stilting from equations (ii) ind (ui) with the necessiiy teiniiiial 
conditions for eich poition of the giidci, wc may proceed as iii uui Aits 
373_376 to deteiiiiint hr&t the stitical and then the hist dynainical 
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approximation. The maximum bending-moment will be greatest when 
the load just covers the whole girder. It is then given by 
p + p'f^ 5 1\ , 1 

M, ^ (l + 8 ?) ’ J' = gBl^- 

Similarly we may deduce the bending-moment when the train is 
headed by a locomotive of weight Q followed by a train of weight p' per 
foot-run. In order to obtain the position of the maximum bending- 
moment, it will, as in Art. 377, be sufficient to find the values of z 
and X which give the maximum moment for the statical approximation. 
These are 

, fn. 0 Q 1 


x = 2l- Qjp', 


2pV 2 {p-^p') l 


and they must be substituted in the second approximation involving the 
terms in 1/^ and 1/yS' (see pp. 616 — 618). 

Eenaudot neglects the term 2 in equation (iii) as of small 

importance. He arrives at a wrong value, i.e. ^1 + bracket 

in the value of the bending-moment. 

[382.] Saint-Venant remarks that Phillips has also treated 
the case of a travelling load crossing a beam doubly built-in. His 
solution is, however, erroneous, as has been pointed out both by 
Bresse and Saint-Venant, nor would it be of much value to correct 
his results, for built-in ends {encastrements) never produce their full 
effect, and such alternating motions as occur with travelling loads 
in bridges soon deprive such ends of nearly all their effect (see 
p. 619 and our Arts. 733^ and 188). 

There is also a reference on p. 619 to Bresse^s exact solution for the 
case of a bridge across which a very long train is continuously moving 
with velocity V, so that the bridge takes up a permanent form. Tn 
this case equation (iii) of Art. 381 becomes 


\-{p+p')=- 


pY'^ d?u 


and we can find an exact solution. It gives for the maxiinmn })ending- 


nioment 


M, - P . 2/3" {sec V1//8'' - 1 }, where ^ -= , 

I? approximately. 

This result is less than that of our Art. 381, or wo see that the 
dangerous instant is that in which the train just covers the whole 
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bridge It is then pioducing impulsive cbanges in the elastic line of 
the bridge, and not a steady form of the elastic line as in the case 
of a very long tram iniagmed to be contmuously crossing 

[383] We now reach Saint-Venant’s last contnbution to the 
annotated Olebsch namely, the ITote finaXe du § 73, pp 689 — 752 
It IS entitled Theorie de la flexion et de$ autres petites deforma- 
tions des plaques dastiques planes minces, tiree directement des 
equations differentielles generates de Vequilibre d’dasticfite des 
solides 

The Ifote consists of four essentially distinct parts (i) a 
deduction of the general elastic body-shift equations for thin plates , 
(ii) a full discussion of the contour conditions, and the controversy 
with regard to them , (iii) the solutions for statical equilibrium of 
thin circular plates , and (iv) a reproduction with extensions of 
Navier’s results obtained in the memoir of 1820, and hitherto only 
published m extract see our Arts 258^ — 64* I propose to deal 
somewhat at length with this Note as it forms distinctly the best 
treatment hitherto given for thin plates Saint-Venant adopts 
Boussinesq’s method (see the memoirs of 1871 and 1879 in the 
Chapter devoted to that elastician) but with ceitain important 
modifications He describes Clebsch’s investigation, notwithstand- 
ing that it starts with unnecessary simplifications, as “obscure, 
indirect and very complex ” I think the terms are fully warranted 


[384 ] Let the mid plane of the plate be taken as that of 2 ; = 0 and 
let its faces be z = We shall endeavour to deduce from the three 
body stress equations, a single equation involving only the stresses 
Til and given quantities Let the body stress equations be 


dxx 

dTyx 

dzx 

dx 

dy 

dz 

dxi! 

dyy 

dzy 

dx 

% 

dz 

dTz 

di/z 

dzz 

dx 

dy 



+ Z = ol 


+ 7=0 I 


+ Z = 0 


(1) 


Adding the third of these equations to the differentials of the fiist 
two with regard respectively to x and y, such diffeientials betoie 
addition being multiplied by z, we find 


f (1 dX 

[dx'^ 


fJ 77/ d ////I ^ d \d . 
dxdy dy j dz\dx^ 






+ 


,n 

dy 


) 
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Integrating this from a; = + €to» = — c, 


= 0 (ii), 


where 

/7 Y" Y" d 

<j> {xy) =Z'+ (S)+,- (S) -,+ ^ t® {(^)+. + (»)-«}] 

+ ^ [«{(^)+e+('5')-e}]---(iii), 


and Z = Z" = j^'zXdz, 7" = FcJs j 

the subscripts denote as usual that the stresses are to be given their 
values at the surfaces 2 ; = =fc €. 

All the terms in the expression (xy) are thus known quantities. 


[385.] The question of what further assumptions we shall make 
now arises. Those usually made are the following ; 

P. 9 = 0. (This is made even by Boussinesq and L6vy, the most 
recent writers on the subject.) 

2°. Soj-z/p, $y = zlp', where p and p are the two curvatures of the 
plate at its mid-plane for the point y. It follows that : 


<PWq^ 

dsc^ 



(iv), 


where Wq is the normal shift of the point x, y of the mid-plane. 

Using the stress-strain relations for three planes of elastic symmetry 
(see our Art. 117 (a)), we easily find from P and 2® : 


^ = {a- e'^je) s^ + {/ - d'e' jo) Sy\ ^ _ _ 9 -/- “'X 

g = (/' - d'e'lc) s^+{b- d'^-jc) sj ’ dxdy ~ dx^df 

Substituting in (ii) and integrating we have the equation : 


...(iv"). 


(.-.■‘let 5*2(r*/-<ivw ‘ 


This becomes in the case of elastic isotropy parallel to the mid- 
plane : 



where 11= a the plate-modulus of our Art. 323. 

This is the equation obtained by Lagrange, Poisson and Caucliy : 
see our Arts. 284'^, 484* and 640*. 
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[386] On pp 696 — 700 (§^ 4 — 5) Saint Yen ant considers what 
aie the aignments ui favour of the assumptions P and 2® of the 
previous A i tide He remarks that owing to the thinness of the plate, 
the normal or « variations of both the stresses and the sti-ains must be 
laige as compared with the longitudinal variations Hence as a first 
approximation, we have the fluxions with regard to so and ^ of both 
stress and stram components more and more neaily zero as the plate 
IS taken thinner and thinnei It is sufficient however to assume that 
those of and 5? are zero or small The body stress equations 

then give 


^ + ^ + 7 = 0 

dz dz 


Thus the stresses ^ on integration will be of the order e, oi as 
Saint Yenant puts it 


Si on les^ntfegre par rapport k la petite coordonnee z on voit que les 
composantes zy n’ont de valeurs, h I’lntdrieur d^un tron^on ou eldment de 
plaque, que celles qu’elles peuvent avoir sur une des deux bases, plus ce qui 
vient des forces A, agissant sur sa masse Ces forces locales n^ont qdune 
influence insignifiante qui n’est presque nen en comparaison de ce qui vient k 
la fois de toutes les forces agissant sur le reste de la plaque ainsi que sur ses 
bords par les reactions des appuis ou autrement, et dont les effets accumul^s 
se transmettent au tron§on k travers ses quatre faces latdrales, ce qui s’ap- 
plique surtout aux composantes agissant horizontalement (pp 697 — 8) 

The third body stiess equation, however shows that Tz is \ery small 
as compared with 7y because these quantities occur with lateral 
variation, hence Tz is doubly small as compared with ^ and 
Thus we may take Tz = 0 a.b all writers have hitherto done 


[387 ] This aigument is not, perhaps, quite convincing It would 
seem at first sight better to assume B to be very a 2 )proximately a 
function of X, y only The expressions then for xy, vy would contam 
together with the terms linear in z, terms not involving z, but functions 
of £c, y only These terms disappear when we substitute them in 
equation (ii) and integiate between 2 ; = + € and -e But heie a new 
difficulty arises , suppose the surface of the plate « = + e subjected to a 
load = y) This will make no change in the first thiee teims of 
equitioii (ii) of Alt 384 although we cinnot suppose Z -0, but it will 
lead to i difficulty with ugard to the expression ^ (xy) 

This expiessioii contains terms of the lorni (^)+fc and (^)-e , the foimer 
= ^ ( I, y) iiid tlic ] ittei IS /eio Hence it follows th it must vaiy w ith s 

fiom + fto — € S lint Vc Hint (p 699) s lys we must take = X j 2 /) 

and put (^)_e = 0, but this seems to me to destioy the basis ol his 
apj)ioximitioii Possibly, following the hint he gi\es on p 700, the 
true UK tliod is to considtr th it, Avlien the dimensions of a body are veiy 
smill in iny sense, then a surface load in the sime sense will give 
the same btiams pci puidicul ii to that sense is the luteijial of a hod if 
force also in that sense Thus the flexuie equations foi a beam aie 
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deduced on the assumption that there is no lateral stress^ yet we do 
not hesitate to use them for beams subject to continuous lateral load^ 
I conclude then that it is best to put 7z always zero (and not a definite 
value as Saint-Yenant does on p. 699) and assume, when plates have a 
surface distribution of load, that the result of such load so far as the 
shifts of the points of the mid-plane are concerned can be represented 
by a body force, whose integral between the faces is equivalent per unit 
area to the surface load. 


[388.] In §5 Saint-Yenant shews that from the assumptions, or 
approximate values : 

cr^) _ f. ^ Q f . 

dx, dy ’ do(?, dxdy^ dy^ ^ 

(which are less restrictive than cr 2 a, = cr^ = 0, and 52 = 0) we can deduce 
results embracing those of our Art. 385, 1® and 2®. 

Writing the first set of expressions at length we easily find that : 


dz 




dz 


d?w 


d(T^ ^ ^ d^w 

dz dxdy 


Whence we see by differentiating with regard to « that : 




d?8y _ 

dz^ dy^ ’ 


^ = -2 


dxdy 


= 0 . 




Thus the second z fluxions of 5a., 5^, cr^ are zero, or we may write Wq 


for w in (/3) ; it follows that we must have : 




d^WQ 


where the zero affixed refers the quantity to the mid-plane. 
Saint-Yenant remarks of the equations (y) ; 


d^w^ 


0 o d^w^ . . 
=" 


Elies montrent, comme consequence cindmatique des dgalitds posces (a), 
que les dilatations de petites droites matdriellcs horizontales do direction 
donnde varient liniairement le long de toutes les lignes i^rimitivenicnt vorti- 
cales, des divers points desquelles ces petites horizontales auraicnt dtd tirdos. 

II convient de remarquer en passant que cela n’entratne iiullcmcnt, coniino 
consdquence, que ces verticales resteront exactement droites et norinalos an 
feuillet moyen devenu courbe, car leurs petits intervallos horizoiitaux pciivcut 
tr^s bien croltre lineairement avec z quoiqii’elles soient dcvoniios courhos, si 
celles qui sont voisines affectent des inflexions pareillos, ainsi qu’il arrive ])our 
les sections voisines, dans les tiges dprouvant la flexion ditc in<^(jale (p. GUI) : 
see otir Art. 325). 


It will be noted that this treatment brings out the real dilHculticis 
and assumptions of the problem, better than those which start by 


^ Since writing the above I have obtained the full solntion for a Kiinply 
supported beam continuously loaded on its upper surface, I find ^ is of the 
order as where x is the direction of the axis of the beam, and z tlio diiection of 
the load. 
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\ssiiinmg the strain energy to be a function of the curvatures and so 
deduce by Lagiange’s, or other, method the fundamental equation of 
the plate see Thomson and Tait, § 639, or Lord Rayleigh’s Sound, 
Yol I, §214 

I may remark that the equations (ii) and (iii) obtained in Art 384 
still hold if 2e the thickness of the plate changes gradually with a? and y 


[389 ] Returning to the body stress equations of Art 384, let us 
integrate the first two between the limits =*=€ of » We note first, 
howevei, since 




by equations (y) of Art 388, that 

J = 2c + {f' - a} = ] 

similarly | and j \ 

where the af&xed ^ denotes a mid plane value 

Hence fiom the integration of the body stress equations we obtain 

** (&’ 

Substitute the values of the mid plane sti esses m terms of the mid 
plane shifts Uq, and we have 

2c|(a-e' /c) J“''+(/+/_(iV/c)^^+/^;}+(a)+e-R-e+X=0 ^ 

These equations i educe in the case of isotropy p nail el to the plate 
to the simpler forms (p 702) 


where X' and F' are the 
integrals of X and Y 
across the plate 


H 


\ir 


d fdUn dOr 


- ^ 




(ill). 


dy\dx ' dy ) dx\dy dxj 

wheie 7/ is the plate modulus of Art 323 

It will be noticed that these equations for the shifts are 

independent of tint for or the tiansverse and longitudinal sti un 
exercise no mfiucucc on eicli other This has alieady been lemaiked 
by C iuchy and Poisson see oui Arts 483"^ and 640* 
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[390.] In §§ 8 — 10 Saint-Venant considers the effect of great 
stresses parallel to the mid-plane on the normal shift Thus he 
obtains what may be called the terms due to the action ofHhe plate as 
a transverse membrane. He finds that in the function <jf) (xy) of 
equations (v) and (vi) of Art. 385 we must include the expression : 



From the sum of this expression and Z' + equated to 

zero we deduce the equation for the transverse equilibrium of a 
membrane. In its present form it has been obtained on the supposition 
that 2e is constant; the alterations for 2€ variable are indicated by 
Saint-Venant in a footnote, p. 704. 


[391.] In § 13 Saint-Venant commences his treatment of the 
contour conditions. Let a be the angle between the normal to 
the mid-plane contour at any point and the axis of so, let P, Q, R 
be the components of the applied load parallel to the axes, and dsy 
dn elements of the arc and normal of the mid-plane contour. 

We find at once : 

P = ^ cos a + iS sin a, ^ cos a + Jy sin a, P = cos a -h sin a. 

Hence by equations (i) of Art. 389, we have : 

2c (^^0 cos a + sin a) = / Fdz =P', 

2c ( xyg COS a + sin a) = I Qdz = Q\ 

Substitute for the mid-plane stresses in terms of the shifts and we 
have : 


2 . 




These are the sufficient and necessary contour conditions for longi- 
tudinal strain. When there is elastic isotropy parallel to the mid-plane 
they reduce to 


2c 



dvA _ 2 y cos a 

dy J du^jdxj sin a 



dV(\ sin a"! 
dx) cos a) 


P' 




[392.] Saint-Venant next turns to the more controverted conditions 
involving the normal shift w^. He proceeds to calculate i/,, M,, hikI 
R' j the first two symbols representing the moments round tang(int 
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and normal respectively to the mid-plane contour for the load applied 
to the strip 2€ x (fs, and R' being the total shearing load on the same 
strip, • 

r+e 

Now ^s = J (P cos a + $ sin a) zdz = F* cos a + Q" sin a 

= ^ — cos^ a + sin a cos a + 55'' sin® a}, 
where, r and p being any two directions, 

rp x-^=-J rgzdz, 

and as before, a single dash on the loads denotes an integiation with 
legard to z from + € to — €, and a double dash an integration after 
multiplication by z, between the same limits Substituting from equa 
tions (i) of Alt 389 for the stresses we find 


sm a cos a 


If. . (/■ - + V 


ll 

do(dy 


Or, for elastic isotropy parallel to the mid plane 


(■) 


This first condition is not the subject of discussion but has been 
generally accepted 

[393 ] In a similar mannei we find 
= Q' cos a — F' sin a, 


= — {sin a cos a (^/'-55") — (cos® a - sin®a) 55"}, 
o 


where 


= ~ elastic isotiopy paiallel to the 

\ ctou (^y / 


01 , 

mid plane 

And again, 


= 2 / 


d Wq 
didij 


Fuithoi R' — J Rdz^co^a j '^dz + sma J n^dz 

= cos a j^€ {(55)+, -4 (^)-e} + A " - 


+ MU . 


!}Jz 


fdT^' 

dux 

\ dx 


(dT^r 

dt/u \ 

\ dl 

^ d,r)\ 
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where 


dxol' d'xy” 





d^WQ 

dxdy^"* 


J'—^n 
Ciacy Gbyy 

dx ^ dy 




reducing respectively to the differentials with regard to x and y of 

^ f d^ ^lien there is elastic isotropy parallel to the mid-plane. 

\do(f d'jf J" 

These results can be easily deduced by integrating ^ and from 
expressions of the form : 

^ d{z/^z) d^ 

xz = = Z — ^ 

dz dz 


_ d{a.'^) ^ 

~ dz 


dxx 

,dx 


■h 



I have reproduced the values of and because they are 

the most complete hitherto given and will be useful for reference 
hereafter. 


[394.] Saint-Venant adopts Thomson and Tait's 'reconcilia- 
tion ’ (see our Art. 488*) and replaces the couples by an 

additional shear added to R\ In other words he equates the 


contour load to the couple and the shear R' -h . 

He attributes this method of reconciling Kirchhoff and Poisson 
to Boussinesq (p. 715). There are two points which arise in this 
reconciliation which deserve to be noted. The first objection to 
the replacement of the couples M,^ by a distributed shear is that 
referred to in our Art. 488*, namely that the Kirchhoff contour 
conditions could not be used for the case of a discontinuous 
distribution of shearing force and normal couple. Saint-Venant 
replies to this : 


Sfil y avait des forces exterieures isolees, applicpiees en c(ir'tains 
points de ce cylindre et faisant couples autour do sos iionnalc^s, (‘Il(‘s 
seraient capables d’y imprimer a la plaque, entre ces points, des torsions 
finies. Auciin auteur n’a suppose rexisteiicc d(^ pandlhis forces, (pii 
sont capables de produire des alterations perinanentes de la c()nt<‘xture 
de la mati^re de la plaque si elles agissent avec une c(‘rtain(‘ inUnisite 
sur des portions excessivement petites de sa surface*,. 'I'ous suppos(uil 
que les forces se repartissent sur des surfaces d’etendut} finie ; (it nous 
ne consid^rerons m^me, ainsi qu’ils Pont tons fait, (|U(i des forces 
agissantsur le cylindre contournaiit d’une mauiere coutiiiu(i ( 3 t gradu(ill (3 
(p. 714). 
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The second objection is that due to M Ldvy (see our Art 397), 
he holds that when the couple is due to vertical forces we can 
leplace it by a shear distribution perpendicular to the plate, but 
that when it is due to horizontal forces this is not allowable 
This point has been discussed at length by Boussinesq (see the 
Chapter we have devoted to that elastician), and Saint-Venant 
sums up his arguments in the following woids 

Sx ces couples sont formas par des forces horizontales tangentes au 
cylmdie, agissant eii sens opposes, les unes au dessus, les autres au 
dessous de la periph4ne moyenne, et si la plaque est supposee avoir une 
4paisseur comparable aux deux autres dimensions, ces couples ponrront 
conspirei pour produire certains effets d’ensemble dont nous ne nous 
occupons pas, tels qu’une infleayion impnmle k toutes les aretes, et 
accompagn4e de cette torsion genirale autour d un axe vertical dont il a 
4te traite dans les chapitres relatifs aux tiges Mais si la plaque est 
extr^mement mince, ces sortes de deformations sont negligeables Les 
couples de forces horizontales dont il s’agit s’exergant d^une maniere 
contmue sur les aretes successives, ne produiront que ces torsions locales 
dont nous nous occupons ici, et leurs effets seiont sensiblement les 
m4mes que ceux de couples de forces verticales de m%me moment^ qffon 
leur substituerait en faisant tourner ceux 1^ de 90 degrls, substitutions 
qui se font, comme on salt, dans la statique eiementaiie des corps sohdes 
(P 714) 

We may I think conclude that 

1° The shift-equation ((vi) of Art 885) for thin plates is only 
an approximation and depends upon the assumptions that ^ = 0 
and that Sy, cr^ contain only the first power of z, as in Eqns (7) 
of our Art 388 These assumptions are, however, probable and 
the approximation is close when the thickness of the plate is 
extremely small 

2® To the same degree of approximation the two boundary 
conditions of Kirchhoff are tiue for very thin plates 

3° When the plate has a thickness small but not indefinitely 
small compared with its other dimensions, the equation of Lagrange 
can under certain conditions still hold, but it is not then legitimate 
to replace the normal couple by a distribution of shearing-load 

This latter conclusion is opposed to Saint-Venant s opinion on 
p 720 He shews that if the following conditions hold 

d ^ d (cTjjg. cTjjy) d s^ 
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we can still deduce Lagrange’s equation, but these conditions 
allow of a definite but small thickness for the plate. He then 
states that Kirchhoff’s contour conditions remain true. Now it 
seems to me that we can no longer replace normal couples by- 
vertical shearing-loads, for this will cause a difference in the strain 
of the plate to a distance into its material of the same order as its 
thickness, and this distance is no longer vanishingly small as 
compared with the other dimensions of the plate. 

[395.] Saint-Venant now proceeds to an interesting summary 
of other writers’ treatment of the problem of thin plates. He 
notes that Poisson and Cauchy assume that the stresses can be 
expanded in powers of z giving convergent series. From this 
assumption Saint-Venant deduces equations (7) of our Art. 388. 
He remarks of this assumption that it has never found sup- 
porters — elle n'est pas suffisamment fondde, et pent se trouver 
souvent en d^faut I must notice, however, that Saint-Venant’s 
own assumptions of our Art. 385 really lead to the expression of 
the stresses xx, xy and as linear functions of 5 , (see equations 
(iv’’) of Art. 38o and (7) of Art. 388,) while from the first two body 
stress-equations we obtain by integration for ^ and quadratic 

functions of z together with terms - \ Xdz and - T Ydz which 

‘ cases be linear in Thus Poisson’s 
to only a too general statement of the 
V enant himself. 


[396.] Saint-Venant appears to think that the terms Z' + — ' + 

, . , . dx dy 

winch occur in the function (xy) of his result (see equation (iii) of our 
Art. 384) do not agree -with the similar terms obtained by Poisson (see 
equation (9) of our Ai-t. 484*) and Cauchy (see Equation (70) of our 
Art. 640*). With proper transfonnation of symbols the.se are ■ 


Now Poisson and Cauchy assume forms such as : 


X=Xo + z 


f^\ ^ /dX\ 


])owers of c. 


Xzdz = 


fdX 




3 \(fe/ 


2 

terms involving fifth and Jiighor 
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Similaily 


f+e 26 ^ 

^' = I = ^€^0 + ~Q \d^) involving fifth and higher 

powers of e, 

dX'^ dY' . rr^ ^rd fdX dYv] ) 

cZ« ’’’ dy ■'*{L 6 3 (t^as %)1 =o} 

+ terms involving fifth and highei poweis of e, which may be neglected 


Thus their assumption does not lead to an eiror m this point as 
Samt-Venant suggests It seems to me also that Poisson and Cauchy’s 
hypothesis is more valid than that of Olebsch and other wnteis who 
simply put SS = = 5“ = 0 


[397] At this point Saint-Yenant notices Maunce Levy’s 
menaoir of 1877 (see Journal de Lioumlle, 1S77, pp 219 — 306, or 
our discussion of the memoir later) L^vy investigates what aie 
the possible solutions for a prism with two free faces, when the 
shifts % V, w are supposed capable of being expressed in a senes 
of ascending powers of z and the forces acting on the lateral sides 
of the pnsm have a given resultant load It follows that the 
stresses will now be given in ascending powers of z^ and that there 
IS no limitation as to the thickness of the plate (or height of the 
prism) Ldvy finds (1) that the powers of z in u, v, w and m 
5? and cannot surpass the third, (2) that the stress 27 = 0 
throughout the prism, and (3) that the stresses 7z, 23 contain only 
second powers of z, which appear through the factor — 

It will be seen that these results of Ldvy give the proper 
limitation to Cauchy and Poisson’s hypothesis, and shew cleaily 
its relation to Saint -Venant’s assumptions Saint-Venant on 
pp 726 — 733 deals with another part of Ldvy’s memoir, namely, 
the term he has introduced into the values of the shifts u and v in 
order that the three suiface conditions of Poisson may be satisfied 
for thin plates This term is periodic in z, but Saint-Venant 
following Boussinesq rejects it as producing effects only of the 
same ordei as those we are neglecting in oui appi oximation Wo 
shall return to this point latei when treating of Levy’s memoii and 
his controveisy with Boussinesq 


[398] Samt-Venant now turns to the conciete application of 
tlio thin phto foimnlae He first deals with cncnlai plates and 
obtains the following results 


T E ir 


IS 
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Let there be a uniform surface load f per unit of area. 

(i) Whem. tlhe contov/r simply rests on a ring of its own radius a. 
Shift of mid-plane at radius r : 


ipa* 

/o = 


-1 


iH-%f 




ZH-f Zpa^ 


Ocii'brflil Sliift jQ ^ TTt^ 
(ii) When the contour is built-in, 

v-O 

Spa* 


, 3pa‘ f 

^‘’■i 28 a'£U 


- + - 


Further we find that : 

When tlhe flate is simply suppor ted \ the line of inflexion, given by 
^® = 0, is determined by r-a is j ^ 

as in the case of uniconstant isotropy. 

When it is built-in: the line of inflexion is determined by r = -5773 a, 


and the line of zero-moment (i.e. where Ms^0)hy r = a 


r 


or 


= ‘6202 cb in the case of uniconstant isotropy. 

The maximum stretches in the two cases, given by the greatest 

values of s,. = - j respectively : 


5fl = 


2E-f Zpo? / llTpa- 


^pa^ 


( ~ i 9 gQ"l > uniconstant isotropy^ , 


, _ Zpa^ / 


uniconstant isotropy j . 


The conditions for the fail-limit are thus easily written down. 
Compare with these results those of Poisson in our Arts. 497'"’ — 504*. 


[399.] The last pages of Saint-Venant's Eote are occupied witli a 
reproduction and extension of Navier’s memoir on rectangular plates 
(pp. 740—52). 

Let us take the origin at one of the angles of the plate (sides a, 
b, and a <b) the sides being the axes. 

We have here to solve the equation (vi) of our Art. 385, namely : 

d-y- 3 
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subject in the case of a simply supported edge to the conditions 
H + (5" - = 0, when a; =0 or <35, for values of y fiom 0 to 5, 

H. + (i7- 2/) = 0, when «/= 0 oi 5, foi values of x from 0 to 

Wq=0 for all points of the contour 
The solution is easily found to be (p 743) 


Wo 


^TT He ^1=1 n-i 


mirx niry 

sin sm~— ^ 

a 0 



\^here ^ da dfi sm ~ siu ^ ^ (a, y3) 

This result is appbed to the calculation of the following special 
examples 

Case (a) A uniformly distributed load p per unit of surface area 
Here 


24» 1 ' 

^o = -alT-3^ 2 -7—,' 

Trailer I I mn 


n Y 

U ^ 5) 


the summations being for odd numbers m\ n' only 

The maximum or central deflection fo is very nearly given by the 
first term of this series with x = a/2, y ~ h/2, or we find 

2i{pah)aW 
7r^He^{a + b) 

The second term will, for a = 6, be only 1/75 of this 
The maximum stretch is very nearly given by 

24a6^ 

Ca^p (h) An isolated central load = F Here 

m — 1 n —1 

, w « (- 1) 1) ’ Qil'-n-'H mri! 

w = ^ ^ ^ Siu siu J , 

TT^lIahe I I /m 71 \ (t h 

\a h ) 

wheie m' and n! aio odd numbeis only 


JUie 


QPah 

TrV/e (a +h) 


IS -2 
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nearly, but not so approximately as in the like result for /„ in Case (a), 

p 

Hence /J/o and s^js^ for the same total loads =-71^/4 = 2 *5 nearly: 
see our Art. 263*. 

[400.] We have given a large amount of space to this 
monumental work because it contains mufch. that is of value to 
both physicist and technologist, and we would gladly bring home 
to both the important services which Saint-Venant has rendered 
to the science of elasticity. His annotated Glelscli will long form 
the standard book of reference on our subject, but it is possible 
that the results we have here collected will reach some to whom it 
may not be accessible. 

[401.] Determination et Representation graphique des lois dn 
choc longitudinal This memoir was presented to the Academy on 
July 16, 23, 30, and August 6, 1883. It appeared in the Oomptes 
rendus, T. xcviT., 1883, pp. 127, 214, 281 and 353. An off-print 
of it with a note by Boussinesq (Comptes rendus, T. xcvir., 1888, 
p. 164) was afterwards put together and repaged. This off-print 
— distributed also as an appendix to the annotated Olebsck 
references will be to the sections which are the same in the 

siiptes rendus and in the off-print. 

The memoir is due to Saint-Venant in conjunction with 
M. Flamant the co-translator of the Olehsch and professor at the 
Ecole des Fonts et Chaussdes, Paris. 


[402.] After a short account as in the Glehsch (sec our Art. 
341) of the evolution of the problem the authors refer to the 
analytical solution given by Boussinesq (see the same article arul 
Boussinesq’s Application des potentiels a V etude de Vequilihre... 
des solides elastiques, p. 508 et seq.) and reproduced by them on 
pp. 480 k — 480 gg of the Glehsch. 

D’apres cette Note (du § 60 de Clebsch), le choc longitudinal 
s’accomplit suivant des loisayant des expressions analytiquos differed it<‘s, 
se succedant Tune Tautre a des intervalles determines. Par (^x(Mn])](^, 
les derivees des deplacements des divers points de la })aiTe vari{mt, d’nn 
instant Tautre, tant6t avec gradation continue, tantot ])ar hond>i 
considerables donnaiit aux mouvements une empreintc p6ri()(li((U(‘, d(^ 
I’acquisition brusque de vitesse qui a etc faito an prernujr instant dn 
choc par Telement heurte, 






T, 
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II nous a done paru utile de piesentei ici aux legaidb, par une 
suite d’epures ou de diagrammes, une peinture de ces smguheres et 
remarquables lois, afin de les eclairei et d’en faiie bien compiendre la 
nature et les int^ressantes consequences (§ 1 ) 

What then our authors accomplish is the graphical represen- 
tation of the results of Boussmesq’s analytical solution which was 
obtained in terms of discontinuous functions It is one of the 
many instances m which Saint- Venant has helped to make of 
practical value the results of most intricate analysis He was 
ever conscious that till theoretical formulae are reduced to simple 
numbeis, the task of the mathematician is very far indeed from 
completion Only the final diagram or numerical table can fitly 
Clown the analytical labours of the mathematical physicist 

By means of such graphical representation we see at a glance 
the chief laws of the phenomena mvestigated, and are able to 
determine which approximate formulae we may fairly accept, 
and which we must replace by others better adapted to represent 
the exact facts of the case 

[403] I reproduce the more important diagrams of the 
memoir as their practical value for engineers and technologists 
seems to me very considerable 

The following notation is adopted^ 

I = length, 0 ) = cross section, p - density, P = weight, E = stiet ch mo dulus, 
16 = shift (at distance x fioni impelled end) of the bai, a = jE[p, or the 
velocity of sound One end of the bar is hxed, and we may suppose it 
placed hoiizontally and stiuck hoiizon tally by a mass of weight Q with 
velocity V If the bai be veitical the efiect pioduced by its weight 
must xlso be taken into iccount 

At the instant at which the blow ends, duld%~s^-=0 foi rt=-0 
(sec our Art 204) and the following numeiical values aie obtained 

QjP < 1 7283 the blow ends between the times t=2l/a and 4^/a, 

(3/P>l 7283<4 1511 =4//aand Ql/a, 

(2/P>4 1511 <7 35 =6//a and SI/ a 

[404] Tho fiist diagiam winch I icpioduce gives the shifts u 
foi zero, quarter, half and thiee-quartei span foi times a.t/l = 0 to 
at 1 1 = 75 Along the hoiizontal axis at/ 1 is measuied, along the 


1 In the memoii the authois use a foi oui / <r toi oui w, iml w toi uui a 
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vertical axis u = Three curves are drawn for r = P/Q = ] , 

I and i respectively,’ and having for scale 20 mm. for the unit of 
both odjl and u. 

The shifts for the duration of the impulse are denoted by a 
heavy line ending in a small circle which marks the end of the 
impulse ; the shifts after the impulse are marked by dotted lines, 
till they begin to repeat themselves when the lines become again 
heavy. 

Whenever at - x or at + — 21 is a. multiple of 21 we note 
sudden changes in the slope (or the shift-velocity) of these curves ; 
the points where these changes occur are termed by the authors 
points de brisures. 

Les pieds des ordonn^es de ces points de brisures sur les lignes 
horizontales d’abcisses marquees aj = ^/4, a? = Z/2, a; = 3^/4 se trouvent, ainsi, 
aux rencontres de ces trois horizontales avec les obliques joignant en 
deux sens opposes les points a^/Z = 0, 2, 4...de Thorizontale x = 0 du bas, 
avec ceux atjl =1,3,5... d’une horizontale x = l tracee au haut. Oelles de 
ces obliques qui montent de gauche k droite ont, en effet, pour equations 
~ aj = 0, 2lj il , . .et celles qui descendent ont + aj - 2^ = 0, 2Z, 4^. . . . Ces 
lignes obliques figwrmt^ m x et % la mo/rche de Vonde d^^hmnlement, 
tant directe que r6fl6chie aux extrtoit^s de la barre, ou ce que parcour- 
rait la t^te de cette onde, si la barre vibrante etait emportde perpendicu- 
lairement k sa longueur avec une vitesse a/l. Cela montre bien que les 
bonds et les brisures sont determines pan- le passage de cette onde ; et 
cela donne une raison sensible du bindme et du trindme at-xatat + x-^l 
que M. Boussinesq a fait figurer dans ses formules de deplacements, etc. 

m 

We see that in all cases the maximum shift is at the end which 
receives the impulse. 

[405.] The second diagram (Fig. 4 of the memoir) gives 
graphically the law of squeeze at the terminals and at I and J 
span for the same values of P/Q. Here the abscissae arc atjl, and 
the ordinates d = (— ajV. or the squeezes reduced in the ratio 
of a to V. The scale of the abscissae is 20 mm. for at/l= 1 and of 
the ordinates 10 mm. for cZ = 1. 

We note that in all cases the maximum squeeze is at the fixed 
end. 

[406.] The third and fourth diagrams (figures 5 and 6 of the 
memoir) give : 
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(1) The mm^mum 8h%Jts at the end struck {u^^) 

Here fhe abscissa gives QjP from 0 to 6, and the oidinate 71), the 
scale of the unit of both being equal to 20 mm The heavy Ime is given 
by the true theoiy , the broken line is the paiabola given by the fii-st 

approximation ^ ^ pomted Ime is the curve given by 

the second approximation i— compare our Arts 943% 

368, and the R%stonque Ahege, Legom de JSfamer, footnote p ccxxm 

We see at once that the Hodgkmson-Saint-Yenant appTox%mation 
gvces the terminal shifts with mry considerahle accuracy, and may he 
adopted with safety for all values of QjP > \ 

In the course of the calculations the following numerical lesults not 
indicated on the diagram are obtained 
The maximum shift is reached if 

QjP < 5 686 between t = 2^/a and 4^/a, 

QjP^ 5 686 < 13 816 „ t = 4^/a and 6l/a, 

Q/P > 13 816 < 25 16 „ i = 6^/a and 8^/a 

(2) The maximum squeezes (— s^ at the fixed end 

The three curves have for abscissae the values of QjP from 0 to 
25 10, the upper heavy cuive has for ordmates the exact values of 
(—Sca)ajV wheie Sa, is given its maximum value, i e at the fixed end 
The lower heavy curve is the parabola obtained by taking for oidmates 



and the dotted curve by t ikmg foi ordinates 

For the abscissa scale 5 mm is taken for QjP=l, and foi the 
ordinate scale 20 mm for d-1 

It will be seen that the tiue values differ immensely fiom the values 
given by the old formula d = jQjP Thus that foimula nevei suthces 
foi finding the maximum squeeze* 


1 It may be obtained as follows 
and its maximum mean value = 
when the maximum is reached Hence 


Suppose the shilt uuifoimly di^itiibuted 


Then woik done 



1 g F 

2 0 2 
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observes that the discovery of its absolute form indeed is unneces- 
sary for the establishment of the formulae of elasticity, hydraulics 
and electricity. 

[409.] Sur la flexion des prismes. Comptes rendus, T. cii., 
1886, pp. 658—664 and pp. 719—722. This memoir by Resal 
professes to point out an error in Saint- Yen ant’s memoir on the 
flexion of prisms of 1856 : see our Art. 69. The writer notes 
that Saint-Yenant fixes the direction of a rectilinear element of 
the first face and not the direction of the first element of the 
prismatic axis. He then proceeds to assert that Saint-Yenant 
has not taken account of the relation j'^zdm 4- P == 0 : see our 
Art. 81. He endeavours to shew that this has led Saint-Yenant 
to erroneous results in the case of the elliptic cross-section, but 
he himself falls into an error in his algebra, and so gives the colour 
of an error to Saint-Yenant’s work. 

Boussinesq in a note in the same volume of the Oomptes rendm, 
pp. 797 — 8, entitled: Observations relatives d ime Note ricente de 
M. Resal sur la flexion des prismes^ points out Resal’s algebraic 
error, and remarks that the difference between the terminal 
conditions of Saint-Yenant and those proposed by Resal only 
produces a small rotation of the coordinate axes, and introduces 
no change into the expressions for the strains or stresses. 

Resal in a few words (p, 799) acknowledges his error. 

[410.J Oourbes representatives des lois da choc longitudinal et 
du choc transversal d'une barre prisniatique, dressees par feu de 
Saint-Yenanty publiees par M. Flamant. Journal de VEcole Foly- 
techniquCy Lix® Oahier, pp. 97 — 128, 1889. 

In the case of transverse impulse these curves arc those 
referred to in our Arts. 105 and 361, while results drawn from 
those for longitudinal impact are mentioned in our Arts. 107 
and 341: see also the passages in the Notices referred to in 
our Art. 108. The footnote on p. 244 of the present volume 
stating that it had been decided that the plates should not be 
published was printed nearly two years ago, and was mad(‘ on 
the authority of M. Flamant. I can only hope that this foot- 
note, however confusing to the reader, may, perhaps, have helped 
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to bring about a reconsideration of the question of publication^ 
The plates were engraved as far back as 1873 

[411 ] In the case of longitudinal impact the exact results 

calculated from Boussinesq’s solution in finite terms — are known 
and have been discussed by Samt-Venant and Flamant see our 
Arts 401—7 These enable us to compare for this case the 
approximate graphical and the actual results While the ac- 
cordance is fairly good foi the maximum shifts, it is not very 
close for the stretches In the case of transverse impact we 
are not yet able to test the accuiacy of the graphical values of 
the curvature, which have been obtained from the shift-curves 
based on the first few terms of the transcendental series, but 
the fact that the shift-curves shew no abrupt changes of slope, 
as in the case of longitudinal impact, leads me to believe that 
far greater accuiacy is obtainable by graphical processes for the 
case of transverse than for that of longitudinal impact Compare 
Plates IV — VI of the memoir or Diagram I of our p 277 with 
Plates X and XI of the memoir 

Flamant himself writes 

Quoi qu’il en soit, le travail de Saint Venant a un inter^t suffisant 
poui justifier sa publication il pent seivir d’exemple en ni entrant 
comment, grace a un labour considerable par I’etendue duquel cet 
mfatigable tiavailleur ne s^est pas laisse rebuter, les valeurs de ces 
series h, termes periodiques de p§riodes d^croissantes peuvent etre 
repr^sentees graphiquement , et il donne, tout au moms, sui les 
grandeurs de ces quantites, une premiere indication permettant de 
deduire des consequences piatiques qui, si elles ne sont pas absolument 
exactes, n’en sont pas moms precieuses, puisqu'elles constituent tout 
ce que Ton sait sui ce sujet si important au point de vue de la stabilite 
des constiuctions (pp 98 — 9) 

The text which accompanies the plates is pnncipally extracted 
from the Annotated Glehsch 60 and 61, see our Arts 339, 342 
et seq), so that the whole may be looked upon as leally a work of 
Saint- Venant which has been carefully edited by Flamant 

[412] Pxgcs 99 — 110 deal with longitudinal impact The Plitcs 
I — III sh( w the grqdiital stages pupuatoiy to diawing the shift 
curves foi fivt points of the hii in the case of P/Q-l (the notation 

^ The footnote appealed in J h< J^histical licbuULhtb oj Ba))G dt Sauit J e/ta/it, 
Cambiidj^e, 1880 an off punt of oui Chapter x 
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being that of our Art. 403). Plate IV. gives these curves, while Plates 
y. and VI. contain like curves for the cases = 1, 2, and 4. 

These curves serve in general the same purposes as those of Diagram 
I. of our p. 277, but they do not give the same abrupt changes of 
siope. The slope of these curves measures the stretch (or squeeze) 
and it is easy to see that its maximum occurs at the fixed end; 
unfortunately the slope of a tangent to an approximate curve is 
unlikely to give very good results. Thus for JPjQ — Saint-Venant 
finds the maximum slope to be 2*825 Vja and to occur at a time 
a^/^=3*25. The accurate values are 3*213 F/a and atll=d (see our 
Diagram II. p. 278). The errors are even larger than this in the 
ratios of the maximum to the mean squeezes (pp. 109 — 110). But 
Saint-Venant’s graphical values shew at least that one errs greatly 
in taking, as is usually done in the text-books, the mean for the 
maximum squeeze. 

[413.] The curves for transverse impact we have already discussed 
in our Arts. 362 — 3 and 371. It is unfortunate that we have so 
little means of testing their accuracy. For the reasons given above, 
however, I am inclined to think the results more accurate than in 
the previous case. Saint-Venant assumes the form of a small arc 
at the lowest point of one of the instantaneous positions of the 
central axis to be a parabola with its axis vertical and so takes the 
curvature 8 times the subtense divided by the square of the chord 
(p. 119). I wish it had been possible to reproduce Plates X. and XI., 
but their scale precluding this, I must content myself by referring the 
reader to the original memoir. • 

Flamant makes (pp. 122 — 4) some interesting comparisons between 
longitudinal and transverse impact, and shews that if the same body 
falls with the same velocity first longitudinally and then transversely 
on a bar, the strain is considerably greater in the latter than in the former 
case, although the ratio of the strains diminishes as P/Q increases. 

[414.] In conclusion Flamant remarks that in both cases the 
cross-sections are supposed to remain plane and that this is far 
removed from reality in the case of transverse impact, for the 
strain will really propagate itself in spherical or ellipsoidal surfaces 
from the point of impact, and these are not approximately coinci- 
dent with the plane transverse cross-sections except at distances 
which area considerable number of times greater than the depth 
of the bar. Flamant also refers to Boussinesq’s solution (sec the 
Chapter we have devoted to that scientist) but remarks that it 
leads to formulae so complicated that it does not seem possible 
to deduce any practical results from them (p. 124). Thus Saiut- 
Venant s graphical calculation of the strain for these special cases 
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IS all tbe theory we can at present use in practical structures 
subjected to transverse impact 

[415 ] Saint-Venant died on January 6, 1886 The President 
of the Academy on announcing his death at the meeting held 
on January 11, used the following words 

La vieillesse de notre Eminent confrere a 6te une vieillesse heme II 
est mort plem de joins, sans infiimit6s, occupe jusqu’a sa dermal e heure 
des probl^mes qui lui 6taient chers, appuye pour le gi*and passage sur 
les esp^rances qm avaient soutenu Pascal et Newton (Comptes renchis, 
T oil , 1886, p 73) 

Short notices of his life appeared in the Comptes rendus, T Cli , 
pp 141 — 7, 1886 by Phillips, and in N'ature, February 4, 1886 bj 
the Editor of the present volume A full and excellent account 
by Boussinesq and Flamant of his life and work, together with a 
complete bibliography of his contributions to science, was published 
in the Annales des Fonts et Ghaussees foi November, 1886 In 
presenting this paper to the Academy, Boussinesq said 

Nous avons t^ch^ d^ lappeler, avec tons les details que comportait 
Tetendue materielle de texte dont nous pouvions disposei, Fexistence 
si bien remplie et les travaux les pins marquants dii profond ingenieur 
geometre, notre maltre h tons deux, qui a 6te une des gloiies de TAcademie 
A notre epoque et un modMe pour les tiavaiUeurs de tous les temps 
(Comptes rendus, T civ , 1887, p 215 ) 

A more popular account of Saint- Venant’s life based chiefly on 
the notices in the An7iales and Nature will be found in the 
Tahlettes biographiques , Bixieme Annie 1888 

[416] nim'ii / In estimating the \alue of Saint- Venant’s 
contributions to our subject, we have first of all to note that he is 
essentially the originator on the theoretical side of modem tech- 
nical elasticity In his whole tieatment of the flexuie, toision and 
impact of beams he kept steadily m view the needs of piactical 
engineers, and by means of numerical calculations and graphical 
representations he presented his results in a form, wheiem they 
could be grasped by minds less accustomed to mathematical 
analysis At the same time he was no small mastei of anal} tical 
methods himself, and he undertook m addition purely numeiical 
calculations befoic which the majority would stand aghast His 
momoiis on tlu distiibutions of dasticity round a point and of 
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homogeneity in a body opened up new directions for physical in- 
vestigation, while his numerous discussions on the nature of 
molecular action have greatly assisted towards clearer conceptions 
of the points at issue. The hypotheses of modified molecular 
action and of polar molecular action may either or both be true, 
or false ; but we see now clearly that it is to the investigation of 
these hypotheses and not to the experiments of Oersted, Regnault 
etc. nor to the viscous fluid and ether jelly arguments of the first 
supporters of multi-constancy to which we must turn if we want 
to investigate the question of rari-constancyh Saint- Venant’s 
foundation, on the basis of Tresca’s investigations, of the new 
branch of theoretical science, which he has termed plastico- 
dynamics, has not only direct value, but shews clearly the fallacy 
of those who would identify plastic solids and viscous fluids. The 
fundamental equations in the two cases differ in character: a 
difference which may be expressed in the words — the plastic solid 
requires a certain magnitude of stress (shear), the viscous fluid a 
certain magnitude of time for any stress whatever, to permanently 
displace their parts. 

Not the least merit of Saint- Venant’s work is the able band of 
disciples he collected around him. His influence we shall find 
strongly felt when investigating the work of Boussinesq, L^vy, 
Mathieu, Sarrau, Resal and Flamant. He formed the connecting 
link between the founders of elasticity and its modern school in 
France. 

The vigorous spirit, the striking mental freshness, the perfect 
fairness of his thought enabled him to penetrate to the basis of 
things; the depth of his affection, his kindly foresight and 
consideration, his rare personal devotion attached to him all who 
came in his way and stimulated them to renewed investigation 
(Flamant and Boussinesq : Notice sui* la vie et les travaiix de B. 
de St. F., p. 27). 


^ This is well brought out by the comparison of Voigt’s recent memoir {Gottirifjcr 
Ahhandlungen, 1887) with those of the early supporters of multi-constancy. 



CHAPTEE XI 


MISCELLANEOUS EESEARCHES 1850-60 


Section I 

Mathemahcal Memoirs^ , including those of W J M Ranline 

[417] W J M Rankine On the Centrifugal Theoiy of 
Elasticity j and its connection with the Theory of Heat Edinbiti gh 
Royal Society Proceedings, Yo\ ill pp 86 — 91,1851 This paper 
deals only with the elasticity of fluids and gases 

[418 ] W J M Rankine Laws of the Elasticity of Solid 
Bodies This paper was read before the British Association at 
Edinburgh, 1850 It is briefly noticed in the Report for that year 
see our Art 1452* It is published at length in the Gamhndge 
and Dublin Mathematical Journal, Yol vi 1851, pp 47 — 80, with 
additions, pp 178—181 and pp 185 — 6 It is reprinted on 
pp 07 — 101 of Rankme'b Miscellaneous Scientific Papers edited 
by W J Millar The pages of the latter will be briefly leferred 
to as >S P while we are dealing with Rankme’s memoirs 

1 The titles of the separate sections of this ehaptei refer lathei to the method 
than to the substance of the memoirs Thus this section discusses leseaiche^ of 
Bresse Phillips Winkler etc , which are of the hrst impoitance to en^meeis ^\hlle 
the physical and technical sections will be found to contain many papeis of f^ieat 
interest to mathematicians The o\ei whelming numbei of memoiis demanded 
some classification and the giouping of them bioadly into mathematical plnsical 
and technical sections seemed the least objectionable ariangement In ceitain cases 
memoirs have been taken out of their proper section oi then chionolo„icxl order 
with a view to gioupiiig kindred leseaiches oi bunging together the complete woik 
of an individual scientist 
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[419.] Section 1. of the memoir (pp. 48—54, 8. P. pp. 68—73) 
contains reproductions of formulae already given by Cauchy, Lame 
and others for expressing the stresses or strains in any three 
rectangular directions in terms of those in any three other 
rectangular directions. I may note that Rankine uses pressures 
where I use positive tractions and that he uses symbols 
for the halves of what I have termed the slides, a notation which 
I am inclined to think would be of value if it had been generally 
adopted; see our Vol. I. p. 881. 

On p. 49 {8. P. p. 68) he writes ; 

It is desirable that some single word should be assigned to denote 
the state of the particles of a body when displaced from their natural 
relative positions. Although the word strain is used in ordinary 
language indiscriminately to denote relative molecular displacement, 
and the force by which it is produced, yet it appears to me that it 
is well calculated to supply this want. I shall therefore use it, 
throughout this paper, in the restricted sense of relative displacement 
'^hether consisting in dilatation, condensation or distortion. 

to Rankine that we owe the scientific appropriation 
strain. 


In Section 11. (pp. 54 — 63, 8. P. pp. 73—81) of the 
i^aper Rankine restricts his enquiries to 


homogenous bodies possessing a certain degree of symmetry in their 
niolecular actions, which consists in this: that the actions upon any 
given particle of the body of any two equal particles situated at equal 
distances from it within the sphere of molecular action, in opposite 
directions, shall be equal and opposite (p. 54, 8. P. p. 73). 

He is thus dealing with a case of what might be termed 
central elastic symmetry. 


By a process of rather general reasoning in what is entitled : 
Theorem L (p. 55) and by the assumption of the linearity of the 
stress-strain relations Rankine reaches expressions for the stresses 
which with our system of notation may be given as : 

-/"s^+hSy -h d's^y = ecr.^^, 


<=es^. +i 


cs^ 




There are thus twelve apparently independent constants, 
does not note tha,t the principle of energy requii“f‘s ns t< 
that ^ e -6, /'=/, which reduces tliese formulae^ 
of our Art. 117 formulae (a). 


Rankine 

SllpJ)OS(' 
to t]K)S(‘ 
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[421 ] Kankme now proceeds to Theorem II (p 61, P | 
79) which he states as follows The coefficient of rigidity is th 
same for all directions of distortion in a given plane, or in analyti 
cal language he would say that 2 ;^=^ if (Tyz = cry>s whateve 
rectangular directions lying in the same plane y, z and f, / ma 
be This Theorem II does not appear to be correct and Rankine' 
error seems to have arisen from his supposing that a pure sheannj 
force alone can change the angles of a rhombic pnsm He ha 
neglected to take into account the tractions which would have t( 
be distributed over the faces to produce the sort of distortion he 1 
considering, and although the work required to produce the dis 
tortion might be the same, however it was produced, yet thi 
equality does not involve the equality of the shears, except whei 
the ihombic angles are right In the latter case his theoren 
1 educes to the well-known results Js = ^ and cTy^ = cr^ 

[422 ] By means of the erroneous Theorem II , Bankme u 
Theorem III (p 61, aS P p 80) deduces relations of the type 

U=h + c-d'-d’ ( 1 ), 

or remembermg the real equality of d' and d'\ 

M^d'=\{h + c) (u) 

But this IS the well-known second type of relation for bodies with ai 
ellipsoidal distribution of elasticitv, or for what Samt Tenant has teimec 
amorphic bodies see our Arts 230 — 1, 308 Bankine’s results, if tine 
ought to hold for crystals with three rectangular planes of elastu 
symmetiy, but such bodies do not satisfy the above conditions Hence 
all the further conclusions of Rankings paper which depend upon th 
truth of ( 1 ) or ( 11 ) can he considered to hold only fo'i the limited lang^ 
of amorphic or other bodies for which the ellipsoidal relations of the seconc 
type hold 

[423 ] Section III (pp 63 — 66, S P pp 81 — 4) is entitled 
Results of the Hypothesis of Atomic Centres In this by rather vagiu 
reasoning Bankme deduces that when molecular force is central and c 

O 

function only of the distance 

d^d!^d\ e = e' = e", /=/=/', 

which aie the usual conditions of ran constancy He bases his result 
on what he terms the hypothesis of Boscovich, which he consickis not t( 
be tiue foi all solid bodies, he holds, howevei, that it mi} be coiiectec 
by combining it with an hypothesis of his own, to winch wc shil 
leturn litei Wc have scvcial times had occasion to point out tha 
the hypothesis of Boscovich does not re illy invohe the condition 

10 


T 1' ir 
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[419.] Section L of the memoir (pp. 48—54, S, P. pp. 68—73) 
contains reproductions of formulae already given by Cauchy, Lam6 
and others for expressing the stresses or strains in any three 
rectangular directions in terms of those in any three other 
rectangular directions. I may note that Eankine uses pressures 
where I use positive tractions and that he uses symbols 
for the halves of what I have termed the slides, a notation which 
I am inclined to think would be of value if it had been generally 
adopted: see our Vol. I. p. 881. 

On p. 49 {8, P. p. 68) he writes : 

It is desirable that some single word should be assigned to denote 
the state of the particles of a body when displaced from their natural 
relative positions. Although the word strain is used in ordinary 
language indiscriminately to denote relative molecular displacement, 
and the force by which it is produced, yet it appears to me that it 
is well calculated to supply this want. I shall therefore use it, 
throughout this paper, in the restricted sense of relative displacement 
of particles j whether consisting in dilatation, condensation or distortion. 

It is thus to Eankine that we owe the scientific appropriation 
of the word strain. 

[420.] In Section II. (pp. 54 — 63, 8. P. pp. 73 — 81) of the 
paper Eankine restricts his enquiries to 

lous bodies possessing a certain degree of symmetry in their 
ar actions, which consists in this: that the actions upon any 
particle of the body of any two equal particles situated at equal 

lices from it within the sphere of molecular action, in opposite 
airections, shall be equal and opposite (p. 54, S. P. p. 73). 

He is thus dealing with a case of what might be termed 
central elastic symmetry. 

By a process of rather general reasoning in what is entitled : 
Theorem I. (p. 55) and by the assumption of the linearity of the 
stress-strain relations Eankine reaches expressions for the stresses 
which with our system of notation may be given as : 

XX = as a. +fsy + e”Sgj ^ = dcr,,^^, 

yy — f Sjjj “I" "bSy “I” ds^^ zx — 

^ = e% -f d\ + cs^, Tj =/or^^. 

There are thus twelve apparently independent constants. Eankine 
does not note that the ])rinciplo of energy requirf‘s us to siippos(^ 
that d‘ — d\ e"-p\ f'=f\ which reduces thos(‘ foi*rmi1a(‘ to those 
of our Art. 117 fonnulae (a). 
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[421 ] Eankine now proceeds to Theorem II (p 61, P p 
79) which he states as follows The coefficnent of rigidity %s the 
same for all directions of distortion in a given plane, or m analyti- 
cal language he would say that if <ryz^cry>z whatever 

rectangular diiections lying in the same plane y, z and y', / may 
be This Theorem II does not appear to be correct and Eankme’s 
error seems to have arisen from his supposing that a pure shearing 
force alone can change the angles of a rhombic pnsm He has 
neglected to take into account the tractions which would have to 
be distributed over the faces to produce the sort of distortion he is 
considering, and although the work required to produce the dis- 
tortion might be the same, however it was produced, yet this 
equality does not involve the equality of the shears, except when 
the rhombic angles are right In the latter case his theorem 
1 educes to the well-known results ^yz = 

[422 ] By means of the erroneous Theorem II , Rankme in 
Theorem III (p 61, aS P p 80) deduces relations of the type 

4£? = 6 + c-(f'-c?" (i), 

or remembermg the real equality of d' and 

2d + d'=\(h^c) (n) 

But this IS the well known second type of relation for bodies with an 
ellipsoidal distribution of elasticity, oi foi what Saint Venant has teimed 
amorphic bodies see our Arts 230—1, 308 Bankine^s results, if true, 
ought to hold for crystals with thiee i octangular planes of elastic 
symmetiy, but such bodies do not satisfy the above conditions Hence 
all the further conclusions of Bankings paper which depend upon the 
truth of (i) or (ii) can he considered to hold only foi the limited lange 
of o/morphic or other bodies for which the ellipsoidal o elations oj the second 
type hold 

[423] Section III (pp 63—66, S P pp 81—4) is entitled 
Results of the Hypothesis of Atomic Centres In this by rather vigue 
reasoning Rankme deduces that when moleculai force is central and a 
function only of the distance 

d^d = d!\ 6 = = f=f=r, 

which are the usual conditions of ran constancy He bases Ins results 
on what he tcims the hypothesis of Boscovith, which he consickis not to 
be tiue foi all solid bodies, he holds, howe^ei, that it mi} be collected 
by combining it vitli an hypothesis of his own, to vliich vc shill 
leturn liter Wo have several times had occision to point out that 
the hypothesis of Boscoiich does not re illy invohe the conditions 
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of rari-oonstanoy (see our Art. 276), and that Boscovichian systems 
may be chosen ^?hich do not lead to rari-oonstanoy has been recently 
demonstrated by Sir William Thomson : see Proceedinga of the Royal 
Sodety of Edirdmrgh, July, 1889, or Mathematical Papers, Vol. in. pp. 
395—427. Further Rankine’s reasoning has been questioned by Sir 
William Thomson in a note attached to the memoir : see p. 80 {8. P. 
p. 98). The reply of Eankine to this criticism is given on pp. 173—81 
(iS. Ph pp. 98 — 100). 

Of course equations (7) and (8) of this section will be erroneous 
unless the body possesses ellipsoidal elasticity of the second type, and 
thus we are obliged to reject Rankine’s fascinating statement on p. 66 
(>?. P. p. 84)that: 

in a body whose elasticity arises wholly from the mutual actions of 
atomic centres, all the coefficients of elasticity are functions of the three 
coefficients of rigidity [i.e. the three slide-coefficients, o?, e, /]. Rigidity 
being the distinctive property of solids, a body so constituted is properly 
termed a ferfect solid. 

[424.] In Section IV. of the memoir (pp. 66 — 9, S. P. pp. 
34 — 6) Eankine applies his Hypothesis of Molecular Vortices 
to the elasticity of solids. He had previously written several 
papers on this hypothesis dealing with the elasticity of gases and 
vapours and generally with the mechanical theory of heat. For 
our present purposes it is sufficient to cite the description Eankine 
gives of his hypothesis in this memoir (pp. 66 — 7) : 

Supposing a body to consist of a continuous fluid, diffused through 
wpace with perfect uniformity as to density and all other properties, 
such a body must be totally destitute of rigidity or elasticity of figure, 
its pai*ts having no tendency to assume one position as to direction 
rather than another. It may, indeed, possess elasticity of volume to 
any extent, and display the phenomena of cohesion at its surface and 
between its parts. Its longitudinal and lateral elasticities will be 
equal in every direction ; and they must be equal to each other by 
equation (5). 

[Here Eankine gives conditions which amount to putting d = e ~f =r. 0, 
a-l)-c=^d' -d'^ in the stress-strain relations of our 

Art. 420. He afterwards writes the latter series of quantities = 
which he terms the coefficient of fluid elasticity.'] 

If we now suppose this fluid to be partially condensed round Ji 
system of centres, there will be forces acting between those ccnti‘os 
greater than those between other points of the body. The body will 
now possess a certain amount of rigidity; but less, in proportion to 
its longitudinal and lateral elasticities, than the amount pinpor to the 
condition of perfect solidity. Its elasticity will, in fact, consist of two 
parts, one of which, arising from the mutual actions of the c(‘ntros of 
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condensation, will follow tlie laws of perfect solidity^ while the other 
will be a mere elasticity of volume, resisting change of bulk equally in 
all directions 

There is indeed much that is suggestive in Rankine’s hypo- 
thesis of molecular vortices, as well as in his attempt to separate 
elasticity into the two factors of perfect solidity and of perfect 
fluidity, which involve the conceptions of rigidity and bulk elas- 
ticity But from what we have seen above these factors of 
elasticity do not correspond exactly to fluid and Boscovichian 
methods of action, and Eankine*s imperfect solid cannot in general 
be obtained by superposing on a fluid elasticity the rigidity of a 
perfect solid, i e the elasticity of a rari-constant substance 

The expressions given in Rankine’s Equation (9) for the direct- 
stretch and cross-stretch coefficients in terms of the slide modulus 
and J would only be true for a particular type of amorphic body 
In the case of isotropy relations such as (u) of our Art 422 
certainly do hold and then we have 

a = 6= c = 3(i-|“J’=3e + /==3/+e7, 

= = d + + /=/+/ 

Thus in the ordinary isotropic notation of our History the 
coefficient of fluidity, or /, =X — and it vanishes on the Bosco- 
vichian or rather uni-constant hypothesis 

Rankme’s special error would thus seem to lie in the extension 
of his results from isotropy to aeolotiopy other than that of ceitain 
amorphic bodies 

To this Section a Note is added (pp 69 — 71, P pp 87 — 9) con 
taming a reference to the reseaiches of Green, MacCullagh, Stokes, 
Poisson, JSTavier, Cauchy, Lame and Wertheim, with a comparison of 
their notations foi the elastic constants with that of Rankine himself 
The latter remarks of Wertheim’s hypothesis (X=3/i) that it must 
be regarded as doubtful “If the effect of heat is to dimmish /x 
and increase J, there may be some temperatuie for each substance 
at which M Wertheim’s equation is verified ” 

[425 ] Section V (pp 71 — 80, P pp 89 — 98) is entitled 

Coefficients of Pliability, and of Extensibility and Compi essihility, 
Longitudinal, Lateral, and Cubic Examples of then Ecpenmental 
Detei mination These are the coefficients which Rankine aftei- 
wauls termed Thlip^inomic (see oui Art 448), or those which 
expicss strain in teims of stress For the stiess strain lelitions 
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of our Art. 420, the coefficients of pliability are the reciprocals 
of the coefficients of rigidity, i.e. of the slide-coefficients d, e, /. 


For the stretches Rankine has in our notation : 


5a5= ai^— bsiJy — b2^«, 
% “ bs^ + Ug Jy 
= bg^ — • bj 

and he classifies the coefficients as follows : 


aa, as are coefficients of longitudinal extensihility and compressi- 
hility. We may perhaps better term them direct traction coefficients, 
they are coefficients of ‘ stretchability.’ bi, bg, bg are coefficients of 
lateral extensibility cmd compressibility. We may perhaps better term 
them cross traction coefficients. Our terminology would thus be in 
accordance with that which we have adopted for the usual elastic 
or tasinomic coefficients: see the footnote on our page 77. 

Rankine then proceeds to express these six thlipsinomic coefficients 
in terms of the four constants, d, e, f and *7, of which he imagines 
in the case of central elastic symmetry all the other elastic constants 
to be functions. His results are rather lengthy and appear to have 
no application except to the case of a certain type of amorphic body 
(see our Art. 422). For the special case of isotropy we have 


d = 


2^ + 17 

" V + W’ 

3 

5 /X + 3 / 


b = 


lx-\- J 

10/^+ 6/u7’ 


or 


1 ^ 5 

5 = /+ 3 /.. 


Here d is what Rankine terms the coefficient of cubic compressibility, 
or 1/d what we have termed the dilatation-modulus and represented by 
F\ see Yol. i. p. 885. Further 1/a is obviously E, the stretch-modulus, 
and b = rijE, where rj is the stretch-squeeze ratio. There is thus little 
of importance here beyond the terminology. 

Rankine then proceeds to show how the rigidity (/x), fluid elasticity 
(J), longitudinal elasticity (X -f- 2/x), lateral elasticity (X), as well as the 
thlipsinomic coefficients a, b and d may be experimentally ascertained. 
He determines them for brass and crystal glass from Worth eirn’s 
experiments, and indicates how they might be found for aeolotropic 
bodies (pp. 75 — 80). 


[426.] We have already referred to Sir W. Thomson’s criticism 
with which the memoir concludes and to Rankine’s rejoinder 
(pp. 178 — 81, S. P. pp. 97 — 100). An additional Hate (pp. 
185 — 6, P. p. 100 — 1) merely gives the relations between the 
symbols of the present memoir and those of Clcrk-MaxweH’s 
memoir of 1850: see our Art. 1536*. 
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[427 ] W J M Rankine On ike Laws of Elasticity Cam- 
bridge and Dublin Mathematical Journal, Vol Vii 1852, pp 
217 — 34 {S P pp 101 — 118) This is a sequel to the memoir 
referred to in our Arts 418 — 26, the sections bemg numbered 
in continuation The object of this portion of the memoir is to 
compare the results and symbols of Haughton and Green with 
those adopted by the author Eankine here follows Lagrange’s 
method of investigation and sums up his assumptions in the 
following postulates 

(i) That the variations of molecular force concerned m producmg 
elasticity are sufficiently small to be represented by functions of the 
first order of the quantities on which they depend and, 

(n) That the integral calculus and the calculus of variations are 
applicable to the theory of molecular action It is thus apparent that 
the science of elasticity is, to a great extent, one of deduction d, prion 
(p 230, S P ^ 114) 

These do not seem to me the only assumptions of the paper, 
for Eankine again reduces in the case of ran-constancy the stress- 
strain relations of our Art 420 to relations havmg only three 
independent constants He obtains the relations of the second 
ellipsoidal type (see our Art 422, (ii)) but by a hypothesis very 
different from that of the earlier part of his paper 

[428] Section VI entitled On the Application of the Method 
of Virtual Velocities to the Theory of Elasticity (pp 217 — 24) 
follows closely the methods of Haughton’s memoirs of 1846 — 9, 
and contains nothing of special note^ We may remark that 
Rankine endoises Haughtoffs view of the i elation 55 = ^ cited 
in our Art 1517* 

Mr Haughton coiiectly lemaiks that this often quoted Theoiem of 
Cauchy is not true for all conceivable media It is not tiue, foi 
instance, foi a medium such as that which Mr MacCullagh assumed 
to be the means of tiansmittmg light It is true, ne\ ertheless, for 
all moleculai piessures which piopeily fall under the definition of 
elasticity, if that teim be confined to the foices which pieseive the 
figuie ind \olume of bodies (p 221, aS' P p 105) 

Here as in the earlici pait of the memoii Rankine insists upon 
the distinction between the lesistances to change of bulk and 
to change of form, and in the following section he igiin builds up 


1 See oui Alts IjOo’" — IS’^ 
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an elastic solid of the ordinary type by superposing a fluid elasticity 
upon a homogeneous body consisting of centres of force only and 
so having rari-constant equations. 

[429.] Section VIL is entitled : On the Proof of the Laws 
of Elasticity hy the Method of Virtual Velocities (pp. 224—30, 
S, P. pp. 108 — 114). The following words exactly reproduce 
Rankine’s position : 

The fluid elasticity considered in the last article cannot arise from 
the mutual actions of centres of force; for such actions would necessarily 
tend to preserve a certain arrangement amongst those centres, and 
would therefore resist a change of figure. Pluid elasticity must arise 
either from the mutual actions of the parts of continuous matter, or 
from the centrifugal force of molecular motions, or from both those 
causes combined. 

On the other hand it is only hy the mutual action of centres of 
force that resistance to change of figure and molecular arrangement 
can be explained, that property being inconceivable of a continuous 
body. The elasticity peculiar to solid bodies is, therefore, due to the 
mutual action of centres of force. Solid bodies may nevertheless 
possess, in addition, a portion of that species of elasticity which 
belongs to fluids. 

The investigation is simplified by considering in the first place the 
elasticity of a solid body as arising from the mutual action of centres 
of force only, and afterwards adding the proper portion of fluid 
elasticity (p. 224, S. P. p. 108). 

Rankine deduces by a process, some steps of which I do not grasp ^ 
isual rari-constant equations of elasticity. These it will be re- 
Dered have 15 independent constants (see our Art. 116 and 
footnote). To get the most general system of coefficients he adds a 
constant J to the mrirconstant direct-stretch and cross-stretch co- 
efficients, le. takes 

\xxxcc\ -h e7, \xxyy\ *4- *7, etc. 

but he does not add this constant to the coefficients like \xyxy\ which in 
the rari-constant theory are equal to those of type kwl. Thus he 
really supposes the multi-constant coefficients to satisfy relations of the 
type 

\xxyy\ — \xyxy\ = \yyzz\ — \yzyz\ = \zzxx\ — \zxzx\ Rankine’s J} (i), 

together with the three purely rari-constant conditions : 

\xxyz\ = \xyxz\ 1 

\yyzx\ = \yzyx\ V (ii). 

\zzxy\ = \zxzy\ j 

1 For example, how the expression on p. 226 {S. P. p. 110) for the total action 
of an indefinitely slender pyramid is obtained, supposing 0 (0 to be the law of 
mtermolecular force. 
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Hence he puts the six ran constant relations on diffeient footings, 
the latter three always hold, the former three (obtained by putting 
/= 0) do not generally hold and are replaced by the two of type (i) 
above 

The most general aeolotropy has thus for Hankine only B^vxteen 
constants It would be interesting to know how far experimentally 
Rankine’s views are justified Are any of the inter constant relations 
of rari-constancy more generally satisfied than otheis? Rankine’s 
defective theory can hardly in itself be consideied an argument in favour 
of the 1 eduction of the constants to sixteen Unfortunately the results 
(ii) aie identically satisfied foi all bodies possessing three rectangular 
planes of elastic symmetry, and thus experiments would have to be made 
on very complex aeolotropic systems 

[430 ] Eankine now proceeds to reduce his sixteen elastic coeffi- 
cients to foMT, three rari-constant coefficients supplemented by the 
coefficient of fluidity J He first reduces the sixteen to seven by 
putting the coefficients of asymmetrical elasticity (see our foot- 
note p 77) zero The exact reasoning by which he reaches this 
result (p 228, B P 112) is far from clear to me, but I presume it 
does not amount to more than his previous supposition of the 
central symmetry of the elastic distribution He apparently sup- 
poses that his reasoning is perfectly geneial 

The next stage is to i educe the six remaining ran constant co 
efficients to thiee by means of the ellipsoidal conditions of the second 
type see om Ait 423, (n) Eankine deduces these conditions by a 
method totally different from that of the first part of his memoir, and 
he asserts that they hold for “all known homogeneous substances'^ 
(p 229, S P p 112) He proceeds as follows 

Let <i> (r) be the law of cential intermolecular force and S denote a 
molecular summation over a cone of elementary solid angle, then he 
assumes that = is a function F {i) of ^ “the mean %nte')val 

between centres of force in a given duection ” If the diiection-cosines 
of this direction be I, m, n, and f, g, h, h, be constants, he assumes that 
lefened to the axes of elasticity ^ will be of the foim 

^ = exponential (/+ gl + hm + 1.71) 

He then continues 

Lot us issumc is i F\jth Postulate, whit expciioiiL-c shows to he sonsihly 
tiLie of ill known lioinogeiieoiis substinces — \u tint then elistioity ^ uics 
vciy little in difttiont dneotions Those suh^t iiioe^, such is timhei wlio^e 
elasticity in difieicnt diiections vines much, lie not honiogoucous, l)ut 
composed of fibies, lijcis, ind tubes of diftoiciit substinces (p 229, S P 
P 112) 
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Thus he deduces that must be very small as compared 

with/ or that we may take : 

+ lA' (/) 

substituting this value of j 5 in the summation expressions^ for the 
elastic constants he easily deduces relations of the type 

J {\yyyy\ + \zzzz\] = 3 \zyzy\ 
or those of the second ellipsoidal type. 

[431.] Eankine concludes this section of his memoir by the 
two postulates I have cited at the beginning of my criticism in 
Art. 427. I'hose postulates do not seem to me to involve the 
reduction of the twenty-one elastic constants to three. The 
memoir suggestive in parts, seems full of very doubtful reasoning. 
The results of this memoir are indeed rejected in the one On Axes 
of Elasticity,,., discussed in our Arts. 443 — 52 where Eankine 
states that “there is now no doubt that the elastic forces in 
solid bodies are not such as can be analysed into fluid elasticity 
and mutual attractions between centres simply But my present 
point is that, even if they could be, there would be no necessary 
reduction of the constants below sixteen, so that Eankine’s reason- 
as his hypotheses are at fault. 

In a Note to Sections VI, and VII, appended to the 
memoir and entitled : On the Transformation of the Coefficients 
of Elasticity by the aid of a Surface of the Fourth Order (pp. 
231 — 4, S, P, pp. 114 — 8), Eankine gives expressions for the 
transformation of the coefficients of elasticity from one set of 
rectangular axes to a second. I believe this to be the first 
occasion (1852) on which expressions were given for the trans- 
formation of the elastic coefficients. The same results, however, 
were obtained by Saint-Venant in a much simpler symbolic form 
some years later (1863) and have already been cited in this 
work: see our Art. 133. Hence I do not propose to reproduce 
the earlier discussion, merely noting Rankine’s undoubted priority, 
which was fully admitted by Saint-Venant: see our footnote p. 89, 
and Art. 135, etc. 

1 I am not certain of the accuracy of these summation expressions if <f> (/•) be 
the law of intermoleeular force. But I think Eankme’s results would follow if 
F{r) of our equation (xxx.) Art. 143 were made a function of i. 
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[433 ] W J M Rankme On the Velocity of Sound in Liquid 
and Solid Bodies of limited Dimensions, especially along Pmsmatic 
Masses of Liquid Cambridge and Dublin Mathematical Joumial, 
Vol VI 1851, pp 238—67 {S P pp 168—199) 

Eankine remarks that if we could ascertam the velocities of 
transmission of vibratory movements along the axes of elasticity of 
an indefinitely eccftended mass of any substance we should at once 
be able to calculate its coeiSficients of elasticity As we cannot 
experiment on such a mass of solid elastic material, the best 
results, which can be obtained in practice are those based on the 
transmission of nearly longitudinal vibrations along prismatic or 
cylindrical bodies If the vibrations were solely longitudinal, we 
should be able to find the '‘true longitudinal elasticity,” i e the 
direct stretch-coeflScient It is however "impossible to prevent a 
certain amount of lateral vibration of the particles, the effect of 
which IS to dimmish the velocity of transmission in a ratio 
depending on circumstances in the molecular condition of the 
superficial particles, which are yet almost entirely unknown.” 
Rankme holds that the supposition that the stretch-modulus is 
obtained from experiments upon the longitudinal vibrations of a 
rod or bar is 

mconsistent with the mechanics of vibratory movement, and accord- 
ingly, experiment has shown that the elasticity conespondmg to the 
velocity of sound in a rod agrees neithei with the modulus of elasticity, 
noi with the time longitudmal elasticity, although it is m some cases 
nearly equal to the formei of those quantities, and m otheis to the 
latter (p 239, /S' P p 169) 

We will briefly indicate the couise of Rankme’s investigations 
in the following six articles 

[434] Pp 240 — 6 {S P pp 170 — 6) aie entitled Geneud 
Equations of Vih atory Motion in Homogeneous Bodies In this 
paper Rankme integrates the general equations of vibratoiy motion 
for a solid having cential elastic symmetry, i e with nine indepen- 
dent elastic coefficients see oui Art 117, {a) 

Rankme adopts as types of solution shifts with factors of the toim 

{ax + b y + c t-ah-by-cz)) 

whclc € his tin to difitient v dues given hy the loots of i putioiiUi 
cubic c(iuation Ceitam latliei complex: lelations must hold among 
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[485—436 


the constants. Taking a series of such terms Eankine finds for the 
shifts : 


S=s[< 




27r 


COS y (^€. t - ax- hy- cz) 
+ V A- ax- hy- 


-y = 2 (terms in m, m' instead of Z, I') 
w = '% (terms in n' instead of Z, Z') ) 


(i). 


Thus there are fourteen constants A,, a, h, c, a\ h', c\ I, Z', m, m\ 
n! for each set of terms, and these are connected by the equation 
a® + 5^ + = 1 and six other equations of condition, or we have seven 

independent constants. 

Such expressions Eankine says “ contain the complete representation 
of the laws of small molecular oscillations in a homogeneous body of 
any dimensions and figure” (p. 245, P. p. 175). 

The special case of an indefinitely extended medium has been 
treated by Poisson, Cauchy, Green, MacCullagh, Haughton, Blanchet, 
and Stokes; see our Arts. 523* 1166*— 78^ 917*— 21* 1519*— 22* 
and 1268* — 75*. Eankine gives the principal results which depend 
upon the fact that in this case for small oscillations we must have 

a' = 5' = c' = 0. 


See his pp. 246—8 {S. P. pp. 176—8). 


[435.] Pp. 248 — 50 {S. P. pp. 178 — 80) deal with the General 
Case of a Body of limited Dimensions, Here the velocity is no longer 
a function only of the direction- cosines a, 5, c of the wave front, but 
also of a\ h\ d. Eankine in these pages gives the shift-speeds, the 
stretches, the slides and the six stresses as deduced from equations (i). 
Taking the special case of an isotropic medium (pp. 250 — 6, P. pp. 
180 — 184) and the axis of x as direction of propagation, Eankine puts 

a = l, 5 = 0, c = 0, a' = 0, 

and finds for the velocities of propagation in our notation, 

▼ r 

nA= (pp. 260—1, S. P. p. 181). 

V p 

Hence these velocities of propagation are less than in an unlimited 
mass in the ratio fj\ - 5'® - c'® : 1. 


[436.] Eankine now remaiks that : 

It may be shown that the vibrations corresponding to the velocity 
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c- cannot take jplace in a body of wlucli the s>ui£ace is 


free unless 6' = 0, c' = 0, m which case they are reduced to oidmary trans 
verse vibrations (p 251, >8 P p 182) 


This IS shown in an Appendix II (pp 265 — 7, S P pp 197 — 
9) entitled General Equations of nearly^ti ansverse Vibrations 
Herein Rankine calculates out the surface traction in his pn'sm 
and shows that if it is to be zero we must have b' = c = 0, and the 
nearly transverse vibrations become accurately transverse 


[437 ] The vibrations which have the velocity 

are teimed by Rankine nearly long%tudinal, for the longitudinal com 
ponent predominates, and are dealt with by him on pp 251 — 4 {S P 
pp 182 — 4) He finds expressions for the surface sti esses and lemarks 
that if we knew “the laws which detenmne the superficial pressures 
m vibratmg bodies^’ these expressions would enable us to find U 
and c' and so deteimine the velocity of piopagation. “Those laws, 
however, are as yet a matter of conjecture only ’’ It seems to me that 
a reasonable hypothesis is that the surface stress or load vamshes, 
but even then except in very special cases Rankme’s expressions would 
probably be too complex to afford any manageable solution of the 
problem (see two memoirs by Chree, Quarterly Journal of Math&inatiCb, 
Yol xxm pp 317 — 42 and Yol xxiv pp 340—58) 

For a musical note “ the velocity of propagation must be the same 
for all the elementary vibrations mto which the motion may be 
resolved,” that is to say + d must have the same value m all the 
terms of the expiessions for the shifts This leads Rankme to con 
siderably simplify his equations for the stresses, strains and surface 
loads m this paiticular case see his pp 254 — 6 {S P pp 184 — 7) 
Rankine does not, however, draw any special conclusions from these 
simplified lesults 


[438] Rankine next turns (pp 256 — GO) to the relation 
between the velocities of sound m a rectangular horizontal pi ism 
of liquid and in an infinite mass of the same liquid, and he shows 
that on a certain hypothesis as to the surface conditions, based 
upon his own theory of inoleculai voitices, these velocities would 
be in the ratio of as indeed Wertheim found them by ex- 

periment see oui Arts 1349* — 51* Returning to the vibiations 
of solid rods Rankine, adopting a hypothesis like that foi liquids, 
gives results for the cases of rectangular and circular prismatic 
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rods. Not only are the hypotheses here rather vague but the 
results do not seem very satisfactory. In the case of the rect- 
angular prism Rankine supposes the lateral vibrations of the 
particles to take place parallel to one pair of faces of the prism 
only, and he finds that the same relation holds between the veloci- 
ties of sound in a solid prism and in an infinite mass as for a liquid. 
The case of the rod of circular cross-section is investigated in an 
Appendix I (pp. 262—5, S. P. pp. 193—6), and Rankine con- 
cludes that the ratio of : 1 lies between VI •* V^ and 

V2 : V3, approaching the less value as the diameter of the rod 
diminishes. Comparison with some experiments of Wertheim and 
Savart does not give very satisfactory results, and Rankine sup- 
poses that the freedom of the lateral vibrations is really limited 
by the means used to fix the rods so that the ratio of the two 
velocities generally exceeds : V3 and sometimes approaches 
equality. See Chree, Quarterly Journal of Mathematics, Vol. 
XXL p. 295, and Vol. xxill. pp. 336, 341. 

[439.] Rankine concludes generally that : 

(i) In liquid and solid bodies of limited dimensions, the freedom of 
lateral motion possessed by the particles causes vibrations to be propa- 
gated less rapidly than in an unlimited mass. 

(ii) The symbolical expressions for vibrations in limited bodies 
are distinguished by containing exponential functions of the coordinates 
as factors; and the retardation referred to depends on the coefi&cients 
of the coordinates in the exponents of those functions, which coefficients 
depend on the molecular condition of the body’s surface — a condition 
yet imperfectly understood (p. 261, S, P. p. 192). 

It seems to me that the proper condition at the body's surface 
is the vanishing of the stress, but that in most cases of longi- 
tudinal vibrations this leads to very complex conditions for the 
determination of the coefficients of the coordinates in the ex- 
ponentials. Otherwise I think we may safely agree with these 
conclusions of Rankine's, and he certainly put the matter in 
a clearer light than it was left by Wertheim : see our Arts. 
1349^ — 51^ and the last memoir of Chree's cited, pp. 324 — 5. 

[440.] W. J. M. Rankine: On the Vibrations of Plane Polar- 
ised Light Philosophical Magazine, Vol. i. 1851, pp. 441 — 6 {S. P. 
pp. 150 — 5). This is an attempt to explain by some rather general 
reasoning based on Rankin e's theory of ‘ molecular vortices' (or 
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atomic nuclefi surrounded by elastic atmospheres see our Art 424) 
the phenomena of polarised light We only refer to it here to cite 
the following remarks 

For if there is any proposition more certain than others respeetmg 
the laws of elasticity, it is this — that the transverse elasticity of a 
medium, or the elasticity which resists distortion of the particles, 
depends upon the position of the plane of distortion, being the same 
foi all directions of distortion in a given plane This law is implicitly 
involved in the researches of Poisson, of M Cauchy, of Mr Green and 
others on elasticity (p 441, S P ^ 150) 

This can only refer to Theorem II of the memoir of 1850 see 
our Arts 421 — 2 As Rankine is here talking of crystalline bodies 
his statement is erroneous 

The keynote to Rankine’s researches is to be found in the 
hypothesis 

That the medium which transmits light and radiant heat consists of 
the nuclei of the atoms vibrating independently, or almost mdepen 
dently, of then atmospheres, ^sorption being the transference of 
motion from the nuclei to the atmospheres, and erms&ion its transfeience 
from the atmospheies to the nuclei (p 443, ^ P p 152) 

The difficulty is then to understand how the ether of space, 
which must consist of atomic nuclei in order to transmit, is still 
incapable of absorbing 

[441] W J M Rankine Qeneial View of an Oscillatory 
Theory of Light Philosophical Magazine, Vol vi 1853, pp 
403 — 14 {8 P pp 156 — 67) This papei contains no reference 
to the theory of elasticity, and is rather difficult to follow owing 
to the suppression of the strict mathematical analysis ” by which 
its conclusions were deduced 

[442] W J M Rankine On the Geneial Integials of the 
Equations of the Internal Equilihium of an Elastic Sohd This 
IS published in the Pioceedings of the Royal Society, Vol vii 
1856, pages 196 — 202 It is an abstract of a memoii which 
was received December 7, 1854 Judging from the abstiact the 
memon must have been of a very elaboiatc charactei but it 
does not seem to have been ever published see oui Aits 454 
and 455 

After some definitions and general ststements appmently 
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reproducing results of the ordinary theory of elasticity, we are 
told that the Second Section of the paper relates to the problem 
of the general integration of the equations of the internal equili- 
brium of an Elastic Solid, especially when it is not isotropic^ The 
solution seems to have been in Cartesian coordinates and obtained 
in some way by expanding the stresses in trigonometrical series of 
the three coordinates, but it is extremely difficult to follow the 
account given. 

The Third Section appears to have dealt with Lamp’s problem 
of the rectangular prismatic solid (see our Arts. 1079* — 80*). 
Apparently the method consisted only in a long series of what, 
I should imagine, would be very troublesome approximations 

(p. 201). 

The Fourth Section dealt with the general integrals of the 
equations of elasticity for an isotropic solid. 

Finally Eankine insists upon the importance for practical 
purposes of the distinction between the cone of shear and the cone 
of slide. By this I judge that he had in the memoir drawn 
attention to the facts that the directions of maximum stress 
and strain do not necessarily coincide, and that rupture does not 
always take place across the direction of maximum stress : see our 
Arts. 1367*— 8* 

[443,] W. J. M. Eankine : On Axes of Elasticity and Crystal- 
line Forms: Phil. Trans. 1856, pp. 261 — 285 {S. P, pp. 119 — 149). 
This paper was read on June 21, 1855. It is remarkable for 
the number of new, and not improbably physically important 
results relating to the twenty-one elastic constants which it 
states, as well as for the novel nomenclature which it proposes 
to introduce. 

Unfortunately the writer obtains his results by the application 
of ‘'that branch of the Calculus of Forms which relates to linear 
transformations, and which has recently been so greatly advanced 
by the researches of Mr Sylvester, Mr Cayley, and Mr Boole.’’ I 
say, unfortunately, as it will rarely happen that the elastician will 
have made a sufficiently wide study of invariants^ covariants, 
contragredients et hoc genus to understand the processes of this 
memoir, while terms such as umhral matmees and contra-ordinates 
tend at the best to obscure the simple physical principles which 
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often lie behind the equations The biquadratics which give the 
distributions of stretch-modulus and direct-stretch coeflBcient are 
no doubt tmimetno oomnmtSy but it may well be questioned 
whether this is the clearest method of approaching their discus- 
sion Luckily Saint-Venant in his memoir of 1863 has given 
short and direct proofs of most of Rankme’s results bringmg 
out in each case their physical bearing see our Arts 132 — 7 
which should be compared with Arts 445 — 7 

[444 ] Rankine commences with the statement that 

As originally understood, the term ‘‘axes of elasticity” was applied 
to the intersections of three orthogonal planes at a given pomt of an 
elastic medium, with respect to each of which planes the molecular 
actions causmg elasticity were conceived to be symmetrical 

The next two paragraphs (p 261, jS P p 119) refer to the 
peculiar hypothesis of the earlier memoirs see our Aits 424, 429, 
etc The writer states that if the elasticity of solids arose from the 
action of centres obeying the rari-constant hypothesis or partly 
from such action and ‘ partly from an elasticity like that of a fluid, 
resisting change of volume only,’ then it is easy to prove that 
three such planes of symmetry exist in every homogeneous solid 
It is not obvious that three such planes would exist m a homo- 
geneous aeolotropic solid with 15 constants, unless we could i educe 
those fifteen constants in the method of the earlier memoirs, a 
method which we have seen to be erroneous Rankine further 
remarks that there is now no doubt that elastic stress is not such 
as can be accounted for by fluid elasticity and central inter- 
molecular action as a function of the distance This of course is 
merely a declaration of his own multi-constant views, which is 
somewhat obscured by the reference to “fluid-elasticity ” 

Assuming multi-constancy Rankine conveniently defines an axis 
of elasticity as any direction with respect to which certain kinds of 
elastic stresses are symmetrical, or 

speaking algebiaically, d/iiecUom for which certain functions of the 
coefficient of elasticity aie null or infinite (p 261, aS P J) 119) 

The foimer seems a clearer statement than the latter 

[445 ] We now give a Table of Rankme’s nomenclatme piemising 
tint lie idopts OXiil/tq to denote striin and racrt? to denote stiess 
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Table of Tasinomic Coefficients or Constants. 


Our notation 
for constant. 

Our name 
for constant 

Rankin 

Constant 

e’s name for 

Elasticity. 

\xxxx\ 

Direct stretch 

r Euthytatic 

Direct or Longitudinal 

\xxyy\ 

Cross stretch 

o < Platytatic 

Lateral 

\xyxy\ 

Direct slide 

3 [ Goniotatio 

Eigidities 

All other types 

— 

Plagiotatic 

Unsymmetrical 


It will be noted that Bankine’s nomenclature does not distinguish 
by special names between a cross slide and a cross stretch-slide coefficient 
(l^ml and 

We have further the following surfaces : 

Thlipsimetric Surface = stretch-quadric : see our Art. 612*. 

Tasimetric Surface = stress-quadric : see our Art. 610*. 

Bankine forgets the double sign in writing down these equations: 
see his p. 264 (S, P. p. 122), (3) and (4). 

Orthotatic Mlipsoid, If txixf'soks symbolically denote \xxxx\ its equation 

■ ^ ^ {^W {hni 4" + ^)} 2/^ + + tyjf + tfljaj)} 

^hxB 4“ ^2^2/ + pZ-\-2 {t^ (l/gg + t‘yy+ }zX + 2 -j- XIJ 

4 - lyy + l^Y= 1 . 

Eeterotatic Ellipsoid. This has for equation : 

{\yyzz\ — \yzyz\}^ -H {\zzxx\ — \ivzxz\} f -H \\xxyy\ — \xyxy\^ +2 \\zxxy\ — \xx>/z\^y^ 

+ 2 {\xyyz\ — \yyzx\^ ZX + 2 {\uzzx\ — \zzxy\} xy~l. 

The three orthotatic axes are the principal axes of the orthotatic 
ellipsoid, the three heterotatic axes those of the heterotatic ellipsoid. 
For the former three axes equations of the type 

\yzxx\ + \yzyy\ -1- \yzzz\ = 0 

hold, and they possess the physical property which we may state in the 
following words : 

At each point of an elastic solid^ there is one position in which 
a cubical element may he cut out, such, that a uniform dilatation of 
that element by equal stretches of its three dimensions, shall produce 
no shear on the faces of the element (p. 266, S. P. p. 126). 

This physical property is not very obviously conv(iyocl in Baiikino’s 
method of looking at the orthotatic elli])soi(.l. It follows at once from 
Saint- Yenant’s treatment of the subject : sec our Art. 137, (iii). 
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For the heterotatic axes we have three lelations of the type 

— \xxyz\ = 0, 

and the physical property which we may thus state 

At each point of an elastic solid^ there is one position in which 
a cubical element may he cut ou% such that if th&re he a distortion 
of that element round (i e a slide perpendicular to) x, and an equal 
distortion round y, the traction on the faces normal to x arising from 
the distortion round x shall he equal to the shear round z arising from 
the distortion round 3 / (p 267, /S P p 126) 

The coefficients of the heterotatic ellipsoid are termed heterotatic 
differences, they vanish on the 1 an constant hypothesis Eankine 
terms fluid elasticity that elasticity for which the heterotatic ellipsoid 
becomes a sphere , the body is then het&rotatically isotropic 

A body IS orthotatically isotropic when the orthotatic eUipsoid 
becomes a sphere 

A body which is both heterotatically and orthotatically isotropic is 
not completely isotropic as it has still 11 independent constants 


[446 ] The next surface dealt with by Rankine is what he terms 
the oiqumratic tasinomic su/rface, or 


It is the biquadratic which gives the drstribution of the direct-stretch 
coefficient 

He terms its coefficients the homotatic coefficients Diameteis of 
this surface which are normal to the tangent planes at their extremities 
are termed euthytatic axes (p 268, /S' P p 127) Rankine returns 
later to the consideration of these axes in Sections 22 — 29 

He now proceeds to the dissection of this surface by rectangular 
Imeai tiansformation By this means it is always possible to make 
three of the terms with odd exponents 01 thiee functions of such terms 
vanish Thus Rankine shows we may find three mutually lectangular 
axes for which thiee equations of the type 

\yyyz\ = \zzyz\ 

hold These axes he teims the principal metatatic axes The} possess 
the following property (supposing them to be the axes of tc, ?/, z) 


If there be a stretch along y and an equal squeeze along (01 iice 
versd), no slieai will result round x on planes noimal to y and 
(p 268, S P ^ 128) 

Su^ipose the axes of cooidmates to be any wliate\er, and let ij, z 
be any othei pair of rectangulai axes in the plane of y, then it is 
easy to show (by the method of our Art 133) that 


\v im — \sfz y z\ = I + 4|// // 1 — |/////y//| — 1 l} — ^ — \ 1 } cos 4o) 

wheie 
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Hence, in each plane in an elastic solid, there is a system of two 
pairs of axes inetatatic for that plane and forming with each other 
eight equal angles of 45*’. 

If cc, 2/, 21 be the principal metatatic axes, then \yyyz\ = \gizyz\ and we 
see that when w = any multiple of 45®. 

Or, in each of the three metatatic planes, there is a pair of diagonal 
metatatic axes, bisecting the right angles formed by the principal 
metatatic axes (p. 269, S. P. p. 128). These six metatatic axes and 
their productions are perpendicular to the faces of a rhombic dodeca- 
hedron. 

A solid is metatatically isotropic when for a cubical element cut 
out in any position, a stretch in the direction of one axis and an equal 
squeeze along another produce no shear on the faces. 

Metatatical isotropy involves three relations of the type 

2 \yyzz\ -1- 4 \yzyz\ — \yyyy\ — \zzzz\ = 0 

for all sets of axes. These expressions are termed metatatic differences, 

[447.] Orthotatic Symmet/ry, When one and the same set of 
orthogonal axes are at once orthotatic, heterotatic, metatatic and 
euthytatic, or the twelve plagiotatic coefficients vanish, the solid is said 
to possess orthotatic symmetry. This reduces the elastic constants to 
the nine orthotatic coefficients, 

Cyhotatic Symmetry, In addition to orthotatic symmetry let the 
three direct-stretch coefficients be equal to each other, the three direct- 
slide coefficients and the three cross-stretch coefficients. In this case 
the coefficients reduce to three and the symmetry is cyhotatic (p. 270, 
S. P. p. 130). 

The metatatic difference will in this case be equal to 
2 \yyzz\ + 4 \yzyz\ — 2 \xxxx\ 

and unless this vanishes the body will not be metatatically isotropic. 
Green’s proposed structure for the ether endowed it with cybotatic 
symmetry: see our Art. 146. 

If the metatatic difference vanishes then cybotatic symmetry 
reduces to bi- constant isotropy, or what Rankine terms pantatic 
isotropy (p. 271, S, P, p. 131). 

[448.] Rankine next passes to Thlipsinomic Coefficients or those 
which express strain as a linear function of stress. We may ex])ress 
these coefficients as follows, a, b, c denoting the directions of the axes 
x,y,z: 

Sx = (ciaaa^ xx 4- (aaftft) yy + (aacc^ zz + {ciahi^ yz 4- ^aacrt) 4- {(umh^ Ji/. 

If symbolically we put (««««) = and 7:-^ IX,, 

may throw the strain into the form useful for symliolic opei'ations : 

(kL 4 - V,Z/ + K 




It IS easy to see that all the Thlipsinomic axes coincide mth the 
corresponding systems of Tasmomic axes As a rule platythliptic (or 
cross traction) coefficients are negative (p 273, P p 134) 

[449 ] Rankme next proceeds to consider strams and stresses when 
referred to oblique axes, with a view of dealing more at length with the 
biquadratic tasmomic surface and the euthytatic axes, see our Art 
446 By transformation to oblique (or rectangulai) axes he reduces 
the equation of this surface to its canonical form, m which it has only 
nine terms, those m and bemg removed This 

involves the vanishmg of six plagiotatic coefficients for that system of 
axes, namely 

\yyyz\ = \zisyz\ = fzza^zl = \a;jcxz\ = \xxxy\ = \yyxy\ = 0 

01 , as we should say, all the direct stretch slide coefficients are zero 
These three axes which always exist but may be oblique or rectangulai 
are termed the 'pnncfipal euthytatic axes 


[450 ] We have next the following classification with regard to 
foims of euthytatic distribution 

(i) If a solid has three oblique principal euthytatic axes makmg 
equal angles with each other round an axis of symmetiT, and if 
each of these axes has equal systems of homotatic coefficients, i e 
if the biquadiatic tismomic surface reduce to the foim 

\xxxx\ (cc^ + 2/^ + 15;^) + 2 {\yyzz\ + 2 \yzyz\] 

+ 4 {2 \xzxy\ 4- \xxyz\^ xy% (a + 2/ 4- ») = 1, 

then the solid is said to possess rhombic symmet'iy, for the thiee 
oblique axes aie noinials to the faces of one ihombohedion The axis 
of symmetr} must be a fourth euthytatic axis 

(ii) In the limiting case when the three oblique axes make angles 
of 120 with each other, they lie in the same plane and are noimal to 
the axis of symmetiy and to the faces of a hexagonal prism This is 
hexagonal symmetry 

Baukino (pp 278 — 9, S P ])p 140 — 1) pro\os miious piopeities 


on o 
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of this kind of symmetry having regard to the existence of other 
euthytatic axes. 

(iii) If a solid has one euthytatic axis («) normal to the other two 
{xy) still oblique, these two having equal sets of homotatic coefficients, 
it is said to possess orthorhombic symirntry^ its principal euthytatic 
axes being normals to the faces of a right rhombic prism. A sub-case 
of orthorhombic symmetry is the existence of further pairs of euthytatic 
axes in the planes %x^ %y. When such exist they are normals to the faces 
of an octohed/ron with a rhombic base. 

(iv) The three principal euthytatic axes being orthogonal, we have 
orthogonal symmetry. This subdivides itself according to the existence 
of other euthytatic axes in none, all or two of the principal euthytatic 
planes into a distribution of euthytatic symmetry marked by a rect- 
angular prism, by an irregular rhombic dodecahedron, or by an octohe- 
dron with rectangular base. 

(v) Orthogonal symmetry with equal sets of homotatic coefficients 
for each axis is called cybdid symmei/ry. The three cases corresponding 
to those of (iv) are marked by a cube, a regular rhombic dodecahedron 
and a regular octohedron. 

(vi) Monaxal symmetry. The homotatic coefficients are completely 
isotropic round one axis. The principal euthytatic axes are the axis of 
symmetry and all lines perpendicular to it. If other euthytatic axes 
exist they are normal to the surface of a cone (p. 280, S, F. p. 143). 

(vii) Complete isotropy of the homotatic coefficients is the case in 
which every direction is an euthytatic axis. 

[451.] On pp. 280 — 1 (S, P. pp. 143 — 4) Rankine classifies the 
several primitive forms known in crystallography on the basis of these 
various distributions of the euthytatic axes. He makes the following 
statement: 

It is probable that the normals to Planes of Cleavage arc euthytatic axes 
of minimum elasticity. 

He brings no evidence on this point, and it seems to me somewhat 
doubtful for the following reasons : 

(i) Any biquadratic surface would give a similar system of 
symmetrical forms, which might be classified in tlie same manner. 
Why should the biquadratic which determines the distribution of 
the direct-stretch coefficient be chosen? Kankine’s euthytatic axes 
correspond to directions in which this coefficient has a maximum 
or minimum value, and therefore the planes of cleavage would be 
perpendicular to directions in which the direct-stretch cocdlicicmt has 
a maximum or minimum value. 

(ii) It would seem quite as reasonable, if not mor(‘ reasonable, to 
choose as our fundamental biquadratic that which gives the distribution 
of the stretch-modulus (see our Art. 309). For the din'ctions of the 



452 — 453 ] 


RANKINE 


309 


maximum or minimum lays oi this flguie aie those foi which a given 
traction produces a mmimum oi maximum stietch But even then it 
IS not yet proven that in an aeoloffojjzc body rupture will first occur 
across the directions of gieatest stretch 

(in) If we put all the sti esses zero except we have 

SjB = (aaaa) = (66aa) Sg = (ccaa) 

= (^caa) cr^ = (caaa) =: (a&rta) xy 

The maximum stretch 5^. for a given traction ^ will thus occur foi 
that direction in which (aaaa) (really 1/j^) is a maximum, but how far 
will lupture (supposmg elasticity to last up to rupture ') be affected 
bv the existence and magmtude of the other components of strain ? The 
magmtude of these depends in each case on the value round the given 
direction of the platythliptic and plagiothliptic coefficients 

(iv) Thus it would seem to me that if we assume the direction of 
the greatest stretch for a given traction to determine that of ultimate 
rupture, then it would be better to form the biquadratic givmg the eu- 
thythliptic coefficient (aaaa) in any direction, and deduce euthythhptic 
instead of euthytatic axes as giving the planes of cleavage The ultimate 
planes of cleavage thus obtained may coincide with Rankine’s, but the 
conditions would appeal in a diffeient form, and the whole process have 
a more direct physical meaning 

(v) It must be lemarked that some geological writers hold that 
the planes of cleavage are perpendicular to the dnections of maximum 
01 minimum ti action These are not necessarily those in which either 
the stretch modulus or the duect-stretch coefficient is a maximum or a 
minimum Then view would lead to a third method of tieatmg the 
problem see oui Aii; 1367* 

[452 ] On pp 282 — 3 (S P pp 145 — 7) of the memoir are some 
geneial remarks Thus Rankme notes that the 15 homotatic coefficients 
on which the euthytatic axes depend, may be considered as mdependent 
of the six heteiotatic differences on which the heteiotatic axes depend 
In other woids, gi anting an euthytatic classification of crystals, bodies 
may have the same ciystallme foim and yet diffei materially in the laws 
of their elasticity This would not be possible m the case of laii con 
stant elasticity 

It may be noted that Rankme i ejects the hypothesis of the 
luminiferous ether being a simple elastic medium, as no such medium 
could gi\e a lotation of the plane of polaiisation He notes also 
that the refractive action of a ciystd on light requires fxi fcx\ei 
constants than are supplied by the cryst il’s elasticity 

The memoii concludes with a note on Syliett^iayi Lmhiae (pp 
284—5, aS' P pp 147—9) 

[453 ] W J M Rankme On the Stability of Loose Eu) th 
This IS published m the Philosophical Ti ansactions toi lbo7, pp 
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9 27; it was received June 10 and read June 19, 1856: an 

abstract of it is given in the Proceedings of the Royal Society, 
VoL VIII., 1857, pp. 185—7. 

The memoir employs some of the elementary formulae of stress 
in the problem of earthwork. Suppose that the axes of coordi- 
nates at a certain point coincide with the principal axes of stress. 
Let be in descending order of magnitude, and let them 

denote the principal tractions. -Take the plane which contains 
the directions of and ; and in that plane suppose a straight 
line making an angle with the direction of : consider the 
stress on the plane at the point which is normal to the straight 
line. Denote this stress by i2 ; let P be the tractive, Q the 
shearing component of R; and let 0 denote the angle between 
the directions of P and R. Then put 


and it will be found that the following results are easily deduced 
from the elementary formulae of stress : 

P = >8 + P cos 2-^, Q = P sin 2^/r, 

^ . P sin 2ilr 

tan 0 = 7 = — TT ; 

S + P cos 2*^ 


futj maximum value of 0 is sin"^ DjS, and it occurs when 


^|r = J + ^sin 


V 


[464.] In the Oomptes rendus, Vol. L., 1860, p. 235, tlicro is a 
note of the Grcmd Prix de mathdmatiqties. This had been offered 
for the second time in 1857, for a solution of the following 
problem : 

Trouver les int6grales des Equations do Tequilibro interieur crim 
corps solide elastique et homog^ne dont toutes les dimensions sont finics, 
par exemple d’un parallelepipMe ou d^un cylindre droit, cii supposant 
conmies les pressions ou tractions inegales exercees aux differents points 
de sa surface. 

The commissioners were Liouville, Lame, Duliamcl and Ber- 
trand. The problem for the right six-face was tii*st proposed by 
Lame: see our Arts. 1079* — 80*. 

Two memoirs were sent in, but as neither of them contained 
the solution of the question proposed, the prize was not awarded 
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but proposed again foi 1861 One of these memoirs was, I 
believe, due to Eankine ‘‘In 1857 he also sent to the 
French Academy of Sciences a memoir, — De UEqmhhre %ntenewr 
d!un corps sohde, ^lastique, et homoghie'' See the Memoii of 
Rankine by P G Tait prefixed to the MisceHaneous Scwntifio 
Papers, p xxiii 

This IS probably closely connected with the paper of which an 
abstract is given m the Proceedings of the Royal Society see our 
Art 442 Its non-publication and the failure at Pans suggest that 
the analysis was piobably defective as well as lengthy A portion 
only of the Pans paper was afterwards in 1872 communicated to the 
Royal Society of Edinburgh and is published in the Transactions 
Vol XXVI see our Arts 455 — 62 

[455] W J M Rankine On the Decomposition of Foices 
externally applied to an Mastic Solid Transactions of the Royal 
Society of Edinburgh, No\ xxvi,1872, pp 715 — 27 

The author wntes 

The pnnciples set forth m this paper, though now (with the 
exception of the first theorem) published for the first time, weie 
communicated to the French Academy of Sciences fifteen years ago, 
in a memoir entitled De VEquilihre mterieur (Tun corfs solide, elasti- 
que, et homogene, and maiked with the motto, “Obvia conspicimus, 
nubem pellente Mathesi,’’ the receipt of which is acknowledged in the 
Compter rendus of the 6th April, 1857 

See our Arts 442 and 454 

The memoir is like nearly all Rankine’s papers, extremely 
suggestive, and rich in terminology, amounting in this case to 
very unnecessary veibosity 

[456 ] The memoir opens with the statement of the following 
theoiem (which had been given m the Philobophiccd Magazine, Yol x , 
p 400, 1855) 

Eveiy self balanced system of forces applied to a connected system of 
points IS capable of lesolution into three rectanguhi s^btemb of puallel 
selfbalancea forces applied to the same puintb (p 715) 

The three lectangulai axes to which the thiee systems of self 
balanced forces aie paiallel aie teimcd isorihopic axeb Rinkmc 
proves the pioposition by a 2 )peal to the theoiy of covaiiants But it is 
c isily pioved ah initio Bet A, Y, Z be the components of foict acting 
on the point x, y, z Then foi equihbimm we must have 

%{Yz-Zy)=^^{Zx-Xz)-^{Xy-~ 



312 


RANKINE. 


[457 


Consider the line drawn through the origin with direction- cosines 
I, m, n, then the force at £C, y, z parallel to this line i^lX + mY + nZ^F 
say. Let r be the distance between the origin and x, y, z; let <l> be 
the angle between r and (I, m, n). Then the quantity rP cos is 
independent of the directions of the coordinate axes and consequently 

%rP cos 

is (a covariant or) the same in form for all systems of rectangular axes 
through the origin. But it equals 

(lx TYi/y + wjs) (IX + WiY 'YhZ) = P%Xx + Yy 4- 'n/%Zz 

+ m 7 h% {Yz + Zy) + nl% (Zx 4 X^ 4 lr)i% (Xy 4 7a;). 

Putting with Rankine : 

'tXx^A, ^Yy = B, %Zz^G, 

^Yz = %Zy=D, '^Zx=:tXz=^E, 'XXy = %Yx = F, 

we have this equal to 

Al^ + Bm^ 4 Gn^ 4 ^Dm/n 4 2Enl 4 %Flm. 

But there are three rectangular directions, namely those of the 
principal axes of the quadratic surface : 

A^ ■\‘By^-T G^ 4 Wyz+ ^Ezx-^^Fxy - 1 (i), 

for which J) = E= F=()jm this expression. 

Hence there are three directions for which : 

SZ=0, %Xz^0, 

37=0, S7;2; = 0, 37a;=0, 

2^=0, 2-^aJ = 0, 2% = 0, 

which proves the theorem. 

Bankine terms (i) the Rhopimetric Surface; its coefficients the 
Rhopimetric Coefficients ; its principal axes are the Isorrhopic Axes and 
the corresponding values of A, B, G the Principal Rhopimetric Coeffi- 
cients. An Arrhopic System of forces is defined as one for which all the 
rhopimetric coefficients are zero. Bankine adds that in this case every 
axis is an isorrhopic axis, but the proper and sufficient conditions for this 
are that A = B = C^ while D = E = F ^0. 


[457.] Bankine next applies his theory of isorrhopic axes 
to reduce any load system applied to an elastic solid to throe 
separate self-balanced systems of parallel loads <iud thus the 
problem of elastic equilibrium to the solution of throe separate 
cases of parallel loading. He justifies this reduction by remarking 
that although we may not in the treatment of an elastic solid 
transfer the point of application of a force to any point in the line 
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of action ot the force, we may still resolve each foice at its point 
of action into components in different directions, or 

When the straining forces to which an elastic solid is subjected are 
restricted within certain limits, the straining effect of any number of 
self balanced systems of foices combined is sensibly equal to the sum 
of the effects which those systems respectively produce when acting 
separately (p 716) 

If X, Y, Z be the body-forces at cc, z, X', Y , Z the components 
of load at x', y\ z' on the element dS of surface, then the rhopimetnc 
coefficients for an elastic sohd will be given by foimulae of the type 

A = JIJ xXpdocdydz + J Jx'X'dS \ 

= /// zYpdxdydz + ffz Y'dS i (u), 

= fJJyZpdxdydz + JJy ZdS ) 
whence the isorrhopic axes can be found (p 717) 

[458 ] After reproducing the body- and surface-stress equations 
in Lamp’s notation, Eankine proceeds to remove the teims in\olvmg 
terrestrial gravitation from the body stress equations Such gra\ntation 
IS usually the only body force which occurs in elastic problems Take 
the plane of yz horizontal thiough the centroid of the body and the 
axis of X vertically downwards, then by assuming 

^ — ypx^ 

we cause the body forces to disappear from the differential equations 

The first surface-stress equation now becomes 

X' = I {^' — ypx') + TTl^ + 7iT 

Hence a system of surface tractions given by 

X' = ^gpix', r=o, X' = 0, 

would just balance the weight of the body We may thus vithdiaw the 
weight of the body from our consideration of the pioblem, if we take 
away from the internal stiess ^ found aftei removal of the giavita 
tion terms the quantity gpx\ and fuithei suppose the suiface load 
increased by the component gplx parallel to the axis of x 

This system of surface and body load is according to Rankme 
aiihopic, for from (ii) 

JB = C = n = E-=F=0 

Further ^=J If ocgpdxdydz + //a^' (- gp^ 1) dS 

- gp{f I jxdxdydz - f fx IdS} 

Now the fust intcgial \aiiislieb since the phne of yz passes through the 
centioid and the second tcim also, Rankme sajs, if vc itmembei the 
changes in sign of / But this seems to me only true if the suiface is 
symmetiical about the plane oi yz 
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The system of surface-loads which forms with the gravitation of a 
body an arrhopic system, Bankine terms an anUharytic load-system 
(‘antibarytic pressures’) and the corresponding body-stresses are anti- 
oarytic sl/resses. 

The system of stresses left after taking away the antibarytic stresses 
from the actual stresses at the several elements of a body’s surface are 
termed aharytio st/resses (‘abarytic pressures’) (p. 719). 

The internal stresses corresponding to an abarytic system of surface 
loading satisfy equations of the type : 


dx 


+ 




[459.] The memoir next proceeds to an analysis of abarytic load- 
systems. Bankine gives the following definition : An abarytic surface- 
load which produces uniform stress throughout an elastic solid is termed 
homalotoitic. An abarytic system may be broken up into a homalotatic 
system and an arrhopic system in the following manner. Calculate the 
six rhopimetric coefficients and assume the internal stresses to be equal 
to these coefficients divided by the volume of the solid, i.e. take 

= zz=^CIVi 

yz = 1)1 Yf JEj Y) ^ = B/ Y, 

These satisfy the body-stress equations and give for the surface load 

X' = “ (IJ -j- mF-h nF)j 
T' = ^{IF+ mB + nD), 

Z' = ~{lE + mD + nC), 

or, a homalotatic system of surface-load. 

The rhopimetric coefficients for this surface-load are of the type : 

Ao = ffxZ'dB 

= y. {A f fxldS + Fjj xmdS + Ej fxndB} 

= yAV = A, 

for, f f xmdS =Jf xndS = 0. 

Thus the rhopimetric coefficients of the homalotatic sysbuii are 
equal to those for the complete abarytic system, or if i]n) homalotatic 
system be subtracted from the abarytic system we must bo left with a 
pure arrhopic system, (pp. 720 — 1). 

Bankine remarks that the above homalotatic system of six iniiform 
stresses really denotes the state of stress of the whole body. It 
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may be remarked that the axes of pimcipal traction of the homalotatic 
system are the isorrhopic axes of the complete abarytic system 

[460 ] By following out the operations mdicated in the above 
articles we reduce any system of load applied to an elastic body to the 
solution of a problem in airhopic loading Thus the reduction of the 
load system into three rectangular systems of parallel load can be made 
lor any three rectangular axes, foi example, tor axes parallel to the 
axes of hgure of a body, which will as a rule considerably simplify 
the problem (p 722) 

[461 ] The next section of the memoir mvestigates those cases m 
which internal stress is independent ol the coefficients of elasticity of 
the sohd Bankine concludes that when the shifts can be expressed by 
algebraic functions ol the coordinates not exceeding the second degree, 
and consequently the stresses by constants and linear functions of the 
coordmates, this result will follow The stresses will then be of the 
type 

Rankme gives no general name to stresses of this type^, but 
classifies them as follows 

The constant terms etc correspond to a hoTmlotatic load- 

system 

The coefficients /g, are equivalent to an a7itibaryt%G load-system 

The coefficients /j, g^, 63 , correspond to a honialocamptic 

load system, 01 to stresses due to uniform bendmg 

The coefficients 64 , /g, g^ correspond to a homalostrephio load system 
or to stresses due to unifoim twistmg (pp 723 — 4) 

Bankme shows that both homalooamptic and homalostrephic load- 
systems aie aiihopic (pp 724 — 5) He does not discuss 01 give a name 
to the stresses arising hom/ 4 , ^ 4 , eg, yg, and/g 

[462 ] In conclusion Rankme takes (pp 725 — 7) two simple 
examples of homalocamptic and homalostrephic stresses The hist 
embiaces practically the Eulei Bernoulli theoiy of llexuie, and the 
second the toision of an elliptic cylmdei allowmg for the distortion of 
the Cl OSS sections 

The latter investigation staits from the assumption that 
^ = hy, 75 = cz, 

wheiL b and c aie undetermined const ints llinkint deteinuiicb tliciii 
erioneously, foi m line 19 of p 727 lie puts y ip jq ^1, which 


1 Catching tor a moment haukine s mania toi nomenclatuie we might teim all 
the cases in which the sticbses aie lineai tunctious ut the cooidiuates cases of 
LUtluj(j)ammiL stiess 
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does not hold as his point y, z is not on the perimeter of the 
elliptic cross-section. Had he noted tMs he would have found just 
double the values he gives for ^ and ^ in equation (22), and these 
would then have been in agreement with the results of Saint- Yenant 
as cited iu our Art. 18. I do not understand the remark as to Cauchy 
with which the memoir closes. These two examples are, however, of 
little importance. 

[463.] W. J. M. Rankine : On the Stability of Factory 
Chimneys, Proceedings of the Philosophical Society of Glasgow, 
Vol. IV, pp. 14—18, Glasgow, 1860. This paper treats only of the 
effects of the wind and of the weight of the chimney, and does not 
discuss its elastic strength even in the matter of crushing due to 
the weight of the chimney itself. It is a simple problem in statics 
which is here dealt with, and can be easily solved by an appeal 
to the theory of the core : see our Art. 815* and Yol. i., p. 879. 

[464.] W. J. M. Rankine : A Manual of Applied Mechanics, 
London, 8vo. 1858 — 1888. The first edition of this work was 
published in 1858 and the twelfth in 1888 edited by W. J. Millar. 
The first edition contains xvi+ 640 pages and the twelfth xiv + 
667 pages. The chief additions made by the Editor are contained 
in the Appendix. My references will be to the pages of the more 
readily accessible twelfth edition. The work itself is important in 
the history of elasticity, for it was among the first to bring the 
theory of elasticity in a scientific form before engineering students. 
Rankine himself writes in his preface : 

A branch of Mechanics not usually found in elementary treatises is 
explained in this work, viz., that which relates to the equilibrium of 
stress, or internal pressure, at a point in a solid mass, and to the 
general theory of the elasticity of solids. It is the basis of a sound 
knowledge of the principles of the stability of earth, and of the strength 
and stiffness of materials ^ but so far as I know, the only elementary 
treatise on it that has hitherto been published is that of M. Lame 
rp. iii). 

We will briefly note the several parts of this work which treat 
of our subject, commenting on anything which scicins to have 
been novel at the date of its publication. 

[465.] Pp. 68 — 127 deal with stresses in solids and deduce 
those in liquids as a special case. 



465] 


RANKINE 


317 


(a) Rankme, as m his memoir of 1855, reserves the term stress for 
the dynamic aspect of elasticity, strain for its geometrical aspect A 
farther pi ogress in differentiation of terms is made by definmg shear as 
tangential stress, i e ceasing to treat it as a name for strain see oar 
Yol I , p 882 

(b) Kankine deals "with such problems as ^ centres of stress ’ (load 

pomts), ‘neutral axis,’ ‘conjugate sti esses’ and the relation of these 
quantities to moments of inertia (pp 71 — 85) He gives genei'al 
expiessions for the traction and shear across any plane (pp 92 — 3) and 
for the discovery of the piincipal tractions He deals with the special 
case so important m practice of uniplanar stress (pp 95 — 112) and with 
the ‘ellipse of stress’ His tieatment of this subject ib the fullest which, 
I thmk, had been given at the time of publication of his work, and his 
discussion of stiess centres although a little later than that of Bresse (see 
our Arts 815* and 516) was probably worked out quite independently 
Thus, if the system of stress m a plane be given by ^ referred to 

rectangular axes m the plane, and n denote the normal to any plane 
perpendiculai to this plane and t the trace of these two planes, Bankine 
shows that 

= cos^ (xn) + ^ Sin® (m) + 25J cos {x7i) sm (ocn), 

Q = J(5J - Jy ) sm 2 (am) - "Jy cos 2 (m) , 

whence he easily deduces the properties of the prmcipal uniplanar 
tractions and of the ellipse of stress, and applies them to a variety 
of special problems Most of his results have found their way into 
other text-books and papers sometimes with scanty acknowledgement , 
I may cite m this matter a dissertation by Kopytowski Ueher die 
inner en Spannungen in einem fi eiaufiiegenden Balken, pp 1 — 17 

(c) I may diaw special attention to the Problem on pp 110 — 12 
entitled Combined stresses in one plane Given the normal intensities 
and directions of any number of simple stresses uhose directions are 
in the same plane , required the directions and intensities of the pair 
of principal stresses [tractions] resulting from their combination 

Let the piincipal tractions be and 7^,, and let the fiist make an 
angle with the axis of cr, x and y bemg two arbitiaiy lectangulai 
axes taken in the plane of the stresses 

Let p, p' denote the normal intensities of any two of the given 
stresses, then E-ankine shows that 

T, + T, = ^{p), 

Ti-T^ = J'^(p) + 22 {pp' cos. 2 {jjp )}, 


tan 2</) = 


2 {p sin 2 {%p)} 
2 {p cos 2 (xp)} 


Thus the intensities of the piincipal tractions cm be found without 
issuming planes of leduction, but to hnd tlitii directions reipiiies us 
to do this 
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(d) On pp. 112 127 we have the body-stress equations deduced 

and a few special applications to fluids etc. 

(e) The theory of uniplanar stresses developed in the previous 
sections is applied on pp. 129—269 to framework, arches, buttresses, 
earth-pressure, domes, masonry and brick- work of all kinds. This 
involves a considerable discussion of the properties of the core (see 
our Ai't. 815*) which is not however referred to directly by name. 
The topics discussed fall outside the limits of our present subject. 

[466.] Chapter III. entitled: Strength and Stiffness, occupies 
pp. 270 — 377 and forms for its date an excellent practical treatise 

^^e technical side of elasticity. We can only note a few 


■ As usual Eankine strives to give scientific definiteness 
terms which are in wide but rather vague use. Thus for 
he proposes the following nomenclature for the fracture 
i with characteristic kinds of strain (p. 272): 


Longitudinal 


Stram. Fracture. 

'Extension [Stretch] Tearing 

Compression [Squeeze]... Crushing and Cleaving. 

r Distortion [Slide] Shearing 

Transverse i Torsion Wrenching [Twisting] 

[ Bending Breaking across [Snapping]. 

This analysis of the more usual forms of strains is convenient, 
but objection might well be taken to some of the words for fracture ; 
thus a wrenching fracture is associated in our minds rather with a 
combination of torsion and pull than with pure torsion \ Perhaps 
the term 'twisting fracture’ would be less liable to misinterpreta- 
tion. ‘ Breaking across fracture ’ is also rather cumbersome and 
might be more briefly termed snapping, 

(6) Eankine’s discussion and definitions of perfect and 
imperfect elasticity and of set (pp. 272—3) are perhaps not wholly 
satisfactory in the light of more recent knowledge, but his further 
definitions require notice : 

(i) The Ultimate Strength of a solid is the stress required to produce 
fracture in some specified way. [This is now usually termed absolute 
strength^ 


^ I should prefer to retain the name wrench for the stress side of the strain 
combined of a stretch and a torsion (which might perhaps be called a wrini)). We 
might then scientifically appropriate sprain for the set-strain produced by a wrench. 
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(ii) The Proof Sf/rength is the stress required to produce the 
greatest strain of a specific kind consistent with safety , that is with 
the retention of the strength of the material unimpaired A stress 
exceeding the proof strength of the material, although it may not 
produce instant fracture, produces fractuie eventually by long contmiied 
application and fiequent repetition (p 273) 

This definition of proof strength is not scientifically very 
accurate, for it neither suggests the method nor shows the 
possibility of its determination In many cases we may have set 
without any reduction of absolute strength, and thus proof strength 
IS not by any means measured by the elastic limit Rankme notes 
this and remarks (p 274) 

(m) The determination of proof strength by experiment is now, 
therefoie, a matter of some obscurity, but it maybe considered that 
the best test known is the not jprodumig an increasing set hy repeated 
ci/pphcation 

Obviously this is merely a negative test and could only be 
successful m ascertaining the proof strength of a given piece of 
material, after the material had been rendered unfit for further 
use Eankine defines strength whether ultimate or pioof, as the 
product of two quantities, Toughness and Stiffness 

(iv) Toughness, ultimate or proof, is here used to denote the greatest 
strain which the body will bear without fractuie oi without mjury as 
the case may be 

(v) Stiffness, which might also be called liaidTiess, is used to denote 
the ratio borne to that strain [toughness] by the stress required to 
produce it 

Thus while toughness is measured as a stiain, stiffness is 
measured by a tasinomic (or elastic) coeflScient of some particular 
kind It does not seem correct, however, to identify hardness 
with this conception of stiffness 

(vi) Malleable and ductile solids have ultimate toughness greatly 
exceeding their proof toughness 

(vii) Brittle solids have their ultimate and pioof toughness nearly 
equal 

(viii) Resilience oi Spiing is the quantity of mechanical vork 
lequiied to produce the pioof strain, and is equal to the pioduct of 
that fetiam by the mean stress m its own direction which takes place 
diuing the production of that stiaiii, — such stress being either exictly 
01 nearly oqu il to oncliilf of the stress cor i esponding to the ]jioof 
sti nil p 273 
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It would be better to distinguisb between absolute, proof 
and elastic resilience, and then perhaps to reserve the word spring 
for the latter only : see our Vol. L, p. 875, and Art. 340. 

(ix) Pliability (Extensibility, Compressibility, Elexibility, to which 
we might add Shearability and Twistability) is a general term used 
to denote the inverse of stiffness. It is accurately measured by a 
thlipsinomic coefficient (p. 273). 

(x) Working Stress on the material of a structure is made less than 
the proof strength in a certain ratio to be determined by practical 
experience, in order to provide for unforeseen contingencies (p. 274). 

Such a ratio is termed a factor of safety. The ratios of the 
ultimate strength to the proof strength and to the working stress 
are also termed factors of safety. There is a table of such factors 
on p. 274. 

[467,] Eankine now turns to the mathematical theory of elasticity, 
especially to the discussion of strains, strain- energy, and the usual 
problems of technical elasticity. He considers that the generalised 
Hooke’s Law is fulfilled in nearly all the cases in which the stresses 
are within the limits of proof strength — ^the exceptions being a few 
substances very pliable, and at the same time very tough, such as 
caoutchouc^’ (p. 275). This statement seems practically to identify the 
proof strength with the limit of linear elasticity — an identity which 
itself seems to be the exception rather than the rule: see our Arts. 
850*— 5* 857*, 1217* 1296*, and Yol. i., p. 891, Note D. 

We may remark that the Manual uses isotropic and amorphous as 
synonymous terms (p. 278). This is not in accordance with the 
terminology of the present work: see our Arts. 4 (ff), 115, and 142, 230. 

[468.] Eankine (pp. 280 — 3) discusses at some length uniplanar 
strain and the ellipse of strain. He works out problems of hollow, 
cylindrical and spherical shells and obtains results corresponding to those 
of Lam6 but he uses only elementary processes. He adopts, however, 
(pp. 293 and 296) stress hmits of strength: see our Ai*ts. 1013*, 1016*, 
and footnotes. He gives the variation of the cross-section for a doubly 
built-in heavy beam of ‘uniform strength’: see his p. 336 and our 
Art. 5 (e), and then passes to shearing-stress and strength (as in rivet ted 
joints of all kinds), to compression and crushing (splitting, shearing, 
bulging, buckling, cross-breaking), to fiexure (bending moment, shear and 
transverse strength, i.e. snapping), to beams of equal and greatest strength 
(solids of equal resistance, etc.) and to Lines of Principal Stress in Beams. 
These are treated on the supposition that the stress-system of a beam 
under flexure is uniplanar, but the researches of Saint-Yenaiit have shown 
this to he incorrect : see our Arts. 99 — 100. Such lines of stress as are 
figured by Eankine on p. 342 and are to bo found in many practical 
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text-books, are therefore even in the most favourable cases, e g the 
thin web of a girder, only rough approximations Similaily Eankine’a 
treatment of the influence of slide when combined with flexure in 
producing deflection is erroneous see our Art 556 and our discussion 
below of Winklei’s memoir of 1860 Then follow a number of problems 
on the elastic line for various beams which do not call for special 
notice This section of the chapter concludes with a leference to the 
‘Hydrostatic Arch’ first fully discussed by Yvon-YiUarceaux Its 
equation may be written 

Fy = E<jn^lp, 

where p is the radius of curvature at any point of the elastic Ime, 

IS the flexural ngidity, P a constant and y the depth of a point on the 
elastic line below a flxed horizontal Its full investigation obviously 
requires elliptic functions see Eankme’s p 353 and compare his 
pp 190 — 5 for the treatment by elhptic functions 

[469 ] Eankine next passes to Torsion and Combined Torsion and 
Bending with httle to be noted , then to Crushing by Bending Heie 
a formula of the type 



is given for the strength P of a pillai or column of length I and 
least diameter cross section o) and tensile strength T ^ , c being an 
empirical constant depending on the material Eankine apparently 
gives Pq absolute, pi oof, or working stress values and consideis that 
correspondmg values will thus be obtained for P He states that this 
foimula was first proposed by Tredgold and afteiwaids levived by 
Gordon, who detei mined the values of c from Hodgkinson’s expen 
ments For pillars with both ends rounded instead of built in we must 
take 4c foi c (pp 361 — 3) 

This part of Rankme’s book concludes with a discussion of vaiious 
kinds of girdeis and some miscellaneous remarks on strength and 
stifihess A consideiable numbei of useful piactical tables of elasticity 
and of stiength of \arious materials will be found m the pagets of the 
woik as well as m the Appendix^ 

[470 ] The last portion of the Applied Mechanics which lefeis 
to our subject is the fourth chapter of Part V entitled Motions 
of Pliable Bodies, pp 552 — 65 It treats briefly of bodies attached 
to light spiings the inertia of which is neglected and to a cases 
of elastic vibrations There appears to be no no\elt} in it 

On the whole Rankine’s Applied Mechanics maj be taken as 
a book which was a very distinct advance on any woik pieviouslj 

1 The lattei contain^i also in the latei editions a sufticient discussion ol the 
analytical treatment of continuous beams and ot Clapejions theorem 



322 


SEEBEOK. 


[471—472 


published professing to deal with the problems of technical 
elasticity. Such works as these of Rankine and Weisbach 
separate very distinctly the first decade of our half-century from 
the previous thirty years. The step to them from books of the 
type of Tredgold’s is very great and marks the beginning of the 
era of ‘ technical education.’ 


[471.] In Vol. I. of the Alhandlungen der rmth.-phys. Glasse 
der Koniglich sachsischm Qesellschaft der Wissenschaften, Leipzig, 
1862, pp. 133 — 168, is a memoir by Seebeck entitled : XJeler die 
Querschwingvmgen gespmnter und nicht gespannter elastischer 
Stale. The memoir itself is due to the year 1849, and belongs 
essentially to the theory of sound. Let m be the mass per unit 
length of the bar, Ea)t£‘ its rigidity and P the longitudinal stress, 
then the equation for the transverse displacement y at distance x 
from a terminal is : 


m 




df 


dx^ 


da? 


.(i). 


Seebeck thus omits the effect of the angular rotation of the 
sections of the rod. His equation may be compared with the 
fuller equation given by Donkin: Acoustics, p. 168. Seebeck first 
s P = 0, and finds in this case from the resulting equation 
.jops, the nodes etc., for the six possible variations among 
iped, free and supported terminals. His numerical results are 
^ery considerable value, and have been largely used by later 
writers on sound. 


[472.] The second part of the memoir deals with the vibrations of 
stretched rods, and the particular point of interest is the modification 
in tone produced by the stiffness of musical strings. There are two 
cases which Seebeck deals with, and which have formed the subject of 
experiments : (i) both ends pivoted, (ii) both ends clamped. (The 
third case, one end pivoted and one clamped, can of course be deduced 
from the latter of these by doubling the length of the rod.) In the 
former case Seebeck shows that 


^V rP ^V\ , / , /i'wK-N 

“tTI ~ -I- - TT- ) == n + • 

^ \m m J ‘ \ IT J 


(ii) 


= V + < (iii), 

where 92/27r is the frequency of vibi’ations of the stretched rod, nj^i? the 
frequency without the stretch, nj 2Tr the frequency for the rod treated as 
a flexible string under tension P, I the length of the rod and i any 
integer. This result is the law stated by N. Savart and deduced 
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ttLeoietically by Dubamel, but whicii ordy holds for pivoted tenainals 
Savart's expenments were, however, made with rods with clamped 
terminals see our Art 1228^ 

Obviously the stiffness of a doubly-fixed string destroys the harmonic 
charactei of its tones 

Passing to the case of a doubly clamped lod Seebeck shows that (m) 
does not hold and that the determmation of the notes is much more 
complex For the case, however, of the not too high sub tone ^ of a 
stiff string or flexible rod, he finds 



where the notation is the same as in the previous case (p 162) Thus 
in this case we have two diffeient effects, the purity of the harmonics is 
destroyed by the stiffness and all the notes are raised m pitch 

Both Donkin and Loid Bayleigh refer to See beck’s memoir, but it is 
somewhat singular that Donkin misstates the result (iv), and Loid 
Kayleigh while questioning Donkin’s conclusion does not note that 
Seebeck has really settled the point Lord Bayleigh possibly had not 
been able to see Seebeck’s memoir and perhaps Donkin, whom he 
follows, had read it somewhat caielessly The following are the 
passages in question 

Donkin gives (iv) without the last term of the culled bracket and 
after comparing it thus mutilated with (ii) remarks 

We see that they differ essentially, especially m this respect, that, m the 
case (iv) of fiixsed faces the pitch of all the component tones is raised, by the 
ngidity, through the same interval, so that they do not cease to form a 
harmonic series , whereas in the other case (ii) each tone is raised through 
a greater interval than the nest lower one, and the series is therefoie no 
longer strictly harmonic {Acoustics^ p 182) 

Loid Rayleigh on the othei hand, aftei givmg equation (iv) m 
Donkin’s form, lemarks 

According to this equation the comiionent tones are all raised in pitch by 
the same small interval, and therefore the harmonic i elation is not distuibed 
by the rigidity It would probably be otherwise if terms mvohnng P v ere 
retained , it does not therefore follow that the haimomc relation is bettei 
preser\ed in spite of rigidity when the ends aie clamped than when the> aie 
fiee, but only that there is no additional disturbance in the formei cise 
though the absolute alteiation of pitch is much gieatei {Theoiij of i^ovmf 
Vol I p 245) 

It IS to be hoped that this oversight will not lead any one to lepeat 
needlessly Seebeck’s investigation 

[473] Seebeck shows that the correction foi stiffness is e\- 
tremely small in most piactical cases (p 163) Foi e\am})lt, on Ins 
own lecture room mono-chord, the 27th tone was the fiist that 
differed from harmonic purity by as much as a comma (^i) 

Theie is an appenaix to the mcmoii giving an account of some 
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experiments of Seebeck’s on the tones of doubly-clamped stiff cords 
He considers that experiment and theory (as represented by (iv)'^ 
are in close agreement (pp. 164 — 168). 

[474.] A passage in SeebecFs memoir (p. 136 ftn.) refers to the 
changes in amplitude of vibration produced by causes which are 
neglected in Equation (i) of our Art. 471. He remarks that one of 
these causes is elastic after-strain, and refers for a further discussion 
on this point to the Programm der technisohen Bildungsanstalt zu 
Dresden^ 1846. This latter contains an excellent little paper by 
Seebeck on the various methods which have been used for deter- 
mining the stretch-modulus and the character of the errors to 
which they are liable. It is entitled : Ueher Schwingungen, mit 
lesonderer Anwendung auf die Untersuchung der Masticitdt fester 
Korper (pp. 1 — 40). Therein will be found lists very complete at 
that date of the stretch-moduli of various materials obtained by 
both statical and vibrational methods, as well as a fairly com- 
prehensive list of experimental investigations on this point. One 
or two statements deserve special notice : see my foot-note Vol. i. 
p, 756. 

(a) Seebeck discusses (pp. 9 — 1 3) the effect of a constant frictional 
-force and of an air-resistance proportional to the velocity in reducing 
the amplitude of oscillation of an elastic body. 

(5) He carefully distinguishes between the ‘imperfect elasticity’ 
which arises from set and that which arises from elastic after-strain. 
He points out that Wertheim’s statement that all bodies, even under 
the feeblest stress, receive set (see our Arts. 1296*' and 1301*, 7° 
and S'*) does not prove anything more than the fact that Wertheim’s 
material had not been reduced to a state of ease (p. 29) ; and he 
remarks how absurdly confusing is the term ‘ perfectly elastic ’ as used 
in the text-book theory of the impact of spherical and other bodies 
(pp. 28 and 31). 

(c) He attributes the reduction in amplitude of vil^ration, even in 
metals, in a great extent to elastic after-strain, at tlie same time ex- 
panding and developing Weber’s arguments : see our Art. 712*. 

(d) He considers that the effect of elastic after-strain must bo to 
render the value of the stretch-modulus as dete'rmined by statical 
measurement smaller than the value obtained from vibi’ations : 

Denn wahrend der kurzen Dauer einer Scliwingung kaun nur der kleinsto 
Theil der Nachwirkung in Thiitigkeit treteii, dagogcu sic bci dor laiigoron 
Dauer des statischen Versuchs die gemessene Dehnung mcnklicb vci’gi'dssern 
und daher einen kleinereii Modulus geben muss (p. 34). 
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(e) He holds that the effect of after stiain was mingled with the 
temperatuie effect in the experiments of Weber and Wertheim referred 
to in our Alts 705* and 1297* Hence those results must give too 
great a difference between the specific heats at constant pressure and 
constant volume The objection applies peihaps more strongly to 
Wertheim’s than to Weber’s mode of expenmentmg See the remaiks 
of Clausius referred to in our Art 1398* — 1405* 

(/) Fmally I may note a little scrap of histoncal information bear- 
ing on the problem of impact which Seebeck gives on p 32 He points 
out that Daniel Bernoulli had attempted to calculate the loss of kmetic 
energy m the form of elastic vibrations which occurs when a body 
strikes centrally and transveisely a fiee rod Bernoulli came to the 
conclusion that of the total eneigy befoie impact would be taken 
up as elastic vibrations in the lod His mvestigation. is based upon 
the assumption that the lod will be bent mto the form corresponding 
to its deepest tone Bernoulli’s memoir is pubhshed in the Nom Coin- 
mentam Acad Petiopol Tom xv p 361, 1770 It maybe taken as 
the first attempt to treat impact elastically, and the primary step in 
investigations which have been so ably followed up by Poisson, Cauchy, 
Saint- Yenant, F Neumann, Boussmesq and Hertz see oui Arts 203 — 
20, 401 — 7, 410 — 14 and subsequent articles in this History 

[475 ] Seebeck also contnbuted papers treating of the theory 
of the vibrations of elastic bodies to Dove's Repei tonum dei PhysiL, 
Bd VI pp 3 — 100, Berlin, 1842, and Bd Ylil pp 1 — 108 {AkusULj 
separate pagination), Berlin, 1849 These papeis deal principally 
with the theory of sound, and may even yet be read with mterest 
I would call attention especially to pp 52 — 4 of the latter paper 
wherein Seebeck draws attention to Savart’s etwas lionsthchen und 
mcht einwurffreien Vorstellung of the mode in which combined 
longitudinal and transverse vibrations displace the sand on a 
vibrating rod see oui Art 327* These pages are entitled Uehei 
die Sandanhauf ungen auf longitudmal-schwmgenden Koypein 
Seebeck’s theory causes the sand to accumulate at the nodes 
and not like Savart’s at the loops Although onlj desciipti\e, 
Seebeck’s statements are much oleaier than Savart’s, and they 
have been repioduced with consideiable expeiimental detail b} 
Terquem see Section II ol this Chapter 

Seebeck died in 1849 

[476] Clausen Ueher die Foiiu ai chiteltomschei Saiden, 
Bidletm physico mathematiqm de V Academic, T ix pp 368 — 79, St 
Petersburg 1851 Also Melanges Alatlieniatiques et Ast? oioniupies, 
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Tome I (1849—53) pp. 279—94, St Petersburg, 1853. Clausen 
seeks to find the form of a column which for a given buckling load 
shall have the least volume. This problem as we have remarked 
is of no very great practical importance, for in the comparatively 
short columns of architecture, the longitudinal stress produces set 
long before the buckling load is reached : see our Arts. 1258 — 9*. 
Lagrange as we have seen (Art. 113*) obtained the differential 
equation required for the solution of the problem and showed 
that the right circular cylinder is one, and under certain con- 
ditions, the only solution. Clausen has succeeded in solving the 
general differential equation, and comes to a different result. In 
the following lines he somewhat misstates Lagrange’s conclusions 
as to the best form of column : 

Als Eigenschaft der zwockmassigsten Porm wurde angenommen, 
dass sie bei gleicher Hohe und Tragkraft das kleinste Volumen enthalte. 
Lagrange wandte zur Auflosung dieser viel schwierigem Aufgabe den 
von ihm erfundenen Variationscalcul an, und gelangte zuletzt zu dem 
sehr auffallenden Pesultate, dass die Saule von gleicher Dicke die 
starkste bei gleichem Yolumen sei. Seit dieser Zeit ist diese Aufgabe 
meines Wissens nicht bertihrt worden. — Indem ich die Auflosung auf 
eine andere Art versuchte, gelang es wider Erwarten, die Differential- 
gleichung, deren allgemeine Integration Lagrange nicht versuclit hatte, 
auf elliptische Transcendenten zu reduciren, wodurch es sicb zeigt, dass 
die zweckmassigste Form vom Cylinder abweicht, und dass das Yolumen 
dieses bei gleicher Hohe und Tragkraft sich zum Yolumen jener Form 
verhalt wie 1 : x/3/4 (p. 368). 


[477.] Let 0 ) be the area of the cross-section. Then we have if ds 
be an element of the axis of the column, volume = V~ f wds, and 


this is to be a minimum. Further if P be the load and y the deflec- 
tion, we have upon the Eulerian theory 


How k’ varies as o), if all the cross-sections are similar figures with 
then centroids in the axis, or k = /3a), say. Hence 

d:^y^_^P !J 
ds^ o)- ' 

We have thus to make j (u\^f ds a minimum. 
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By diiect application of the Oalcnliis of Yanations I deduce the 

equation 

d” / l^dJ‘v\^ /. , dhj 


I" / UcPy\^ /, , (py 


This agrees with Clausen's result stated as Equation (Z) p 372 if we 
introduce a minus sign undei both roots He seems to me to employ an 
unnecessarily c omple x process to leach this simple conclusion Let us 
write « = 0 ) jEpjP^ then we have to solve 

ds"' n? ^ 

(Pu 1 

( 2 ), 




Multiply these equations by ^ and ^ respectively, add and mte- 


giate, and we find 




= 3 (a,-*) (3), 

if z = siQ foi the point at which 

^ = 0 
as 

Multiply (1) by u, (2) by y, and add their sum to the double of 
(3) then we have 


or integratmg 

being an arbitiaiy constant 


Whence we deduce 


Ud = =1^ — = i O ] 

Vc-‘ + 12a/-12a^ 

Thus and so the section, is given in terms of the arc 5 of the axis by 
means of elliptic functions 

[478 ] We have now to deteimine the value of the constant 
According to Lagiange (Ait 112*) we may measure the efficiency of a 
column of given height by the latio Pj V , and P ^ aries as V jl^ Hence 
if two columns cany the same load we must have F ll^ - Fy //y^ oi the 
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volume of a column wHoh is of unit length and carries the same load is 

F„=F/P. 

Clausen takes as his condition for determining that Fj, must be a 
rv^i-Tiiivniin After some rather troublesome analysis he finds c‘ = 0. 
Equation (5) now becomes : 

( 6 ). 


Enrtber, 

dV— (^ds = 

Let us put 




1 «^di» 

IJz^z 


s = z,jj3 oos^ Odd = [2^ + sin 20], 

20 + 8 sin 20 + sin 40], 

To obtain the total length and volume we must take these expressions 
between the limits ± Jtt of ^ supposing the strut doubly pivoted. 


Hence 






[479.] Now suppose we take a column the cross-section of which 
is uniform (w = (Dq) but of the same shape as before, then we have 

ds^ 0)/ ’ 




^ # u 

(7i and being constants. 

We readily find ,\/^p ■ 

Further since the columns are to be of the same height wc must 
have this equal to the I of Equation (8), and it follows that, 

Jd /~F 

2'V Bts""^- 

We deduce for F', the volume of this uniform column, 


“ 4 y 
F : F' :: 73 : 2, 


whence from (8) 
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that IS, for the same buckling load and height the volume of the column 
of variable section is less than that of the column of uniform section in 
the ratio of ^ 2 

[480 ] Clausen devotes pp 770—80 to the consideration of the 
problem of the column built-in at one end and loaded at the other, 
instead of the doubly pivoted strut of the previous investigation He 
arrives at the conclusion, which he might have foreseen, that the formei 
agrees in shape with either half of the latter He figures this column 
and remarks 'dass die Form, wie mir schemt, erne dem Augen nicht 
ungefallige ist’ — an opmion, I think, which will not be accepted by 
many 

In the present memoir the form of the cross-sections is left un 
determined, they are meiely assumed to be similar and similarly placed 
Clausen remarks, however, that the circle is not the form which offers 
the gieatest resistance to bucklmg, he gives no analysis of the pomt 
Since, however, the load carried by the best column is always the same 
as that of a column of uniform section of 2/^ times its volume, we 
have only to compare the loads carried bv the latter for various forms 
of cross-section to ariive at a variety of comparative results These 
loads, if the length and the area of the cross section of the column 
remain the same, vary as Thus take a rectangular section 2a x 2h 
and h<a and compare it with a circular section of radius c, the 
relative efficiencies are as c /4 57^ where 7rc® = 4a5, or they are as 
ajir hjZf therefore the rectangular section will be better than the 
circular if &> Ba/'ir ^e if the side b lies between {Zlw)a and a 

Thus certain rectangular sections, almost square, are better than 
circular sections in the matter of bucklmg The practical value of the 
whole of this investigation must, however, be questioned see our 
Arts 146* 911* 958* and 1258* 

[481 ] E Segnitz Ueher Tormnswiderstand und Torsions- 
festigkevt Journal fui die r&ine und angewandte Mathematikj 
Bd 43, 1852, pp 340—364 

The author seems quite ignorant of the existence of the 
slide-modulus and of the shearing resistance of a material , he 
endeavours to explain torsion by the longitudinal extension of 
the rod or prism treated as a bundle of fibres Young (Natmal 
P' ,/ / Vol I p 139) had already pointed out the insufficiency 
of this hypothesis It had also been considered as a collective 
factor by Maxwell, Wertheim and Saint- Venant see our Aits 
1549^, 51, and Wertheim’s memoii on Toision in Section II of 
this Chapter 

The memoir ought scarcely to have been punted in Cielle’‘=5 
Journal in 1852 
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[482.] E. Phillips : Rapport sur im Mdmoire de M. Phillips^ 
concermnt les ressorts en acier employes dans' la construction 
des 'oihicules qui circulent sur les chemins defer. Gomptes rendus^ 
T. 34, 1852, pp. 226—35. This report by Poncelet, Seguier and 
Combes speaks very fully and favourably of Phillips’ results. It 
will be found useful to those to whom the original memoir in the 
Annales des Mines is not accessible : see our Art. 483. The 
commissioners remark that : 

Le ’travail de M. Phillips sera fort utile aux ingenieurs et aux 
constructeurs, qni y trouveront des regies rationnelles et d’une appli- 
cation facile, pour T^tablissement des ressorts capables de satisfaire, 
avec la moindre d^pense de mati^re, ^ des conditions donn4es de 
flexibility et de rysistance (p. 235). 

. They recommend the publication of the memoir in the collection 
of the Savants strangers. 

A portion of the report is printed as a foot-note on the first 
page of the memoir in the Annales, where there is an additional 
remark by M. Combes that the formulae for springs given some- 
what earlier by Blacher (see Section III. of this Chapter) were 
rPflllv due to Clapeyron. 

l 483.] E. Phillips : Mimoire sur les ressorts en aoier employes 
dans le maUriel des chemins de fer. Annales des Mmes, Tome i. 
1852, pp. 195 — 336. We have already referred to previous notes 
and memoirs by Phillips on this subject (see our Art. 1504 ^), but 
this memoir is the principal one, indeed it is one of the most 
important that has ever been published on the theory of laminated 
springs. It consists of three chapters and a long Note. We shall 
consider these at some length. 

[484.] The first chapter is entitled: Theorie mathematique des 
ressorts.^ It occupies pp. 195 — 227, and should be taken in con- 
junction with the Note entitled : Demonstration des formules de la 
fleche et de la fieodon dhm ressort quelconqae sous cl larger which is 
appended to the memoir (pp. 319 — 36). The theory here developed 
is very complete and has been carefully verified experimentally by 
Phillips^ the details of his experiments being given in other parts 
of the memoir. 

Les resultats qu’elle doniie out yte verities dans les cas los plus 
divers, par des experiences directes, avec un degre de precision extreme, 
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auquel j’etais lorn de m'attendre moim^me, et qiii parait indiquei, 
de la part de Tacier, un etat d'elasticite bien plus partait que dans le 
fer ou daus la fonte (p 196) 

[485 ] Let a spring be supposed built up of a number of separate 
laminae eL, e^L , etc projecting one beyond the other as in 

Fig (i) and let eL be the ‘matrix lamina.’ Let the distances of the 
terminals of these laminae from the mid plane YY of the sprmg,-— where 



sjnnmetiy enables us to tieat the sprmg as — be given lespec 

tively \>y L, L , etc , let the curvatuies of the different la min ae at 
their respective central axes after manufacture be given at a section 
distant z from YY hy l/r, l/?i, 1/r , etc , let a load Q be applied to 
the teimmal L, and 1/p then be the cui vature at z of the matrix lamma ^ 
let €, Cl, € , etc be the distances between the central axis of the matiix 
lamina and the cential axes of the laminae ejZi, e L , etc j let J/, il/j, 
M , etc be the flexur il iigidities of the successive laminae 

Phillips supposes that the laminae aie thioughout in contact with 
each olher, uid aftei wauls investigates the conditions foi this Let 
then p, p ^ etc be the piessuies per unit length between the fiist 
and second, the second ind thud, laminae etc at the section distant I 
fiom J V Kow Phillips practicilly assumes that the distance between 
any cioss section and YY is the same whether measuied peipendiculai 
to YY 01 along the cential axis of the lamina This is probalily almost 
true in practice, but such an equation as that at the middle of his p 201 
lequiies some comment ol tins kind see however p 282 of the memoii 
and oui Ait 488 



332 


PHILLIPS. 


[485 


Applying the BemouUi-Eulerian theory of flexure and neglecting 
ght of the spring, we easily deduce : 

m(^--^^ = Q{L-z), or 


M 


B = --QL. 

T 


as part of the matrix-lamina, 

M,(^--^=Q{L-z)-jy{l-z)dl (i), 

t of the second lamina, 

e : 

/hen € is so small compared with p that it may be neglected, as is 
isually the case, we have : 

where = ^ 

p M+My 


, ~ — 4. — i QX. 
r 9^1 


Continuing this process we easily find for the curvature at a point 
on the matrix-lamina lying between and 

1 £i + Qz ^ 


p M+ Mi + 


where 


M M, M, 




.(ii). 


Calling this l/p^*, let us find the difierence of 1 /pi + i and l/p^ where 
% = we have 


Pi + l 


1 

Pt 


W 


Sif,x s M, 


(Ui), 


0 0 
i 

where 2 F{M^^ denotes, if F be any function of the i¥’s and ^-'s, 
0 

F(M, t)-¥F{M^, r^)-vF{M,2, r.) + ... +F{M,, r). 


Now L is and as a rule + 


....r,, r must either 


be equal or in ascending order of magnitude from + ^ to r, if the 
laminae are to touch, hence l/p^ + i-l/pi is a finite quantity and there 
is an abrupt change of curvature at the point where the {i + l)th sheet 
laps the ith. This abrupt change could be got rid of by making 
-^1 + 1 = ^ at that point, or by trimming and pointing off the end of 
the lamina as suggested either in our Fig. (ii) or in our Fig. (iii). 
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Le mtoe raisonnement se continue pour toute I’^tendue de la maitresse 
feuille, et on v^rifie ainsi Putilitd de ce fait pratique que tous les bons ressorts 
ont les extr^mit^s de leurs femlles aiguisdes et amincies (p 204) 


[486 ] The stretch at distance v from the central axis of the 
matrix lamina, or at distances Vi, Vq, etc from the centi-al axes of the 
second, third laminae, etc will be given by formulae of the type 

Whence if c, ^i, es, etc be the successive thicknesses of the lammae we 
have formulae for the maximum stretches of which the type for the 
matrix lamina between and 



Suppose all the lammae to be of the same curvature before bemg 
built up mto the sprmg, or the to be all equal at the same cross 
section of the sprmg, then 

^eQ{ L-z) 


— 'i 




H. 


or, when there is no original difference of curvature in the lammae, the 
nature of the curve in which the lammae are shaped and then imtial 
curvature have no influence on the stretches m the spring oi upon its 
resistance (pp 207 — 8) 


[487 ] Phillips remarks that the formula (ii) of the previous 
article enables us to calculate out the value of p for a succession 
of positions on the matrix-lamina for any given spring, and thus to 
draw a curve of its form under a given load He gives (p 206) 
details of five experiments in which the deflections thus obtained 
were compared with their experimental values There is an ex- 
tremely close accordance between the experimental and theoretical 
results 


[488 ] We next pass to the analytical deteimination of the de 
flection, the investigation of which occupies pp 319 beq of the Yutp 
We hwe generally from (ii) 


- = a + hz 
P 


(Vll), 
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kiM/r)-QL „ 

, _ 0 Tv ^ 

where 1 ? ^ • 

Sir Sif 

0 0 

Phillips has X where we have z, X being the distance from VV of a 
given section measured along the central axis of the matrix-lamina, but 
as we have already pointed out equation (ii) is accurately true only 
when we use z and not X. Phillips by neglecting the difference between 
dXjdz and unity writes (vii) in the form : 

+ a (yiii), 


where p — dyjdz, or is the slope of the tangent at the central axis to 
the horizontal, ie. to the direction perpendicular to that of the load Q. 
This equation (viii) he integrates on the assumption that a and h are 
constants along the central axis between the laps, and finds : 




=■ (7 -1- Oj\ +• ^ X^, 

A 


but tbe left-hand side = ctyjdX, hence integrating again 




(ix). 


to me that (ix) is only true so far as we may legitimately 
ge X and Phillips does not seem to have remarked that 
3 already supposed this interchange allowable when he puts X 

d of z on the right-hand side of (vii). Thus the true limitation to 

Phillips’ investigations appears to be that any curvatures, however 
considerable, may be given to the laminae in manufacture, but that 
when tbe spring is made up and in the unloaded state it ought to 
be very approximately flat. Tliis condition is probably satisfied in most 
springs in practical use. 

In our investigations we shall replace Phillips’ X by since we use 
X in a special technical sense in this work, but we shall suppose z 
measured indifferently either along the horizontal oi* along the central 
axis of the matrix-lamina. 


[489.] C and C', a and h will have different values for each 
separate lap of the spring. Let the spring Lave n-\-\ laminae and let 
fhe values of a and h for the portion of tJie matrix-lamina 
which covers all the other n laminae, the values of (t and h 

for that portion which covers only n~~\ laminae, and so on, and let 
be the corresponding valuf^s of C and G'. As 
before ^tc., L will be the semi-lengths of the successive laminae 

from the lowest upwards. The conditions to bi^ satisiiod at the lap of 
two laminae are that the deflection and slope shall be continuous; 
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while if deflections be measured from the lowest point of the central 
axis of the matnx-lamina we must obviously have = 0 

An easy application of an ordmary method of solving finite diffei 
ence equations leads to the results 


^ 11—1 ^ (-^ w — 1+1 l ) ■^? 1 _ 1+1 

+ ^ — ^n-l) 

G'n-l ~ ^ (Ai-l+i “ 

- ^ S - ^n-l) +1 


(X)» 


the summation being for k, while between and 

y ^ n—7u "t ^n—J ^ 1"^ '^n-l "0 


(Xl) 


We have thus the deflection at any point of the matnx-lamina To 
find the deflection due to the load Q, we must find the value of y when 
^ = 0 Let be its value and let o-®?i-i+i» etc be the conespond- 

ing values of and j5^_7+i then we easily see from formulae for a 

and h that o^w-zc+i further that 

+1 "”o"«-A.+ i 

S M 
0 


Thus for/. = 2^0 “2/ expression 


f _ +1 ^ n-i +1 

’ ^ % M 

0 0 




3 ^n-k+l 

' S 
0 


l/i_7 +1 +1 


T/x 


ri-l 

S i/ 
0 


if. 


n r '< +1 -^h- 7 +1 V .o if/t-l+l Ji-7 +1 

^ T* 


Ai-7 +1 C 4 
1+1 n-1 0 7 11 - 1+1 w-/ 

3 i/ X S if ^ 3 i/ X 3 If 

0 0 0 0 


QL z 

9 11-/ 

3 if 
0 




n-k 

S, M 
0 


(xii) 


[490 ] Phillips considers vaiious special cases of the foimula (xii) of 
the preceding article Thus the total deflection / of the spiing due to 
the load Q will be obtaiiit d by putting ‘^ = L and k = n , v e then find 


/= 


QL 

3i/ 


k~n 

+ (> 3 

A 1 


if J/_/ 1-^ 

/+1 n I 

3 if X 3 if 

0 n 


{ll, 


- L 


(xm) 
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A sp 6 cis/l C2LS6 of tMs is wlien all tlio flexural rigidities Sire equal j 
we then hg-ve : 


(**’)■ 

P hillip s still further simplifies this by taking 

L— Li = L^ — L^ = L^ — L^ = ... = 1, 


or supposing the laminae equally spaced out ; he then proves that after 
certain reductions we have : 


/= 


QD Q'P /w (m - 1) 1 
3(n + l)if'^3ifV 2 2' 


1 1 
' 3 '^ 4 ^ 





.(xiv)'. 


These results show us that when the flexural rigidity and curvature 
of each lamina are constant throughout its length and the rigidities the 
same for all laminae, then the deflection (i) is proportional to the charge, 
(ii) is independent of the primitive curvature and form of the laminae 
(pp. 319—329). 


[491.] Phillips now proceeds to extend the results just stated 
by an ingenious process of general analysis to the case in which 
the primitive curvatures vary in any arbitrary manner. He shows 
that the deflection is still proportional to the charge and indepen- 
dent of the original form and curvatures of the laminae (pp. 329 — 
33). This independence of the deflection on the primitive form of 
the laminae seems a result likely to be important in the practical 
construction of springs. 

It is further shown that the change in the sine of the angle 
which the tangent at any point to the central axis of the matrix- 
lamina makes with the horizontal is also proportional to the load 
and independent of the primitive form and curvature of the 
laminae. 


[492.] On pp. 215 — 19 Phillips calculates the pn^ssures between 
the various laminae at any section given by Suppose the section 
taken between Z;. and (see fig. (i) in our Art. 4cSr)) ; let m = 
pressure per unit length between the matrix-lmniua and th(j first sub- 
lamina, between the first and second sub-laiuinae, between 
the A; — 1th and Zth laminae, then Plii]li])s (iasily (l(j(luc(‘s after the 
manner of our Art. 485, that : 
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*57 = 

z?ri = 





(xv) 


Thus since p is given by (ii) we can find these piessures, they must 
all be positive if the laminae aie to have no tendency to separate 


[493 ] The memoir then passes to the effect of vibrations on 
spnngs and to their resilience 

(o) The case of a weight Q placed upon the centre of a spring is 
very easily dealt with, if we assume with Philhps that the inertia of 
the spring may be__neglected The motion is then simple-harmomc 
and of period ^irj fjg, wlieie /'is the statical deflection which Q would 
produce in the spimg 

(h) If ^ be the ratio of load to deflection, so that the 

resilience is well known to be or Now let w be the 

amount of work due to a blow which will just flatten the spring, 
and let the statical force lequiied to flatten it be P, then we have 

or = 

Phillips gives the result in the form 

on p 223, which is obviously a mispimt 

(c) The resilience may also be given another form suggestive of 
Young's theorem (see oui Yol i p 875) 

The work required to bend an element dz of a lamina fiom curvature 
1/p' to 1/p, tin sli((t h iving in imtiil curvatiiie 1/r is well known to be 

Thus the woik roquiiod to fl itton the element from its cuivatuie of 
maiiufictuu oi 1/^ 


Hence it the length ot the lamina be 1 and its cioss section w 
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be rectangular and of height e, the work required to flatten the whole 
lamina, supposing its stretch-modulus 


t 


ITow the stretch in the lamina has for maximum value s^^ejr, and 
if U be the volume of the lamina, the work done 

MUs^ 

~ 6 * 


Hence the work done in flattening the spriug 



Supposing all the laminae to have the same final stretch on flattening, 
then we have, if F be the total volume of the spring : 


Total resilience 

« 


EYs^ 

6 


(xvi). 


Cases may arise in which the blow begins to act upon the spring 
when it is already in a state of strain, i.e. its primitive condition is 
one of strain. In this case poj initial radius of curvature, is not 

equal to r, but 1 i = — where Sq is the initial stretch. Hence the 
^ ' r po e ^ 

work required to flatten the element dz of a lamina is equal to 



or, for the total work on a lamina we have the expression 

Hence the total resilience of the spring 

j^s„^ dlij * (xvii). 

Of this result Phillips writes : 


Le travail se trouve done diminud toutes Ics fois quo lo rossort no part pas 
de sa position de fabrication. Or e’est ce qui arrive pour tons les rcssoits de 
choc et de traction qui sont posds avec une certainc handc ; mais on voit que 
la diffdrence sera toujours assez faible quand no sora pas trus grand, parce 
que Sq n’entre que par son quarrd. Ainsi, dans les ressorts ordinal res, oil 
est environ 1/3 de s, on perd environ 1/9 de la puissance du ressort pour 
rdsister au choc. On voit, on mCme temps, qu’il y a avantage ii fiiiro on 
sorte que la bande de pose du ressort qui rdpond ii un effort d’environ 1000 
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kilogrammes, prodmse im aUcngement Sq le plus faible possible , par cons^ 
quent, sous ce point de vue, il y a avantage, toutes cboses 4gales d’aiHeurs, k 
employer des ressorts un peu roides pliitdt que tr^s flexibles (p 226) 

[494] Ghapitre Deumime entitled Des formes les plus 
convenahles A donner aux ressorts et des regies pour les calader, 
occupies pp 227 — 301 and contains many points of great mterest 

Phillips first draws attention to the fact, referred to in our 
Art 491, that the primitive form of the laminae is practically of 
little importance 

II y a done avantage, sous le rapport de la simphcite, k choisir des 
arcs de cercle, et e’est cette forme que je suppose adoptee (p 227) 

In the second place it is evident that the best sort of spring 
will be built-up in such a manner that all its parts are equally 
strained under any load or at least the maximum load (or maximum 
strain due to any oscillations) which it is designed to bear As a 
rule this maximum strain will occur when the spring is completely 
flattened, and in such state the maximum stretches in all the laminae 
ought to be equal The maximum stretch of the matnx-lamina on 
flattening = e/(2r) and this will be the same for every section of it 
If the laminae have initially the same curvature then they will have 
the same maximum stretch in every cross-section when flattened 
out But supposing the laminae have before being formed into 
the spring initially different curvatures, we have then to ask how 
they can be spaced out so that the spring can be reduced to 
approximate flatness, and what conditions must be satisfied m order 
that the maximum stretches shall be the same for all the laminae 

Let 2P be the load which applied to the middle of the spring 
reduces it to approximate flatness Then Phillips takes as his condition 
of flatness that the cuivatuie of the matrix lamina shall be zeio at each 
lap of a sub lamina This gives us fiom equation (ii) of our Art 485 

+ PL, = 0, + = 0, etc , 

or generally, P (L, - MJq„ 

which loads us to L, — ~ MJ (Pr,) (xmii) 

(xviii) is tho foimula which detdinincs the spacing of the laps If 
the laramao aic ill of equ il iigidity uicl initially of equil cuivatuie we 
have 

M 

L - p. -= A - A ^ -A - A.i = = (^^x), 

which d(t(i mines the spacing for tins sjiecial case 
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If any lamina say the Mh has a considerable initial strain, then 
we have ?»<>•, and therefore if the stretch on flattening is to be 
the same for the Ath lamina and for the matrix-lamina we must have 

= ^=-^, or we must have e^<.e. If = j, we have 

" Svj, 2r 

li=M„l{Pri) = Me^l(UPn), similarly 1= Eb^j{12Pr), where b is the 
breadth of the laminae j hence it follows that ejl, and therefore 

4 < - Z and 4ej, < % le, but Cj, < e so that d, fortiori we have 
6 6 

and 

If we flatten the spring out so as easily to calculate its volume, we 
see that if there is no initial strain and therefore all the depths of the 
laminae and the spacings equal, the volume, omitting that of the matrix- 
lamina, will be measured by an isosceles triangle of area Lhjl less the 
sum of the little triangles of bases I and height e, or eL. Now if there 
be initial strain since see that the perimeter of the figure 

formed by joining the corners of successive laminae falls outside the 
above isosceles triangle and has therefore a greater area, call it F) we 
have to subtract from this figure the sum of the little triangles of bases 
4 and heights e^,, or the volume of the spring will be measured by 
but by what precedes F>Lhjl and Hence the 

volume of the spring having a considerable initial strain and the 
same flexibility and absolute resistance which requires a given load to 
flatten it, is greater than that of a spring with equal heights and 
snacinss for its laminae, and having the same matrix-lamina (pp. 231 — 
the other hand if the thicknesses of the laminae increase from 
rix downwards it may be shewn that the volume of the spring is 
man in the case when all the thicknesses are equal (pp. 238 — 9). 

jiPhillips then proceeds to shew that as a general rule the non- 
equality of the heights and curvatures of the sub-laminae with those 
of the matrix-lamina has very little influence upon the deflection of the 
matrix-lamina. For if e^jr^-elr and e,* < e, it follows tliat or 

jr, or the resistance to initial strain is greater in the matrix - 
lamina than in any sub-lamina (pp. 233 — 4). 

In the case of a spring with laminae equally curved initially it is 
easy to prove that the maximum stretches at all thci cross-sections 
in all the laminae will be equal, even if the load be not the maximum 
or flattening load. 

[495.] Hitherto Phillips has only made the curvature' for the 
maximum load P zero at the laps. lie now proposcjs to d('fluc(i the 
proper shaping ofif of the ends of tlie laminae in oinh'r that the 
curvature may be zero at all points. 

For the matrix lamina itself from L to w(‘ must }m,v(^ 


M 
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or, if 2 / be the variable thickaess of the lap and L-»=x, since M varies 
as y* we have 

'j^jx = constant = ^l{L - L-^), 

which determines the value of y foi each x 
For the first sub lamina we have 


- + —-P(L-a) = Q, 


M 




whence, since the matiix lamina has unitoimly M\r^P(L--L^ after 

z^Li, 

f=P(4-*) (XX), 

01 , li L-^-z = x^y Vij^i = constant = -L) 

Thus the thickness at the ends of the first sub lamma follows the 
same law as in the case of the matrix lamina, and the like may be 
shown of the other successive laminae Instead of tapering off the 
thickness we might have reduced the breadth, or teiminated our 
lammae m poignard or triangle form (see fig (m) of our Art 485) 
Phillips states that this latter method is the more wasteful (pp 237 — 8) 


[496 ] A formula is obtained by Phillips on pp 332 — 6, which 
seems of considerable interest and piactical value He finds namely 
the deflection of a ‘complete’ or ‘incomplete’ spring when all the 
laminae are of the same section except at the laps, where account is 
taken of then pioper shaping He supposes also equal curvatuies of 
manufactuie 

Calling 111 the flexural iigidity of the ^th lamma at the shaped lap, 
we have by equations of the type (xx). 


^ = p{4.i-=), 


and by the liw ot since the spaces aie equal, 


7 


Fulther {k - 1) I + L; _i — L 

Whence since 


we easily find 




(xxi) 


1 P-Ql 
,, P > 

Thus the eiiivatuie foi the complete portion of the spiing oi the 
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part wliich. is staged is constant, and thus the matrix lamina tuhes the 
form of a circular arc whatever be the load. 

Suppose the staging to cease with the nth lamina so that the length 
of the spring is neither tapered nor covered by any sub-laminae, 
then we have 

But - = Pl/M=F{L- L,)/{nM). 

T 


Thus we have 


- - a - 1 - 

p 

..(xxii), 

where a={F(L — Zn) — QZ}/ (nM), h = Q j ), 

^Z^ being the portion of the nth. lamina not thinned down. 

For the portion of the spring which is complete we have 


- = a 

p 

.(xxiii), 

, F Q 1 

where a = p- - by (xxi). 


If (xxii) and (xxiii) be twice integrated and the four constants of 
integration determined by the vanishing of the deflection and slope when 
5 ! = 0, and by the equality of the deflections and slopes when as 

obtained from the two expressions for the curvature of the complete and 
incomplete portions, then the following expression for /, the droop due 
to the load Q, is reached after some algebraical reductions : 



.(xxiv). 

If the spring is complete, nl = L and 

2nM 

..(xxv), 


or 3/2 of the value of the droop of a spring of n equal flat laminae of 
the same rigidity M and of the same length ^L. 

Phillips gives details (on pp. 214 — 5 of the memoir) of experiments 
on the deflection of springs actually in use on various railway wagons 
and locomotives, and compares the experimental values with those 
calculated from the formula (xxiv). There is a very remarkable accord- 
ance between theory and experiment. 

[497.] To calculate the depths and spacings of tlic laminae of the 
most general type of spring we must use the formulae : 

e _ _ fio 
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wheie Sq ifc> the maximum stretch m each lamina when the sprin<y is 
flattened, and ^ 

T T — ^ T T T T 

P bemg hodf-^Q central load required to flatten the spring 

Of these lesults Phillips writes 

S’ll arrive que les epaisseurs augmentent de quantitds trop petites pour 
qu’on puisse donner k toutes les femlles les Epaisseurs calculEes (faprEs feurs 
rayons, on donnera k plusieurs femlles, en partant du haut, une Epaisseur 
commune egale k la moyenne entre leurs epaisseurs, et un Etagement commun 
Egal k la moyenne de leurs Etagements , on fera de mEme pour plusieurs des 
femlles smvantes, et ainsi de suite jusqu’k ce que le ressort soit termine 
Quant aux ammcissements, ils se calculeront par la rEgle gEnerale (pp 240—1) 

[498] There are two special methods of easily designing a 
laminated spring to which Phillips lefers on pp 238—9 

(a) We may suppose all the lammae cut as it weie from one and 
the same hoop of metal, so that all have the same primitive curvature 
and thickness When the spring is manufactured there will then he a 
very slight initial strain in the laminae before the spnng is loaded. 
Such a spnng possesses the advantages refeired to in our Ait 494 

(b) We may suppose the laminae to have no initial stram by 
desciibing the laminae from the same centre and with boundmg radn 
increasing by the mean of the thicknesses of adjacent lammae, while the 
thicknesses themselves inciea&e proportionately to the radn of the central 
axes, or obey the i elation 

^ = A = - - 

2r 2ri 27 ^ 2t^ 

This sort of spring besides having no initial strain has also the 
advantage of a slightly but sensibly less volume than that desciibed in 
(a) Tins IS ically the conveiso of the pioposition in oui Ait 494, p 
340, because by Art 497 the latios of the successive thicknesses to the 
corresponding spacings vary invciscly as the thicknesses and so now 
decrease 

[499 ] On pp 240 — 2 of the memoir are given a numbei of 
inteiesting 2 >io 2 >erties of springs, the laminae of which have the same 
01 sensibly the same thickness (Case (a) of the pievious Article) 

If H be the total thickness at the mid section of such a spiiug su2) 
posed com 2 )letc, I the c C 2 ual S2) icing of the la 2 )S, L the h ilf length and b 
the bicadth of the mitiix lanim i, 2P the flattening load and V the 
volume, then we hive in the notation of the pievious articles 

11 nearly , I - ? V - nearly 

Further if f be the dioon of the spring when unloaded, then since 
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there is little or no initial strain: by the first equation 

of our Art. 498, (h). Whence we deduce 

^ 6 ^/ 

Es,^hL ‘ 

ISTow let V equal the flexihility of the spring, or, the droop produced 
when a unit load is put at each extremity, then we must have, supposing 
stress and strain proportional : 

/=vP, 

and hence: Eb^TL^ 

Thus we find for a given material that : 

(a) The total thickness of a spring is proportional directly to : 

(i) the square of the flattening load, 

(ii) the flexibility, 
inversely to : 

(i) the breadth of the spring, 

(ii) its length. 

(5) The volume of a spring is proportional to : 

(i) the square of the flattening load, 

(ii) its flexibility, 
and further : 


(c) Springs having the same flexibility and ultimate resistance, 2P, 
have also sensibly the same volume, 
a Es ^ Tj^J) 

Since Z/Z= ejH = , and we must have ? < A, it follows that the 

length L of the spring ought to be such that : 


L< 



a condition generally satisfied in practice. 


[500.] Phillips next proceeds to apply his theoretical results to the 
practical calculation of the dimensions of springs, chicifly those of railway 
wagons. He determines numerically the lengths of the various laminae 
suitable for springs of various classes. The springs tlius calculated 
were constructed and the experimental deflections agreed very closely 
with those obtained by theory (pp. 242 — 52). The data assumed arc 
(i)^ the flexibility of the spring {y); (ii) its absolute resistance 

(iii) the chord of manufacture (2c) of the spring; (iv) the noniial load 
(2^) 3 (v) the breadth of the laminae (6). Phillips siqiposes in addition 
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that the limit of resistance of the spring is reached undei the load 2P 
conespondmg to flattening He shows, however, how the details may 
be calculated when the flattening load corresponds to neither 2P nor 
to 2Q, and also when the data are otherwise varied Since the flexi 
bdity IS known, the droop produced by 2P the flattening load, that 
is the subtense / of man ufactu re, is known Philhps then puts without 
further comment L = Jc^ +/*, or he equates the length of the sprmg to 
the chord of half its arc thus tacitly neglectmg quantities of the order 
{(Z~ c)/X}" This IS, however, in accordance with his previous approxi 
mations see our Arts 484 and 488 He furthei supposes the lammae 
to be of equal initial cuivature and thickness and neglects any mitial 
strain Thus he easily deduces that the values e, I of the thickness 
and the spacing are given respectively by 


2^ 

f 


7 _ 

-6P(c'+/)’ 


while the number of laminae will be the whole number in the quotient 

L\l 

For steel Phillips takes E = 20,000 kilogrammes per sq mm and 
So= 0025, as a thoroughly safe stretch below the fail-hmit for good steel 
On pp 247 — 8 he shows that, when the laminae are desciibed about 
the same centre, the thickness of the ^th lamina, its radius of curvature 
and the corresponding spacing will be found from those of the l)th 
lamina by the formulae 




6/ -I (2y>,-i + e;-i) 







The hrst foimula might for practical purposes be replaced by 


6/ 



[501 ] On pp 252 — 5 after discussing the effect of bolting the 
matrix lamina and under certain conditions several of the sub lammae 
of the spring to a rigid frame on which the load is placed, Phillips next 
turns to the veiy important practical point of whether adjacent laminae 
do or do not tend to g ipe His consideration of this matter occupies 
pp 255 — 68, and is of great interest There are three fundamental 
types of 1 uninated springs to be considered (a) the first type when the 
curvature of in inufacture and the thickness of the laminae are equil 
lor all, (5) the second type when tin thicknesses decrease from the 
matrix to the sub 1 iniin u , iiid (c) the third type when they increase In 
both (6) and {() it is sup])os(d tint the thicknesses, ladii of cui\ ituie 
and the sp icings ire cilculitcd by the foimulie of our Ait 497, le 
that they no detouniiKd so tint tin stretch on flattening is the same 
foi all tin liinin k 

Phillips shows tint ioi tin lint type of spring eidi lamin i 
expel icnces only pressure it its terminals and tint each such pressuit 
IS half tilt lord the liniinac leiniin exactly fitted to one mother 
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without sensible pressure, but without gaping — ‘ ce qui est conforme a 
Texperience’ (p. 256). When a spring is of the second type the laminae 
tend before, but not after flattening to separate. Finally if a spring is 
of the third type its laminae tend to separate after but not before 
flattening. In both cases (5) and (c) there is complete contact right along 
all the laminae for the load corresponding to flattening. These effects 
may be somewhat, but only slightly modified at the sections of the spring 
corresponding to the ends of the laminae. This modification will be 
very small if the spring under its normal load does its work in a flat 
condition. 

On voit ainsi, en outre, qufil convient de faire en sorte qu’un ressort 
travaille habituellement aplati sous la charge qu’il supporte; ind^pendam- 
ment de ce qu’alors les ghssements des feuilles, et par suite le travail dfl an 
frottement sont moindres (p. 268). 

Phillips deduces the important conclusions we have referred to 
above from the expressions for the pressure between successive laminae 
which we have reproduced in our Art. 492. 

[502.] Pages 268 — 93 of the memoir are devoted to what the 
author terms a ressort db auxiliaire or a reserve spring. He describes 
it in the following words : 

En principe, on a fait remplir par des appareils diff^rents deux conditions 
essentiellement distinotes : la flexibility et la resistance qui ff ont nullement 
besoin d’etre remplies par le mtoe instrument. Le ressort se compose alors 
des deux parties : I’une, form^e de feuilles toutes de m6me dpaisseur, constitue 
le ressort proprement dit: elle travaille seule ordinairement sous la charge 
normale ; I’autre, placde au-dessous, est plus dpaisse et divergente, et ne vient 
en contact avec elle que sous un excbs de charge et successivement. Cette 
demibre partie qui sert d’auxiliaire est calculde d’apr^s I’excbs de resistance 
propre qu’on ddsire attribuer au ressort, quelle que soit d’ailleurs cette rdsis- 
tance (p. 269). 

The part of a reserve spring which is called into play by the normal 
load may be termed the main spring, the part which is only called into 
play when the normal load is surpassed the secondary spring. In order 
that a reserve spring may offer a progressive resistance to oscillations 
beyond the normal load, the secondary spring must be constructed in 
such a manner as to establish only a gradual contact with the main 
spring. 

If the extreme resistance 2P of the spring be reached when both 
its parts are flattened and 2Q he the normal load, then the contact of 
main spring and secondary spring ought to begin when the load is 2Q and 
go on up to complete coincidence under 2I\ The main spring will 
generally be formed of a number of laminae of equal thickness sj)aced in 
the usual manner and calculated so as to have a given droop i under 
the normal load 2Q. The calculation of the main spring under these 
conditions, especially when the form sought is to involve the least 
expenditure of material, is a matter of rather troublesome approximation 
but is discussed very fully by Phillips (pp. 270—5 etc.). 
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Tie secondaiy sprnig may be made in one of seveial forms tor 
example it may be (i) circular, — ^in this case its radius of manufactuie 
/ ought to be equal to the ladius at the centre of the last of 

the mam sprmg when under load 2Q, i e if there be n of equal 

ngidity and curvature of manufacture m that part of the spring we 
must have 


nM 


l/r'=L 


QL 


nM 


or (u), the shape of the secondary spring may be the elastic Ime of 
the last lamina when under the normal load, oi bettei a form a httle 
more curved than this so that the oscillations of the mam spiing may 
be earned gradually and not abruptly to the secondary This case is 
discussed by Phillips on pp 286 — 92 


[503 ] He remarks that in most cases it is sufficient to make the 
secondary spring consist of a single lamma Its semi length Z' will be 
that of the last lamina of the mam sprmg diminished by the spacmg 
MI(Fr), and we should then have m case (i) to determine its rigidity 
W from the equation 


A moie complex condition comes m, however, if we take a single 
lamma foi the secondaiv sprmg in case (n), for in this case its iigidity 
m' (and so the thickness of the lamina) must vary throughout and the 
maximum stretch must not exceed Sq when the lamma is flattened 
We have then in the notation of our previous articles 


m'lr' = F{L'-z), 


while m’ = and if there be n laminae in the 

have 


nM 


l/r' = . 


-Q{L-z) 


main spimg we 


Furthu, must be > e' I {2r') 

Whence we easily deduce 


{L' c) 


r- 


26 Elm M 


Q{L s)| - 3^, 

The left-hand side wil] Ije found to be a iiiie miximuni foi 

“ ‘0 


■ T I ‘)T' 

iQJ’ 

and since L - JJ nMj^F'i), 

the me(piility m ly lx i isily k dueed to 




uM 


C ^Y<'" 

wj pJ 


Eh 

p 
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if we remember the value of M and that 6 = 2rs^ for the main spring. 
Hence finally we must have : 

27 QF^ 

4 {P-QY^ 

For example if P=2Q we must have n <27. This sets a limit to the 
number of laminae in the main spring when the secondary spring 
consists of a single lamina shaped like the form of the main spring 
under the load 2Q (pp. 289 — 90). 

[504.] Phillips on p. 282 draws attention for the first time to the 
source of error — which may rise to importance, especially in the case of 
reserve springs, — from the chord and arc of the matrix lamina having 
been treated as interchangeable in the equations : see our Arts, 485, 488, 
and 500. He measures the amount of error thus introduced and shows 
how it may be allowed for. He remarks that the flexure due to a 
given load is obtained as the difference of two formulae, one of which 
gives the subtense without load and the other with load. The latter 
formula he holds to be sufficiently exact in practice when the chord 
and arc are interchanged, since the normal load approximately flattens 
the spring ; the former must be modified if the difference between the 
arc and chord gives a sensible difference in the value of the subtense 
when the two are interchanged. If L and S be semi-chord and semi-arc 
the quantities Ly{2r) and S^/(2r) must be practically equal (pp. 282—4). 

[505.] A remark of Phillips on p. 295 is worth citing. It refers to 
4.1, « jiaye classed in our Art. 501 as of the third type : 

Je ferai remarquer, en passant, que le type d6jh, ddcrit des ressorts k 
feuilles d’epaisseurs croissantes, qui travaillent aplatis sous la charge normale, 
et dont toutes les feuilles eprouvent dans I’aplatissement un mCme alloiige- 
ment, rentre r^ellement dans la classe des ressorts k auxiliairc, car les rayons 
etant croissants, les feuilles ne viennent eii contact quo successivciucut. Co 
fait est d’autant plus saillant, que souvent ces ressorts so torminoiit par ime 
ou deux grosses feuilles. Seulement le propre de ces ressorts est quo toutes 
les feuilles sont jointives sous la charge normale, ct qu’alors toiitos dprouvent 
les m^mes allongements. 

[506.] The few remaining points in the second cliaptor of the 
memoir may be veiy briefly indicated 

On pp. 295 —8 Phillips deals more particularly with the calculation 
of springs intended to resist impact, and gives details of various springs 
actually constructed for the Chemin de Per de VOueaL l^liillips (hiscribos 
a novel kind suitable for resisting both impact and st( ndy ])r(;s.sur(‘ and 
offering special advantages for passengcu* coaches on railways. These 
springs have secondary springs attached to tiumi consisting of on(i or 
more large laminae so arranged that the flexibility is much Ic^ss after 
the load has passed a certain limit (o.g. 3000 kilogs.), and thus specially 
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heavy loads or impacts do not tend to vary very greatly the lelative 
heights of the buffers of the carriages 

On pp 299 — 301 we have a shoit lesume of the results of the 
chaptei and an indication of how the theory therein developed may be 
used for the investigation of new forms of springs It is followed by a 
table of numerical details of all the sprmgs which had been constructed 
accordmg to Phillips’ theory before 1851 

[507 ] Chapitre tToisieme is entitled Bxp^iences sv/r VUasticife de 
Vacier and occupies pp 302 — 18 A description of the apparatus em 
ployed IS given and long details of experiments on vanous kmds of steel, 
tempered, annealed, hammered etc Phillips concludes that for practi 
cal purposes we may take the stretch modulus at 20,000 kilogs per sq 
mm and the fail limit, or that limit which it is not advisable to exceed 
even for an occasional and exceptional load, as a stretch of from 004 to 
005 according to the quality of the steel, while for the normal load the 
stietch should not exceed 002 to 003 

Dans les meilleurs ressorts faits jusqff^ present, lacier travaiUe habi 
tuellement ^ environ 0022 sous la charge normale (p 317) 

In the couise of his investigations Phillips notes that to stretch 
steel for once up to 005 oi 006 saves it from any sensible set when 
again subjected to the same stiain (p 316), and further he briefly refers 
(p 318) to a result associated with the ‘paradox m the theory of beams’ 
as a subject lor futuie study Thus he states that a stietch of 0095 
(instead of 005) corresponding to a load of 190 kilogs per sq mm can 
be reached in flexure experiments without danger 

The appended Note then follows, the details of which have been 
given in the course of our analysis of the memoir 

[508] The memoir just considered is a striking example of 

how a very simple elastic theoiy — sufficiently accurate for the 
range of facts to which it is applied — can be made to yield most 
valuable results Phillips’ theory of sprmgs such as are employed 
m the ordinary rolling stock of railways is one of those excellent 
bits of work which can only be produced by the practical man with 
a strong theoretical grasp I have devoted considerable space to 
its discussion as the Journal in which it appears is not among the 
most accessible, and so far as I know the only text-book m 'which 
extracts have yet found a place is M Flamant’s Stahhte des con 
strvctions Resistance des Pans, 1886 pn 574 — 88 

[509] Giuseppe Fagnoli Riflessiom intoino la teoiica delle 
piessiorii clie im coipo o sistenia di foima invaiiahile esercita contio 
appoqgi iiqidi ed iiieniovihili da% qiiali e sostemito in equilihno 
Mem delf Acrad dolh ^cienze di Boloqna T yr,lS52 pp 109 — 
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This memoir, as long-winded as its title, was probably the last 
attempt to solve without the aid of the theory of elasticity the 
problem of the reactions upon a body of more than three points 
of support. It seems to me utterly obscure and involves the 
strange metaphysical conception of internal reactions in ' perfectly 
rigid bodies.' 

[510.] A. Popoff : Sur VinUgration des Equations relatives aux 
petites vihratioTis d/un rfiilieu dlastique. IBulletin de la societd irfi- 
piriale des naturalistes de Moscou, T. xxvi., Premiere Partie, pp. 
342 — 56, Moscow, 1853. 

This paper deduces by a slightly different method the solutions 
of the uniconstant elastic equations for small vibrations first 
obtained by Ostrogradsky and Poisson: see our Arts. 739^—41* 
and 564^. 

There does not seem any particular advantage in the method 
of Popoff and he draws no new conclusions from his solutions. 


[511.] A Popoff: Integration des equations qui se rapportent 
d Vequilihre des corps elastiques et au mouvement des liquides : 
Bidletin physico-mathdmatique de VAcaddmie...de St Pdtershourg, 
T. XIII., 1855, pp. 145 — 9. This is reprinted (with the title only 
in Russian) in the Melanges mathdmatiques et astronomiques, T. ii., 
pp. 284 — 9. 

The paper was received in October 1852. 


Adopting the notation of our footnote p. 79, and supposing the 
elastic body to be under the influence of no body-forces and in equili- 
brium then we can easily show that the equations of elasticity in 
cylindrical coordinates are : 


where 


V 26 l = 0, 

u 2 dv u,d6 ^ 

" 7- = 0, 

r- dd> ft- dr 
V ^ du X + uL dO ^ 

= 0 , 

ft dz 

P 1^ 1 d- 

dr- r dr r- dtfr dz~ ’ 


•(i), 


or is the Laplaciau in cylindrical coordinates. 
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Further, 


^ du \ dv dw 

dr t r d(j> dz 




We can obtain by our Art 884* the thermo elastic equ itions of 
equilibrium, if we write for 6 in (i) 6' and instead of (ii) write 


r., du u 1 dv dw 

+ - + + 
dr T r d<l> dz 

where for thermal equilibrium, V ^ = 0 


X + fJL 


(IV), 


q being the temperature at r, z 

It IS these thermo elastic body shift equations, which Popoff has 
solved He has not considered the surface conditions nor the stresses, 
and he limits his investigation to cases in which q, w, v and w do not 
become infinite for r = 0^ 


[512 ] The solution is really in terms of BesseUs functions, although 
he expresses them by integrals of the form given m equation (4), 
Art 371, of Todhuntei’s FuncUons of Laplace, Laorw and Bessel 
The solution is fairly straight-forward although only the outlme of the 
integrations is given. The results aie somewhat too lengthy to be 
reproduced here, but should be consulted by any one endeavourmg to 
solve the general problem of the strain in a iight-circular elastic 
cylinder subjected to anv system of surface stress To show the type 
of solution I cite the value of w 

w=% (^{Ae°^ - A'e^^) cos n(j> + (Be^" - B sin n<j>] 

X {arf jc + {2n€ - arQ , 

wheie €= I cos (ar cos x) sin 

fo 

£ = I sm (cwcosx)sin’”X®^®X<^Xj 
Jo 

and n is an integer to be given all valucb fiom 0 to oo A, A', B, B , a 
are constants to be determined by the surface conditions 

The constant a is m piactice the most difficult to deteimine, it 
appeals in each Bessel’s function and in each exponential, and even foi 
the simple cases of axial symmetiy, we obtain an appalling equation to 
ascertain its relation to n The analogy of stints leads us to see that 
there are many cases in which it must be imaginaiy 

The values of w and are still more complex, and it seems to me 
that really iiractical pi ogress will haidly be made by attempting to 
cany this solution in Bessel’s functions fuither Possibly moie might 
be achieved by solving Laplace’s equation in cylmdiical cooiclinates 
by a definite mtegial and then attempting to deduce definite integial 
solutions for the shifts 

1 In his notation (9 (\ + /a)//x = 7 — — v 
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[513.] J. B. Phear: Note on the Internal Pressure at any 
mint within a body at rest. Cambridge and Dublin Mathematical 
Journal, Vol. ix., 1854, pp. 1—6. A proof of the existence of 
Lamp’s stress-ellipsoid of no peculiar interest: see our Art. 1059*. 
The author remarks that this representation of stress is “so 
elegant that it seems to deserve a place in our University mathe- 
matics.” 

[514.] M. Bresse ; Recherches analytiques sur la fleodon et la 
resistance des 'pieces courbes, Paris, 1854, 269 pp. and three plates. 
This treatise consists of five chapters and treats analytically on 
the Bemoulli-Eulerian hypothesis the flexure of curved ribs, in 
particular, circular arches. It contains a very complete discussion 
of the problem, and Bresse’s tables are of considerable value in 
testing any proposed circular arch. At the same time the graphical 
methods of Eddy are of more general application and would 
probably be now-a-days adopted, at least as a method of verifi- 
cation and comparison. I proceed to give some account of the 
contents of this treatise. 

[515.] Chapter I., is entitled : Ntude hypothStique de la re- 
partition June force mr la section droite d'un prisme. Pp. 1 — 43 
avp fvPfimipd with a very full, clear and interesting discussion of 
of the neutral axis and the load-point (stress-centre) 
elations to the ellipse of inertia, and applications to 
., 1 x 6 core, tne centre of percussion and centre of pressure of a given 
area or cross-section. After comparing this chapter with the Cours 
lithographie referred to in our Art. 813*, I have no doubt that 
the Cours was due to Bresse, or that we owe to him the important 
conception of the core and all that flows from it. I regret that I 
was not able to associate his name with this conception in Vol. I. 

It is to be noticed that Bresse proves these properties on the 
assumption that the stretch-modulus varies over the cross-section. 
He treats it as if it were a variable distribution of surface density 
over that section. 

[516.] Pp. 44 — 56 of tins chapter are entitled : Repartition June, 
charge Male sur la base d’un prrisnie n’ayant pas d’adherence avec son 
apjmi. 

Suppose a loaded prism to re,st on a horizontiil liase. This base can 
give pressure but not tension. Sn])pose farther the resultant vertical 
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load P on the pnsm to meet this base in the point JE If P lies within 
the core, the base will be leqnired to give piessure only and the distn 
bution of that piessure will follow the law laid down m our Art 815* 
On the other hand, if H falls outside the core, we cannot make use of 
the foimula in our Art 815* as it gives in part tensions The problem 
considered by Bresse is then How muust the ^essures he d%stnhuted over 
the porUon of the prisniHs base remaimoig %n contact with the plane %n 
07 der that the 7 esultaiit of these p7 essu7 es onay he equal and opposite to P? 

Obviously the boundary between the parts of the section remaining 
and not remaining in contact must be the neutml axis for the part 
remaming in contact Otherwise a portion of the section on both sides 
would give pressuie or be m contact The pioblem then i educes to the 
following To cut a poition off a given area by a straight line, such 
that the load point or stress centre of the area cut off when it has the 
straight-line as neutral axis may be a given pomt 

For the general case Bresse only suggests a method of tentative 
solution Namely to take (i) a series of paiallel neutral axes and find 
the load pomts of the portions they cut off, the senes of pomts so 
obtained gives a curve, which we may term the ‘load pomt curve and, 
(u) to draw such load point curves foi a variety of directions of the 
senes of parallel neutral axes Obviously the load-pomt curve which 
goes through the given load point E solves the problem 

On pp 46 — 48 Bresse pro\ es an mteresting property of the load 
point curve, namely that the tangent to this curve at any load pomt 
passes through the centroid of the area cut off by the correspondmg 
neutral axis 

In the particulai case when the given load pomt hes upon an axis 
of symmetry of the section of the prism, we have only to draw neutral 
axes peipendicular to this symmetrical axis and the requiied one can 
often be fairly easily found Bresse woiks out the required dividing 
line m the case of the rectangle, circle, ellipse, etc , m which cases the 
analysis is not difficult In particular m the case of a rectangle 2a x 25, 
when the load point is at a distance na fiom the centre [n>^) on the 
axis of symmetiv parallel to the sides 2a, the neutial axis lies on the 
ojoposite side to the load pomt at a distance from the centre equal to 
a (2 - 3ri), and the maximum stress is m the side of the lectangle 
paiallel to the neutral axis and 

P 4 

~ iah^{\-7i) 

It is shown on p 52 that the maximum stiess in the case of a ciicuUi 
Cl OSS section inci eases much moie rapidly is the load point is iemo\ed 
fuither fiom the centre than m the case of \ lectangulii one the side 
of which IS equal to the diametei of the ciicle 

[517] Bresse’s second chaptei is entitled Geneiahtes wi la 
fleonon et la lesistance des pieces combes (pp GO — 67) This chaptei 
gives a veiy clear account of what the mthoi iindci stands by an 
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arched rib (pihe coiirbe) and the limits he has set to his discus- 
sion of the general problem. Thus he neglects slide, he supposes 
torsion to produce no effect so great that the rib-axis cannot still 
be dealt with as a plane curve, and he calculates the stress across 
any section on the assumption that the section is in the unstrained 
position ; he allows, however, for a gradual change of cross-section 
and for a variation of the stretch-modulus in the cross-section. 
The "mean-fibre ’ of the rib is defined as the locus of the centroids 
of the cross-sections, when those cross-sections are supposed to 
have a superficial density at each point equal to the stretch- 
modulus. He sums up the problems he proposes to deal with as 
follows : 

(i) To find the stress over each cross-section of the rib 
supposing the loads and reactions given. 

(ii) To find the effects of a change of temperature in pro- 
ducing stress and shift. 

(iii) To calculate the reactions when the unstrained form and 
the load are given. 

[518.] Chapter III. is entitled : Flesdon et risistance des pieces 
courbes, lorsque lapikce^ dam Vetat primitif et dans Vital de flescion, 
se tronve dans un plan contenant aussi les forces extirieures (pp. 
68—156). 

The first section (pp. 68 — 76) of this chapter deals with problem (i) 
of the previous article. It shows how to find the stress-centre (load- 
point) of each cross-section when the reactions and the external forces 
on the rib are known. Suppose the rib divided up into elements and 
the corresponding distributed or concentrated loads represented by a 
single resultant for each element. How form a vector-polygon of these 
elementary loads and the two terminal reactions. Choose the meet of 
the two reactions as ray-pole of this vector-polygon, and draw a corre- 
sponding link-polygon^ for the rib, its first link being the reaction at 
one of the terminals of the arch. This is the ‘ line of pressure ’ of the 
arch, and it meets each cross-section of the rib in the corresponding 
stress-centre. The total stress at this stress-centre is measured by the 
corresponding ray of the vector-polygon. This stress may be resolved 
in and perpendicular to the cross-section. The component in the plane 
of the cross-section gives the total shearing stress across the section; 
the component P perpendicular to the plane, if substituted in the 
formula of our Art. 815* or of p. 879 of Yol. i. gives the disti'i- 

^ Vector- and link-polygons are the convenient terms by which ClilTord 
generalised the names force- and faniciilar-polygoiiR. 
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bution of ti action over the cioss section Bresse is dealing 'with cases 
■where the plane of flexure is the plane of loading, i e the load plane 
passes through a pimcipal axis of each cross section (note oui Art 14), 
so that the foimula takes the simple form 



Heie, if E the stretch modulus vary, we must put 

K Will also change if the cioss section be supposed to vary shghtly 
As a rule it will be suflicient to tabulate (or exhibit graphically) T 
for the extrados and intrados The quantity h may sometimes be 
obtained with sufficient accuracy by scaling its value from a caiefully 
drawn Ime of piessure It can of course be ascertained for any cross- 
section by an analytical determination of the resultant of the forces 
acting on the iib to one side of the cross section 

In the following section of the chapter (pp 76 — 83) Bresse gives 
two most inteiesting examples of the calculation of the tractive stress 
over the cross sections of arched ribs in the cases of a simple arch due 
to Tritschler {Pont de Brest) and of a combination of ribs forming an 
arch due to Vergniais I do not think a more instructive study can 
be found for an engineering student than to work out for himself 
with Bresse s data, both analytically and giaphically, the stresses in 
one or both of these two cases 


[519] ^ III (pp 84 — 95) IS entitled Recherche des defor- 
mations de la fibre moyenne sous V action de foices exteneures 
supposees toutes connues Its object is to hnd expressions for the 
shifts at each point of the cential axis {la fihe moyenne) of the 
arched nb, and for the change in inclination of the cioss-section 
at any point of the central axis We may obtain Biesse’s 
equations as follows 

Let a be the angle the cioss section at any point of the cential axis 
makes with a given cioss section, measuied so that a inci eases with s the 
length of aic fiom the given cross section, let e be the ‘moment of 
ineitia’ and e the ‘mass’ of the cross section supposmg it loaded with a 
supeificial density equal to the stretch modulus L Then the change in 
the angle 3a due to the stiain maybe lepiesented by A3a, and tint in the 
arc by A3s , lot p be the shamed, po the unstiained cunatuie at any 
point s of thf ceiiti il axis, and A the coiiespondiiig total noimal stiess 

Then we easily deduce foi the stietch in a ‘fibio’ distmt c fiom the 
line tliiough the cnihoid of the cioss section poipendicular to the loid- 
pl me 
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supposing {zIpY to be negligible; therefore the bending moment M, 
taken to increase a, is given by 

i/ = WSco (^1 + 2! ^ cZo. 

_ 1 \ e ^ 

* \p po/ p Ss ' 

Putting in for p and po their values in terms of a and s, we have 
M ^ A8a da A8s 1 ASs 

€ 8s ds 8s p 8s 

^ ASa /I In ASs ^ 

ds \p poJ 8s ’ 

ASa=- Ss-{--~) ASs. 

e \P Po/ 

Now the second term on the right-hand side may generally be 
neglected in arches because it is the product of small differences; 
hence integrating, it follows that: 

^ M 

Aa - Atto = 2 — 8s (i). 

So ^ 

This agrees with Bresse^s equation (8 bis), p. 87. On p. 85 he does 
not give the second term of the expression above for A8a, because 
he appeals to a result on his p. 35, where, however, he has treated the 
central axis as straight. 

We mav obtain Bresse’s equations (9 bis) and (10 bis), p. 88, as follows: 
Ss cos a = dx, ds sin a = — 9?/. 

Jtience, if u and v be the shifts, and /3 a coefficient of stretch 
produced by any cause other than the loads, as for example temperature: 

8u = Ads cos a — ds sin aAa 

" S (t ^ J 7 • 

Summing this (the second term on the left by parts), we have 

* JV dx ^ ^ M 

M - Wo = S — 7 - 3s + ^ (a: - ffio) + Aa„ (y - yo) + 2 / 2 — Ss - 3 y — fls. 

«o ® »o ® «o * 

Or rearranging : 

w - w„ = Aa„ ( 2 / - 2 /„) + ^ {x -Xo) + t\{y-y^)^^^ + ^ ^^1 8s, . . . (ii), 

where the summation is to apply only to quantities marked with the 
subscript j. 

Similarly we find : 

® = - Atto (.'C - *„) + 13 {y- ?/„) + 2 f- (x - .i;,) ‘ . . (iii). 

A‘.I L €] 
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We ha\e rttamed the sign of summation as it indicates cleaily the 
method of procedure by quadratures, when, as is most frequently the 
case, the loads and bending moments are not continuous, and so inte 
gration cannot be applied 

[520] On pp 90 — 94 Bresse indicates how the constants 

Uq, Vq can be determined practically Thus one or more cross- 
sections will have their directions unchanged, or one or both 
terminals will be pivoted or there will be a line of symmetry for 
the rib , three conditions will always be given which enable us to 
deteimine these constants On pp 95 — 105 we have the formulae 
(i) to (ill) apphed to several special examples Thus Bresse 
deals with 

(a) The case of a uniformly loaded rib of circular form and 
given span with uniform cross-section The integration of the 
equations is easy, though the lesults are long (see our Arts 
525 — 6) He considers this case with a unifoim load first along 
the arc and secondly along the chord, the load being in both 
instances vertical and the chord horizontal 

(b) The case of a cast-iron circular rib of the railway viaduct 
at Tarascon over the Rhone (see our Ait 527) The deflection as 
obtained by calculation is 0642 metres, as obtained from the mean 
of experiments on the rib before and aftei erection = 0650 metres 
This IS an excellent example of the application of theory to 
piactice, and the nearness of the theoretical and experimental 
results IS remarkable, when one lemembers the n regularity of 
the sti etch-modulus across the cross-section and even the doubt 
as to its mean value 

The theoretical result for the deflection due to a change of 
temperature of 1° centigiade is worked out on the supposition 
that jS the linear dilatation = 00111 It is 00159 metres Ex- 
periment gave in the mean 00135 metres or a diffeience of 
about 1/6 

[521 ] The following section of the cliaptei under discussion is 
entitled lieoheiolie des fuiceb uitonmieb, and it oecupieb pp 1U5 — 
120 In the examples hitherto considered BiesbO his supposed tlie 
terminal reactions to be known, this is not gentiall} the case, and 
we now turn to the problem of discoveimg the unknown leiLtions 
when the piimitive toim, the nature oi the teiminal h\iiigb ind 
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the superincumbent load are given. We will briefly cite the 
conditions to be applied to equations (i) — (iii) in order to obtain 
the unknown reactions : 

(а) At a fixed or pwoted terminal we have u = v = 0 to determine 
the two components of the unknown reaction at that terminal. 

(б) At a huiltAn terminal we have = -y = 0, and Aa = 0 to determine 
the two components of the reaction and the bending moment at that 
terminal. 

(c) When two ribs are fixed or joined together, we have u and v 
the same for both at that point, which gives two equations to find the 
components of the mutual reaction. 

(d) When two ribs are built into each other, we have three 
equations arising from the equality of the values of v and Aa for 
both ribs at that point; these equations sufifice to determine the 
reaction and the bending moment at the point. 

(e) If a terminal be constrained to move along a smooth curve, we 
have a relation between u and v for that terminal, which sufiftces to 
determine the normal reaction of the curve. 

In all these cases there will be three equations of statical equilibrium 
for each rib, which sufiice with the above to determine the constants 
Atto, and % ; thus in each case there will be sufficient equations to 
determine all the unknowns. 

Bresse treats a number of general cases of fixed or built-in terminals 
etc., or of combinations of ribs, by the principles we have laid down 
above. His method is, however, sufficiently indicated by our state- 
ment ; the analysis varies in quantity according to the nature of the 
structured Two of the more interesting cases investigated are those of 
an arched rib with a horizontal tie-bar parallel to but not coincident with 
the chord, and a system of three mutually built-in pieces such as form 
the bridge system of Vergniais (pp. 112 — 122). On pp. 123 — 5 Bresse 
shows the sufficiency of the elastic and statical equilibrium equations to 
determine all the unknown quantities. On p. 125 is a paragraph 
entitled : Du calcbge des arcs. I do not understand clearly in what 
this process of calage or wedging, used apparently in building-up an 
arched rib out of its component parts, may consist. According to 
Bresse it has the effect of increasing the planned length of the central 
axis, and produces a uniform stretch in the rib and so a pressure upon 
the buttresses although the rib be not loaded. He proposes to allow 
for it by adding to the coefficient ^ a term having a value independent of 

^ . 3 , , the sum of the breadths of the wedges 

the temperature and equal to ^ ® . 

the planned length of the central axis 

1 Bresse speaks of a doubly built-in arched rib as having j)cu iV importance 
pratique (p. 110). This is, however, the type of the remarkable bridge at St 
Louis, Mass. U. S., which is 518 feet span and formed of doubly built-in steel ribs. 
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[522] In § VI of this chapter (pp 126 — 147) we have a very 
interesting but laborious bit of algebraical work, namely, the 
application of the results of the previous section to find the mutual 
actions between the several ribs and the reactions upon the 
buttresses in the case of a bridge on the Vergniais principle, of 
which the numerical dimensions are given It is an excellent 
application, whose practical siiggestiveness is much increased by 
variations in the treatment accoidmg as the nbs are supposed to 
be either pivoted or built-in to each other and to the buttresses 

[523 ] The final section of the chapter is entitled Reimi ques 
et theoremes coriGeriiant la mamere dont les forces exte^^euj es entrent 
dans les formules de la flexion Gonsiqueiices (pp 147 — 156) The 
author shows that the shifts as well as the termmal reactions are 
linear functions of the loads and of the thermal stretch coefiScient 

This of course is a result of the general principle of ‘ perfect 
elasticity ’ It gives us a means, however, of calculating the parts 
of the shifts or of the reactions due to each individual load and 
then by adding the parts of ascertaining the totals, — a method 
which will often be found very convenient These results depend 
of course on /3 being independent of the loads They would fail 

Par exemple, si la chaleur ne dilatait pas egalement une barre 
tendue et une barre compnmee, ce que, a notre comiaissance, les phy 
siciens n’ont pas v^nfie (p 149) 

The point is of inteiest I have only come across Pictet’s 
remark on this subject see our Art 876"^ (3) 

[524] Pp 153 — 156 deal with a propeity of symmetncal 
arched ribs asymmetrically loaded, and with a special application 
of it This property is thus stated by Bresse— it being assumed 
that the axis of v is that of symmetry and that of u peipendiculai 
to V 

If symmetry be given to the load system 

P En ijoutant pour chaqiie force manquant de sa svnietiique une 
force eg lie et situee symetiiquement, 2' en suppiiuiant les foiees dont ks 
symetiiques niaiiquciaient , que dans ces deux liYpothe^es on deter luiue 
sort rune des variations 71, v, Aa qui ciiacteiisent li Hexioii cn un 
point, sort I’line des compos uites, par illclement aux axes, dune iciction 
mconnue, sort son inoinent, la soinme des deux quintites un^i deter nn 
nees sei i egale a li sour me on a li difieienee de^ c|uintites uulogues 
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qui, sous Taction du syst^me primitif des forces, se produisent au point 
considere et en son symetrique ;...on doit, de plus, prendre la difference 
des quantites analogues pour deux points sym^triques, lorsque, tout en 
etant symetriques, elles ont des directions contraires (p. 155), 

For example, let an arch have a vertical axis of symmetry and let 
the load be parallel to this axis. Let Q be the horizontal thrusts 
on the terminals, then for any load : 

e+e'=o. 

Suppose the load to be made symmetrical, so that Q become 
when we add to make symmetry, and become Q^, —Q^ when we subtract 
to make symmetry. Then according to the above principle 

Qi + — Q Q -i 
or Q = ^ (Qi + Q^* 

Thus if we can obtain results for symmetrical loading, we can 
deduce results for asymmetrical loading. 

[525.] Chapter IV. (pp. 157 — 217) deals with the thrust 
of arched ribs of uniform cross-section, for which the central axis, 
originally circular, remains after flexure in one and the same plane. 
Bresse’s method is direct and simple. 

He supposes (§ 81) a single isolated load EE at any point acting 
perpendicular to the span 2a of an arched rib. The vertical reac- 
tions at the terminals are given by the equations of Statics, the thrust 
Q is obtained by an application of the principle referred to in our Art. 
524, to the equation deduced from constant length of the span : see 
our Art. 521. Thus Bresse finds : 

Q’i 

J (sin^^— sin-^) -f- oob<I> (cos6/ +^sm^ -cos0 -<^sin(jf))— — sm-^^(sin^0-sin^6*) 

TT 


^ + 2 < 5 () cos'-^ 0 - 3 sin cos <j!) + siii^ + sin <j> cos (/>) 

Cl'"' 

where 

2<^ = the central angle of arched rib, 

^ = the angle the radius to the loaded point makes with the 
radius to mid-point of rib, and 

G = the swing-radius of the cross-section superficially loaded with 
the stretch-modulus. See our Arts. USS’^ and 1573*. 

Similarly (§ 82) if there be an isolated load aS^, at a point determined 
by B, acting parallel to the chord of the arch, the terminal thrusts 

= + and - -^aS', 
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^$^^6 miO Go&O —smd cosip +6 cos9 cos<j>+^^ sm* <!>($ +smOcosB) 


G" 

<j) + 2<j> cos - 3 sin <jf) cos — sin^ <{> (<j> + sm <f> cos <f) 

€0 


(«) 

Next (§ 83) if a couple L with its axis perpendicular to the plane of 
the central-axis be applied to an element of the nb at the point 6 

^ L sin (sin ^ 0 cos <j5>) , ^ 

y--- (ui) 


G^ 

<^ + 2<^ cos” — 3 sin cos <^ + — g sm + sin cj> cos <l>) 

Qt 


Lastly (§ 84), if there be a change in the length of the central axis 
due to temperature oi any other cause and having a stretch-coefficient 3 
(p 163), 

G'^ 

Q p (iv), 

<l> + 2<fi cos” <jE> — 3 sin ^ cos ^ — sin^ ^ (<^ + sin <jy cos (j>) 

Oi 

where e = mass of area of cross section loaded with the stietch modulus E 
By applying the principle of superposition of stress we aie able finm 
Equations (i) to (iv) to ascertain the thrust due to any conceivable system 
of isolated loads Any continuous load may be concentrated ovei small 
elements and treated as a system of isolated loads Or, on the othei 
hand we may replace 11 oi S by/’{^) dO and integrate along the cential 
axis This IS done by Bre&se m the following tlnee cases ^ 


(i) Thiust due to 2pp<l> being the weight of the aich (ladius p) 
or a load distributed uniformly along its length 87), 

Q = 2pp<j)X 

J — -Jcos ^-^sin<^cos<^ + |-^^cos^ — ^-^sm <^(sin J + 2 ^^*^cos^) 


<!> 


G 


<^ + 2^ cos^ - 3 sin cf) cos <^+ — sin ^ (<^ + sm cos <^) 

CL 


(') 


(ii) Thrust pioduced by a load 2p'a distiibuted unifoiinU duug 
the chord of the aic (§ 88), 

- 1 + 1 - i , cos 6- \<l)sm cos — biid<^ 

Q = 2p a i (vi) 

+ 2<^ cos <jf) - 3 sm CO <f>A — ■ sm <j>(4> + '^m cos cj)) 

CL 


^ He al&o ^ives results tor (i) and (ii) when the unitoiml}^ distiihutf d loads do 
not cover the whole ot the arch 


362 


BRESSE. 


[526—527 


(iii) Thrust produced by a fluid pressure along the extrados of the 
arch (§89). The result is too complex to be cited here. 

[526.] The most important case is that represented by Equation (i). 
Bresse throws it into the form 


Q = 


1 + K'-, 

or 

where, if 

\ (sin^ <l> — sin® 0) + cos ^ (cos ^ ^ sin ^ — cos sin <j>), 

and 5 = <^ + 2^ cos® <^ — 3 sin 0 cos <^, 

... ^ xr 1 ^ ^ Vt _ <^^> (<jf) + sin cos <^) 

and K. ^ " 2 ^ j jL — - . 


The quantities K, K' are expanded in powers of 2^/7r and r = ^/</> 
on pp. 173 — 191, and their values tabulated in Tables I. to IV. at the 
end of the volume. The entries give the values of for values of 2<^/7r 
from *12 to 1 rising by *01 at first, then by *02 and ultimately by *04; 
and for values of r rising by *05 from 0 to *95 (Table I.). The mean 
values of K and K' are given (i.e. the mean for all values of 0 for any 
angle since they vary little with 6) for values of 20/7r from *12 to 1 

(Table III.), and finally the values of ^1 - K ^ 

same range of values of 2<^/7r and five values of namely *0005 

to *0025 inclusive rising by *0005 (Table lY.). 

Bresse points out on p. 172 that the value of (r®/a® varies for seven 
French bridges between *000106 and *000795, and that its maximum 
value *0025 in Table lY. is probably seldom approached in practice. 
As most of the bridges have a value of (T®/a® lying between *0003 and 
*0004, the value of Table lY. would have been increased had additional 
entries been made for values of 6^®/a® less than *0005. 


[527.] Bresse shows that if a load p be put upon the arched rib per 
unit length of the central axis : 

1 _T^/Gr2/^2 

(V)', 




where p is the radius of the central axis. 

If a load p be put upon the arched rib per unit length of the chord : 

1 - 


r\f c\ r ^ u/ 

If there be a coefficient of thermal or other sti’etch /? : 


Qi=qi 


>. cr-jcfi 


1 + 


.(vi)'. 


.(vii), 


where e = as before. 
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The \alue£> of and aie tabulated foi values of 2<^/7r from 

13 to 1 in Table II Unfortunately by a pi inter's eiior appears 
as Ti 111 that Table and the erroi is nowhere pointed out 

Bl ease’s first foui tables thus give us a means of ascertaining the 
thiust in many piacticaliy important cases of circular ribs of unSbun 
cross section The method of using the Tables is ei^emplihed on pp 
212 — 217 by their application to the badges at Biest and Tarascon 
The discussion on the lormei bridge brings out clearly the smallness of 
the enor introduced by concentiatmg into a series of isolated loads the 
parts of a continuous load which act upon even considerable portions of 
the arch 


[528] We may note one oi two other pomts brought out m the 
couise of this chapter 


(i) On pp 193 — 196 it is shown that Equation (\n) may be le 
placed with sufficient appioximation in practice by taking the formula 

fieG 






where the rise of the aich, is measuied for the central axis 


(ii) If the same load {2ppcl> = 2ap') be distiibuted umformly along 
the central axis oi uniformly along the choid, then the ratio of Q Q' 
as detei mined by Equations (v) and (vi) may foi most practical purposes 
be taken as unity Biesse gives the folio wmg values (p 203) 


ii 

12 

2 

3 

4 

5 

6 

7 

8 

9 

1 

QIQ'= 

997 

993 

984 

971 

953 

930 

900 

863 

814 

750 


(m) If Q" be the hoiizontal tension of the cables of a suspension 
budge which is of span 2a, rise /, and loaded with j/ lbs pei foot 

run, then the latio of Q as given by (m) to Q" ^ ^ nearly 

umty if G /a" be small Thus if G ja be less than 0005 we have 
sensibly for 


20/7r = 

12 

2 

3 

4 

5 

6 

7 

8 

9 

1 

Q1Q" = 

999 

'J9() 

992 

9bJ 

97o 

962 

946 

922 

893 

S49 


Hence foi most practical pioblenib wc may t ilculate (/ fiom the 
tension in the cables of a suspension bridge of the same spin and rise 
We note tint (/ is always l(Sb than Q see oui Ait 1459'^ 

[529 ] Chapter V is entitled Resisttuice d iin cue gu culcm e (i 
section conbtante, cluuge dans toute sa longueu) de poids aiafoime- 
ment iepa)ti6 stuvant I ho) izo)ttale (pp 218 — 249) The object of 
this chaptci IS to calculate the ui ixiinuiii Li action it uiy point of 
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an arched rib due to a uniform loading of the rib oip' lbs. per foot 
run of the horizontal chord. This is practically the loading which 
would occur, if the bridge were tested by a train of locomotives 
or a uniform pile of iron rails (Varc sous Vaction de la charge 
d'^preuve, pp. 218 — 9). 

Let E be the stretch-modulus of any fibre, N the normal force on a 
cross-section making an angle a with the central cross-section ; e the 
mass of the cross-section of superficial density E, and € the moment of 
inertia of the mass of this cross-section about an axis through the 
central axis perpendicular to the load-plane. Then the traction in a fibre 
at distance y from that axis is given (pp. 220 — 2) by : 



It is easy to show, p being the radius of the arch, that : 

= — § cos a -pp sin^ a (ii), 

M=Qp (cos a — cos <l>) - ^p'p^ (sin® ^ — sin® a) (iii) ; 

or, if Q = nx 2jp'a, n being a certain function of and G^/a^ (compare 
our Art. 527), 

-p'p (2 cos a sin ^ + sin® a) (ii)', 

M= (cos a - cos ^) (in sin - cos a - cos <^) (iii)'. 

We thus know the traction at any point by substituting (ii)' and (iii)' 

A*\ 

^ Bresse assumes that in an arched rib it is the pressure or 
j traction, which first reaches the elastic limit, he therefore seeks 
greatest negative value of the expression E (Nje -t- Myjt). I do 
not think that this is justifiable. What we really want is the greatest 
positive stretch of the material, and accordingly the proper condition 
seems to be to find the greatest positive and negative values of 
Ele + Myje, then to choose the maximum numerical value from either 
the positive values, or the negative multiplied by rj the stretch-squeeze 
ratio, and equate that maximum to the safe elastic stretch. Bresse 
really assumes that the elastic limit is reached in compression and ex- 
tension with the same numerical strain, and therefore as the squeezes 
are always greater than the stretches, we have only to deal with the 
former. But we ought I think to investigate whether rj x the maxi- 
mum squeeze is greater than the maximum stretch. If rj be, say, 
-J- or i, then it by no means follows that Bresse’s condition is correct. 
For example in the results given by him for the Font de Brest and 
represented graphically in Fig. 23 of Plate II, the maximum positive 
traction is in the extrados ot the arch and very sensibly greater than 
one-third of the maximum negative traction, which here occurs at the 
same cross-section in the intrados. Similarly in the stresses for the 
Systeme Vergniais given in Fig. 26 (B) Plate 111, the maximum 
positive traction in the extrados of the contrejhrt is greater than the 
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maxinmm negative ti action in the same rib, and is about as great 
as the maximum negative traction in the main aich Thus in these 
actually existing bridges, it is obvious that Biesse’s method of seeking 
for the maximum negative tmction would be deceptive The true 
criterion must in each case be deduced fiom the situation of the load- 
pomt (oi stress centre), i e whether it lies mside or outside the whorl 
of the Cl OSS section Bresse’s method only applies if all the load points 
lie inside the whorls see Yol i p 879 

[530 ] Pp 221 — 230 are occupied with a discussion of the possible 
magnitudes and positions of the maximum negative traction. These 
depend largely on the sign of M as given by Equation (iii)', and Biesse 
shows that if ti > J cot then M vanishes at either foui points or two 
points besides the ‘pivoted’ teiminals see oui Art 1460* I will not 
enter into the details of this mvestigation, smce for the reasons given 
in the previous article it does not seem to me entiiely satisfactoiy , the 
graphical constiuction of curves of thrust and bending moment, of 
the line of piessure and of the whoil of the cioss section is the 
bettei treatment of the problem, some allowance bemg made if necessary 
for the effect of shearing force Suffice it to add that if be the 
stretch modulus of the ‘mean fibre* Bresse reduces the maximum negi 
tive traction to the form 


Q 2d> h 

where ^ is a coefficient depending on — , — and - , where h is the dis 

Of' T? Of 


tance of the cential axis fiom ‘the extieme fibre * The values of ^ aie 
tabulated on pp 260 — 269 foi a considerable range of values of these 
arguments, and a hoiizontal line diawn acioss Bresse*s columns maiks 
whether the maximum negative traction occurs in the ex ti ados or 
intiados (Table V ) 


[531 ] After some numerical examples of this Table on pp 
237 — 8, Bresse concludes his woik with a section entitled Dps 
circonstances qui 'pe'iivent injluer sm la resistance d\m aic a section 
constanfe^ charge nniformenient smvant Vlioiizoivtale (pp 238 — 249) 
Tins section deils with geneial theorems (deduced from the numeiical 
lesults of Table Y and theiefore open to the objections of oui Art 529) 
as to the elastic strength of an aich when we viry (i) (/>, or what is 
the same thing, \ary the ratio of use to span, (ii) the cioss section as 
determined by the latios of G and h to 2a the span 

If Gja be const int, and we take the mean \alue of hja (which does 
not vaiy much since Gja is constant) we can hnd \ \alue of the i itio 
of rise to spin, which giies a minimum of or a maximum elastic 
lesistance llius we hnd appioximitely foi 


G ja = 

0001 

0002 

0003 

0004 

OOOo 

OOOC 

0008 

0010 

0012 

fl2a = 

1212 

140) 

1581 

1008 

1750 

188') 

1080 

2117 

2101 
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In § 122 Bresse considers a sj)ecial case of an arched rib of hollow 
elliptic cross-section and investigates for what values of the ratio of rise 
to span it is more advantageous to place the cross-section with its 
major axis horizontal than with it vertical or vice versd. 

In § 123 he deals with the problem of the best ratio of the height to 
the breadth in the cross-section (supposed to be rectangular and of con- 
stant area) of an arched rib having a given load, height and span. The 
laws of ribs with circular central axes differ in respect of relative 
sti'ength very considerably from those of straight beams. 

Although for the reasons stated above, Bresse’s results in this 
section must not be considered as final, still they indicate the existence 
of numerous very interesting properties varying with the form of the 
rib. They conclude what is the most thorough investigation hitherto 
published of the elastic strength of circular arches subjected to uni- 
planar flexure. 

[532.] M. Bresse : Gouts de micanique appUqude, The 
Premiere Partie of this book was published in Paris in 1859 in 
parts. A second edition of the Premiere Partie appeared in 1866, 
with, however, few modifications, and a third in 1880. The 
Troisieme Partie {Galcul des moments de flexion dans une poutre A 
plusieurs travdes solidaires) appeared in 1865. Only the first and 
third parts deal with topics related to our present subject. The 
former is entitled : Bdsistance des MaUriaux et StahiliU des Con- 
structions, and the chief difference between the first and second 
editions is that § ii. of the third chapter on continuous beams 
disappears in the later edition, reappearing in a much fuller form 
in 1865 as the Troisidme Partie of the work. The Premiere 
Partie in the second edition from which I cite contains pp. 
i — xxviii and 1 — 536. I shall discuss the Troisihme Partie under 
the year 1865. 

[583.] Chapter I. entitled : Odneralitds ; Principes fonda- 
mefivtaux. Recherche des tensions dans les diverses parties d'un 
corps prismatique, pp. 5 — 89, is occupied with a discussion of the 
moment of inertia, the neutral axis, the load-point, the core and 
the distribution of traction over a cross-section when the line of 
pressure is known. This follows with some amplifications the 
treatment of the lithographic course and of the work on arched 
ribs: see our Arts. 813^ — 5^ and 514 — 6. 

[534.] Chapter II. (pp. 90 — 149) deals with the general 
equations for the strain of a rod, whose central axis is not 
necessarily a straight line. It is an amplification of the treat- 
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ment in the work on arched ribs and the major portion does 
not call for special remark The only part which need be noticed 
IS entitled Des mouvements mhatoires dam les pieces elastiques 
and occupies pp 143 — 9 Bresse deals with the case of the 
vibrations of a rod, the central axis of which is a plane curve 
He supposes this rod to vibrate only in the plane of its own 
central axis, so that that plane must pass through a pnncipal 
axis of each cross-section , the cross section itself is considered 
to be uniform 

Let u, V be the shifts of the centroid G of any cross-section (distant 
s along the central axis from any fixed point of the rod) measured along 
the tangent and noimal (outwards) to the central axis at G Let x be 
the variation in the angle which the tangent at G makes with any fixed 
line, positive when taken clockwise Let m be the mass of the rod per 
unit length and N the external forces per unit of length of the lod at 



G^ M the clockwise couple round G pei unit element (this is introduced 
by Bresse, but it seems to me that in most conceivable cases M would 
be zeio) Let 1/p be the cuivature, k the swing ladius of the cross 
section 0 ) at lound an axis thiough G peipendiculai to the plane of 
flexuie, E the stretch and /x the slide modulus, both being supposed 
unifoim for the cioss section Then Bresse obtains the following 
equations 


d u 

^ 7 

dt 

d V 
^ dt 




— N fio) 


d /du V' 

ds \ db p 

d fdv 


fi fdv v\ 


E(j} /du i ' 
P \lls 


VIK ^ + FoK 

(// 


d\ 

,h 


/XO) 


fdv n\ 
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Here -S'o) is the total traction and /ao) the 

total shear over the cross-section at Q, 

These three equations suffice theoretically to determine u, v and x- 
Bresse makes the following remarks on them : 

Pour le moment, nous ne pousserons pas plus loin T^tude de la question ; 
clans les cas pratiques les plus simples, la solution pr^sentera g6n6ralement de 
grandes difficult^s, comme on le verra ult^rieurement par les exemples que 
nous indiquerons. Nous n’avons voulu, en donnant les calculs prdc^dents, que 
completer la thdorie g4n4rale de la deformation des pieces eiastiques, par 
r'expose de la methode k suivre pour mettre en Equation le probieme des 
mouvements vibratoires (pp. 148 — 9). 

[535.] The practical part of the Gours begins with Chapter 
III. which is entitled Prdbllmes dimrs concernant les poutres 
droites (pp. 150 — 224). A good deal of this chapter is not novel, 
but the methods are very clearly and concisely put, and some 
interesting problems of continuous beams with large numbers of 
supports are dealt with on pp. 176 — 188; these should certainly 
be studied by any one practically interested in this subject. Slide 
is considered after the manner of Jouravski (see Section III, of 
our present Chapter) on pp. 206 — 9, but there is no reference to 
the work of Saint-Venant. The chapter concludes with an 
essentially theoretical treatment of the problem of struts (pp, 
210—224). 

[536.] Chapter IV. deals with the problem of arched ribs 
(pp. 225 — 263) after the manner of the work we have already 
analysed : see our Arts. 514 to 531. Chapter V. is also a con- 
tinuation of this subject (pp. 264 — 338) \ It contains, however, 
a section on the strength of cylindrical vessels (pp. 323 — 338) 
which requires some notice on our part. The first problem dealt 
with is that of a boiler or flue of right-circular cross-section, and 
the method adopted is the old hydrostatic process, involving no 
elastic principle: see our Art. 1012^. 

[ 537 .] The second case dealt with is novel. It is entitled : 
Resistance d^une chaudiere d, prqfil Jaiblement elliptigne (p. 326 ), and, 
if we could trust the investigation, this case might be useful in cal- 
culating the dimensions of slightly elliptic flues. Bresse however 
practically treats his elliptic cylinder as if the portion between two 

^ Matter not in the book of 1854 is chiefly confined to some account of the 
experiments of Desplaees, Collet-Moygret, and Jules Poir6e : see Section III. of our 
present Chapter, 
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parallel cross sections at unit distance could be dealt witb as if it were 
a rod Thus he takes the pioduct of the flexural ngidily and the change 
in the curvature as equal to the bending moment Let c be the thick 
ness, supposed unifoim, of the flue, I its length, M the moment tending 
to bend the wall of the flue round any longitudinal section, Lxp the 
change due to the strain in the angle between two tangents to the 
central line of the flue’s cross section at the ends of an arc Ss, then 
Bresse puts 

ii OS 

Now, if It IS legitimate to use any formula of this kind at all, it 
would seem necessary to at least replace the stretch modulus by the 
plate-modulus e by Ej{l - yf)}^ but I must confess to having grave 
doubts as to the entire method of tieatment To assume the existence 
of a neutial axis passing through the centroid of a transverse section 
in the case of a bent ^ate subjected to stram seems in itself a very 
nsky proceeding 

If we may adopt Bresse’s assumption we amve at the foUowmg 
results — in which 

= the internal pressure m the flue , e = the eccentricity of the 
elliptic cross section , 2a its internal major axis , x the abscissa of any 
point measured along this major axis from the centre, c the thickness 
of the flue, supposed small and umform , I = the length of the flue 

{a) The bending moment of the wall of the flue at points given 
by X IS equal to (2£C^ -a) per umt length of the flue 

(h) The maximum ti action, which occurs at the ends of the major 
axis, IS given by 

pa %'pa'er 
c 2c 

The first teim in the traction is due to the internal pressure 
supposing the flue to be exactly circular, the second term is due to the 
flexure pioduced by the slight elhpticity 

The result (6) gives a quadratic to find the proper thickness c foi 
a given \dlue of T and p, the positive loot must be taken Biesse 
turns this formula into numbers and shows that a veiy slight \alue of 
e^( 02) will lequiie the value of c to be increased in the ratio of 5 3 
Thus the existence of slight ellipticity in a flue is \ery unfa\ouiable 
to its stiength 


(c) Theie is a deciease m the semi mxjor axis given by 


Sa = — 


pah 

~Tc^ ’ 


and in mcioiso in the senii niinoi axis of about the same amount (p 332) 



BBESSE. 


370 


[538 


Further the eccentrioity e' after strain is given in terms of the eccentri- 
city before strain by 

These results would be, perhaps, slightly improved if E were replaced 

(d) Bresse next supposes •p negative, that is to say that there is an 
external pressure p. In this case d will be real or equilibrium possible 
only if 

- ipo^ 


or 




This result is independent of the absolute strength T of the material. 
It is discussed at considerable length by Bresse on pp. 334 — 7. But 
the manner in which it has been deduced does not leave an impression 
of conclusiveness on my mind. Were c even to approach this value, d 
would become very great, or the strain exceed the elastic limit. 

(a) Bresse points out that the thickness of the elliptic flue will 
have to be greater for the case of external pressure than for the case of 
an equal internal pressure, svpposing that the resistances to compression 
and extension are equal, (p. 338.) 


[538.] The same problem is considered by J. H. Macalpine in the 
fTiiVd of Three Original Papers (Glasgow, James Maclehose and Sons) 
ited in 1889. It is entitled ; On the strength and stiffness of an 
abULptic cylinder submitted to hydrostatic pressure (pp. 26 — 31), and may 
be referred to here. Macalpine obtains practically the same results as 
Bresse for the change in the axes, but for the maximum bending moment 

he finds (instead of \peH^) \pM + j length. The 

term ^ ) arises from the second approximation and it can obviously 

in certain cases sensibly modify Bresse’s result. To the first approxi- 
mation, however, I think the two agree. For on j). 30, 1. 10 from the 
bottom, Macalpine finds in his own notation: 

. p¥e^ . 

V = — — sm d) cos <i>. 

4ac ^ ^ 

dO 

But M his bending moment == c-rr-, 

ds 


M- 


pb'^e^ /o o , .^d^ 


Changing to our notation an<l remoinboring tliat, as wo are neglect- 
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ing we may put 6 = a, ~ = curvature = 1 /a, and a cos ^ = £c, we 
have 

iIf=^(2ar-«), 

which agrees with Bresse’s lesult (a) In other respects Macalpine*s 
treatment is neithei so full nor so clear as Bresse^s He falls into the 
same error of treating a bent plate as a rod^ 


[639 ] The sixth chapter of Bresse's book is entitled ProhUmes 
particuhers sur les poutres mhrantes and occupies pp 339 — 387 
This chapter is perhaps the most interesting in the book It gives 
a good resume of all the work which had been done in and since 
the time of Navier and Poncelet on the subject of vibrational stress 
in bridges 

It opens with a discussion after the manner of Poncelet of the 
longitudinal vibrations of bars variously loaded (cf our Arts 
988* — 993*), and does not here add much to Poncelet’s results 
The great defect of PoncelePs work is that it leaves us with 
complex analytical expressions, which require the patience of a 
Saint- Venant to reduce them to numerical results of practical 
value see our Arts 401 and 411 

Bresse next passes to the transverse vibrations of a uniform 
beam simply supported at both terminals and uniformly loaded 
(pp 361 — 374) I think his work here is original, at any rate I 
have not come across the same results before It bears of couise 
consideiable resemblance to the ordinary theory given in treatises 
on Sound of the transverse vibrations of a rod 


Biesse obtains an equation of the following type (which may easily 
be deduced as a special case from those of our Ait 531) foi the trans 
verse shift y of the centroid of a section distant x fiom one teiminal of 
a beam of length I 

^ ^ cfy cT y , d^y 


dt 


docrdt ' 


wheie flexural rigidity of the beim, 

m - combined mass of beam and load pei foot run, 
7 V = mass of beam only per foot lun, 

^ = the time from any epoch 


^ My objections to this method of tieoitment ha\e been moie fully gi\en in 
Alt lo47" 


24—2 
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Bresse obtains a general solution for any initial shifts and any 
initial velocities ; see bis p. 369 ; be also deals witb one or two special 
cases. Thus on pp. 370 — 1 be shows how the constants may be easily 
calculated when the shifts and velocities are initially given by integer 
algebraic functions of x. A further interesting case on p. 372 may be 
cited here. It practically amounts to an expression for the deflection 
at any point of a bridge or beam, when a continuous load is suddenly 
placed upon it. 

Bresse finds : 


24:BoH^ , 07 3 . 73 

mg ^ 





^T^aH \ 

X cos T-T - - ) , 

I sli^irW + ZV ’ 


the summation being for all odd integer values of i. 

Now 1 /t® = successively 1, practical purposes 

it is unnecessary to go beyond the first or second term of the summation. 

Here a^==i/W/m, 5^ = mV/m, if the weight of the load be 
negligible as compared with that of the bri dge. 

For a; = Z/ 2, and t = even multiple of Z J-ttW + U^liiraF) the summation 
5 TT® 

is very nearly equal Jg * ^ > maximum central deflection is 

given by 

5 mgl^ . 


Thus the maximum deflection is almost twice the statical deflection under 
the same load, an instance of Poncelet’s Theorem : see our Art. 988*. 


[540.] The following and last section of this chapter is entitled : 
Effet produit sur une poutre par wm charge roulante (pp. 375 — 87). 
Bresse begins by analysing Phillips’ memoir of 1855 (see our Arts. 372 
— 82 and 552 — 4) and quoting his results. For the case of a doubly- 
supported beam, he has not, however, noted Phillips’ error : see our Art. 
375. For the case of the doubly built-in beam he was, as we have 
noticed in Art. 382, the first to correct Phillips and he gives this 
correction on p. 376. With the notation of our Arts. 373 — 4, where 
it must be remembered 2Z is the length of the beam, Bresse finds for 
the maximum bending moment of a doubly built-in beam subjected to 
a travelling load ; 

At the centre ; 

and at the terminals : 

^ The comparatively small practical value of these results has been 
pointed out in our Art. 382. 
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[541 ] Biefese then passes on pp 377 — 387 to the discussion of his 
own particular problem m live-load, of which we have already given the 
statement and chief results in our Art 382 To the results given there 
we may add the expression for the central deflection f ^ in the notation 
of that article 

p73 

(P 382) 

Bresse discusses, with numeiical values for the limiting speeds, 
cases of plate iron railway girdeis and shows that the speeds obtained 
are considerably greatei than the usual tram speeds The practical 
value of the mvestigation is, however, not very great, as the maximum 
moment is reached (as is pointed out m oui Ai4 382) just as the tram 
covers the whole bridge, and not after a steady deflection is set up by a 
very long tram 

[542] The next chapter of the work {Chapitre septieme) is 
entitled MSsultats d' experiences sur V elasticity des matenam and 
occupies pp 388 — 422 This portion of the work was at the time 

of publication a useful r68um6 of the experiments of Hodgkinson 
and his contemporaries It is now somewhat out of date The 
remarks, however, on p 393 as to the ill-founded character of the 
reproaches against the theory of elasticity, based on the fact that 
foimulae depending on the proportionality of stress and strain 
will not explain rupture, are still to the point ^ 

studied we should hear less of the “paradox in the x,iieoiy oi 
beams ” see our Arts 178 and 507 

The woik concludes with chapters dealing analytically with 
framework and with the pressuie of masses of earth , both topics 
lie outside the scope of our history 

[543 ] M Painvin These de Mdcamque 6tudes sui les etats 
vibratoires d^une couche solide, homogene et d'elasticite constante, 
comprise entre deux ellipsoides homofocaux, Pans, 1854 This is 
a thesis piesented to the Faculty of Sciences of Pans foi the 
degree of ‘docteur es sciences mathematiques ’ The exainiiimg 
commission were Chasles, Lame, and Delaunx} The meinoii 
contains 46 quarto pages and is, I belie\e, the hist attempt to 
use the equations of elasticity in curvilmeai cooi dilutee foi the 
solution of any problem 

[544] Lame in 1841 had published in the Jouniul de 
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Painvin obtains a solution of the following type 

Vi dX dx dX d,x ^ ^ ^ 

lijh^ dp2 dp2 dp^ dp2 dp2 dp^ dp^ dp^ dp^ dp^ dp-^ dp^ ^ 

where X, T, Z are all solutions of the equation 

The twists are shown (pp. 9 — 17) to be of the type 

dpi dpi dpi dpi\dx dy dz J 

This investigation seems to me unsatisfactory, because the solution 
is not entirely freed of x, y, z the old Cartesian coordinates. 

[548.] In the second portion of his memoir (pp. 17 — 46) 
Painvin determines a solution of the equation = (FFjdfj 

subject to the following conditions. Let and = be the 

parametric values for the confocal ellipsoids, then he supposes : 

(i) the shears 5572 and 573 to be zero for p^ ==a and for p^^a, 
these he terms the surface conditions ; 

(ii) the values of F and dFjdt for ^ = 0 to be given functions 
of pj, P2, pg except as far as the addition of an arbitrary constant is 
concerned. This is really equivalent to assuming the initial shifts 
and initial speeds. These are the initial conditions. 

The supposition (ii) is perfectly straightforward but it is 
difficult to grasp the physical meaning of (i). The surface traction 
5^1 is not put zero for p^ = a and a\ hence there must be a traction 
varying with the time exerted over the surfaces of the shell, if it 
is to vibrate solely longitudinally. Painvin does not distinctly 
say so, but I think he supposes the air, which he refers to as 
surrounding his shell, capable of giving the necessary traction. 
This is, of course, impossible (see our Art. 1084^); the traction 
sometimes will be positive, and the air could not even provide 
anything like as great negative traction (pressure) as would be 
required for many sound vibrations. Physically the only result 
of the memoir, assuming its analysis complete, is to show that 
the vibrations of a free shell bounded by confocal ellipsoids must 
be partly twist-vibrations, for Painvin’s solution is evidently impos- 
sible. At the same time it involves such very pretty analytical 
investigations, that we wish it had some real physical value. 
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[549] J Dienger Studien zui maihemat%SGhen Theoiie dev 
elastischen Kg'} per Orunerts Aochv der Mathematik und Physil, 
Theil 23, 1854, pp 298—359 

This IS a tieatise on the general theory of elasticity, with 
applications to the theory of vibrations The writer proceeds on 
rari-constant lines, basing his work on that of Navier, Poisson and 
Laind He prefers ran constancy to Lamd’s method as it m- 
dicates 

was die jeweils eingefuhrten Grossen zu hedeuten liaben, wie sie 
folglich zu berechnen und zu behandeln smd — em Vortheil, der gewiss 
nicht zu medng anzuschlagen ist (p 358 ) 

He proceeds on the supposition of an initial state of stress, 
like Cauchy (see our Arts 615* — 6*), but he retains shift-fluxions 
up to the fourth ordei , for this he claims onginality The 
coefficients of the shift-fluxions of the fourth order are given in 
terms of molecular summations (pp 300 — 301) He deals with 
the relations between these summations on pp 323 — 6, and 
obtains for isotropy body shift-equations of the type 

{G + P)'7^w + 2P^ + (A + K)V\V\) + (^) + ^ = 0 > 

where, 

Q = r cos^ a 

P = (r) r® cos^ cos® 7 

A = •^277y^(r) r® cos^ a 

K = (r) 0 ^ cos® /3 cos^^ 7 = -^mF (r) / cos’ X cos^ /3, 

where ^ ’ /W of inter-moleculai 

central action, and a, ^ 8 , 7 the direction angles of the molecule in at 
distance r If the body be not subjected to initial stresses, G and 
A are both zero In this case the equation above agrees with 
that which may be deduced from Saint- Venant’s values of the 
sti esses see our Art 234 

The rest of the discussion — notwithstanding the authoi’s claim 
on p 35b — does not seem to me to offer any no\elty Diengci 
concludes with a remaih as to Cauchy's explanation of dispeision 
which he considers a failuie as it would apply to ‘ enipt} spice’ 
The promise to explain dispeision in a peifectly intuial inanuei 
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[550.] L. F. M^nabr^a. JStudes sur la theorie des Vibrations, 
Memorie della Beale Accademia delle Science, T. xv., 1855, pp. 
205 — 829. Turin, 1855. The memoir was read June 12, 1853 
and published as an offprint in 1854. It commences with a 
general discussion of the stability and small oscillations of a 
slightly disturbed group of particles. This occupies pp. 205— 
225 and the author draws particular attention to the best mode of 
integrating the equations which arise. The general discussion 
is followed by special problems, which introduce elastic bodies as 
limiting cases. Thus a heavy ^flexible string is treated as the 
limiting case of a number of particles united by weightless in- 
extensible strings, or again a rod as the limiting case of a number 
of heavy particles united by rigid links which resist being displaced 
about their extremities by forces proportional to the angles the 
adjacent links make with one another. In this method the limits 
of finite difference equations become the differential equations for 
the vibrations of elastic strings, rods, membranes etc. The method 
is due to Lagrange and is used freely in the Micaniqxce Analy- 
tique. Examples of it will be found in Lord Rayleigh’s Theory 
of Sound Vol. I. § 120, or in Routh’s Rigid Dynamics 3rd Edition, 
§ 486. It cannot be considered entirely satisfactory as it often 
involves somewhat arbitrary hypotheses: as for example, in the 

. of the transverse vibrations of the rod referred to above. 

[551.] The following are the contents of the memoir as far as 
it relates to special cases : 

(a) Pp. 226 — 232 : Oscillations of a particle attracted by several 
fixed centres of force •, (h) pp. 232 — 7 : Vibratory motion of a flexible 
string carrying two heavy particles, the string being fixed at one 
end only; (c) pp. 238 — 73 : Vibratory motion of a string fixed at one 
end and caiTjing several heavy particles; — ^this is subdivided into several 
paHs dealing with strings whose parts are not homogeneous, etc. ; {d) 
pp. 273 — 284 : Longitudinal vibrations of an elastic rod or string 
loaded with particles at different points ; (e) pp. 285 — 291; Vibrations 
of a flexible and inextensible string fixed at its terminals and forming 
a curve under the action of forces distributed along its length: Menabrea 
amves at formulae agreeing with those given by Navier on p. 163 of 
the work referred to in our Art. 272*; (/) pp. 292 — 297 : Vibrations 
of a funicular polygon formed of flexible and extensible elements ; {(j) 
pp. 297 — 306 : Transverse vibrations’ of a rod composed of diverse 

hpt.PrnO'P'nPmiCt ■nQvfQ nv Tiairirmf ■%/'Qvir»na ImoTTir t^o of+.a or! f/a if • 
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Menabiea besides obtairang the geaeral equatioa ot the vibrations of 
a rod with a longitudinal tension T, namely 

^ ^ S - 

(where F is heie a constant depending on the mateiial of the lod, 
which remains undefined owmg to the vagueness of the hypothesis 
adopted), also indicates the solution of the following problem 

A rod IS clamped at its upper end , a particle, the weight of which 
IS gi eat relative to that of the rod, is attached to its lowei end , to find 
the motion of the system when set vibiatmg (pp 301 — 2) 

The solution is not earned far enough to be of seivice in dealing 
with Knpffer’s empirical formula for the like case see Section II of 
the present Chapter 

(7i) Pp 307 — 311 Vibrations of a plane rectangular flexible 
membrane uniformlv stretched and composed of two pai*te of different 
material, (^) pp 312 — 22 Radial \ibrations of a homogeneous elastic 
sphere The lesults in this case agree with those given by Poisson in 
his memoii of 1828 see our Art 449* et seq , (j) pp 323 — 7 Note 
on the theory of light, Menabrea deduces FiesneFs equations fiom his 
general theoiy of a particle oscillatmg under the action of several fixed 
centies of force 

The memoir as a whole contains no new lesults, but there are some 
interesting and suggestive analytical piocesses 

[552 ] E Phillips Galcul de la i esistance des poutres di oites, 
telles que les pontSy les rails, etc sons Taction dune ckaige eu 
mouvement Annales des Mmes, Tome vii, 1855, pp 467 — 506 

This IS the important memoir to which we ha\e refeiied in oui 
Arts 372 — 82 

The memoir is divided into three chapters Ghapitie I (pp 
468 — 87) is entitled Des polities encastiees pai leius deud ex- 
tiemites, and it deals with the case of a load ciossmg with any 
given velocity a straight beam of unifoim cross-section doubly 
built-in This problem is not of veiy much importance, foi it i^ 
difficult to really build-in the terminals of a girder, and when done 
theie arise several practical disadvantages Phillips anal} sis is 
only approximate, the deflection being expanded in powders of the 
distance fiom a terminal, and the coefihcients ot these powers being 
given by rathei lengthy seiies in pow^eis ot the time These stiies 
are simplified by the assumption that onl{Ecofc^) is a small quantity 
where m is the mass of the beam pei toot-iun and Aco/c its 
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flexural rigidity; only first powers of this expression are then 
retained. 

I have not verified Phillips’ analysis and his results as given on 
pp, 480—6 are too lengthy for citation. 

[553.] Ghapitre IL entitled : Des poutres reposant lihrement 
sur deux appuis, deals with the like problem for simply-supported 
terminals (pp. 487 — 500). The analysis has for practical purposes 
been much simplified by Saint-Venant, and as the latter has 
corrected an error of Phillips we merely refer the reader to our 
discussion of the problem in Art. 372 — 6. 

In both the cases dealt with in these chapters Phillips does not 
satisfy the initial condition that the velocity of all parts of the 
girder shall be zero, before the load comes upon it. In the case 
of the doubly built-in girder, however, the initial velocity given 
by the approximate solution is of the order = and 

is therefore very small. For the doubly-supported girder the 
terms neglected are of the order F7/(3y8), where I is the length of 
the fidrder and V the velocity of the travelling load. 

r to ascertain the real effect of this initial velocity Phillips 
le bridge to remain without load and to start from a position 
xfch an initial velocity exactly equal to that which must be 
in his problem. He finds that this initial system of velocities 
..... oduce a maximum deflection occurring almost at the centre of 
the bridge and given with sufficient approximation by 

QV 

irjS \7r/ 

where Q is the weight of the travelling load. 

The ratio of this deflection to the maximum deflection at the centre 
is very nearly 

VI 

while the corresponding curvatures {dj^yjdx^) have very nearly the ratio 

VI 

4 ^* 

PLillips then shows that for four actual bridges with a load moving 
at 108 kilometres per hour the former of these quantities does not 
exceed 1/20, and they are thus in practice negligible. 

[554.] Ghapitre III. (pp. 500 — C) is entitled : Consequences 
vratioues de la theorie urdcedente et atm fi'ntpjiaitm d, (VtDif.vfis 
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Hemes It deals first with the case of the doubly-supported girder 
The conclusions drawn with regard to the curvature and stretch 
are involved in the results of our Arts 372 — 7, where following 
Samt-Venant we have corrected Phillips’ numencal error 

In the latter part of this chapter (pp 503 — 6) Phillips deals with 
the case of the doubly built in girder He shows that except just when 
the load is coming on to or leaving the bridge the maximum cmvatme 
at the instant is immediately under the load, and that the maximum 
maximorum takes place when the load reaches the centre of the beam , 
we have then^ 

,, Qi PI ( Qyn\ 

~ V 2iE<aK V 4:E<t>^g) 

QY‘*l 

Evidently then the magnitude of the fraction determines the 

influence of the speed of the traveUmg load on the deflection Phillips 
takes the case of a lail one metre long and for which the ngidity is 
197,600 (sq metre kilogrammes?) and Q is 6000 (kilogrammes ^ he 
has kilometres) The v^ue of the fraction is then about 35 foi a 
velocity of 108 kilometres per houi, and about 16 for one of 72 

He remarks m conclusion 

Dans tons les cas de la pratique, ce qu’il y aura de plus simple \ faire est 
ceci Comme il faut toujours que la poutre jimsse supporter la charge au 
repos, on commencera par calculer les dimensions de cette poutre en conse- 
quence, d’apr^s les regies ordinaiies Puis, I’on verifiera si la quantite 
QYHI{ZE<x>K^g) dans le cas de la poutre appuy^e librement par ses deux 
extr^mit^s, ou QV^lj (StEcuKg) dans le cas de la poutre encastree pai ses deux 
bouts, est assez petite Dans ce dernier cas, et si la charge peimanente n’4tait 
pas negligeable, il faiidrait en outre que Q] I 4£co<V) fdt une petite fraction 
Dans le cas ou ces di\erses fractions ne seraient pas assez petites, on dimi 
nuerait IMcartement des points extremes ou Ton augmenterait le moment 
d’^lasticite de la poutre jusqu’k ce que la fraction dont il s’agit devienne 
negligeable (p 605) 

[555] Kopytowski Ueher die inneien Spanmingen in einem 
freicLufliegenden Balken untei n ^ o Uf heiueghchei Belastnng 
4to, Gottingen, 1865 This is an inauguial dissertation for the 
doctor’s degree and contains 88 pages with a plate of figures 
Although falling somewhat outside the period we are considering 
this memoir is so closely related to that of Phillips dealt vith in 
the three previous articles that we may briefly touch upon it heie 
The author deals with the case of a uniform beam terminally 
supported which is crossed by a continuous tia\elling load He 
refers in his preface to the labouis in this field of Na\iei, Willis, 

^ l have not veiificd the analysis bj- which Phillips i caches thi icsnlt but ha^e 
slightly modified the numencal lesults which follow 
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omitted in the dilSerential equation. Pp. 63—68 are a reproduction 
of Bresse^s problem (see our Arts. 382 and 540) without, however, any 
acknowledgment of the source from which the material is drawn. 


[559.] Pp. 72 — 78 return to Renaudot’s problem and calculate the 
bending moment at any point for any position of the load, and also the 
maximum bending moment. The latter value agrees with Renaudot's, 
but is wrong. The coefficient of the term FV^PKeg) in Equation (65) 
of p. 78 should be 5/32 and not 1/6. 

The expressions for the total shear (pp. 78 — 80), the terminal 
reactions, as well as the maximum total shear at the middle of the 
beam will also be wrong, so far as the numerical coefficients of the 
terms in FV^PKeg) are concerned. I have not, however, recalculated 
these coefficients. The values of the principal tractions given in 
Equation (69) of p. 80 are again erroneous for the reasons given in 
Art. 556, and that for the deflection (pp. 81 — 2) has also a wrong 
coefficient. The same remarks apply to the numerical results on pp. 
83 — 5 and p. 88. 


[560.] On pp. 85 — 7, Table YIII., we have the values of 4//3', 
where P' is the constant of our Art. 381, calculated for a certain number 
of actual bridges. This discussion and table might have been of 
considerable value had not Kopytowski introduced what seems a very 
doubtful hypothesis into his calculations ; he assumes, namely, that in 
■ each case the moment of inertia of the cross-section has been designed 
so as just to carry without failure the weight of the beam and the 
continuous load considered as acting statically. Thus, suppose 21 the 
length of the beam, p the weight per uuit-run of the beam and p' that 
of the load. Then the maximum statical bending moment at the centre 
when the beam is fully loaded is : 

Let h be the vertical diameter of the beam and its flexural 
rigidity, then Kopytowski also equates this to 


Tq being the traction which corresponds to the fail-limit of the material. 
Hence he finds to determine cok®: 




or, substituting in 1/yS' of our Ai*t. 381 : 




Eg (p+p')A* 


See the memoir pp. 74 and 85. 

From this formula Kopytowski calculates 4//3^ for the Britannia and 
Conway bridges and for bridges near Bordeaux, Bern, St Cjlallo 2 i (tc. 
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IS no sufficient reason for supposing that the moment of the cross- 
section of any of these bridges really has the value which is found by 
this process 

On p 87 some remaiks occur on the experiments of the Iron Conir 
missxoners and on Stokes’ value for the deflection in the case of an 
isolated load see our Arts 1417* and 1387* The memoir is a rather 
more ambitious than satisfactory piece of work 

[561 ] H Eesal Thise de Micamque Sur les Equations 
polaires de VdlasticnU et leiir appkcation d V^qmhhe dune cro4te 
plan^taire, Pans, 1855 

This IS an academical dissertation occupying 40 quarto pages 
and dealing with a special case of Lamp’s memoir of 1854 see our 
Art 1111* It is reproduced on pp 395 — 440 of the first edition 
of Besal’s TraiU ilementaire de mdcamque celeste (Pans, 1865) 
with some of the misprints corrected As the latter work is more 
readily accessible than the Thise^ our references are to its pages 

Pp 395 — 411 are occupied with an investigation of the 
equations of elasticity in spherical coordinates Resal adopts 
uDi-constant isotropy, noticing, however, that Wertheim’s experi- 
ments do not seem to be in complete accordance with the relation 
X/)U. = 1 He rather weakly remarks 

Dans I’lncertitude ou nous noustrouvons sur lavaleur de ce rappoit, 
dont la connaissance est indispensable pour pou^oir calculer A et /x, en 
fonctions du coejfic%ent delasUcite, la seule constante que Ton a I’habitude 
de fane entier dans les questions de resistance des materiaux, nous 
avons cm devoir contmuer h admettie la i elation theoiique A = /i, 
tiouv6e pai MM Navier, Poisson et Cauchy (footnote, p 404) 

There is no novelty m this part of Resal’s investigation 
except, I think, his application in a footnote (pp 402 — 4) of 
Cauchy’s fonctions isotropes to determine a relation between the 
elastic constants in the expiessions for the stresses The method 
does not seem to present any advantages 

[562] On p 411 we have Resal’s pioblem stated “To 
determine the elastic equilibimm of the spherical ciust of a 
planet, rotating round a diameter, iindei the action of the mutual 
gravitation of its parts and subjected to unifoiin internal and 
external normal pressures” 

This pioblem may be termed ResaVs Ptobleni although as we 
have seen a poition of it had alieady been consideicd b} Lamt 
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Symmetry shows us at once that the shifts lie entirely in 
the meridian-plane, or reduce to u and v in the notation of 
our footnote on p. 79. Now these shifts may be divided into two 
parts -h and v' 4- v'* where u' and v' are due to the radial 
surface-forces and body-forces (i.e. pure gravity), while and r!' ^ 

are due to the so-called ‘ centrifugal force.* Now it is easily seen 
that we must have = The value of u' was determined by 
Lam^ for U-constant isotropy in his Legon^s : see our Arts. 1094* 

— 5* and compare Ai’ts. 1114* — 8*, where it is shown that Lam^ 
made some progress towards the solution of ResaVs Problem. 


[563.] The following are the values at distance r from the centre 
obtained by Lame’s method for for the radial traction and for 
in the notation of our p. 79) the meridian traction corre- 
sponding to the shift u ' : 





% 

(Po-P i) 4 „ ,,.3 


(X + ^/x}y 


(iii), 


where : 11 = r® (ri® — r/) + r^® ri® - r^^^) and is divisible 

by (n-n)(^-^o) 

Po and Pi = the internal and external pressures at the surfaces of the 
shell of radii and ri respectively, 


y" 2 (X+^Jifr,’ P density, and 

g ~ gravitational acceleration at the outer surface. 

The value of given above does not agree with Lame’s F (p. 216 
of the Lemons). The coefficient of n in his expression should be 
— 2 {^+jfx) and not 2 (\ + 2/x) as he has it. The form we have obtained 
for ^ 4 ! is also more convenient for further calculations than Lame's, 
ftesal obtains a value for agi'eeing with ours when A. = p, he does not 
wn*ite down the general value of or ^c\ 
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[564] Both Ijani4 and Resal proceed to approximations m the 
special case of a thin crust We shall examine the time approximations 
somewhat closely, as it appears that both Lame and Eesal have fallen 
into error 

Let us put (1 + e\ r = (1 + c) 

and suppose the squares and products of e and € to be small 


We find - p^) {1 + 2 (e - «)} (iv) 

6 


The lowest term containing ^ as a factor is of the second oi*dei and 
its value IS 

5X 4* 6/t , V 

Further 

J$' = -Pi + (^J(,-P3) jfi" fe'*' e) 


2 \ + V 





The value of u' to the same degree of approximofeon is 

, ^ ^ I' \+2fi 1 X+^fi ^ ^ 

“ = (Po "■» |4^ (3\ + 2;n) 7 2 jli (3X + 2 jk,) 6/1 {Zk+%i>) 

X X £ 1 

/4 (3X + 2/i) * 2/1 (3X + 2 /i) e 4/i e J 


gp7o° f X + 2/1 e ^ 

2 t2/i(3X + 2/i) V /i(3X + 2/i) . 


3X + 2/1 


[665 ] If we neglect the products of oi p^ with e oi «, as hot^ 
Resal and Lame appeal to do, ve ha\e on leairangmg 

•' ' -»"•)* (ft -»)’•('* T - ;) v(8^*2,)' 


2 \4/i /x(3A+2p) ) 


JVo 

0 . 


3A+ lyi 

Putting suoctssn ely e = 0 ind € = e we find 


(Til) 


U/i(U+2/i)V‘ 


, (f>. . - yi) '0 ^ 2/i) 

2p(3X + 2/i) 




ypi«e 

6/1 3X + 2fj. 


(mu), 
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0 / ' . 

(X + 2/4)r, / 


\ , (Po-pi)r, 


"4/t(3X + 2ja) \ 


3A + 2ja 




(l V 



8/a 

V 3X4-2;^; 

and, 


X 

1 


^0 — ^ 2 

/A (3X + 2/a) 

2/a (3X + 2/a) 



■Pi)'>',-9pro^e 

1 ^ 

2/a (3X + 2/a) 




• 2/x ' 


.(ix), 


.(X). 


The results (vii) — (ix) differ widely from those given by Lam^ 
and Resal. The equation (x) agrees with one given by the latter 
author (p. 417) if we put X = The values given by them for the 
shifts seem to be erroneous. 


[566.] Turning to the tractions, our formula (v) gives : 

1 3 X + 2/a 4 J 

3X -t- 2 /a gpr ^ 


Po-^Pi 


+ e • 


+ — — - e 


Lame (Legons, p. 217) has in our notation the results 


,.(xi), 

.(xii). 


It is not obvious without further discussion why in the case of a 
planetary crust ^ + p^) should be neglected as compared with ^ gpr^. 

The second equation is wrong unless we suppose cSi' neces^sarily 
negligible. 

^ Besal (M'eacmique Cileste, p. 417) gives the same value as Lame for 
JJi , but for 55^' he has 

Thus he agrees with the third term on the right of our equation 
(xii) in the coefficient of gpr^e, since he puts X = /a, but he disagrees 
with Lam4. Like Lam6 he appears to have dropped entirely the term 
i \Po “ ^^d I see no reason for this. 

Resal (p. 416) gives for the value 


O 


This neglects the term 2 (e - e) - — p^) of equation (iv). If terms 

fi ' ' 
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involving e, like are letamed in JJ' this does not seem legitimate 

If Lame and Kesal suppose and ggT^e to be of the same order 

then this would be allowable, but this would still compel them to retain 
the term ^ - •p^ they have cast out of (xu) 

[567] Both Lame and Resal apply these results to the 
structure of the earth , they thus initiated those investigations 
in terrestrial physics, which have been still further advanced by 
Sir William Thomson, G Darwin, Chree and others Resal closely 
follows Lam6 without, however, so much explanatory statement 
Their whole investigation of rupture at the earth’s surface is based 
upon the assumption that rupture takes place where the shear 
or traction is a maximum They thus endeavour to explain 
geological faults We may note the general drift of their 
reasonmg, modifymg it slightly to suit our formulae, as it will be 
useful for comparison with later work 

(p) Lame remarks (p 218) that geologists (i e those of his day) 
considered that the thickness of the ciust could not be more than 
of the radius, or e = Hence to a first approximation from (xi), 

Ui='i5{{p„-p^)-gpr,e} 

If therefore ~ pi were not very nearly equal to gp^p, theie would 
be a very sensible hoiizontal traction at the surface of the earth I^ere 
IS nothing to show the existence of such stress and accordmgly Lame 
supposeb Pq- P i = gpu^ nearly This obviously means that the 
difference of the surface piessures just suppoits the weight of the crust 
If it weie exactly true we should have to a hist appioximation 
or the earth would retain the original thickness of its crust ^ If 
this relation holds we have also from (xii) 

or the meridian stress at the inner surface of the crust is a piessuie 
If IS negative, which it must become m the course of time as p^ 
diminishes and e inci eases, then is a still gieatei pressuie 
(d) Both Lame and Besal use the stiess quadiic 



and the sheai cone S-, + = 0 

to determine the diiection ot sheai mg luptuie and the magnitude ot 
the sheaiing foice They suggest how the magnitude of this fout nul 
its dnection may be found by experiment and obsei\ation of f lultb 

^ Lam6 (p 220) puts in this case =Mi' = 0 which an'^es fiom the eiiui in his 
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In order that these may vanish for all values of when and 
r = we must have : 




5k + 6ii 


- 5X 4- 6/t 


2^( 
ZI 








.(vii); 


together with the following four relations to determine c&i, 5i, a^i : 

©—«■{?} - Q- 

(viii). 


[569.] These equations completely solve the problem, but lead 
to rather lengthy expressions for the constants. Eesal confines 
himself to uni-constant results. Our (vii) corresponds to his (A) 
p. 434, and our (viii) to the first and third equations in the set 
at the bottom of his p. 435, except that he has 2A'^ in the first, 
where he ought to have 4iA\, He does not, however, obtain the 
values of the constants even for uni-constancy, but assumes the 
shell extremely thin and then obtains their values when e/r^ is 
•nporlionhlp To Calculate the constants at least to the first power 
aickness is only laborious not diflScult, and would I think 
ecessary before any conclusions as to the points of maximum 
in could be fairly drawn. If we put X = ^ and neglect e/r^,, we 
nave to find \ from the first of each set of equations in 

(viii) and the differentials of those equations with regard to r^. 


Solving the equations so obtained I find : 


1^1 P^\. 


37 




while (vii) gives : 


225 /X *^~350 /X ’ 

‘ 26 /X 225 /X “ 


da — - 


> j j- X DO)" f, 

270 TT’"’ 


.(ix). 


These results agree with those of Resal’s p. 43C, if proper changes of 
notation be made, notwithstanding the error I have noted in his 
equations corresponding to (viii). 
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Ketuming to tlie values of the shifts m (iii) and (iv) we see that r 
may now he written 7 * 0 , so that to ResaPs degiee of appi-oximation the 
shifts are constant for each latitude right through the crust and no 
conclusion can be drawn as to whether points inside or outside the crust 
are those of maximum stram We find for the complete values of the 
shifts to this degree of approximation 

w" = - (4 — 9 sm*' </>), 'd' — — sm cos (x) 


From (ill) we easily find for the mean radial stretch of the crust in 
the most general case 

= 5 Vtrt + ^ 1 ) L _ + 

’•l-n Vn 1 

7 * + 7 * 1 

+ « (n" + >-o“ I- Vo) - h + “ (n + < + m) (i - cos= ^), 


and therefoie, when we neglect we have after some reductions 


€ 


1 p(o\^ 

To“7r 


cos'* <j> 




This agrees with Resal’s result p 437 He appears to deduce it 
from equation (23) of his p 436, but he has not proved that the value 
he there gives for his W is coiiect even to the terms involving € 


[670] Resal draws various conclusions from the results (x) 
and (xi) of the previous article on his pages 437 — 40 Thus he 
remaiks that 

( I ) The flattening at the poles is 5/4 of the bulge at the 
equator 

( II ) The radius is not changed for the latitude 

(^ = sin-' 2/3 or =41^48' 37" 

(ill) The thickness of the crust remains unchanged at the 
poles and decreases gradually towards the equator 

(iv) The meridional displacements aie towards the equatoi 
and are maxima in the latitude 45*^ 


(v) The meiidional curve is appioximattly an ellipse with 
the semi-axes 


U 




lOfJL ) 


(vi) Some geologists coiisidei the fl ittoiii ig at the ^loles ot 
the earth to have arisen fiom the rotation iftci soliditic ition In 
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this case we find that the stretch-modulus for the material of the 
crust supposed thin, homogeneous and uni-constant would have to 
he about two and half times that of wrought iron; the mean 
aodulus of the predominant kinds of rock of which the terrestrial 
:rust is built-up probably differs very widely fi:om this value. 

(vii) The dilatation 

0 = \ cos* (j>. 

5 


Thus it is zero at the poles and a maximum at the equator. 

Eesal deals with the principal tractions and the stress-condition 
of rupture, hut for oft cited reasons (see our Arts. 5 (c), 321, etc.) 
we do not consider this treatment satisfactory. 

It is clear that Resal advanced considerably the problem first 
dealt with by Lam^, and both really laid the foundation of work 
afterwards done de novo by Sir W. Thomson, G. Darwin, Ohree 
and others in applying the theory of elasticity to solve problems 
connected with the earth’s crust. 


[571.] E. Lamarle: Note sur mi moyen trh-simple d'augmen- 
ter, dans une proportion notable, la resistance d^une piece prismati- 
que chargee uniformement. Bulletin de V Academic Roy ale.,, de 
Belgique, Tom. xxii. I""® Partie, pp. 232 — 52, 603 — 25. Bruxelles, 
1855. 


L’objet de cette note est de signaler a I’attentioii des constructeurs 
une disposition tr^s- simple qui permet, en certaim cas, d’augmenter, 
dans une proportion considerable, la resistance des pieces soumises ^ la 
flexion. Cette disposition, que je n^ai vue indiquee nulle part et que je 
crois nouvelle, consiste essentiellement, soit a remplacer par des encas- 
trements obliques les encastrements horizontaux, soit, plus generalement 
encore, a 6tab]ir certaines in^galit^s de hauteur entre les divers supports 
d’une m^me pi^ce, au lieu de placer tous ces supports a un mcme niveau, 
comme on le fait habituellement (p. 232). 


[572.] The first part of the memoir deals with the Cas general de 
deux sup 2 wrts, i,e. with simple beams. Lamarle supposes the beam of 
length I to be uniformly loaded with 2 ^ lbs. per unit- run and to bend 
in the plane of loading. It is supported at two points A and B, of 
which B is not necessarily on the same level as A. Suppose the 
horizontal through A taken as axis of x and the axis of y taken 
vertically downwards, then Lamarle shows that : 


y- 


vV ' r 1 o, /ccy 
Ll^ V/ bV/ 


-I- mx 





573] 


LAMARTE 


395 


where, m and being the values of dyjdx at A and B and f the value 
of y at B, 

^ \2EmK f ,v „ 

a = 1 + ;7— { 2 f- (m + ) 1 ), 


, 1 2 B<jiK^ (in - m') 6 E(j}k , x,, 

^ = 6 ^ ■^+-^{2/-(». + m)?} 


00 


Let h be the distance of the ‘extreme fibre’ from the neutral axis and 
s the stietch in it, then sjh-dPyjdoiy and we find 




(m) 


Lamaile shows that s wall take maximum values when 
33 = 0, and ==1 

These give, if = \pVj{E{iiKr) for the conesponding values of s 

^ / I\ 7) \ 


sjh = 

E 

m 

-m' 

" b 


1 


R 

m 

— m' 

"12 

+ — 

1 

Silh = 

E 

m 


6 

_ — 

1 


^ r -X /• / . ...f\ Ti 


(iv) 


V 


If the teiminals of the rod had been simply built-in horizontally on 
the same level, we should have had m = =/=0 and theiefore the 

maximum stietch = if the teiminals had been simply supported 

we should have had Sq = 82 = 0, and theiefoie 

2/=(m + m')Z and 

whence the maximum stietch would = ^Eh 


[573 ] Lamaile discusses the values of Sq, s^, s given by (iv) at 
considerable length and shows that then maximum will be least if 

2f= {m + m') I 

We have then so to choose {in — m )ll that the greater of s^){=s) and 
Si may be as small as possible This gives us 

{m-m')/l = BI2-^, 
and Sq = Si = s = Eh/S 

We are thus able to reduce the sti etching eftect of the load fiom 
^Rh (01 I Eh as the case may be) to ^Rh 

Various special cases aie consideied in which one 01 both teiminals 
have given slopes, 01 in which theie is a given difference of height 
Laniarle shows that as a lule it is possible to 1 educe the gieatest stiain 
due to the loid fiom jO to 100 pei cent by [uopul} building in tlit 
/ 0/1 1 Q\ 
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He remarks : 

II y a lieu de faire observer que les quantitds m, m' et / sont toujours 
tr^s-petites relativement h> I, et que souvent m6me elles sont de I’ordre des 
grandeurs dont on neglige de tenir compte dans la pratique. Sous ce rapport, 
rinfluence considerable que peut exereer sur la resistance d^une pibce soumise 
I, la flexion un changement tres-minime apporte dans la disposition des 
supports merite de fixer toute Tattention des constructeurs. II est visible, 
en effet, qu'alors m§me qu’on voudrait s’en tenir aux conditions generalement 
adoptees, Ton devrait neanmoins proceder avec une extreme precision, et 
mettre le plus grand soin k dviter tout defaut de pose dans le sens ofi Pefiet 
produit serait une diminution rapide de resistance (pp. 248 — 9). 

Lamarle concludes this first part of his Note with an extension to 
the case of a beam passing over three points of support. He shows that 
if the middle support be lower than the terminal supports by 

(8-^2 -11), 

the resistance of the beam wiU be increased by almost 50 per cent. By 
giving the terminals slopes determined by 

48^a)K2» 

sinking the middle support by 

we increase the resistance of the beam by 100 per cent. 

At the same time I must observe that it would be almost impossible 
in practice to insure that these slopes and defiections were accurately 
adjusted, and any slight sinking of the supports, due even to their 
elasticity, would upset the results entirely. 

[574.] The JDewoieme Partie of Lamarle’s memoir is entitled : 
Extension generals des resultats pr^cedemment obtenus pour les cos 
de defujx ou trois supports. We have seen that the strength of the beam 
for a single span wiU be a maximum, if 

^ = (m + rn!) I, and {m — m') jl = Rj 24, 
or from equations (ii) a = 1, 5 = ^. 

Hence we find : g = 5 {gj _ | (vi). 

This is true whatever be the value of m, provided we properly select 
m' and or, the above equations give m! and f as functions of m, 
and thus enable us to make the resistance of any particular span a 
maximum. We easily find that the points of inflexion, or those of zero 
bending moment, are given by 

2=t^/2, 


/y. „ 


/viiN 
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while the deflection 



(vin) 

Further 

, JRl > 

, r 


(ix) 


The equations (ix) must hold foi each individual span, whence if 
denotes the slope of the tangent at the end of the wth span and the 
given slope at the first termmal we ha\e 

Rl ^ 

, f ^ T ,1 

and, /„ =: - (2» - 1) ^ 

Lamarle supposes all the spans equal and equally loaded, but the 
results may be easily extended to unequal spans The total depiession 
in the former case of the (w+ l)th support below the fimt is 

Rl\ 

« To 


= nl — 


[575 ] Lamaile deals with t’wo special cases on his pp 509 — 13 
In Case (i) he supposes eveiything to be symmetiical about the middle 
of the beam and the terminals to be built-in at the propei slope 
This IS given by 

Rl 

mo = -m,i = 7i jg, 

if theie be n spans each of length I Fuithei we have 
F,=T{n-r)-^, 


so that the proper depression of the ?th support is deteimmed 

In Case (ii) the teiminals are not supposed to be binlt-in, but 
simply supported We may then suppose the last spans in Case (i) to 
terminate at their points of inflexion These aie given by (^u), or 


the last spans will have lengths 
length of the beam be 2Z, we have 




{n-^)l + 2V = 2L 


whence, if the total 


(xi), 


and V, I and the coi responding diffeiences in height of tlie jKiints of 
support are easy to find 
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[576.] On pp. 513 — 7, Lamarle -works out the c ase of a uniformly 
loaded continuous beam of length 2Z resting on w + 1 points of support, 
placed at equal distances, and finds for the maximum stretch s : 




U 1 l-U3-2n 

r JS 1 + U3-2}-} 


The i-na.Tnmnm stretch s' obtained for Case (ii) of the preceding article 
is (using Equation (xi)) : 

, _ pP _ pD 


whence 


s'lh = 
sjs' — (2 — 


1 QJEasiP (2n 
2-J2N2 


■ 2 + J2YI!<aiP’ 

ly / l-(x/3-2)” \ 

/ V V31 + (V3-2)V 


(xii). 


Lamarle has the following results : 



2 

3 

4 

5 

6 * 

7 

8 

00 


1-4571 

1-3028 

1-4724 

1-4927 

1-6311 

1-6617 

1-6697 

1-6906 


Thus the increase of strength is a minimum for = 3 and then 
increases from 30 to nearly 70 per cent. 

Supposing the beam 2L to have consisted of n separate simply 
supported spans we should have had for the maximum stretch a": 

~ 

and therefore^ 

' ^ \ n J , Ttr n ^ 

so that the advantage increases with n from about 46 to 100 per cent. 
Lamarle gives an interesting comparative table of results on p. 521. 

If we wanted to realise the absolute maximum of resistance in the 
beam it would be necessary to fix the terminals at the slopes given in 
our Art. 575. This might be done by prolonging the beam over the 
terminal points of support up to the points of inflexion given by 
2 — /2 

X = — ~~ I and then pivoting these new terminals. But it seems to 
me that this would often be practically difiicult. 


[577.] The memoir concludes with a brief indication of a 
similar theory for the ease of an isolated load and for continuous 
beams of unequal span (pp. 524 — 5). On the whole we may say 
the memoir is very suggestive as showing what slight changes in 
the terminal slope and in the relative height of the supports will 
largely affect the resistance of a simple or continuous beam. It 


1 Lamarle lias a misprint heie (p. 519). 
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serves rather as a warning to constructors of the difficulties 
associated with the realisation of the theoretical stresses in 
structures of this kind than as a practical means of largely 
mcreasing then resistance 

[578] L F M^nabrda Sopra una teo'>^a anahtica dalla 
quale s^ deducono le leggi generah d% vam ordim di fenomem che 
dipendono da equaziom differenziah kneah, fra % quali quelh delle 
vihraziom e della propagazione del calore nd corpi soUdi Arniah 
di Scienze mathemaUche efisiche (Tortolini), T VL Eome, 1855, pp 
363 — 370 This memoir is translated into French, pp 170 — 180 
of Crellds Journal fur Mathemahh, Bd 54, Berlin, 1857 It 
contains nothing on the vibrations of elastic solids that is of real 
importance 

[579 ] 0 Schlomilch The gleiohgespannte Kettenhruclenhme 
Zeitschnft fur Mathematik und Physih, Bd i Leipzig, 1856, pp 
51 — 55 This IS an investigation of the proper area of the cross- 
section of the chains of a suspension bridge in order that the stress 
may be equal at each point The paper contains references to 
earliei literature on the subject At the conclusion of the paper 
the author remarks that an approach to such a suspension-chain 
exists in Eurge'tford Bridge^ London, 

doch ist nichts uber die ihi zu Grunde liegende Theoiie bekannt 
geworden , wahrscheinlich haben auch die in der Praxis gewandten und 
kuhnen, nut der Theorie abei meistens wenig veitrauten englischen 
Ingenieure ubeihaupt nach gar keinen Formeln constiuirt, sondern sich 
hiei wie bei unzahligen anderen Gelegenheiten an£ empirische Versuche 
und graphische Methoden verlassen 

[580] G Mainardi Note che 7isguardano alcum aigomenti 
della Meccamca lazionale ed apphcata Memone delV I R 
Istitiito Lomhaido di Scienze, T 6, pp 515 — 39 Milano, 1856 

Pp 519 — 21 of this memoii are entitled Eqinhbno di tin filo 
elasUco, but the discussion seems to me obsciue and does not 
appear to invohe the proper number of elastic constants It 
certainly adds nothing to the tieatment of the problem by Saint- 
Venant and Kirchhoff see oui Art^ 1597^ — 1608^, 198 (/), and 
Chapter xii 

[581] Von Autenheimei Zui Theone dei Tor mu cyhn- 
drisclter Wellen ZeiUchift fiii Mathematil vnd Phijsil, Bd T 
Leipzig, 1856, pp 212 — 216 
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A circular cylinder built in at one end is subjected to torsion by a 
couple at the other having for axis the axis of the cylinder. The author 
endeavours to measure the effect on the resistance of the longitudinal 
stretch of a fibre owing to the torsion. Let be the angle of torsion, 
I the length of the cylinder and a its radius, M the moment of the applied 
couple. He finds : 


If s be the longitudinal squeeze of the cylinder : 


and if 




we have 


M=E 



So long as s lies within the elastic limit it will hardly exceed 1/1000, 
hence the effect on the couple of the stretch produced by torsion is 
negligible in practice. Even if we were to proceed up to s = 1/50 before 
rupture, the effect would only just become measurable experimentally. 

The same matter has been dealt with by Wertheim, (Section II. of 
this Chapter), Saint-Yenant (Art. 51), and Clerk-Maxwell (Art. 1549*). 


[582.] Carl Holtzmann: TIeber die Vertheilung des Druchs 
im Innem eines Korpers. Einladungs-Schrift der h polytechnischen 
Schide in Stuttgart zu der Feier des Qeburtsfestes seiner Majestdt 
des Konigs Wilhelm von Wurttemberg auf den 27. September, 1856. 

The earlier part of this paper reproduces the analysis of stress 
due to Cauchy and Lam^, leading up to their stress-ellipsoids and 
the shear-cone (see our Arts. 610* and 1059*). This occupies 
pp. 1 — 9. I do not think there is anything of novelty or 
importance in the treatment. The latter part of the paper applies 
the results so obtained to the discussion of stress in three special 
cases, namely those of : 

{a) A perfect fluid. The fundamental equation of hydrostatics is 
deduced and a remark added that the disappearance of the shearing 
stress is not true for portions of the fluid where capillary action is 
called into play. 

(b) The stability of eoA'tli. The earth is supposed to be bounded by 
two horizontal planes and a third vertical one, and the minimum and 
maximum pressures on the vertical plane are calculated, corresponding 
to the limits at which the earth will overcome the resistance of the 
plane, or the pressure on the plane overcome the resistance of tlie 
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earth A more general investigation has been undei taken by L6vy 
and Boussinesq see our Art 242 Rankine published impoitant 
lesults m 1856 — 7 (see oui Art 453), but most probably Holtzmann 
had not seen them, and the special case woiked out by him is simply 
dealt with and is of considerable mterest 

(c) A simple beam centrally loaded and subjected at the same time to 
continuous load on its upper surface Holtzmann supposes the beam of 
1 octangular section and deals with the stress as uniplanai, in the manner 
of Jouravski, Biesse, Bankme, Kopytowski, Schefflei and Winkler see 
our Arts 183 (a), 468, 535, 556, 652 and 665 It is needless to repeat 
that the method is illegitimate and the results erroneous, except for the 
case of a section whose breadth is infinitely small as compared with the 
height (i e in practice the thin webs of girders) 

[583] H Eesal MSmoire sur le mouvement vihratoire des 
hielles Annales des Mines, Tome ix , pp 233-79, Pans, 1856 

This paper contains an important application of the usual 
theory of the vibrations of bars (due to Bemoulh) to ascertain 
what influence the vibrations of a connecting rod have upon the 
forces which it exerts on the crank-pin and piston-head The 
treatment is only approximate, terms of the third order in the 
ratio of the length of crank to that of connecting rod being 
neglected But the results obtained are of very considerable 
interest, especially the analysis of the origin of the various types 
of longitudinal and transverse vibrations which occur The 
danger of isochronism between a free peiiod of vibration of the 
rod and the time of a complete revolution of the crank is brought 
out (p 248) see our Art 359 and ftn p 243 Resal considers at 
some length the effect on the magnitude of the vibrations of the 
connecting rod produced by putting a counterbalance upon it at 
or beyond the crank-pm He sho\\s that its influence is to pro- 
duce a constant dilatation m the connecting rod and also to 
increase under ordinal y conditions the amplitude of the transverse 
vibrations of the rod by one-third (p 275) His analytic lesults 
are, howevei, too lengthy for citation here, even if their discussion 
did not carry us beyond the proper limits of oui subject They 
ought certrinly to be consulted by those having to deal piactically 
with the sti esses in connecting rods 

[584] H Resal Recheichessm les tensions elastzqiies develop- 
pees pai le sei lage des bandages des loues du mate) lel des chemins 
de fei AiDiales des Mtnes, Tome xvi pp 271-8G, Pius, 1851) 
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This is an interesting paper although it involves several rather 
doubtful assumptions. It is well known that the true tire of a 
wheel is made slightly less in inner circumference than the outer 
circumference of the false tire {faux bandage) upon which it is 
placed when expanded by heat. On cooling the whole material 
of the wheel— spokes, false tire and true tire — is in a state of 
elastic strain, and Resal endeavours to ascertain on the Bemoulli- 
Eulerian theory of flexure the stresses in these various members. 
One assumption which his theory requires is that the linear di- 
mensions of the cross-section of the tire must be small as compared 
with the length of tire between two spokes, and I do not think 
he has fully regarded this point, when he applies his theory to 
special cases of very close spokes. He also disregards the sliding 
effect produced by flexure and neglects the square of the ratio of 
the linear dimensions of the tire to the radius of the wheel. 


[585.] Resal begins with a lemma of the following kind. Suppose 
a circular arc of radius to receive at the point defined by the radial 
angle 0 the very small displacement towards the centre defined by 
then the change in curvature 1/p ~ 1/po at that point is measured by 

l/p- VP o=(« + ^)/po (i). 

JUet Pq be the initial radius of the external circumference of the false 
tire, pQ (1 - c) the initial internal radius of the true tire, po{l-e) the 
radius vector corresponding to the polar angle 6 (measured from a spoke) 
of a point on the common circumference after strain, let ,be the 
squeeze of this circumference at the same point, then and w being 
the cross-sections of the false and true tires, the squeeze in a ^ fibre’ 
distant y from this circumference in the false tire is easily found to be 


P Po Po 


( dH\ 


(ii). 


Hence there is a total negative traction across the section of the 
false tire given by 

+ 


and a total moment given by 






(iv), 


where y-^ is the distance of the centroid of Wj from the common cir- 
cumference and K^, the swing-radius of Wj about a line through that 
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For the true tire we easily deduce the expressions 

for the total positive traction and the moment with a similar notation. 
We suppose with Hesal that the stretch modulus for the material of 
both tires is the same Hence subtracting (iii) from (v) and adding 
(iv) and (vi) we have 

For the total ti action in the cross section 

Q = ^o{-;8+^ + + (vu) 

For the total moment 

+ g) J + Eeu>g (vm), 

where O = a)i + co, F is the distance of the centroid of Q from the 
common circumference, and K the swing radius of O about an axis 
through the common circumference perpendicular to the plane of the 
wheel 

[586 1 Now if we take the cross section cc midway between two 
spokes which make an angle 2a with each other, the total stress over 
cc must consist of a couple, Em say, and a thnist at the common cir 



cumfeience peipendiculai to the cross section given by Ep, ‘^av Hence 
foi the cross section aa we find at once from (mi) and (mu), since no 
foices act on the element ciacc except at the cioss sections cc and aa 

- = p cos (a - - eo) (i^), 

- {e + (1 “ 0 {o.-0)~ cos aj ^ //<, 

or, - -i- - - PP cos (a - ^) + ni' (x), 


X ) 
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when we neglect the prodnots of small quantities (e.g. pe) and write 
m' for the terms on the right which do not involve 6. Eliminating 
successively /8 and e we find: 

" (e + = -i’ cos (a - 6) {Po + F} + m' + 6a,F (xi), 

- ^ cos (a - B) {K^ + /OqF} + mT + (xii), 

where is the swing-radius of O about a line in its plane through its 
centroid perpendicular to the plane of the tire. 

The integral of equation (xi), remembering that dejdO = 0 for ^ = a, 
is easily found to be 

e = -■? (|Oo+ {(^~ ^) {cL-B)-^m" cos (a— ^) } -h -i- € 0 ) F (xiii), 

Po ^ 

where m" is an undetermined constant. Equations (xii) and (xiii) 
contain the complete solution of the problem. 


[587.] It remains to determine the constants p, w! and m". It 
is easy to see that the total shear must vanish at the cross-section 
midway between two spokes, but that at a spoke cross- section it will 
not vanish but be equal to p sin a. Let cr be the cross-section of the 
spokes, I their length, then if their stretch-modulus be the same as for 
the tires, we have for their negative traction the expression 

where is the value of e for 0 = 0. 

How consider the element of the wheel between two midway cross- 
sections, we have at once from statical considerations 

2Ep sin a = Ecrp^ejl, 


or, 


p = ^^ 


Wo 
^ I sin a 


(xiv). 


The shearing force at AB (see figure on our p. 403) 

but this may be put =ju, times the slide into the cross-soction, or 

(jiQdel dO- Ecrp^f^j (21) ( x v ) . 

Resal here assumes that the total shear is equal to the continued 
product of the slide-modulus into the total area of the cross-section 
into the complement of the angle the strained circumference common 
to the two tires makes with the radius at the spoke. Saint-Venant, 
however, finds values from about of this product for a rectangle to y 
for a circle : see our Arts. 90 and 96. 

Differentiating (xiii) and applying (xv) we obtain m" in terms of 
thus since (xiv') srives v in terms of e we have onlv to find p and in'. 
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But putting e==eo and ^ = 0 in (xm) we at once obtain iii! in teims 
of Thus it remains to find 

We have not yet made use of tbe condition that the angle cOA 
(see figure p 403) retains a constant value or is equal to o. Now if 
dB be an element of the common circumfeience of the tires before and 

after strain, we have obviously 

cfe = Poa (xvi) 

But (d>s - dd)\dB = and d^ = Po (1 - «) 

hence cfe = Po (1 + ^ — e) 

and substituting in (xvi) we have 

(j3-e)d& = 0 (xvn) 

Hence from (xu), (xiv) and (xvn) we can find 

[588 ] The calculations indicated in the previous article are carried 
out by Resal, who gives pp 281-2 rathei lengthy values for m' and 
He then returns to (ii) and to a similai expiession for the squeeze in 
the tiue tire in order to find the maximum value of the traction or 
squeeze in the tire Equating such value to the safe elastic hmit, we 
find a maxunum value for e, or for p^c the difference in the I'adu of the 
two tires (pp 282-3) As special problems Resal treats the case when 
the spokes are so close that sma may be replaced by a and further 
investigates a minimum safe value for e in the case of a wheel turned 
by a crank havmg regaid to the necessity of the moment of the friction 
between the two tiies being greatei than the moment of the force m the 
crank about the axis of the wheel He does not, however, lay stress on 
this result (p 286) 

We have sufifciently indicated Resal’s method of dealing with such 
pioblems to suggest to the student of this subject how he may complete 
or extend it 

[589] H Resal J)e Vinfluence de leu suspension d lames sin 
le moavement du pendule comqiie Annales des Mines^ T XMil, 
pp 1-16, Pans, 1860 

This is the application of the simple Bernoulli Euleiian theoiy of 
flexure to the problem of the suspension by elastic laminae of a 
balanciei comque due to Redier The paper contains nothing fuithei 
beaimg on the theory of elasticity 

[590] Mahistie Note sui les vitesses de lotation quon pent 
fane piendre a cei tames loues, sans cuimdie leiu luptiue sous 
I effort de la foice centiifuge Gompteb lendus, Tome \Ln , 
pp 236-9, Pans, 1857 

This IS onl} an extract fiom x luiigei nieinoii and the hue of 
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argument is scarcely intelligible from its brevity. As the problem 
has been satisfactorily dealt with (so far as that is possible on the 
Bernoulli-Eulerian theory) by Resal, we shall make no attempt to 
unravel Mahistre’s obscure statements. We merely note that if 
S be the resistance to rupture of the metal in kilogs. per sq. metre, 
iV the number of turns of the wheel per minute, R the mean 
radius of its rim, JD its specific gravity, then Mahistre finds that 
to avoid rupture we must have a relation of the form : 



See our Art. 646. 

[591.] The four memoirs by Poinsot on the impact of bodies 
published in Tomes 2 and 4 of the Journal de Liouville, 1857 and 
1859, have nothing to do with elasticity, although their titles are 
cited by the writer of the article Elastioitdtstheorie des geraden 
Stosses in the Encyhlopddie der Naturwissenschaften: Handbuch 
der Physik, (see S. 296, Bd. I., of that work). 

[592.] J. H. Koosen: Entwickelung der Fundamentalgesetze 
uher die Elasticitdt und das Oleichgewicht im Innern chemisch 
homogener Edrper, Annalen der Physilc, Bd. ci., S. 401-52. 
‘ ?, 1857. 

is is entitled: Erste Ahhandlung, but I can find no trace of a 
Zweite Abhandlung having been published; perhaps its non-publica- 
tion is hardly a loss. The author obtains the equations of elasticity 
for an isotropic medium practically in the same manner as Cauchy 
or Poisson, and he finds (S. 419) for the type of tractive stress : 

du\ A\fc^djU dv dw\ 

He apparently thinks there is something novel in this result, 
but the equation had been long previously obtained by Cauchy, 
who showed that A measures the initial stress: see our Art. 616^ 
and our account of Saint-Venant, Art. 129. Koosen does introduce 
novelty, however, by retaining in general the coefficient A and 
supposing this Molecular spannung is somehow equilibrated by 
temperature exchanges between the elastic body and surrounding 
bodies (S. 425-6). I do not understand his reasoning on this 
point, nor in the following pages, and believe it to be incorrect. 

n O +1 Cl TT/^1 TTIV^ /V rtf. 1 /-v-f* +Vl/^ /'VYA d 1^ CJVirl 
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the consequences drawn from them on the following pages are a 
mystery to me, and I should be inchned to describe the whole of 
this lengthy paper as no contribution to our subject, were I not 
obliged to confess that I have frequently been unable to follow its 
drift 

[593] R Hoppe Uehm Biegmg pnsmatischer Stale Annalen 
der Physikj Bd 102, S 227—245, Leipzig, 1857 Reprmted in the 
Zeitschnft des Vereins deutscher Ingeimicre, Bd. i, S 308-13, 
Berlm, 1857 

This paper opens with the words 

Aaf den bekannten Erfahrungssatz, nach welchem die zur Dehnung 
Oder Zusammendruckung ernes elastischen festen Korpers nach einer 
Dimension hin erforderhche Kjraft den Yolumincrementen proportional 
ist, lasst sich die Berechnung der Biegung eines pnsmatischen Stabes 
nnr unter dei Annahme grunden, dass sem Querschmtt weder m semen 
Dimensionen, noch m seiner normalen Stellung zu alien Langenfasem 
erne Aenderung erleide Die Bestimmung jeder nngleichmassigen 
Dehnung oder Compression nach Tnehr als einer Dimension, welche durch 
jene Annahme umgangen wild, eifordert die Zuziehung neuer empin- 
soher Grundlagen odei Hypothesen, denn das unveranderte Volum 
selbst der klemsten Thede begrundet noch nicht das Gleichgewicht der 
darin befmdlichen Spannungen (S 227) 

After reading this paragraph and remembering the lesearches 
of Saint- Venant and Kirchhoff (see our Chapters X and XII), 
it hardly seemed needful to study closely the present memoii 
On examination, however, Hoppe’s Annahim does not seem to 
have made his results any more incorrect than most investigations 
based on the Bemoulli-Eulenan hypothesis His treatment, 
however, is somewhat obscure and does not appeal to contiibute 
anything of novelty or importance to the subject of flexure It 
is based on the principle of virtual velocities and indicates the 
solution in elliptic integrals, but both these had been pioposed 
and adopted previously see the references undei Rods in the 
index to oui Vol I 

[594] J Stefan Allgemeine n • ne fw oscillatonsche 
Bewegungen Annalen dei PhgsiL, Bd cii , S 365-87, Leipzig, 1857 

This paper deduces in the fiist place the geneial equations 
foi the vibrations of an elastic medium \\hen there are thiee 
rectangulai planes of symmetry by Cauchy s method (b 365-7) 
see our Art 616^ 
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The author then goes on to investigate the like equations by 
Green’s method, and afterwards considers the special cases of 
uniaxial symmetry and of isotropy. He deduces the equations 
which must be satisfied for the reflection and refraction of light 
at the common boundary of two such media. It seems to me, 
however, that in the media with biaxial and uniaxial symmetry 
he is tacitly supposing the crystalline axes to be parallel in the 
two media: see his equations S. 379-80 and 384. Thus he is 
really dealing with a very limited case of reflection and refraction 
at the common boundary. Stefan makes no attempt to solve his 
equations, and I do not think his paper can be considered as a 
valuable contribution to either optical or elastic theories. 

[.595.] E. Phillips : Des parachocs et des heurtoirs de chemin 
de fer. Comptes rendus, Tome xlv., pp. 624-7, Paris, 1857. 

The author commences by citing a formula from his memoir on 
springs (see our Art. 493 (c)) for the resilience of a spring of any 
form built-up of elastic laminae. The total elastic work to be 
obtained from a spring is EVs^jQ, where jS is the stretch-modulus, 
V the volume, and s the safe or limiting stretch at the surface of 
component laminae. 

w be the weight of a train in French tons, v its velocity 
in kilometres per hour, g gravitational acceleration, we must have: 

2g 

if the spring be able to bring the train to rest without the spring 
being elastically damaged. Phillips takes 7*82 as the mean density 
of steel, 20,000,000 kilogs, per sq. mm. for E, and ‘Ol as the limit 
of s for very good steel. Thus he finds if W be the weight of 
the spring in kilogrammes : 

W = *0952 xwxv^ (i). 

In this he neglects the friction of the laminae upon one another. 
He remarks, that if U' be the work due to this friction, it may 
be shown by the processes of his memoir of 1852 that : 

where U =EVs^l6, <j>= coefficient of friction for steel on steel, 7i = 
number of laminae, e their thickness and L the half length of the 
spring, so that U' will generally be small as compared with U, 
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Phillips next takes various values for w and v, for w from 90 to 
600 tons and for v from 60 to 20 kilometres per hour, the values 
for W vary from 21 to 31 tons Hence he coucludes that it would 
be impossible to protect a train against collisions by causing it to 
carry at its ends buffers or springs of this enormous weight On 
the other hand suitable buffers can be easily constructed to protect 
the masonry etc at a terminus from the impact of a train with a 
small speed In this case he takes v' to measuie the velocity of 
the tram m metres per second, he supposes that, as such springs 
are repeatedly loaded, s should not be taken greater than 004 and 
he finds in French measure 

W = 7ni2xwxv^ 

Foi example if = 1 metre and w = S0 tons, W is the fairly 
reasonable weight of 230 kilogrammes, or about the weight of three 
ordinary carriage buffer-springs (70 to 80 kilogrammes) The 
memoir was refeired to a commission then sitting to investigate 
the causes of accidents arising from the impact of i ail way wagons 


[596] Deloy Extract d'une Note lelative d V application de 
la theorie de M Phillips d la construction d'un lessoit de locomo- 
tive dJune nouvelle esphe Gomptes rendus, Tome XLV , pp 752-5, 
Pans, 1857 

This note gives details of a special kind of spring made by 
Gouin et Oie for the Lyons railway Deloy calculated by Phillips’ 
formulae (see our Arts 489 — 90) the deflection of this spring 
under a load of 10,000 kilogs and found it 0478 metres, ex- 
periment gave it as 048 metres The experiment was repeated 
several times with the same result 


Tons les ressorts nouveaux du chemm de fei de Lyon sont construits 
d’apr^s la throne de M Phillips Par commence des essais poui deter 
mme^ la flexibilite de ces lessorts (p 754) 

The results of these experiments show such a noted agreement 
between experiment and oft abused theory that they deseiie 
citing here The deflections in metres weie as follows 


Expel 1 
ment 


Theoij 


Senes of locomotive spiings, 12 laminae, 3 matiix Uminae 
5, 55 5) 11 » ^ » 

„ tendei „ ^ » 

7 „ - - 
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067 
057 
1 )0 


O5o7 
0646 
O5o47 
1 j404 


wagon 



410 


PHILLIPS. BERTELLI. 


[597—598 


It cannot be denied that this is strong evidence in favour of 
the practical accuracy of Phillips’ theory, more especially so when 
we consider the irregularities of material and manufacture in 
such technical products as railway springs. 

[597.] E. Phillips: Du travail des forces 6lastiques dans Vin- 
Urieur dlv/n corps solide, et particuUerement des ressorts : Comptes 
rendus, T. XLVI., pp. 333-6 and Suppldment, p. 440. Paris, 1858. 

In this memoir Phillips remarks that it is generally impossible 
to apply Clapeyron s Theorem as suggested by its discoverer to 
springs (see our Arts. 608-9), because the value of the principal 
tractions cannot be found. He notes that he himself in an earlier 
memoir has applied the Bernoulli-Eulerian theory to springs and 
he cites his chief results: see our Arts. 483-508. The last page and 
the SuppUment deal with the experimental stress which a steel bar 
may be subjected to without permanent extension; according to 
Phillips this stress is 40 to 60 kilogs. per sq. mm. It is diflScult 
to understand whether Phillips means this as the safe load for 
bars liable to impact, or the real limit to a statically applied 
elastic stress. 

[598.] We must now turn to a series of memoirs published 
in this decade and dealing with the problem of the reactions of 
bodies resting on several points of support. We note first : 

Francesco Bertelli: Ricerche sperimentali circa la pressione 
dei corpi solidi ne' casi in cui la misura di essa, secondo le 
analoghe teorie meccaniche si manifesta indeterminata e intorno 
alia relazione fra le pressioni e la elasticitd de corpi medesimi, 
Memoria Postuma. Mem, deU Accad, delle Scienze di Bologna. 
T. I., pp. 433-461, Bologna, 1850. 

The memoir is divided into two parts, of which the first was 
read to the Accademia on February 16, 1843 and the second on 
March 28, 1844. It relates to the problem of the statically 
indeterminate reactions which arise when a body rests on more 
than two colinear or more than three non-colinear points of 
support. The problem occupied as large a share of attention in 
Italy in the first half of the present century, as that of solids of 
equal resistance in the second half of the seventeenth century, and 
the memoirs relating to it have almost as little permanent scien- 

XTalno "Rar+olli mvac ci infrirAa+iTn'r i'Lp Licjfnvv 
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of the problem (pp 436-40 and 447-61) ^ and is apparently of the 
opinion that its solution cannot be reached without the aid of the 
theory of elsisticity, — a view which had not met with general 
acceptance at the time when his memoir was read He also 
describes a particular kind of dynamometer for measuring the in- 
determinate reactions (pp 441-3) This he terms il piesiToetro 
Some experimental results obtained by means of such dynamo- 
meters are cited but no numerical details are given and they are 
too vague to be of service in testing for example the theory of 
continuous beams (pp 443-6) 

[599 ] A Dorna Memona sulle presmm sopportate dmpunti 
d'appoggio di un sistema eqmhhrato ed in istato prossimo al moto 
Memorie delV Accad delle Science di Torino, Sene ii , T xvin , 
pp 281-318, Turin, 1857 

This IS the first Italian memoir which attempts to deal with 


1 For the history of science the problem is of value as sho^vlng how power is 
frequently wasted in the byways of paradox I give a hst, which I have fomed, 
of the principal authorities for those who may wish to pursue the subject further 
Euler J)e vressione pondens in planum cut iiicumbit Novi Commentani 
Academiae Peti opohtanae, T xvin , 1774, pp 289-329 
Von dem Dmcke eines mit einem Gewichte hescJiwerten Tibches auf 
” cine Flache (see our Art 95*), Eindenbmgs Aichiv der^reimn und 
aiigewandten Matheinatih Bd i , S 74 Leipzig 179o 
P Alembeit Opuscula, T viii Mevi 56 § ii , 1780, p 36 
Fontana, M Duiamica, Paiteii 

Delances Mein della Societa Itahana, T v , 1790, p 107 
Paoli T VI , 1792, p 534 

Lorcna Ibid T vii , 1794, p 178 

Delances Ibid T vin Paitei 1799 p 60 

MalfX Ibid T VIZI Paite n 1798, p 319 

Paoli Ibid T IX 1802, p 92 ^ 

Navier Bulletin de la Soc pluhmat , 1825, p 35 (see our Ait 282 ) 

Anonym Annales de niathem pai Geigonne, T xvii , 1^7, p io 
Anonym Bulletin des Sciences viathematiques T vn , 1827, p 4 
Vfene Ibid T ix 1828 p 7 

Poisson Mecaniqne Tome i , 1833 § 270 i, ^ rr T 

Fusmieri Annah delle Scienze del Regno Lombaido Veneto, X 
pp 298-304 (see our Art 396*) 

Banian Intoi no un Pi ohlema del Dottoi A Fiibinien Pesano 1838 

Pacani Menioutb de I Acad de hnixtlles, T viii , 1 PP ( 

oui Art 896*) 

Saint Venant 1S87-8 see our Ait 1572* 

1848 see our Alt 1585* 

Bertelh Mem del! Accad delle Seieiue di Bologna, T i lb43-4 p 
Fagnoli Ibid T vi , 18o2 p 109 

Of these wiiteis only Navier, Poisson and Saint Venant appl> the theory 
of elLS t^the Lat^x reseaxches ^oxna Menabrea and 

wxll be referxed to xn thexx pxoper places lu this Histox-j as they start iroiii 
elastic pimcipleb 


II, 1882, 
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the problem of the body resting on more than three points of sup- 
port from a rational standpoint, — that is to say, which makes direct 
appeal to the theory of elasticity. We have already referred to 
the earlier literature of this subject (see our Art. 598 and ftn.) 
and a memoir on very similar lines to this by Mdnabrda will be 
considered later (see our Art. 604). Dorna’s paper begins so well 
that we can only regret it does not end better. We say 'it begins 
well/ for it has not the flavour of mediaeval metaphysics traceable 
even so late as Fagnoli (see our Art. 509). 


[600.] Dorna notes that if we give a virtual displacement to 
a system consisting of a rigid body resting on any number of 
points of support, then the sum of the virtual moments of these 
points of support must be zero independently of the virtual 
moments of tlie applied forces of the system. Hence if Q be a 
reaction and Sq its virtual displacement, we must have : 

XQBq = 0 (i). 

To obtain Sq Dorna now makes the following supposition; 
suppose that each point of support is connected with the rigid 
body by an elastic string of infinitely small length I and cross- 
section 0 ),— these being the same for all such strings, — and of 
stretch-modulus E supposed to vary from string to string and to be 
that of the material of the supporting body in the neighbourhood of 
the supporting point (p, 286), then we shall have 


and consequently (i) will become : 


S 



,(ii). 


Other relations between the SQ’s will be given by the statical 
equations of equilibrium, whence either by eliminating the depen- 
dent SQ’s or by the principle of indeterminate multipliers we have 
sufficient equations to find all the unknown reactions (pp. 291, 
300 etc.). 


[601.] Dorna’s method is perfectly logical if we adopt his 
hypothesis namely (i) that the supports only are elastic, and the 
sunnorted bodv ri^id. fti") that we mav reallv introduce this strino-- 
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link with stretch-modulus equal to that of the supporting matenal 
to explain what physically does happen at the point of support 
Now the first hypothesis is just the reverse of what is usually 
assumed by practical engineers in calculatmg the reactions of 
continuous girders, — they suppose the supports rigid and the 
supported girder elastic^ Further the second hypothesis seems 
to me legitimate only m the case in which the support is a 
column of uniform cross-section with a reaction in the direction of 
its length, and even in this case the cross-sections of the column 
ought to be retained in Equation (ii) unless they happen to be 
all equal To apply this hypothesis as Dorna does even to cases 
in which the reaction is perpendicular to the axis of support is to 
neglect entirely the distinction between the elastic coefficients of 
stretch and slide Thus he deduces the extraordinary result 

la piessione, iifenta alP uniU di superficie, che una base piana di 
sostegno soppoita sotto P azione di una foiza diretta attra\erso al suo 
centio di gravity, b la stessa, sia che questa open a perpendicolo della 
base sia che open nella stessa base (p 306) 

[602 ] Of the special applications which Dorna makes of his 
theory we may bnefly note the following 

Problema II A heavy rigid body lests on n colmeai points of 
support, (pp 290-2) This appeals correct if the n pomts be supposed 
vertical columns of equal height and cross section 

Problema III , (pp 293-6) and Problema lY , (pp 296-9) These 
aie the general case of distribution of normal piessure over the cioss 
section of an elastic cylindei, and the special case when the cross section 
IS lectangiilar The investigations aie correct, but piesent no novelty 
except 111 the fact of then deduction from equation (ii) of oui Ait 600 
The results agree with those which flow from the theoiy of neutral 
axis and load point and had long befoie been established by Biesse 
see our Aits 812^ and 515-6, and compaie Olifibid’s Elements of 
Dynamic, Book IV, pp 14-28 

Piohleina Y, (pj) 299-304) This supposes the geiieial case in 
which iny numbei of isolated points, or of continuous points com 
posing i suif ICC ire connected by elastic string links with jioints on 
the suifaco of a iigid body sujiposed to be in contict with them The 
analysis is not without interest, but I cannot considei that this 
problem coiiesponds to any physical reality, ceitamly not to a iigid 

1 This point has been dealt with by the Editoi m a hote on Glapeyiun ^ i heu)Lm 
MesuHiju of Matin mat us Vol xx , pp 129-35, Cambiidge 1890 
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surface resting on any number of points or on an elastic surface as 
Dorna supposes. 

Frohlenia YL, (pp. 304-6), Frohlema YTI., (pp. 306-7) and 
Frohlema VIII., (pp. 307-8) are absolutely inadmissible applications 
of Frohlema Y. 

Frohlema IX., (pp. 308-14). Tbis is an attempt to generalise the 
theory of the neutral-axis and the load-point to pressure applied to a 
curved surface. The results obtained are all based on the hypothesis of 
Frohlema Y., and are therefore physically inadmissible. Analytically 
they are not without interest as leading to theorems which are analogous 
to those which hold for the instantaneous axis of rotation of a rigid 
body and which were first discovered by Poinsot. 

Frohlema X., (pp. 315-6) supposes a rigid body to rest on a portion 
of a spherical elastic surface. The results are inadmissible. 

The memoir concludes with a Nota (pp. 316-8) containing a second 
demonstration of Equation (ii) of our Art 600. 

[603.] E. Clapeyron : Galcul d'une poutre elastique reposant 
Uhrement sur des appiiis indgalement espacis: Comptes rendus. 
Tome XLV., pp. 1076-1080, Paris, 1857. 

This is only a resume of a memoir, which I think was never 
pubKshed. It deals with the problem of a continuous beam 
and gives the equation of the three moments usually termed 
“ Olanevron’s Theorem.” Clapeyron states it only for the case of 
of uniform cross-section. Let 
3nts at successive supports and Zjg, the 
inieinieuiaLc ojjctuo, p^^, p^z their loads per foot-run, — then : 

^ (^12 + ^2 + ^28^8 = i ( ?^12^12® + PJss)* 

It will be seen that Clapeyron only deals with a very special case 
of his theorem, which has been much extended by later writers : 
see Heppel in our Art. 607 or Weyrauch : Theorie der contimdrlichm 
Trdger, S. 8-9. 

Clapeyron mentions Navier as having said a few words on the 
problem in the Bulletin de la SociM Philomathique, 1825 ; I 
suppose he refers to pp. 35-7. He cites Belanger as having 
studied in his course of lectures on construction at the £Jcole des 
Fonts et Chaussees the case of two spans, and other writers as 
having propounded the general equation, but left it complicated 
by the presence of the reactions. His own practical work on 
French railway bridges led him to investigate a formula free 
from the reactions. 
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He then applies his formula to the case of a bridge of seven 
equal spans A remark on p 10*78 as to a defect in the design 
of the Britannia Bridge does not as a mattei of fact apply as that 
bridge owing to its mode of construction is not a continuous beam 
in the theoretical sense see our Art 1489* 

[604 ] L F Mdnahrea Nouveau pnnaipe sur la distribution 
des tensions dans les systemes elastiques Comptes rendus, T XLVI 
Pans, 1858, pp 1056-1060 

Mdnabrda here states a very important elastic pnnciple, the 
application of which by Maxwell, Cotteiill and others to framework 
and continuous beams has been of consider able service I do not 
think the statement of the principle by Mdnabrda sufficiently 
indicates that his proof only applies to what we now term a 
‘ frame * or bit of ' framework and that the Imks of such a frame 
must be supposed subjected to traction only and to be of uniform 
cross-section, which may vary, however, from link to link. A 
generalisation of the principle based upon Clapeyron's Theorem 
(see our Art 608) is easily obtained and will be considered later 

Mdnabrda states what he terms the pnncipe d'ilastiate in the 
following words 

Lorsqu*un systeme dlastique se met en iquilihre sous Vaction de 
forces extdrieures, le travail ddveloppe par Veffet des tensions ou des 
compressions des hens qui umssent les divers points du systeme est 
un minimum (p 1056) 

The proof given is essentially as follows Let T be the traction 
in any element of the fiame of length I and section co Then 
applying the principle of virtual work so that none of the points to 
which external force is applied have virtual displacements we 
must have 

S!rct)8a? = 0, 

where Sx = variation in the extension x of any link But 

T = Exll, 

if E be the stictch modulus of the link Hence 

ST = jBx, 

and = 0 


(i), 



416 M^NABRI^A. [605 — 606 

«(^^)=o 


But IccT^^E is the work done by the traction T in the link I, 
Thus the principle is proved that the variation of the strain energy 
for the whole frame is zero. Mdnabrda does not prove that this 
energy is a minimum. He terms (i) the iquation dJ elasticity. 

[605.] Let there be n points united by m links, then there 
will be §71 equations of equilibrium for the n points ; suppose in 
addition p equations of equilibrium between the external forces, 
then we shall have 3n — p equations between the m tractions, 
hence m--Sn+p tractions will be independent so far as the 
ordinary equations of statics go and require to be ascertained 
by (i). The method is indicated by Mdnabrda in the following 
words : 

Puisque pendant les variations infiniment petites des tensions qu’on 
a suppos^es, I’^quilibre subsiste toiijours, on pourra diff6rentier, par 
rapport aux diverses valeurs de T, les Bn-p Equations pr^c^dentes qui 
fournissent le moyen d’lliminer, de T^quation d’^lasticite (i), un 6gal 
nombre de variations ST. On 4galera k zSro les coefficients des diverses 
variations restantes dans F^quation (i). Ces coefficients seront des 
fonctions des forces ext4rieures et des tensions elles-m4mes; ainsi ces 
nouvelles Equations unies ^ celles d^4quilibre seront en nombre 4gal 
celui des tensions k determiner. 

En general ces equations sont du premier degre. Dans bien des cas, 
Femploi des coefficients indetermines pent faciliter la solution du 
probieme (p. 1058). 

[606.] Menabrea indicates how the following case should be dealt 
with, but I do not feel quite confident as to the exact form of elastic 
system he is dealing with, or as to the correctness of an assumption he 
makes. Suppose the system to be resting on a number of fixed points 
and P, Q, R to be the components of the reaction at such a point 
a, 5, c parallel to the axes. Let JT, T, Z be types of components 
of applied force at cc, t/, z . The equations of statics give : 

5(X2/- 7cr)4-S(P6-C^») = 0; ^{Zx- Xz) + Pc)^Q i L.(iii). 

%{Yz^Zy)-v%{Qc-Rh)^Q ) 

Now P, Qj are evidently components of the total traction wP in 
the link to the point a, 6, c, and therefore we should expect to have 

li^TST _ I (PSP + QSQ + RSR) 

E ~ ‘ E • 
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But M^nabi^a writes 

Pour plus de gdndralit^ on pent supposer les coeficimU d^4laUxcit4 relatifs 
des points fixes difibrents suivant les trois directions des axes, nous les 
rei^rfeenterons par e , e , € ' , ainsi Pdquation d’dlasticitd sera 

2 Q P8F+^ QaQ+p MJij = 0 (ir) (p 1059) 

I do not follow this at all It would seem as if Menabria thought 
his theorem true for other strains than those produced by longitu- 
dinal traction m bars of uniform cross section This it certainly is 
not, in the form in which he has proved it He appears further to 
put = 0 for all links not going to fixed points, or, what is the same 
thing, to suppose the virtual displacements to be zero for such links 
Taking the variation of (lu) we have 

SSP = 0, SSe = 0, 2SJS = 0, 

S(6SP-aSQ) = 0, 2(aSP~o8P) = 0, S(cSe-5SP) = 0 

Multiplying (v) by the indeterminate multipliers A, B, 0, JD, E, F 
respectively we have on adding to (iv) 

[A+JDh^Bc] \ 

C = -€" [5 + i?’c -2)a] V (^) 

li = -e"'[G + JSa-Fb] 1 

Substitute these values of P, Q, R in (lu), and we have six equations 
from which to find the multipliers and so can determine P, Q, B 

M^nabiea remarks that if we take c' = c" = c'", and choose our origin 
and direction of axes so that 

Sea = 0, %€h — 0, See = 0, '%€hc — 0, S^ac = 0, %€.ah = 0, 

we obtain the elegant forms for P, Q, R first given by Doina in a 
memoii of 1857 , see our Art 599 

Here e foi any link equals the FI(1<d) of our notation 
For eailier reseaiches in this same diiection Menabrea lefers to 
Vene, Pagani and Mossotti besides Doina The memoiis of Yene and 
Pagani aie those probably which we have cited m the footnote to oui 
p 411, while the leference to Mossotti is possibly to his Meccamca 
razionale Menabiea concludes by referimg to a memoii he is about 
to publish, dealing moie fully with the whole subject I do not think 
he published this, or letuined to the mattei till a memoii of 1869 

[607] J M Heppel On a method of ' the Stains 

and Deflections of Continuous Beams, undei la/ious Conditions of 
Load Pioceedings of the Institution of Civil Engineeis Yol 
XIX, pp 625-643, London, 1859-60 

This papei deduces, appaiently as a no\elt\, Clapc} ion’s 
theorem connecting the bending-moments at thiee successl^e 

27 
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points of support of a continuous beam, when the load system 
consists for each span of a uniformly distributed load and an 
isolated central load. The consideration of the latter load is the 
author’s addition to Olapeyron’s work. Let be the spans and 
M^, M^, Jfj, the successive support bending moments, the 

total uniform loads and F„ the isolated central loads, then : 


8Z.if, + 16a + yJf, + 8ZA = 2M“ + 2i>A‘‘ + 3Tf.C + 3F,Z/...(i). 
Further the reaction at the support between the spans is 
given bv : 

_ <a L + yy. 

■- _j- . 


7? 

— cx i 1^ 

I M+F, M^-M^ 

2 


.(ii). 


The author also calculates the points of maximum-stress and 
of contraflexure (i.e. zero bending moment), and shows how the 
deflections may be obtained. I do not think there is any novelty 
in the methods used, but there are some interesting numerical 
applications to the Britannia Bridge, to a bridge on the Madras 
Railway and to a ‘continuous rail of infinite length 


[608.] E. Olapeyron : Mimoire sur le travail des forces 
dlastiques dam un corps solide elastique diformi par Vaction de 
forces exUHeures: Gomptes rendus, Tome xlvi, Paris, 1858, pp. 
208-212. 

This I presume to be only a resume of the original memoir 
which so far as I can ascertain was never published. 

Olapeyron had been led by a study of various kinds of springs 
to the conclusion that the resilience of an elastic body varies as its 
volume. He does not appear, however, to have known that Young 
and Tredgold had long previously reached this result. It led him 
to consider how the work of an elastic body could be expressed. 
In a memoir of 1833 Lam^ and he had noted that on the uni- 
constant hypothesis if W be the work and E the stretch-modulus : 

2F = ^ JJ l[A'‘ + B‘ + G‘-i(JB + £G-i-GA)] dxdydz, 

where A, B, G are the principal tractions and the integration is 

^ A long series of memoirs on continuous beams will be found discussed in 
Section III. of this Chapter, 
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over the volume of the elastic solid I hold that this result of the 
memoir of 18S3 was due entirely to Clapeyron, for Lamd in his 
Legons, of 18 o2, giving the formula in the form 

21^= J JJI [A’‘+ B‘+ C*- 2r) (AB + BC+ GA)] dxdydz, 

due to bi-constant isotropy being the stretch-squeeze ratio), 
teims it Glapeyjoris Theorem^ and Clapeyron here speaks of it as 
he would do only if it were entirely due to himself 

[609] Clapeyron proceeds after statmg this formula in its 
modified form to suppose only one pnncipal traction T, when we 
have 

2W = ^JII T dxdydz 

He then applies this to the calculation of W for various simple cases 
of rods under traction or flexure etc and also for railway springs. 

He remarks that if a framework he constructed m such a 
manner that the cross sections of the various members are propor- 
tional to their total stresses, and these stresses are merely longi- 
tudinal tractions, then 

2W = ^VT^, 

where V is the volume of the whole framework Hence if T be the 
safe fractional stress, and the load P be applied at one point with 
a resulting deflection/ 

Pf=^rr 

Thus the same volume V of material distributed in difierent 
ways will give a maximum P foi a minimum /, the resilience, 
however, will be quite independent of the particulai distiibution 

Un prisme pose de champ siii deux appuis poite plus que pose A plat 
dans le i appoint de la hauteur a la laigeur de la section , sa resistance i 
un choc est la ineme (pp 210-11) 

[610] The remaindei of the memoii treats of the question 
of uni-constancy Dealing with one expeiiinent of Coulomb’s and 
eleven of Duleau’s on toision (see oui Aits 119^, 229^ and Tol 
I, p 873) Clapcyion finds that foi non E-o/jl 2, oi \ = /x, vei} 
closely indeed But fiom some expeiiments made in the i\oik 

27—2 
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shops of the Ghemin de fe/r du Nord on the compressibility of 
caoutchouc and on its stretch-modulus, Clapeyron concludes that 
for this substance 

\/yLt = 2201. 

Thus while uui-constancy is very nearly true for the metals usual 
in construction, it appears to be quite impossible for caoutchouc. 
This is the well known argument from squeezing india-rubber — 
but it is one the validity of which is very doubtful : see our Arts. 
924*, 1322*, 192 (&) and ftn. Vol. i., p. 504. We cannot accept 
it as a conclusive demonstration of bi-constant isotropy, until india- 
rubber has been demonstrated to satisfy all the other relations 
of a bi-constant isotropic elastic body^; this has not been done 
either by Clape 3 U‘on or by the several distinguished scientists who 
have used this argument. Other experiments on caoutchouc differ 
widely from Clapeyron’s. See our Art. 1322*. 

[611.] Clapeyron in the course of his discussion notes that the 
shear in a case of torsional stress gives rise to two principal tractions 
making angles of 45® with the direction of the shear, hence he 
states that the torsional resilience This is only true 

for the case of uni-constant isotropy. We see from our Arts, 
ad 609 that in this case the resiliences of torsional, 
id tensile springs of the same volume and material are 
16. 

[612.] J. H. Rohrs: On the Oscillations of a Suspension Chain, 
Transactions of the Cambridge Philosophical Society y Vol. ix., pp. 
379-98, Cambridge, 1856. This paper was read on December 
8, 1851. It does not presuppose elasticity in the chain and so 
does not properly belong to our subject, but the general con- 
clusions on p. 395 as to the vibrations of suspension bridges 
are of considerable interest. 

[613.] P. van der Burg : Ueher die Art Klangfiguren hervor- 
zubringen und Bemerhungen ilber die longitudinalen Schwingungen, 
Annalen der Physik, Bd. cm. S. 620-4, Leipzig, 1858. This paper 


^ For example the slide modulus of india-rubber as determined by torsion 
and by pure slide experiments must be shown to have the same value as if it had 
been obtained by experiments on compressibility and traction. Roughly, from 
Clapeyron’s experiments I find = 5 kilogrammes per square centimetre. 



614—616] 


MINOR MEMOIRS 


421 


contains miscellaneous information with regard to vibrating bars 
and plates In particular the author recommends the following 
plan as leading to very coirect Chladni-figures 

Man stellt namhch emen Stab senkreclit auf erne Klangscheibe, fasst 
ihn m der Mitte mit der vollen linken Hand fest an, druckt ihn ziemhch 
stark auf die Scheibe, und stieicht den oberen Theil von oben nach 
unten nut der vollen lechten Hand mittels ernes Tucbes, das nut 
pulverisirtem Haiz bestreutist, sobald ein reiner Ton entsteht, tntt 
sogleich die Figur sebr correct bervor (S 621) 

[614] V von Lang Zwr ErrmMelung der Gonstanten der 
transversalen Schwingungen elasUscher Stdhe Annalen der Fhyszk, 
Bd cm S 624-8, Leipzig, 1858 This does not seem any real 
contribution to the theory of elastic vibrations of rods It proves 
an equation of the well-known form 

Cx,X,dx = 0, 

J 0 

where X^. and X^ are two solutions of Poisson's equation of the 
type 

d^yldd^ + m^y = 0, 

by the lengthy process of substituting their values and actually 
integrating through the length I of the rod see our Art 468* 

[615] Edward Sang Theory of the Iiee Yihations of a 
Linear Series of Elastic Bodies Edinburgh Royal Society Pro- 
ceedings, Vol III, Part I , p 358, Part VI , (Alligated Vibrations) 
pp 507-8, Edinburgh, 1856-7 The first part is only referred 
to by title the sixth part is accompanied % a shoit lesurne of 
results, but this is not sufficient to indicate \\hethei the oiigmal 
memoir is of real importance 

[616] J Stefan Ueber die Ti arisver balscluvingungen eines 
elastischen Stabes Sitzmgsberichte, Bd xx\ii, S 207-41, Wien, 
1858 This paper proves ^ by biute foice ’ that the integral along 
the length of a rod of the product of t\^o of the functions X, and 
Xg which occur in Poisson’s solution ot the equation 

Py , 
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is zero if r and s be different, and evaluates the integral when r and 
s are equal. The method adopted is longer than Poisson’s original 
method, and I do not see that Stefan has really contributed 
anything to the previous discussion of the problem by Euler, 
Poisson, Seebeck and others. 

He states that the method of integration by parts will not give 
the value of as it leads in this case to an indeterminate 

form 0/0. This form, however, can be evaluated by the processes 
of the differential calculus and we can thus more briefly than by 
Stefan’s laborious integrations deduce the value of JX^^dco. This 
was pointed out by V. von Lang in a paper entitled; Einige 
Bmerhungen zu H&rm Dr T, Stefans Ahhandlung: Ueber die 
Transversalschwmgungen eines elastischen Stahes, which appeared 
also in the Sitzungsherichte, Bd. xxxiv., S. 63-9, Wien, 1859. 

[617.] J. Petzval : Ueber die Sohwingungen gespannter Saiten. 
Deiikschriften der mathem. natwrwiss. Olasse der k. Ahademie, 
Bd. XVII., S. 91-136, Wien, 1859. An abstract of this memoir 
is given in the Sitzungsherichte, Bd. xxix., S. 160-72, Wien, 1858. 

This memoir commences by deducing the differential equa- 
tions for the vibrations of an elastic string, when its mass per 
unit Icncrt.b is variable, its weight taken into account, and other 
)t dealt with in ordinary treatments of the subject 
aered (S. 91-6). The remainder of the memoir is 
UC V V IjCU to the case ia which two pieces of uniform string of 
different mass per unit length are united together to form a 
single piece. The author instead of considering the equality of 
the displacements and tensions at the joint treats this as a special 
case of varying mass. He obtains a solution involving a discon- 
tinuous function, and investigates at great length of analysis a 
problem which is easily dealt with by the ordinary equations for a 
vibrating string. I have not tested the results given for the 
notes, nodes etc., but these might be useful for purposes of 
comparison with the same quantities obtained by other processes. 
The author speaks of his problem as a Usher nie in Betracht gezo- 
genen Fall, but this seems to me hardly probable althougli I am 
unable to give any reference to its earlier discussion. Possibly 
Duhamel has treated this case: see our Art. 897*. 

[618.] E. Winkler : Formdnderung and Festigkeit gekrununter 
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Korper, inshesond&re dei Ringe Der Cimlingenieiir, Bd. iv, S 
232-46, Freiberg, 1858 

This IS an important memoir, both from the theoretical and 
practical standpoint, although many of its results require correction 
and modification Some of these corrections have been made in 
Kapitel XL {Ringforimge Rorper) of the author’s well-known 
treatise Die Lehre von dej Elasticitdt und Festigleit, Brag, 1867, 
but this tieatise does not cover anything like the same area as the 
memoir I propose therefore to indicate the correct analysis and 
compare its results with those of Winkler 

The importance of the subject will be sufficiently grasped 
when I remmd the reader that it is the only existing theory of 
the strength of the links of chains To mvestigate the strength of 
such links by the complete theory of elasticity would mvolve even 
for the case of anchor rings an appallmg investigation in toroidal 
and allied functions, while for the oval chain links with studs 
in ordinary use any successful attempt at a general investigation 
seems inconceivable We shall have the less hesitation, however, 
in applymg the Bernoulli-Eulenan theory, il we remember how 
close an approximation Samt-Yenant’s researches on flexure have 
shown it to be m the case of straight bars At the same time, we 
aie certainly going to put it to the very hmit of its application, 
namely to curved bars in which the dimensions of the cross- 
section are not very small as compared with either the length or 
the radius of curvature of the central axis It is non-fulfilment 
of the latter condition which renders Bresse’s mvestigations for 
curved rods (see our Arts 514 and 519) inapplicable without 
modification, and the former introduces, failing further expeii- 
mental confiimation, an element of uncertainty into the results 
of an undoubtedly important theory 

[619 ] Bemembeiing that we need not assume adjacent 
cross-sections of our link to remain undistorted, if ve only 
suppose them bo be approximately equally distorted (see oui 
Art 84), ve can easily investigate an expression foi the stretch 
at any point by a method akin to that which results fioin the 
Bcinoiilli-Euleiiaii theoiy We assume the cential line ut tlit 
link to lie 111 one plane and this plane to be that ot the system 
of applied force xnd fiuther to cut exch cioss section of the link 
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in a principal axis. These cross-sections will be supposed uniform, 
each of area co and swing radius k about a line (central axis) 
through the centroid perpendicular to the plane of the central line. 
(Central and neutral awes are straight lines lying in the plane of 
the cross-section; central and neutral lines the loci of points in 
which those axes meet the ‘ plane of the link ’.) 

We shall use the following notation : 

= stretch in a direction perpendicular to the cross-section at distance v 
from the central axis. 

Sq = stretch at points on the central axis. 

Vq = distance of the neutral axis from the central axis. 

^ = stretch-modulus of the material (not necessarily isotropic) in the 
direction of the central line. 

EM = flexural rigidity of the link (no longer EM), 

p0 = radius of curvature of unstrained central line at any point. 

2/o = coordinates of a point on central line referred to the axes of 
symmetry of the link before strain. 
w, y = the coordinates of the same point after strain. 

Ax, Ay y respectively. 

do-Q, dcr= elements of arc <r of central line before and after strain. 

<jf) =s angles the tangent to the central line at any point makes with 
axis of X before and after strain, taken to increase with 
A<^=0-<5«)o. 

^=the bending moment at any cross-section, being the couple which 
must be applied (taken positive when it increases <\>) for equili- 
brating the stresses if the material beyond the length cr of central 
line be cut away. 

P==the total traction (i.e. negative thrust) at the same cross-section. 

Cj, C2 = the distances from the central axis to the ‘extreme fibres’, or 
what with an extension of terms we shall venture to call vntrados 
and extmdos. When we do not wish to particularise one or other 
of these, we shall simply use c for either. 

Q = the total longitudinal pull on the link ; this we shall suppose to be 
applied in the direction of the axis of y, which axis is taken to 
coincide with the greater axis of symmetry of the link, if there 
be one. 


Ab, Aa = increments of length of half the major and minor axes b and a 
(i.e. axes in directions of y and x respectively) of the link. 

E = unknown reaction of the stud of the link supposed to coincide with 
the axis of x, if the link have one. Clearly 
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where is a quantity depending on the dimensions and materials 
o£ the stud and hnk Wmklei’s result (39) S 236 is really the 
same as this, although he puts it m a foim apparently allowing 
fgr variation of the cross-section in the stud 

dco = an element of the area of the cross-section 



^Pot. 


d(i) 


Thus remembermg the symmetry of the cross section we have 



(ii). 


H 


Approximately 

oi/i" = (OKT -I- — 2 ( v^d(i> + r 
Po J Po J 


v^d<D + 


(iv) 


In some cases (e g Bresse’s theory of arches) it is sufBciently 
approximate to put h-K, retaming only the first term in (iv) 

For a rectangle, I find if 2c be its height 


19 Po Irt/y — n ** 
A ; Po> 

JC pQ~~^ 


Vs 5p, ) J 


which allows of easy calculation 
For a circle, if c he its radius 




01 


K 


1 3 5 3 5 7 c« 


c^( 1 3 5 

-4 8p„‘ 




(n) 


6 8 10 Po® 

The values of h for some othei sections may be easily found ^ 


[620 1 Let BOB', AOA' be the two principal axes of the cune 
foimed by the central line ABA!B,L a pomt on this central line, LT 


1 Its value for a tiapezoidal section, symmetiioal about the line joining the mid 
points of the parallel sides is,— if dj, d be the lengths ot those sides 


Pu 


(_i+2'[{d +‘^(c,+Po)} logj^-i'^i-^n]) 


Cf Bach Llcisticitdt n iestigUit, S 308-9 This is useful in the ease of ceitam 
types of hooks 
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the tangent there, LTX=<^^, AL = (r„, then we readily find on the 
Bemoulli-Eulerian hypothesis : 


d<r. 


(vii). 


B 



Whence hy (ii) and (iii) 

= JSsq 


P z= JPs^d(jD, , 

M= J Esy vd(ji. 

h^\ d(^<l>) 


(-s- 


Po 


dcr. 


.(viii), 


Emli^s^ _ j„d(Ad>) . 

M= •“ + EmU \ (be). 

Po d<r^ ^ 

From (viii) and (ix) we find to determine and • 

do-Q 

M 

^ 0)^0 (x), 

Po 

^ Ph^ MIC^ 

(xi). 

d^o Po Po^ 


We shall represent the right-hand sides of (x) and (xi) hy p and m 
respectively. The usual formulae for arched rilDs replace p and m by 
their first terms P and M: see our Art. 519. 

Winkler in his memoir adds the term Pt^jp^ to (x) which I think is 
incorrect. He has the form (x) on S. 270 of his treatise. 
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Substituting in (vu) we find 

^a)S„=i> + - 

Po 


M 

Pq + v 


(xu) 


Whence if be the maxmium traction in any section (5\ the safe 
negative, T 2 the safe positive traction) 


T<o = F + ^ 

Po 


. ^ PqO 

Pq+c 


(xiu), 


and and M must be given their values at the section of maximum 
stiess while T is put equal to or to obtam the condition of safe 
loading 

Further from (xu) we hud foi the position of the neutral axis 


Po 





(xiv) 


For appioximate values, if we neglect terms of the order {v/p^f, we 
have 


__ Mv / 




Po W 




(P 1 Pi^ fn M PpX\ , . 


Winkler in his memoir does not give (xu) to (xiv) He has (xv), 
but his appioximation to to the oidei seems to me wiong, 

while in his formula conesponding to (xvi) he has 1, wheie I have 3 in 
the second bracket See his pages 234-6 Thus I think his final 
results cannot be depended upon 


[621] From the consideration that cos cj}= dx/do-j and theiefoie 
X cos ^ (1 + 5o) dar^, we easily deduce 


Similarly from sm<^= dyjdo-^ we find 

^ Xn fm y 1 CmXq , 1 f 7 


(X\ 111) 


These equations agiee with Winklei’s (S 234), except tint he hab 
the wioiig values foi vi ind p, which ought to ha\e the \ dues giNcn 
111 oiu (x) and (xi) They further igree A\ith Biesse’s ippiovimite 
equations (see oui Ait 519) if we put JI uid F foi oui m ind jj 

The ibove theoiy is so fai peifectly geneiil md not eoiihiiLcl to the 
ease of links We now proceed to the case of a link b}nimetiicd about 
two axes incl with i stud 
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[622.] Let ivo be the unstrained length of the perimeter of the 
central line. Then we find if x angle the normal makes with the 

axis of X : 



P= |(i?sin X + © cos x) 

(3^)- 

if=J/o-f2/+|(a-a;) 

(xx). 

Further, = 0 at ^ and P, whence 


/o 

(xxi), 



(xxii). 

We also find from (xvii), (xviii) and (xxii) : 


1 r*'o mvQ - 1 p y 

= 

.... (xxiii), 

1 /•■'« mx„ 1 [b 

= 

— (xxiv). 


These values agree with those of Winkler’s treatise but not with 
those of his memoir (S. 236). 


[623.] Let us first apply these results to the case of a circular link 
of radius a. Here is constant and given, if the cross-section be as 
usual circular and of radius c, by (vi) with put equal to a. 
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^ Finding m from (xi), (xix) and (xx), and substituting in (xxii) we 

r«^Tj2(,l + ^j=T + T 

Case (i) Suppose there to be no stud (eg xa. anchor rms) Then 
TS = 0, and we find from (xix) and (xx), ^ 


IT / h 

2i}*a 


- COS X 


m—Qa i cos x 


Further from (xxiii) and (xxiv) we have 


1 1\ 

.TT 4 ) ^ 
'tt 1\ 

o““- + 


Qa^ 

MoiTT {a* + h) 

Qa^ 


(xxvii) 


UuiJi \8 ttJ E(j)7r (a^ + h^) 

Putting Ji — and neglecting the second terms as compared with 
the first, the results m (xxvii) agree with Samt-Yenant’s of 1837 (see 
our Art 1575*) They differ by a factor J in the second terms from 
those of Winkler’s memoir even when h!" is put equal to k- m the first 
and neglected in the second terms They agiee except in the sign of 
the first term in the value of Ab with those of Wmklei’s treatise, 
S 373 Winklei’s lesults in the memoir foi P and M agiee to a first 
approximation with our (xxvi) See his S 237-40 

For the position of the neutial axis we have from (xiv) 

ah^ 1 , . 

Vo = -ja (xxvni) 

a + TT ^ ' 

1 - 2 oosx 

This agrees with the result in the memoir, if h be neglected in the 
denominator 

Lastly we find from (xiii) for the ti action 

* JIT. T (rcSTT) - 5 “» ") <"'>■ 

the upper sign rcfeirmg to the extiados and the lowei to the mtrados 
The icsult given in the memon does not agree with this e\en to a fiist 
ippioximation 


[G24 ] Winkloi tiaces in Ins Fig 5, Tafel 33, for a ~ Gc tht foim 
of tlu lu uti il Imo, ind in Fig G the tiactions in extiados and inti iclos 
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The latter are certainly incorrect. I have retraced" both figures in th 
accompanying plate, where the stress is measured from the central axi 
along the radii in the scale: = I inch. The dotted lines are th 

curves obtained from the usual formula 

It will be seen to give results often very divergent from those calculate^ 
from (xxix). The following are the numerical results for this case : 


A2 = j X 1*014,135; 


c 


•026,651 


•636,620-cosx' 
^o = oo, forx = 50‘’ 27' 35"; 

— =- 9-383,44; 

a Ein ^ 

J-x 10-878,80; 

M/(ti 


For extrados : 
For intrados : 
Old formula : 


a 

Ti^ 


^ = 6-727,75 « 10-142,35 cos x ; 


Toi 


^ - 8-660,27 + 14*199,29 cos x ; 


Toi 


= ± (7-586,75 -12 cos x). 


For extrados 0 for x = 48“ 27' (old formula 50“ 47') ; 

Maximum positive traction (x = 90“) - ^ ^ 6*727,75, 

Maximum negative traction (x= 0) = - — x 3-414,60. 

The old formula gives ^ x 7*586,75 and - — x 4*413,25 respectively. 
For intrados = 0 for x = 52“ 25' (old formula 50“ 47') ; 

Maximum positive traction (x = 0) = — x 5*539,02 ; 

Maximum negative traction (x = 90“) = - - x 8*660,27. 

0 ) 

The old formula gives the same values of the traction for intrados as fo 
extrados with the signs reversed. 


[625.] It may be shown that the absolutely greatest traction is 
negative one and occurs in the intrados at B and i?'. For wrough 
iron, of which the links of chains are usually made, it would b 
sufficient to consider this traction^, but there would have to bo ai 
investigation of the positive tractions in the case of cast iron. 

^ The ‘ fibrous ’ character of wi’ought-iron causes bars of this material to hav 
a safe limit higher in tensile than in compressive stress, althougli for practice 
purposes tliey are frequently taken equal. 
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The maximum negative tiaction in the mtrados occurs atx=96°j 


and equals 


QoJ^ 


J — ll 

\(a^c)h^ 7 


equals 


T- /c; y — wjiP j 

The maximum positive traction m the mtrados occurs at x = 
T Qa^ /- ca^ \ Qa^c 


{a^ + h)\: {a--c)h\ 


7 2co {a — c) /r 


The maximum positive traction m the extrados occurs at x ? 

f 2 ^ 


and equals 


-(a= + A>) 




The latter will he greater than the former if 
4a® > TT (a® + K) {a + c), 

which will geneially he the case, eg if a = 6c 

In wrought iron our condition for safety is thus 

^ > 9^ i — SI (xxx), 

® 7:^(P{a^ + h^)\{a-c)h J 

or, to a firat appioximation, the diameter 

This value of 2c may then be substituted m the small terms of (xxx), 
and a new approximation found The result (xxxi) agiees with that 
given on S 372 of the tieatise, but the other results of this article 
aie not given in it, and are erroneously given m the memoir More 

exactly, neglecting only terms of the order , I find that the cubic 

to determme the limitmg value of c /a is 


(xxxi) 


\ 4$ 


m 


(xxxu) 


This differs entiiely from the cubic given in the memoir, and m the 
treatise (S 372) Winkler has ^ instead of ^ for the second term of 
the first bracket 

[626 ] Case (ii) Suppose the circular Imk has a stud 
Then we have fiom (xix), (xx) and (xxv), 

P = ^ (i? sin X + 0 cos x) (xxxiii), 

jlf=llii£±£i-?(i?smx+<?cosx) (vvxn), 

TT , /i -a 


whence m = ^‘(<3 + if) - 3 (7? “-ni X " <? x) 


Q-h E a 

77 rt + // 


(wwi) 
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From (i) and (xxiii) we find : 


^.Vi _ — 

h? V 4; 

-\ 

o - 1 + 


+ h^ 
a^ + Jh^ 


.(xxxvii). 


This value is not given in the treatise ; it difibrs, even when we take 
only the first approximation, from the ^alue given by Winkler in the 
memoir. 

From (xxiv) we have : 


aQ (a^ fi tt ^+1N ^ + 1 


__ aQ j( 

’“jst: 


U 8 ir y 
A O'Q t 


•■••(xxxviii), 
(xxxix). 


Let ^ = tan €, then we easily find for the position of the neutral line 
from (xiv) : 

2 72 sin (45° + c) 

'0o__ 2 ; . 

a ~ 2J2 sin (4^“ + e) ; T W- 

-i /_cos(x-e) 

TT 

Finally for the tractions in extrados and intrados from (xiii) we 


_ 0 ) _ ^ + 1 
Q TT 


it /^]i^ 

^ ... 


(a =fc c) I 2A^ a ± c cos € 


where the upper sign refers to the extrados. 

[627.] Now ^ is positive, hence c will be found to be an angle in 
the first quadrant ; cos (;( - c) cannot thus be negative and we shall get 
the maximum positive traction in the extrados by making cos (x - c) as 
small, or x-€ as large as possible, irrespective of sign. Thus we must 
put x = '”'/^ ^ according as e is < or > 45°, or ^ < or > 1 ; the former 

generally holds. Hence the maximum positive traction in the extrados 

Q r l+1 ^ 4 1 / \ 

<u 1 IT a^ + h^\ h^(a + c)) 2h^a + c^j 

The maximum negative traction in the extrados will be at x = e and 
so equals : 


9. 

r ^+1 

(1 + ^ 

, c 

(D 

, TT 

V ^ ^^(a+cV 

^ a+~c 

For the intrados the maximum positive traction w 
putting X - €> so equals : 

9{ 

i+l a- 1 

oFc \ 

, or c 

1 1 

0 ) 

. TT + \ 


' 2Jra-c 
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For the maximum negati\e traction in the mtiados we must have x ~ ® 
as gieat as possible, oi as a rule we put x = w/2 Tlius it equals 


Q 

fl+1 a” / 

aV \ c ^ 1 

0) 

1 TT a"* + \ 

h {a-c)) 2A a-c ^ J 


( 8 ) 


JULLUOU UC V^aiUUXCbLCU. iVX CbXiJ r V-ii w* 

definite material (S) has in general, legardless of sign, the greatest 
value Hence, if the links be made of vTought uon for which the safe 
tensile and compressive sti esses may be taken as etjual (see our Art 
625), we have, if be the safe maximum compressive stress 


Q< 


l±l_?L 

TT 


(' 


(oT. 

ac \ ci 

h (a-c)) 2h a — c 


(xlu) 


This equation also gives us the proper ratio of c to a when the value 
of Q IS given 

Results (xxxviu) to (xlu) difier very considerably from Wmkler^s 
He makes the maximum stress to be tensile and not compressive 


[628 ] Let us suppose the link of our Art 624 to have a cast iron 
stud placed m it, and let us take its modulus to be one half that 
of the wrought iron link and its mean cioss section to be two thirds 
that of the Imk^, then 

n = Ed) I = 3, 

and we find 676,098 

For a special elliptic Imk I find m Art 640, 359,813 Winkler 

finds in his treatise (§ 372) foi an oval link 5612, but I ha\e not 
verified his aiithmetic Thus it appeal’s that in the stud of a circular 
Imk there may be nearly double the stiess that theie is m that of an 
elliptic Imk 

For the stretches m the two axes we ha've from (xxxviu) and 
(xxxiv), 

— =-^x 2 028,295, 

a j^o) 


a 


^ X 4 534,677 

U(j) 


The first is less than a fouith, the second less than a halt of the 
values for the same link without stud The total extension of a chain 
made of links having studs would only be about of the extension 
of a chain of the same length undei the same load having the same 
links without studs We miy note that m geneial 


a Q / \ a Q J ^ a a a 


1 These agiee pietty clo'.eh vith the number'^ cho eu W inkier in hi tieati^^e 
§ 372, for an oval img with stud 
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where — and are the stretches in the semi-axes of an equal link 

Oi Oj 

without stud. These simplify the calculations for a link with stud. 

For the neutral line from (xl) : 


^0 

c 


-037,091 

*883,962 - cos(x~€) 


where c = 34° 3' 45'', 


and it passes to infinity when 

X=61° 56' 20" and 6° 11' 14". 

I have traced the neutral line in the lower figure of the plate, p. 430. 

Finally for the tractions in extrados and intrados (T and T' say) we 
have : 

^ = ^{11-276,31 - 12-242,90 cos (x- e)}, 


= 1 {-14-515,44 + 17-140,06 cos (x-«)}. 


The maximum value of ^ is positive and occurs at x = 90°, its value 
being 4*419,13. The maximum numerical value of T is negative, 

and occurs also when x==90°, its value being — ~ x 4*915,34. In the 


case of wrought iron the latter gives the limit to strength. Thus we 
see that the circular link with a stud of the above character in it is 
about 1*76 times as strong as the link without stud. Winkler in his 
memoir makes it 2*5 times as strong, but his analysis leading to a 
tensile limit is, I think, incorrect. In the treatise the only case of a 
link with a stud which he works out is an oval link. Here he finds 
his maximum stress compressive and the ratio of strengths with and 
without stud = 2*088. I have not verified his arithmetic, but the 
results of the treatise seem more probable than those of the memoir. 

The traction in the extrados vanishes for 


X = ir 8' 33" and 56° 58' 57", 
that in the intrados for 


X=r 56' 8" and 66° 11' 22". 

The curves of stress in extrados and intrados will be found traced 
on the right-hand side of the lower figure of the plate, p. 430. These 
curves are very interesting especially when compared with the curves 
in the upper figure, as they show the influence of the stud. The dotted 
curves give the values of the tractions calculated from the formula, 
To) — ^Mc/k^, where M is given its value from (xxxiv) after has been 
put equal to We find : 

7’ = ± ^ {12-716,77 - 14-485,38 cos (x - «)}, 
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hich vanishes foi 

X = 5° Sr 10" and 62" 40' 20" 

We see that the old formula gives results diverging considerably 
from the true ones 

[629] The diagrams on the plate, p 430, referred to m 
Arts 624 and 628, indicate a useful lule for welding anchor rings 
and others of circular form The weld ought to be subjected to 
the least positive traction, hence the proper place to weld them 
does not seem to be at the section to which load is applied, but 
in the case of a nng without a stud about 40® from this section, 
in the case of a nng with a stud about 30® from the same section 
As in the former case the ring can generally slip round so that 
the load may be applied at every section, we ought to provide for 
the welded section being able to sustain easily a traction equal to 
the greatest traction, which occurs in this case when the welded 
joint is the loaded section 

[630 ] The next portion of Winkler s memoir is entitled Bing 
dessen Axe aus ziuei geraden und zwefi hcdhhreisfdrmigen Theilen 
besteht (S 240-2) The analysis of this as that of the previous 
cases IS incorrect , it is not reproduced in the treatise There is 
also a difficulty about this case which does not seem to have been 
noticed by Winkler and which also reappears m the case of the 
oval hnk foimed of four circular arcs which he discusses in the 
treatise^ The difficulty arises from the discontinuity m the 
tractions at the sections for which there is an abrupt change of 
curvature , thus, while to satisfy the statical conditions we make a 
continuous change of bending moment and thrust at these sections, 
there is an abiupt change of traction owing to the apphcation of 
the Bernoulli-Eulerian hypothesis The exact distribution of the 
stress ovei such sections seems on that hypothesis to be arbitrary, 
but it piobabl} may be safely taken equal to the mean of the 
ti actions on eithei side I do not think this peculiarity m\alidates 
the solution for sections at small distances trom those of discon- 
tinuity An interesting but I expect difficult pioblein would be 
to analyse the natuie of the stiess at such a section b\ the geneial 
theory of elasticity 

1 I have not \erified Wiiiklei s analysis foi this oval link ^^hlch itplaces the 
hnk with stiair^ht sides and the elliptic linl ot tht. memoii It is voiked out 
for specul niimeiicil cases with and without a stud but no attempt is made in 
the tieatise to diaw stiess cui\es a^^ m the memoir 
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[631.1 I shall give my own analysis of the link with semi-circular 
ends and flat sides and compare the results with Winkler’s. Let a be 



the radius of the semicircular ends, 2e the length of each of the straight 
parts, h = a + e] Aai = change in semi-diameter of the link, between 
the mid-points of the straight parts; Aa 2 =: change in semi-diameter of 
base of semi-circular part; Mq the bending-moment at the joint of 
semi-circular and straight parts, and let the rest of the notation be as 
before except that subscript i refers to the straight and 2 to the circular 
parts. 

We easily find : 

since po= 00 for the straight parts. Further 

i /2 = ifo + 1 a (1 - cos x), P 2 = I cos X (xliii), 


whence 


W2=(-Mo+ (1 


Qa 

-j 


a 2 


....(xliv). 


Let = qK^ = qhi% where q is given by Equation (vi) of our 
619. Then from Equation (xxii) we have : 


Art. 


where 


whence 




j + a 


qe + 












Q 


.(xlvi). 
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For the tractions we have from equation (\m), 

~ “ cos y) 1 for the curved parts 

2i ^ I (xlvu) 

iTct) = -^ |l ± ~ - l)| for the straight pai*ts ^ 

It may be shown that, since ^<1, the gieatest positive ti-action 
occurs as a rule at x = 7 r/ 2 , but that the negative ti*action at the same 
section IS greater Hence for wrought iron this negative ti'actioii 
becomes the measure of safe loading If ^3 be the limit to safe com 
pressive stress, we must have 

^ 2a>To , , , 

J 

For a circular link without stud we have fiom (xxx) 


2a (a c - 1 
TT id* + /r) t A a - c J 


The latter, if we take h = h will therefore give a greater per 

missible value than the foimer for Q, if, . ^ ^ is 

T\a + /O 

easily seen to be always true whatever e may be Hence we do not 
gam mcreased strength when we elongate a given ciic''''io^ ^ 
mseiting straight pieces at the sides In fact the longe 
pieces the weaker the link, till the weakness 1 caches a maAjimum wirn 
^ = 1 , for e = oc 


[632 ] For the neutral line I find 

Vq h ^ 


« ^(l+M-cosx 


foi the cur\ed paits, 


= ? — f 01 the stiaight parts 

a a (4 - 1) f 

Furthei foi the change in the semi axes we ha\e b} (xxm) to (\xi\) 




ni (e a hin )() adx 




whence 


JJjiXili A ii 


^~qe + ae + \a - ^ + 7 ^ 


This result would agiee with W inklei’s A\eie we to put 7-I, 01 
h 1= K , thioughout 
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We easily find : 

or, Ewhi^A&i = Etohfi^ +^{l-^qe^ (li). 

Por Ab we have : 

^ ^ + + {qae + j (lii). 

To a first approximation (ie, i£ q = l) (lii) agrees with Winkler^s result, 
but my value for Aa^ appears to be quite different from Ms. 

Winkler traces the neutral line and stress-curves for the particular 
numerical case of a = |c and d = 4c, or the length of the straight piece | 
of the diameter of the cross-section of the link. Equation (xlix) shows 
us that the neutral axis for the curved part is similar to that for a 
circular link without stud, while for the straight piece, it is a straight 
line parallel to the straight piece and outside the link, since ^ is < 1. 
The stress curves are thus similar to those of the upper figure on the 
plate, p. 430, ' for the curved parts, and are straight lines for the 
straight pieces. I have not redrawn Winkler’s curves, which are 
wrong owing to his erroneous formulae. They present, however, no 
novelty beyond those we have already dealt with. 

[633.] The concluding pages of the memoir (S. 242-6) 
are entitled: Hmgr mil elliptischer Axis, and deal with elliptic 
links with and without studs. Not only is Winklers analysis 
incorrect, but even as an approximation the terms he neglects 
are of equal importance with those he retains. He expands also 
certain expressions in terms of the eccentricity in very slowly 
converging series, which would be better replaced by elliptic 
integrals, whose values could be found in Legendre’s tables. The 
case of an elliptic link is not dealt with in the treatise. 

The following considerations by which Winkler selects a 
numerical case will, perhaps, show the difficulty I feel in accept- 
ing his analysis. He argues that to prevent the jamming of two 
links we must have for elliptic links (axes 2a, 2b) of circular 

cross-section (diameter 2c) c = < y — c, whence a/b > = 2c/a. 

Redtenbacher, for a link without stud, says b should equal 3-Gc, or 
we must have a/b > = *745. He further takes for a link with stud 
6 = 4c (whence ajb should be > = *7l). In both cases, however, 
he puts a/b = *69 which allows jamming. Winkler takes ajb = *71 
and b = 4c, whence he finds a = 2*82c, and the eccentricity 
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e— 709,22^ Thus e is not a small quantity and bis senes con- 
verge very slowly Further his least radius of curvature = a* b=2c 
nearly But he puts thioughout = or by our Equation (vi) 

c* 

he neglects terms of the order J — or 1/8 of those he retains, 

Pa « 

thus his expansions of the elliptic integrals to high powers of e 
are futile, for his results on other grounds are not necessanly 
correct to the first place of decimals To retain the term in {c/p^Y 
in leads to enormous complexity of calculation, but I propose to 
retam the term (cIp^Y neglected by Winkler so that even m the 
very eccentric link chosen by him, we may hope to get within 
two per cent of the true result, while for values of a jh large as 
compared with c we shall have all the accuracy requisite in 
practice In what follows I indicate only the general outlines of 
my analysis 

[634 ] Let X be the angle the normal at any pomt of the elhptic 
central axis makes with the minor axis a, and let the radius to the 
correspondmg pomt of the auxdiaiy circle make an angle i/f with a, let 
e equal the eccentricity = .yi - a^jlf 



Then we easily find, with the notation of the preMOus ai tides 

^ 1 

tanx^JtanV', p,= - (1 -e sm ^)^ | 

^ b I- e xj/ j 

1 Hi 9 values ior a and 6 do not seem to a^ee vith those he has choseu loi ajO 
and bjo ' 
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....(Iv). 


If there be a stud with resistance R = iQ, we have from (xix) and 

(^): , 

„ Q \ $ IVl-e^sini/r + oosf 

p.|«»>x+o«.x)-5 W. 

y + ^ (a- os) ==^(rja-^hsmil/-’ a cosil/)^ 

where Mq-¥-^ =^7] — 

Further from (vi) since K?-c^j4:: 

so that neglecting quantities of the order (c/po^) we have : 

1/^2= 1/k"|i - I (l-e=sinV)4 

•O J.-L Tir J XT- R 

Further wi = if + — + — r and therefore : 

Po Po 

m (Tja — ib sin if/ — a oos ij/ rja — sin i/f - cos if/ 

2 1 /? ¥ (l -e^sin^j/f)® 

a iasixxxl/ + hGOBxl/) ,, ... 

^ 6* {l-^3ia?^f I 

Whence from (xxii) with the notation of the footnote below ^ we have 
’? VI - J' no) = ^ Va - f (ru + rs)} 


+ ^V4-pVia-ya] 


.(Iviii). 


^ The following integrals (Aip= y'^l-^‘^sin‘^^) will be of value in this discussion ; 
the 7 '’s are their values for the special case of our Arts. 636-40 where c^=l/2 : 

7i = j 72 ' = 1*350,644. 

=/r3’ v;=1'854,075. 

(These are the ordinary complete elliptic integrals, their usual symbols J£ and F 
being discarded to avoid confusion with the elastic moduli.) 


f . 11 — 1 + c 

=j^ smi// Ai^#=- + log — ; 73 ' = -811,613. 

f . /i _ 1 

= 1 ^ eos^ — + — sin-if? ; 7 /= -908,914. 

= ^^-=1.006,862. 

=/r““4'' V= -847,213. 
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For a ] 


, and we find 
(Ixx) 


L link without stud we have only to put ^ = 0, 

5“ a" 

^yi2“y9 

^ = T — 

^ "yi rio 

Winkler retains only the first terms in the numerator and denomi 
nator, thus he should have t; = yjji 

f 7r/2 Qm\f/ , , 1 , o 


79 

7io 

Til 


W.4W 

M2sm^eosj; j,(_l 828, 

^15 jo (A,//)«J e Vji-e ) 

UH , , 1 V V, 


828,427 


7ifa 

7i7 


'V * 

„ „„ - ^ V, -7 V 7is'=2 930 476 

(A./-P 3e {1-e ) Vl-s ^ ) “ 


_ /■W2 si^ i ^ 

I 0 / A,/,\0 r 


■-jo 3e {l-e)\l-<! — ^ 


1236,050 

1218,951 


/-./i cos.^ sm^ ^ 1(1 -jrr?) 7i9'= 580 786 

^AJ jo A;/' 


7 

7 1 


7; = 618 02o 


jo ' 

„ = Mm = 1 { (1 - 0 ) 7 - (1 - 2^“) 7il 

: COE. <pAid^ = {(1 + 0 ) 7i - (1 -« ) 7 } , 7 i'= 732 619 

- 00!../' am^Atl/d^ — ~ 
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[635.] The second relation between ^ and rj must now be found 
from (xxiii). After some reductions we have since ; 

J^(oAa = - nRa = - niQa 

ys - ^ (yu + ys)) + ^ ^ + 3 ^yu-ye)) 

--2y23 + j5(yw+yw)+yiB-yw (lx). 

Equations (Iviii) and (lx) enable ns to completely solve the 
problem. If there be no stud we put ^ = 0 on the right and replace 

by - ^ on the left of (lx), using (lix) with it. If there be a stud 

(Iviii) and (lx) give the values of ^ and 97. 

The following is the value of A5 

2E(a Ab ( \ .(ah . \ ^ / 

;^=^|-;^74+^ri2 + ^2r9j+f|^r22“p(ri8 +7X5)-^ (ri5-7l9 

+ -ay2i-j4yi7-2y2yi4+y6 (M 


V, 


Further the neutral line is given by 

~ |y - sin^ if/ - “COS® (1 - sin^ xl/)^ 

— - ^^sin® i/y- ^ - 1 sin i/y - ^ cos ij/^ (1 - e^sin® i/r)® - 2^ 



and the traction in extrados and intrados by 


T(i} = P^ 



3c 2c^ 2c®\ 

4. sp J 

Po Po^ PoV 


{lxiii)S 


P, M, and po being substituted from (liii)-(lv). 

The values of these quantities might be traced for a link either with 
or without stud as in the case of the circular link, but the discussion 
must be omitted here, and we confine ourselves to the consideration of a 
numerical example. 


^ The full discussion of these tractions would be complex, but the maximum 
maximorum after the investigations of Arts. 625, 627-8, and 631 may be assumed 
to exist at the loaded sections, \f/= We have then, if ebja? bo small : 

for the extrados : 

f. Bcb 2c^6‘-* 

Q 2c V ~ ^ a“ J ’ 

for the intrados : 

Q ^ 26' \ ^ ^ )' 

These do not appear to agree with the results on S. 245 of Winkler’s memoir 
even when we neglect c^/a-^. 
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[636 ] Asa nuineiioal example we cannot take exactly \Ymklei’s 
case because his numbers do not appear to be consistent Suppose 
we put c — ajh — c and & = 4c, then ajlP- 5, or e- = l/2, whence 
alb = e= 707,107 and a = 2*628, 427c 


[637 ] Applying these values and those of the footnote on pp 440-1 
to equations (Iviu) and (lx), we find 

84 357,945 = 69 687,551 1 + 55 813,461 (Ixiv), 

49 276,540 17 = (2^^ + 52 180,746)^+26 315,392, (Ixv), 

or, if the link be of wrought-iron and the stud of cast-iron of the same 
relative dimensions as in our Ait 628, n = ^ and 

49 276,540^ = 58180,746^ + 26 315,392 (Ixvi) 


[638 ] First suppose f = 0 m (Ixiv), then we have for t] 

7j= 661,627 (Ixvu), 

while Winkler has for the corresponding quantity 670,32 I beheve 
that 662 IS very near the correct value 

Putting 7 i| = - ^ — andf = 0 in (Ixv) I find 


-=-3 143,638 $- 
a Act) 


(Ixviu) 


Winkler’s result after some leductions yields with considei'able 
dnergence from mine 

- = -3 668,917-^ 


From Axi), 


^ = 2 255,656 

0 Ao) 


(box), 


wliilo Winklei has ^ = 2 134,83 ^ For the oval link m the tieatise 


ho findb ^-=2 252,0 
b 


Q 

Em 


L istly for the maximum positive and negative tiactions we haie 
Tm=2M\Q and 2 ’ft) = -G 050 0 

ot wliloh the litter is the greatei and may theiefoiehe taken to mei^uit 
ili( sttcn<'th of a wiouglit non link of these dimensions 

Winkld’s mimbcis give ro) = -5 204(?, i result which appeals 
much too small The fact is that for our pie^eiit case neithei (Kiii) noi 
the s< IK s in the footnote on p 442 arc sufficienth appioxiuiatc 
Supposing the value of to be collect, I haie obtained the iilue aboie 
by nsiiig (sill) Foi m ov il iing with a = 2 u h- 4c, made up of foui 
cnculai arcs Wmklci in his tieatise (p 3 / G) finds 
wliicli tends to confiim the lesult we have found toi the uliptio link 
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[639.] Let us compare the strengths, weights and longitudinal 
extensions of three links, one elliptic, one circular and the third 
with circular ends and flat sides. Suppose them all to have 
a longitudinal semi-axis h = 4c, and for the ellipse suppose 
a /6 = l //\/2 as above; for the flat-sided link suppose the curvature 
of its circular ends equal to that of the ellipse at the ends of 
its longer axis; this involves in the notation of our Art. 631, 

If T\ T'\ T"' be the maximum compressive stresses, w\ w'" 
the weights of the links, Ah', Ab", Ab'" the semi- extensions we find 
from Equations (xxvii), (xxix), (xlviii), (lii) and Art. 638 : 

T : T : T" :: 6-050 : 6159^ : 4*904 

w' : w" : w'" :: 5*4026 : 6*2832 : 5*1416 

Ab' : Ab" : Ab'" :: 2-2557 : 4*9242 : 1*3085. 

Whence, generalising from the results of these particular links, 
it would appear that elliptic and circular links of the same 
length are not very different in strength, that the elliptic link 
stretches about only one half of what the circular one does and 
weighs less ; but that the link with flat sides and circular ends is, 
if of the same length, stronger than either of the others, less heavy 
fl.-nH ‘Stretches considerably less than the elliptic one. Thus such 
: is distinctly the best of the three forms considered, and in 
1 frequently adopted in practice. 

[640.] Suppose the link to have a cast-iron stud. Then we find 
the following v^ues of rj and ^ from equations (Ixiv) and (Ixvi). 

77 =-958,866, -359,813, 

values certainly not to be trusted beyond the third decimal place. 
Winkler (S. 244-6) finds the very different values : 

77 = 1-211,500, -631,804. 

We have also from equations (lx) and (Ixi) : 

'^ = -r079,440-^ , ^=1-455,831 ^ ■ 

a ’ ^(0 ’ h ' Eui 

Winkler has for the numerical coefficients for the case of the 
ellipse in the memoir -055,353 and -866,752 and lor the oval link in 
the treatise 1-808,305 and -743,774. I think these coeilicic'nts iu both 
the memoir and treatise are incorrect. For the oval link Winkler lias 
Ab actually cAa (S. 376) and this seems extremely impiobable for a 

^ This value differs in the first place of decimals from that given by Winkler in 
his treatise, 8. 372, but his approximations arc very rough. 



641] 


WINKLER 


445 


link -witk a stud We notice that the effect of studs of the character 
considered above on elliptic links is to leduce the stretch of the chain to 
less than two-thirds of the stretch m a chain made of ImVa without studs 
[Bhnally for the maximum compressive stress I find from (xui) 

5^a)=-3 9353e 

Winkler in his memoir has (S 246) 

^0)=*=- 2 092,872 

a value, I think, much too small For the oval link of his treatise he 
finds (S 376) 

5^0)=- 3 082,472 Q, 

which differs moie widely than I should have anticipated fiom my 
result for the elliptic link It will be noticed that the strength of the 
elliptic Imk with stud is more than 1 5 times as great as that of the 
link without stud 

[641 ] In the above articles I have corrected and developed 
Winkler’s theory as the best yet available for stress and strain m 
the links of chains The calculations have been laborious and I 
cannot hope they are even now absolutely free from error, still I 
believe that I have avoided some of the slips of Winkler The 
theory can only be approximate at best, and the six places of 
decimals to which some of the results are calculated must not be 
supposed to suggest any real accuiacy beyond the first two or 
three figures, unless the dimensions of the cross-section are small 
as compared with the radius of curvature of the Imk This 
remark applies particularly to Winkler’s numerical example of an 
elliptic link, which with certain modifications we have followed 
More accurate results would have been obtained by taking the 
eccentricity still = but h equal to 6 or even 10 times c 

The formulae we have given for the ellipse may be readily apphed 
to centrally loaded elliptic arches as well as to complete elliptic 
spiings 

The ahsoliite strength of chains will be found in reality to be 
gre itei thin would be given by the above formulae for the 
iniMinuiii coinpiLSSivc stress Such formulae ought onl} to be 
applied lo obtiin the fail limit see our Arts 5 (e) and 169 {g) 
r>efoie uqituie is leichcd set has changed the shape of the link, 
and the links pi ess upon and hold each other, till m some cases 
tin ibsolute stiength of a chain appears to be close upon the 
ibsoluh slu iiiiu» oi even tensile strength of the mateinl see 
Sedion III ol this Gli iptei 



446 


WINKLER. 


[642—644 


[642.] E. Winkler: Festigkeit der Rohren, Dampfkessel und 
Sohwungringe. JDbt GwilingewieuT, Bd. vi., S. 325—62 and S. 
427-62. Freiberg, 1860. This is a lengthy analytical memoir, 
which so far as its methods are concerned is more likely to be 
intelligible to the mathematician than to the practical engineer. 
It commences with a brief reference to Scheffler’s memoir on 
tubes, remarking that his hypotheses, that there is no longitudinal 
expansion resulting from lateral pressure, and that the maximum 
traction is the measure of strength, are both alike unacceptable : 
see our Art. 654. 

[643.] The first section of the paper entitled: Allgemeines 
(S. 326'-38) contains a general discussion of the resolution of 
stress and strain, remarks on the value of the stretch-squeeze 
ratio {rj ) — which Winkler proposes to take either or according 
to the material, — the consideration of a stretch limit of strength, 
and finally expressions for the stresses in terms of the shifts in 
the case of cylindrical coordinates and bi-constant isotropy. 

[644.] Section II. (S. 338-47) contains the theory of right 
cylindrical tubes with open ends; there is nothing of real im- 
j-T. - ~ ' ^tion whlch fiud not already been given by 
e have not reproduced in a more general and 
iiuiii Saint-Venant : see our Arts. 1012*, 1087*-8* 

joeutiOn III (S. 348-62) deals with the same form of tubes 
with closed ends either hemi-spherical or plane. The treatment 
of spherical shells presents no novelty and Winkler seems to have 
missed Lamd’s method of fitting the cylindrical and spherical 
parts of a boiler by a proper choice of thicknesses : see our 
Arts. 1038* and 125. 

The treatment of the flat ends, or of circular plates (S. 355-62) 
under a uniform surface pressure, is based upon the assumption 
that lines in the plate perpendicular to the mid-plane before strain, 
remain perpendicular to that plane after strain. 

This problem had already been fully worked out for a thin plate by 
Poisson (see our Arts. 495* and 502*), and another problem very like it 
for plate of moderate thickness (2c) has been considered in our Arts. 329- 
30. Winkler assumes that even with surface pressure (cf. our Art. 325) 
we may neglect tlu; traction perpendicular to the micl-plaiiG of our 
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plate, or put in the notation of our Art 329, « = 0 , this leads to the 
equation 


whence as in Art 330 we 


d'rs 

dr 


r 


ought to have 7z of the form 


= const X 

r 


Wmklei by not very intelligible reasoning deduces 
92 = const xr(e-~s;^), 

or, a value which does not satisfy the body stress equations It follows 
that his values for w, and for w, w aie all wrong Thus neither 
his results nor the inferences he draws from them as to the thickness 
for the plane ends of cylindrical boilers need further consideration 


[645] The fourth section of the memoir (S 427-48) is 
entitled JEinfluss der Endfldchen, des Gemchts der Rohre und des 
ungleichen Wasserdrucles This investigation seems to me abso- 
lutely unreliable and quite as nugatory as that of Scheffler In 
the first place (with the notation of our footnote p 79) Winkler 
neglects the traction 55, i e the traction perpendicular to a meri- 
dian plane of the cylinder (mean radius a), in the next place he 
assumes w to be of the form (if) takes u to be 

independent of r, which he says is legitimate if 2e, the thickness 

of the cylindrical wall, be very small Lastly he n« 

2 

16^ “4 TT ^ compared with dhijdd^ on the ground that e ja" is 

very small (Equation 119, S 430) On his own shoving the ratio 
of dhijdz^ to d^u/dz^ is of the order IjV where I is the length of 
the cylinder , hence for a cylinder in which Ija is great his results 
will not be correct, and were it only for this assumption, i e the} 
would not be true for flues 


In the pait of the memoir which deals with the influence of the 
weight of the cylindrical tube, Winklei supposes a iing cut out of the 
cylinder by two planes perpendiculai to its ixis at uait dibtance and 
calculates the etfect of the weight of this iing in defoimmg itself aftei 
the ra inner of his memoir of 1858 (see our Ait 622) But I liaie 
ilscwheie given, leisons (see oiu Aits 1547“*, 537) foi questioning buch 
a method of treatment We might just as fith apph it to sohe the pio 
])](m ot the cyliiidiitil shell &ub]ected to external incl mteinil pie^suies 
All Wnilhi leally woiks out m these piges is the etitet of \s eight m 
distorting a thin ciicular belt of unit hieadth placed in i \titic'il pluie 
In doing"^ this lie neglects quantities of the oulei (thiekness diametei) 

It a bo till 1 idiiis of the ciiculu img, 2e its thiekntss supposed of 
lectaiigular ci oss soctioii (ie x 1) p its deusiti Wmklei tiudb loi the 
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maximum bending moment M\ which is found at the lowest point, or 
point of support : 


Further he has : 

Maximum compressive stress 


_ 3if ' _ 9a^gp 
" 2? - IT ’ 


Extension of horizontal diameter = 3 (4 - tt) , 

Compression of vertical diameter = 3 (8 — . 


These results are correct for a slender belt resting on its lowest point 
and subjected only to the action of its own weight, i.e. when terms, whose 
ratio to those retained equals are neglected ^ They have no legiti- 
mate application to the case of a heavy cylindrical shell. (S. 442.) 

Winkler’s further investigation by a similar process of the strain 
in a cylinder which is only partially filled with water and is thus 
subjected to different internal pressures in its lower and upper portions 
seems to me equally questionable. (S. 442-46.) 

Allowing for the weight of the cylinder and of the water in it, 
Winkler finally gives for the thickness 2e of a cylindrical boiler of 
internal radius Ti, or being the density of water (S. 447); 


2€=ri 


'2QP 12 r^gp //29 P 6 r^gpV 15g<rri 
48 n P ^ V \48 P n T ) '^ 4nT _ 


+ T. 


is a constant added to allow for wear and tear (see Section 
Chapter), and ti is a factor (which Winkler puts = 3) taken 
3 the values calculated for the effects of the weights of the 
and of the water inside it. P is the steam pressure and T 
«,fe tensile stress of the material. The author says (S. 446) : 

Diese Werthe sind allerdings zu gross, da die Deformirung des Kessels durch 
die Einmauerung, durch die Boden, sowie durch etwaige Bander, welche man 
um die Kessel legt und welche zur ErhShung der Sicherheit sehr zu empfehlen 
sind, geschwacht wird. 

A theory which gives such large values that they have to be 
corrected by arbitrary factors can hardly be considered satisfactory. I 
give the result for what it may be worth, but express no confidence what- 
ever even in its approximate accuracy. Winkler reduces it to numbers 
and compares it with a formula which he says is usual in Prussia 
(Brix’s formula with an exponential : see Section III. of this Chapter). 
The two frequently give very divergent results. 


1 


I find for such a ring of any 
Maximum bending moment 


cross-section w in the notation of this work : 
_ Swpga^ 


Stretch of horizontal diameter = yf ^ ~ * 

Squeeze of vertical diameter (^2 - 

K K- \ 4 y ’ 

which agree with Winkler’s results for the special caso. 
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[646 ] Section V of the memoir ls entitled Sthiiungniige (S 448 
-62) Winkler first gnes a theoi^ of fl} wheels in \\hieh the influence 
of the spokes is neglected He furtlier supjioses the traction perpen 
diculai to the mei idian plane uniform across the cross section whence 
he easily finds for its value 





to*', 


0 ) being the spin of the wheel, p the density of its material, and k the 
swing radius of the cioss section about an axis m its plane through its 
centioid and a the distance of that centioid from the axis of the wheel 
Winkler (S 450) goes even so fai as to apply this foimula to mill and 
grind stones ’ Compare our Art 590 

In a gemueie Theoiie (S 451-4) Winklei puts = 0 and S = 0 
This appears to be really identical wnth Maxwell’s theoiy (see our Arts 
1550*-51*) Winkler finds, if be the safe limit of tractive stiess 
that 


pU 


p[(l-r?)rr + (3+,), ]’ 

Ti and r being the inner and outei radii of the nm This theory for 
71=1/4: gives a result for an entiie disc almost in agreement with that 
giv en by the first theory (S 454) 


[647 ] Finally (S 454-62) Winkler attempts to take into account 
the influence of the spokes He piactically follows the lines of Eesal’s 
investigation (see our Art 584), except that he tieats fiist the case 
when the portion of the nm of the wheel between two spokes can be 
consideied as pivoted at the spokes Winklei s lesults aie complex 
and not put into a foim which pennits of easy citing I have not 
verified them He takes the values of and d (A^) d<r^ given m his 
memou of 1S5S (see oui Ait 620, Equations (x) and (\i)), thus his lesults 
if his analysis be collect, might be moie exact than Resal’s foi the case 
when Resal’s r (see our Art 585) is not neghgible It usually will 
be negligible in practice 

The memoir is rather cumbersome and w hile containing some 
inteiesting points is spoiled bv a numbei of assumptions foi which 
no stiong leasons are given, it indeed thev exist 


[648] Heimann Schefflei llieoi te dei FestigJeit gegen das 
Zeiinicken nehst U ntc't suchungen ubei die lei schiedenen inneien 
' / gebogenei Koipei vnd ubei andei e Pi obleme dei Bie- 

gungstlieoi le nut piakhschen Aimendungen Braan^chweig 1838, 
S 1-138 

The authoi of this book — a piactical aichitect — had xlu kH 
published a volume entitled Tlieone dei Geaolbe Fnttei manei n 
und eiseinen Bi ucJ en (see vSection III e>t oui pie^eiit Cbaptei) 

20 
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of which he writes that the object was identical with that of the 
present work — namely to bring more closely together the scientific 
and practical sides of the subject. The present volume deals with 
the buckling load and strength of struts, the slide of beams under 
flexure, and the calculation of the stresses in continuous beams — all 
problems which have much exercised tlie practical engineer. Two 
of these problems had received fairly complete theoretical solutions 
before 1858, but, as so often occurs, the mathematical investigation 
failed to reach the hands of the technologists. 

[049.] S. 1-58 of the work are devoted to the discussion of the 
strut problem. We have already seen wdiat ennneous results Euler’s 
theory for the buckling load of struts gives when the length is not 
very much greater than tlie diameter of the cross-section. This fact 
caused Hodgkinson to entirely discard that theory in favour of an 
empirical formula, and led Lamarle to limit the theory to such stmts 
as had not passed the elastic limit before the buckling load was 
reached: see our Arts. 95S*-901*, 1258*. Lamarle’s limitation is 
quite unrecognised by Scheffler. He starts from Euleris formula for 
the buckling load P of a column (see Ai'ts. 67* and 74*), or 

P = P(»)kV/7- 

and she^vs that this does not agree with experiment. He modifies the 
theory as given by Euler and Lagrange by placing, as a result of the 
compression, the * neutral axis ’ in an eccentric position, he thus obtains 

» doubly-pivoted strut the fonnula 

P = 2 —. 

1 

TTK- 

See Corrigenda to our Yol. i. p. 2. 

But this formula does not give absolute values agi'eeing with 
experiment, so that Scheffler after citing one or two other semi-empirical 
formulae by various authors, proceeds to propound a modified theory of 
his own. Briefly the modification consists in the hypothesis that the 
longitudinal load on the terminal sections of the column or strut is not 
exactly central. By this means he endeavoui’S to explain the discrepancy 
between theory and experiment. In doing this he adopts a true 
eccentric position for the neutral axis, but assumes in comparing his 
theory with Hodgkinson’s experiments that the proportionality of stress 
and strain holds up to rupture. We will examine one of Scheffler’s 
results somewhat at length : 

Let the longitudinal load P applied at a distance h from the axis of 
the strut, produce a deflection at the mid-point = a -h. Let I be the 
length of the strut, which will be supposed doubly-pivoted, and cjk- the 
moment of inertia of the cross-section about a line through its centroid 
])erpeiidicuhir to the load plane. Then if we take as axes the direction 
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of the vertical load (x) and the perpendicular upon this from the 
mid point of the central line of the strut (y), ve easily deduce £oi the 
equation to the distoited centitil line 

Z X 

-^cos— r W? 

fEm 


where 


nid section of th 


The cm v ature at the mid section of the central line 

2)8^ 

and the df flection (a — 5) is obtained fiom 

Z 


sec — . 

13 ')pi 


a = 5 sec - 


2j8^ 


■i 




(lu) 


Equation (in) gi%es a relation between the load and the deflection 
which, introducing the value of /3y leads to 

E(t} j V 

f (iv) 


p=. 


1 + - 


4fr 


(“•-y 


If 5 = 0, this comcides with the value given for the buckling load on 
the hypothesis of the eccentric neutral avis 

To find the elastic stiength of the strut, if the elastic limit be 
leached first in compiessive stiess, say at the 'value C, we have to 
equate C to the maximum compressive stress which aiises in the 
extieme ‘hbie' at the mid cioss section Let the distance of this fibre 
fiom the central axis be /^, then the stress 




■ b u 2ft 


Substituting foi /? and lemembermg that unit\ m all practical cases 
ma} be neglected as compared ■with E G oi Eta F find 

hb /Cti) / 

\P J 2^8^ 

Let us put F'oj==p, and equal the ^alue of the buckling load is 
given b} Eulei’b theoiy, then ^^e ha\e 


hb fC fr- /p\ 

K \p J V2 V PJ 


0) 


This equition (v ) agues with fedieflleis equition (53; s 23, ind 
gives the hunting siti load p pei unit SLction fui iii} duuhlv }n\ott.d 
stxut At tin sune time it must be noted tint h is i pt dtctlv 
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arbiti'ary constant. Till some hypothesis is made with regard to it (y) 
only shews ns that non-centml application of the thrust does influence 
the value of p, but does not indicate the amount. 

Schefler supposes the terminals hemisphencal. In this case, if ^ 
be the angle between the central line and the direction of the load : 

2^ 

5 =: A sin cl>, 


ay u , t' 

tan,^ = -^=-jtan^, 


Further 
whence we find 


(">• 

a constant depending 


2 / 3 * 

says n is 


, h , I . 

Schefler takes 6 = - sin and 

only on the material and form of the end (S. 26). It is quite true that 
(vi) substituted in (v) leads to a very complicated expression fory>, but 
why this is capable of being “replaced practically” by the simpler 
formula Scheffler takes, I fail to understand. I am compelled to look 
upon his ‘coefficient of correction’ n as a function of the load p. 
Substituting his value of b in (v) we have ; 


w- 


From this formula he calculates the value of p, putting for : 
Cylindrical columns of cast iron 7i = 6, 

„ wrought „ 71= 24, 

„ oak n = 6, 

„ „ deal 7%=B, 

are compared, not with the numbers of 

experiments but with the results calculated from 

;kinson’s empirical formulae. There is a general agreement, hut 
>es not seem to me sufficient to overcome the difficulties I feel 
witli regard to the value chosen for h : see S. 29-39 of the book. 


[650.] Scheffler makes the eccentricity of the load a function of the 
material, which it must be confessed is difficult to understand. Further 
the eccentricity is not small as compared with the linear dimensions of 
the cross-section. Supposing it were and the ends truly hemispherical, 
then we should have : tan </> = </> = sin ^ = hjh and therefore, 

y8V^ = tanZ/(2/3^), 

Hence, if d = 2A be the diameter and this be small as compared with 
Z, we have after some approximations : 

(viii)- 
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This, howe\ei, gives i rule far too laige lesults, le values of p 
which far exceed those giv eu by Hodgkinson’s expeninents for rupture 
Thus we cannot suppose the load appLed close to the centre of the 
terminil cioss section, if the eccentiicity is to account for the observed 
diffeiences 

We may, however, obtain what is, perhaps, theoretically a better 
formula than Schefiiei’s in the following m inner We do not know 
what function b is ot the deflection, but as we attempt to centre the 
load, when the deflection is zero, we will assume the eccentricity b of 
the loadmg to be piopoi-tional to the deflection (a -5), and thus 

Foi a veiy long strut h is insensible as compared with the deflection 
{a - h) and therefore as compared with a Hence 6^ is the value of h 
for a very long strut The teiimnal section of such a strut, in whatever 
manner the load be distributed over it, ciiinot hive any ‘fibres’ in 
tension, hence the limiting position of the load point must correspond 
to the neutral axis just touching the section This would be the 
farthest distance of the load point from the centre, and would I think 
be not an unreasonable condition ot things to assume as existing m a 
long strut just befoie the limiting stress is reached In this case 
7i X 5o = and therefore b = {i^lh) (1 — 5/ a) Using (m) and (v) we have 

wkence p!C = cos 0 (ix) 

For a vei-j shoit strut is immensely gi eater than or we have as 
we should expect p — C 

For a short strut in which ptp^ is small we may expand the cosine 
and we have after some i eductions 




PoO 

IT ^ 


(^) 


This agiees very faul} with the Goidon Rankme foimula see our 
Alt 469 Foi example that formula m our piesent notation gives 

B = — M— 

^ E 


wheie )i is a ceitun constant empiiicall} selected Foi cast non v\e 
have A = 16,000,000, C'- 60,000 and )t= 1,600 (iccoidmg to Rmkine}, 

A 1 1 

hence it tollows ^ - ^ For wiuughtiion we have mstead of 

jlL o iO o 

1/8, and toi tiinbti (t iking A - 2,000,000, sav) about the '^aiiic 
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When ;>/po is not small we must use (ix) as it stands, unless jo 
nearly. In this case must be small, i.e. I very large. Hence p>IC is 
small, and putting Jpjp^ = 1 - flJ we find 

bvu'^^pIG, or x = ~pIO. 

P 0 

Thus we deduce p = (xi), 

g+Ip, 

IT 

which gives the coiTection on p for a large value of L Correspond- 
ing formulae for the cases of doubly-built-in and built-in pivoted struts 
are easily deduced. 

[651.] On S. 43-58 Schefider deals with a variety of cases 
in which the terminal loads on the strut are inclined to its central 
line as well as eccentric. His results are all fairly easy deductions 
from the ordinary theory, but some of them — e.g. those for rods 
under the action of three forces (S. 48-49) — are very interesting 
and would probably give accurate forms for metal ribbons under 
such loading. S. 58-73 deal with braced girders with parallel 
straight booms. The calculation of the stresses in the bracing 
bars would as a rule be now dealt with graphically. It is 
difficult to understand how any of the bracing bars in Fig. 28 
can be in tension, yet I imagine the alternate ones ought to be. 
TKo TO-Virtio iriTTiac+^orofi'n-n rinoa soem iu tho light of recout work 

leffler points out that for bracing 
ength not more than 24 times the 
XV^UiOU VAXOiIXlC of the cross-section, but that for this ratio the 
buckling strength of wrought-iron struts is | the compressive 
strength and therefore very nearly equal to the tensile strength. 
Hence for practical purposes the tensile strength can always be 
taken to determine the dimensions of a bar. As in most practical 
cases bracing bars are subject to alternate stress, this, if correct, 
would give the convenient rule that the dimensions are to be 
determined from the maximum load without regard to its sign. 

[652.] Scheffler next endeavours to introduce the conception of slide 
into the theory of beams under flexure. This is done very much on the 
lines of Jouravski and Bresse : see our references Art. 582 (c). If x 
be the direction of the central axis of the beam, p perpendicular to 
the plane of flexure and c izi that plane, this theory fails because it 
deals only with the shear ^ and omits to consider the shear ; it 
likewise omits all consideration of As Saint-Y enant’s great memoir 
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of 1854 laid sohed the pioblem, there is no need to entei into SchejOSei’s 
stiuggles of four years later dite It is characteristic of his method 
that the equality Tx-Tl ih announced as “die bemerkenswerthe That 
sache dass in jedem Pimkte des Balkans die horizoiitalen uiui tertikalen 
Ahscliei vngsh ajte pio Flacheneinheit exnander gleich snid^^ (S 79), 
and the discovery of this remarkable fact is attributed to Laissle and 
Schubler ! 

The discussion of the distribution of stiess in a beam under flexure 
(S 82-92) IS histoiically inteiesting as one of the eaily attempts m 
this du action, and is quite as accurate as those which are still to be 
found in se\ eral Engli-sh textbooks 

On S 112-138 Scheffler returns to the influence of shde m beams 
undei flexuie His results here seem to be entirely erroneous Thus 
in the notation of oui Art 83, he finds that for a rectangular cross 
section we must have 




(S 120), 


which equation leads to an absurdity when we combined it with the 
result of substitutmg the "value of F from (18') in the firat equation of 
(19') of the same article I ha\e not thought it "^orth while to follow 
out the whole of Scheffler’s analysis His first assumption that u is 
independent of g is at least one fruitful source of error 


[653] On S 95-109 we ha%e a method described for dealing 
with the pioblem of continuous beams, oi beams passing o\er seveml 
points of support and havmg only trans\erfee loading in a veitical plane 
The method depends upon ceitain fairly obiuous lelations between the 
position of the points of support, the pomts of mfiexion, and the 
points of maximum oi minimum curvatiiie on the central axis 
Scheffler obtams an easy geometiical construction foi the pomts of 
maximum and minimum cuivature in the case of a vniformly loaded 
beam (S 103), \vhich might find its "way into practical textbooks 
Foi any general system of loading the graphical methods of Mohr, 
Culmanii and Ritter or the ipplication of Clapey ion’s Theorem (see 
our Alt 60o) aie, I thmk, superior to what is here suggested Three 
pages (109-111) on the bending of a beam into a gi\en shape present 
no novelt} and seem of no practical interest 

A criticism of Scheffler s work by Giashof will be found m the 
Zeihchift des VeieiRb deuUcliei Ingeui^uiP Biittei Jahqang, 1859, 
S 33b-43 (iiashof rejects bchefflei s theoiv of buckling and his 
treatment of biacod bus (fe “>b-7o) On the othei hand he piaises 
certain of the latei poitions ot the woik 

[(')34] H SchcfHci Die LlubticitnUieiholtnisse dei Rdnen 
welche einem Injdi ostatischeii Diiirke au^gebet^t bind m^hebundei e 
die Bestuiun till g del ]\ (tuddicke detbelhen Line fm da^ I ngemeui • 
iiesen wirhhge Li nettening dei Biegiingstheui le lesb'iden, lbo9, 
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S. 1-67. This is a reprint from the Organ fur die Fortschritte des 
Eisenbahnwesens for 1859. 

The memoir deals with a very important problem in hydraulics 
and gunnery, namely the strength of tubes subjected to internal 
pressure and the effect obtained by strengthening them by belts 
or bands of very inelastic metal. If the author’s analysis could be 
trusted such belts while reducing the stress at certain points in- 
crease it at others. Accordingly, as he takes a stress limit instead 
of a stretch limit for safety, he concludes that such bands have in 
reality no strengthening effect. Whether they have or not is 
certainly not determined by the present memoir for the analysis 
is vitiated by errors of a most vital kind, so that I do not see any 
reason for supposing the results to be even approximately true. 


[655.] The author begins by referring to the paper by Blakely 
(see Section III. of this Chapter). He then shews why certain 
empii'ical formulae proposed by Barlow and Brix for the strength of 
an endless tube subjected to external and internal fluid pressure are 
ennneous. He next proceeds to deduce the formula of Lame, which 
is curiously enough given quite correctly although the method of 
deducing it is entirely erroneous. With the notation of the footnote 
on our p. 79, he is really assuming : 

55 = ^- and 

r dr 


m other words he puts the tractions equal to the stretches multi- 
by the stretch-modulus although he is not dealing with a rod 
pure traction. This error he repeats, when he considers a tube 
surrounded by rigid belts. Compared with this it is a small matter 
that he considers it justifiable to neglect the shear The algebra 
is prodigious, but the results so pretty, that we might well wish them 
to be true, but the writer is hopelessly at sea in his physical conceptions 
of elasticity. His hypotheses lead in fact to 


— rr = 



since he supposes symmetry round the axis of the cylindrical tube. 
Hence we are compelled to suppose E = or dujdr a constant, 
both incompatible with other results of the investigation. The real 
solution for the case Scheffler proposes requires the two types of 
Bessel’s functions of zero order, and then the conditions at a belt 
will tax the powers of a very first-rate analyst b 

So far as the results of the earlier portions of the memoir are con- 
cerned, Saint-Yenant has completed the subject in his paper of 1860: 


^ The ‘ indestructibility of error ’ is suggested by the fact that Virgile makes 
precisely the same mistakes five years later. See Comptes rcndua, T. lx. 1865, p. 060. 
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see our Arts 120-2 The latter part of the mem on in\olves piohiems 
hitherto still unsolved, and of first-class importance for the theoiy of 
ordnance 

[656] Eduard Zetzsche Ztur Bestimmung des Querschnitts 
eines Korpers dessen absolute Festigkeit i7i Anspruch genomnien 
wird Schlomilchs Z&itschnft fur Matheniatik u PhgsiL, Bd, IV , 
S 341-52 Leipzig, 1859 The author apphes the theory of a 
uniform vertical prism under termmal traction to the case where 
there is not only terminal traction but also weight as a body-force 
He then investigates the proper form for a solid of equal resist- 
ance subject to terminal traction and gravitational body-force 
He does not notice that his method is one only of approsamation, 
for in both his cases the cross-sections no longer remain plane, 
and m the first the sides of the pnsm no longer remain vertical 
see our Arts 1070* and 74 

We indicate all the contents of this article which are of any value 
in the following lemaiks, — bupposmg that the stretch is uniform acioss 
each cross section, — which is obviously not the case 

Let o)q = terminal cross section to which a traction P is applied , let 
0 ) = section at distance x fiom this termmal, = weight of umt 'volume 
of the material, and Saj= stretch across any cross section , then by 
resolving vertically we have 

I gomd/x =J= Pa)o = cd x ESj. 

Jo 

Foi equal lesistance Es^ must be a constant = P, the limit of safe 
elastic ti action, therefore 

j gptacU ± Pa)o = wP (i) 

Oi, difieientiatmg, gp<ji = Tdoijdxj 

(0 = wheie = gpjT 

But 05 = 0, <0 = o)^ , 

hence w = (ii) 

Now if a; = 0 in equation (i), w = and therefoie we must ha\e 
P = P, this IS only possible if ^^e take the positne sign, vhich is 
obviously 1 condition toi the mateiiil bemg entuely in a condition 
of limiting ti action Thus equation (ii) gncs us the aiea of the cioss 
sections, uid if we know then foim ^\e tan deteimmt the cui\e vluth 
by its revolution geneiates the foiin of the tolumn of ‘equal lesi^tintt ’ 

[657] Gustav Zehfuss Uehei die Festigkeit ei/w cun Rande 
aufgelotheteu h eisfoi migen Platte Schlumilchb Zeihcluift ftn 
Mathematik ii Physik Bd ^ , S 14-24 Leipzig, iSbU 
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This paper involves, S. 16-21, an investigation of the equa- 
tion for the elastic equilibrium of a plate on the hypotheses 
proposed by Kirchhoff in 1852, i.e. the equation is not deduced 
from the general principles of elasticity. I do not think anything 
in this investigation calls for special notice, or is of any particular 
value. There is a statement at the commencement of the article 
which is not absolutely true, namely: that, when a body is 
strained beyond the elastic limits, its stretch-modulus varies with 
the strain. The stretch-modulus of a body may remain sensibly 
constant and practically equal to its original value nearly up to 
rupture : see pp. 441, 887, 889 of our Vol. i. 

[658.] On S. 14-15 we have results of the following kind. If 
A"' = X, A = X + 2/x of our notation, then 

where € is the stretch produced by unit traction (= 1/A^ of our notation), 
and c'ssthe correspouding transverse squeeze These results 

had already been given by Cauchy in a somewhat different form. 


[659.] S. 22-23 give the solution of the differential equation for 
a nlate. sunnosinj? it to be uniformly loaded with a total load to 
s I and to be budt-m at its edge. The result 
mce r from the centre is (see our Art. 398), 


3 (3 K 




This gives for the stretches at the surface (see our Art. 398) : 


hd?z 


Whence if be the safe stretch limit we have, to determine the 
proper thickness for a given load Q from : 


h=l 



K 


This seems to me the proper condition of safety, but my numbers 
do not agree witli those of Zehfiiss. I do not think the remarks of his 
concluding paragraph are correct. 


[660.] E. 0. Winkler : Die inneren Spannungen deformirter, 
itisbesondere aii f relative Festigkeit in Anspruch genoinmener Korper. 
Erhkanis Zeitschrift filr Baiavesen,Jahi'gajcig x., S. 93-108, 221-36, 
365-80, Berlin, 1860. 
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The fiist pait of this memoii onlv leproduces geneiul results such 
as the body stress equations and the analysis of traction and shew 
given long befoie by Cauchy and Lame The republication at this 
date may have been serviceable in Germany considering the ignonmce 
of the geneial theory of elasticity manifested by Schefiaer and by Laissle 
and Schubler, but it has not historical importance 


[661 ] The second part of the memoii is entitled Tlieorie der 
oelatzven Festigkezt Winkler takes as his elastic body that \^hich 
would be generated by a plane closed figure whose centioid described 
a plane curve {cent'i al hne) so that the plane of the figure was perpen 
diculai to the plane of the curve, the form of the figure changing during 
the motion in any aibitiary manner At any given section he takes 
for axis of x the tangent to the plane curve, which lies in the plane 
of xy and he supposes this plane to contain the direction of gravity 
and that of the load system 

He then says that the ordinary theory of flexure has neglected S? 
and or found eironeous values for them, and cites m this respect the 
researches of Poncelet, Scheffler, Laissle and Schubler He fmther 
states that Scheffler, and Laissle and Schublei have attempted to take 
into account JT, but neglected 'ly and 72 He declares that m general 
all these stresses differ fiom zero, but remarks that JT will usually be 
quite negligible and pioceeds to neglect it He thus reduces his body- 
stiess equations to the foim 


dTx dTy 
dx dy 


dxy d2yy 

dx dy 

djcL 

dx 


d7l 

dz 


+ -^o=0. 


d72 

dz 


= 0 


He then writes down the body suiface equations on the assumption 
that theie is a uniform suiface piessure^ (S 223) The equations thus 
obtained he cannot solie, and so he takes lefuge in hvpotheses almost is 
in collect as those of the writers he has pieviouslv cited He fust 
assumes i2 to have the same value for all points on a line m the cios^ 
section perpendiculai to the load plane (oi parallel to the axis of z) 
He further takes Ti} oi the shear m the cioss section parallel to the load 
plane iinifoim along the same line, although the breadth of the cross 
section changes continuously w ith the height (i e w ith y) 

wie z B beim lechtcckigen imd krcibfuimigeii Chiei»Lhii tt Lci dem 
crsteien miteihegt diese und die Muige Annihme ubeihiupt keinem Z\\oitel 
(b 223) 

It lb peihaps needless to iciiimd the u idei tint ^ullt^cnlnt h\e 
yeais btfoie the publication of this papei Ind shown tint tin se li\i»o 
theses which ‘admit no doubt’ ue ibsoluteh untcnible tui the cross 
sections m question ’ Fiuthei foi a thin rib Winklei take^ T constant 
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for the whole lengtli of the rib — ‘lu den iibrigen Theiien kann natiirlich 
die vorige Aimahnie beibehalten werden^ (S. 223). 

[662.] It is needless to follow Winkler’s analysis fm*ther. It 
seems to me that the modifications he introduces into the Bernoulli- 
Eulerian theory do not tend to correct it in the case in which the 
cross-sections are incapable of treatment by Saint-Yenant’s metliod 
(T and X cross-sections etc), while when the cross-sections fall 
under the cases treated by Saint-Venant the true theory is not a 
bit more complex than Winkler’s lengthy process (see our Arts. 
87-98). As for the case in which centml lino is not a straight 
line and the cross-section varies, I doubt whether he has found 
even an approach to an approximate solution. 


[663.] The second part of the memoir discusses principal tractions 
and applies them to the theory of inipture. Tlie work is inferior to 
what had been done seveml times previously and takes a tractive and 
not a stretch limit of strength (S. 229-30). Winkler applies this 
discussion of traction to several examples (S. 230-3) and concludes 
this part by the consideration of the effect of a rapidly moving load 
on the deflection of a girder or beam. Here he has to return to the 
Bemoulli-Eulerian theory for a solution. He considers first an isolated 
load. 

His reasoning in this case is the following. Suppose M the mass of 
tbp movincr load, p the radius of curvature of the central line of the 
,ely under the load supposed at the centre, v the velocity 
the length and on the mass of the beam. Then there 
.ruu'ifugal force Morjp acting downward and consequently the 

4xnal reaction R is given by : 

+ + (i). 

But the bending moment at the centre or 
Rwicjp = iEl - ~mgl 

~ ^rngl + \Mgl + 

whence 

AW7p= approximately (ii), 

since IS very smail. 

R can then be found from (i), and Winkler gives for the approximate 
central detlection^ 


^~En)ic p 


, 1 fi 
Ewk- Eo>k^\ 


EiJiK 




I 

J • 


1 Winkler has and I’oi the numerical coefficients, but I presume these to 
be mispiints for and 
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These results shew that Winkler was quite unaware of the laboi 
of Stokes and Phillips (see our Arts 1276*^91* and 372-7, 552- 
to say nothing of Homersham Oox, who had proceeded on these "re 
lines, with the like inexact results see our Art 1433* He conclude 

Wirkliche numensche Berechnungen zeigen, dass selbst bei bedeutend 
hasten und sehr grossen Geschwindigkeiten die Yermehrung der Beanspruc 
ung nur ausserst gering ist (S 234) 

This IS hardly however experimentally confirmed see our Arl 
1418^ 1420* and 1375^ 


[664 ] The last section of the second part (S 234-6) is entitlet 
ernes hewegten Zuges It deals with what we have term< 
Bresse’s problem (see our Arts 382 and 540), and presents no novelt 
Winkler’s results agree with those previously obtained by Bresse, bi 
he does not refer to him Some numerical calculations are given 1 
show that the inclement of bending moment and deflection due to tl 
velocity of the load are very small 


[665 ] In the third and last part of his memoir, Winkler applit 
the formulae of his second part to various special cases Thus I 
finds (S 365) for a cantilever of rectangular cross section (h x h) unde 
bending moment M and total shear Q that 
_ 12 % _ . _ 


Comparing these with Saint-Yenant’s results (Art 95) we see tha 
they are incorrect 

I have agaui no confidence m the results Winkler gives foi beam 
with vaiying cross sections or with I sections Thus I think the pape 
failed in achieving the purpose pioposed by its author 


[666 ] In conjunction with Winklei’s attempt to solve ai 
already solved problem I may briefly refer to the folio v mg some 
what later memoir in this place 

George Biddell Airy On the Stuans in the Intenoi of Beanv 
Phil Trans 1863, pp 49-80 This memoir vas received oi 
Novembei 6 and read December 11, 1862 Bj ‘stiains’ the lat< 
Astronomer Koyal here understands what we now term strebse 
Having regard to the full and able treatment of the flexure o 
rectangulai beams by Saint-Venant in his memoii on flexuie o 
1854 (see oui Ait 69) it seems unnecessary to analjse thib pape 
at any length It may suffice to lemaik in this place that a solu 
rectangular beam cannot be considered as built up of a numbt 
of parallel plates, still less can the stresses be expanded ii 
integer poweis of i and y (Cartesian cooidinates in the cio^s 
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section) in the manner adopted by Airy in § 14. The tables and 
diagrams of the memoir cannot be considered of value, but fortu- 
nately the plaster models and tabulated numbers of Saint-Venant 
effectually accomplish the objects Airy had in view when writing 
the paper. 

667. C. Neumann : Theorie dei* Blasticitdt Journal 

far Mathematik, Vol. 57, S. 281-318, Berlin, 1860. 

The object of this memoir is not to add anything to the 
theory of elasticity, but to obtain the fundamental equations of 
elasticity in a new way. The memoir consists of two parts ; in the 
first the ordinary equations referred to rectangular axes are ob- 
tained; in the second these are transformed so as to give the 
equations referred to a system of triple orthogonal surfaces, which 
were first investigated by Lame, 

The fix's! paragraph of the memoir explains its object : — 

Es existiren bekanntlich zwei Methoden, um die fiir das Gleichge- 
wicht und die Bewegung eines elastischen Kurpers geltenden DiSe- 
rential-Gleichungen abzuleiten, von denen die eine von N'avier, die 
andere von Poisson lierriihrt. Die erste geht von der Berechnung der 
Kraft aus, welche ein einzelnes Moleciil des Kdrpers von alien iibrigen 
Moleciilen enipfangt, die zweite von der Berechnung des Pruckes, 
welcben ein Flachen-Element im Innern des Kbrpers erleidet. Im 
vorliesrenden Aufsatze gebe ich eine dritte Methode zur Ableitung 
ich bestimme zuerst das Potential der auf ein 
>^.ujL vvjn alien iibiigen Moleciilen ausgeixbten Wirkung; 
us fur das Potential aller, im ganzen Kdrper statt- 
findenden, Molecular-Wirkungen zusammengenommen ein dreifaches, 
iiber den Baum des Korpers ausgedehntes, Integral; und gelange 
dann durch Variation dieses Integrals — in ahnlicher Weise also wie 
Gauss in der Theorie der Capillaritat — zu den Bedingimgs-Gleichun- 
gen, welche erfullt sein miissen, wenu sich der elastische Korper unter 
der Einwirkiing ausserer Krafte im Gleichgewicht befinden soli. 

The memoir is a fine piece of mathematical analysis h 

[GGS.] Neumann supposes his material homogeneous and 
isotropic. Further he assumes uni-coii slant isotro23y or he uses 
only one elastic constant in his results (Poisson’s k = our A). He 

1 The following misprints be noted : 

On S. 285 observe that Neumann assumes the result in Moigno’s Statique, 
p. 703. S. 294, at the top, for the first K read H. S. 297, equation ( 2 G) ; for 

2?/i -i -6 read 2 j/, + 6 . S. 315, in (55) : fur - , 7 , i , read in each case ^ . 

^ ■* ^ ' It. h r. It n‘ 
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starts indeed from the assumption that intermoleeular force is a 
function onl} of the individual molecular distance thus he neg- 
lects aspect and modified action The second constant K %hich 
appears in his results is not an elastic constant, but an initial 
stress equualent to the of our Art 616* (see second set of 
formulae on our p 329) The following remark shows how it 
arises and why its value is taken to be the same in all directions 

Wahrend der prinutnen Lage sollen die Molecule gleicbformig und 
olnae Bevorzugung irgend welcher Riclitungen duich den Raum hin 
vertheilt gewesen sem Ob damals Gleichge\% icht herrschte, oder ob es 
ausserei Kiafte bediuft hatte, uiu die Molecule wabrend jener I^age 
festzubalten, luag dabm gestellt bleiben (S 282) 

[669] Neumann’s work, as an in\estigation on the grounds 
of uni-constant isotropy, is extremely good, — only alas * such an 
investigation has not much practical value now that more and 
more bodies are observed to be aeolotropic Perhaps the part 
which will best repay study is the method b} which he sur- 
mounts the diflSculties attaching to the expression of the surface- 
forces in terms of the strains, when we cannot sum over the 
whole of a sphere of molecular action These difficulties had 
been noticed by Jellett see our Arts 1532*-3* but Neumann, I 
think, surmounts them and shows that surface-forces can be really 
expiessed m terms of elastic constants having the same values as 
at points of the body lemote from the surface (S 289-92) 

[670] It will not be without interest to compare Neumann’s 
and Sir W Thomson’s methods of reaching the geneial equations 
of elasticity 

Let 2mF be the potential of the molecular foices on the molecule 
01 the total mfluence of all the otbei molecules on in Then Neumann’s 
lesultb on S 292-3 aie, I believe, leally peifectly general and have 
no 1 elation to any particular law of molecular force, or to anv magni 
tilde of strain ^Ve may state them m the languige and notation 
of the present work as lollows Let u,, -w i,, ^ it,, v'> 

lepiesent the nine first fluxions of the shift'^, ii, it, the initial 
densit\, 1/V the deteimmant 

I 1 + n , u 

% 1 -f i, * ' , 

1 / u , 1 - 1 / 

^ The total potentiil ot the s\btem — Zmt oi the work 

ot the elastic stiain pti unit mass of the bod\ at m 
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fc be the x component of the force necessary to hold the molecule 
in equilibrium when it lies within the volume of the body, and jP^ 
le corresponding component when the molecule is near the surface of 
te body, then if n be the direction of the normal to the sui'face measured 
wards and riTr, ws the angles dt makes with the axes, we have : 


Q. 


jL 

'dx 


(d^\ fdF\ £ /^\ \ 

'i \dtij ^ dy \du^) ^ dz ^ > 

Fj. = po {A^ cos TZic + dy cos ily + Aj, cos tw) ) 
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Similar values hold for Qy, and for Py, A in terms of the corre- 
)onding quantities 0 ^., (7^, (7-, obtained from (ii) by cyclical 

Lterchanges. These results are deduced by assuming F a function of 
le first nine shift fluxions and applying the method of virtual moments. 

It must be noted that is the forcQ per unit of mass of the 
aterial at the point x + Uj y + v^ z-hw, while P^ is the force per unit 
•ea of the surface of the material In the course of his work Neumann 
lews that if 17 , f be the displaced coordinates of the point £c, y, z 
:x + Uf y-hv, z-^ tv) then : 




dAy 


V\d^ drj dt, 


*^ 4 ') 


(iii). 


ri- are what are generally termed 
— j face perpendicular to the axis of x, 
under Avhat conditions we shall have 


[671.] Sir W. Thomson {Phil. Trans. 1863, p. 610, or Thomson 
id Tait’s Fatural Philosophy, Second Edition, Part II. p. 462) takes 
le work w a function of the six quantities 2 e^., 2 e^, 2 €,, 2yjy^, 277 ,^., 
of our Art. 1619 '*• which he represents by 1, ^—1, C- 1, a, 
c respectively. He deduces the general equations for the equilibrium 
‘ a body under no body-forces and finds they are of the type 


dAf 

cLc ‘ dy ^ dz 


(iv), 
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dF , dF dF . 

(1 + - — 21 . in our notation, 

dr],,y ' 


here 
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du^ drj^ du^ d^]^ du^ 

_dF 
^ du^ 

Thus Thomson’s equation given as (iv) above becomes 

A {—\ + ^ - 0 

dx \duj dy \duy) d% \duj ~ ’ 

and IS only a special case of Neumann’s (i) cited in our previous article 
It seems more symmetrical and concise to write the quantities 
, -S'aj, j5y, , as dFjdu^^ dFjdUy, , dF/dv^i, dFjdvy, , as 
Neumann has done We must be careful to note that these expressions 
(A'oi ) are not the stresses, except for very small strains when 


A 


Generally A^=(l+ u^) A'^ + UyA'y + M , 

Jy = VoiA'a} + (1 + ^ 3 /) A'y + VgA'^, J 

whence we can at once express the stresses m Thomson’s notation 

I believe that Neumann was the first to give these generalised 
equations and the generalised expressions for stress 


[672 ] Supposing the stram to be small and in particular uni- 
constant isotiopy to hold, Neumann shows (p 285) that we may 
express F by 

2F=.H+ 2K6 + (Z-+ 3^) 6^ + {F+k)T+ {2K+ik) V, ^ 
where O-u^ + Vy + w^, 


T={v,- w^Y + - uYf + (uy - 

= 4t^ if T be the resultant twist, 


(Vl). 


V = {V^Wy - VyWY) + {W^U^ - W^uY) + {UyV^ - U^Vy) ) 

and //, /iT, h are constants depending on the molecular summations 
The value of K is physically explained at once as the value of the stiess 
Aj (or By or C^) when the stiains are all zeio 

Writing -F^-KV, and neglecting squares of small quantities, we 
may put as types 

^ _ d /d(j>\ d /d<i>\ d /d<^\ 

~ dx \duj ^ dy \duj ^ dz \duj ’ 


(vn), 


^ f dd) ddy d<b i 

B. = cos nx + cos ny + cos 7 lz \. 

^ \du^ duy du J 

whence the oi (Unary uni constant equations ot elasticity cm bo at once 
deduced 


[673] The Zweiter Abschmtt of Neumann’s memoir is occu- 
pied by X triiisformation of th( equations and lesults given above 
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.0 an-ortliogonal, and ultimately as a limitation to orthogonal 
curvilinear coordinates. The deduction of the equations in 
curvilinear coordinates is hardly likely to be a short process. 
Sfeumann’s possesses an elegance which can hardly be postulated 
)f Lamd’s original investigation, but at the same time the latter 
3 art of it requires considerable modification, if it is to be adapted 
;0 bi-constant isotropy. We have already referred to Bonnet’s 
nvestigation of the uni-constant curvilinear equations (see our 
4.rt. 1241*), and we shall have occasion to refer to others, e.g. 
;hat of Borchardt in Crelle’s Journal der Mathematik, Bd. 76, 
3. 45-58, 1873. 

[674.] E. Phillips: Memoir e sur le spiral r^glant des chro- 
lomUres et des montres. Journal de MathSmatiques, Deuxibme 
3^rie, T. v., pp. 313-366. Paris, 1860. This memoir^ was pre- 
;ented to the Academy and was favourably reported on by Lame, 
Vlathieu and Delaunay on May 28, 1860. 

Phillips introduces his memoir with the following remarks : 

Quelque important que soit le r^ulateur dont il s’agit, sa theorie 
i^avait pas encore et6 4tablie, la forme essentiellement complexe de ce 
‘essorfc introduisant dans Tapplication de la theorie de l’6lasticit6 des 
equations differentielles tellement compliquees, qu’il serait absolument 
de les integrer. J’ai poiirtant et6 assez heureux, par des 
laisous particuli^res, pour vaincre ces difficult^s dans tout ce qui 
au probl^me, et e’est cette theorie qui fait Fobjet de ce M^moire 
p. 314). 

Phillips, as in his memoir on railway-springs, adopts the 
3ernoulli-Eulerian theory of flexure; that is to say he puts the 
)ending moment equal to the product of the flexural rigidity 
Ecc/c^) and the change in curvature. He thus supposes the flexure 
.0 take place without slide. Of this assumption he writes : 

Je me h^te d’observer que, dans une Note plac6e 5. la fin du 
^tooire que j’ai presents ^ I’Acad^mie des Sciences, je demontre que, 
Ians le probl^me actuel, ce principe est une consequence rigoureuse de 
a theorie mathematique de Telasticite (p. 315). 

The note referred to is printed in an extended version of the 
aemoir published in the Annales des mines', see our Arts. 677-8. 

^ As an earlier research in this direction I may refer to G. Atwood ; luvestiga- 
wns, founded on the Theory of Motion, for determining the Tiviea of Vihration of 
Vatch Balances. Phil T’rans., 1794, p. 119. 
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Let G be tbe couple, JC, Y the components of force applied to one 
end of the spiral spring taken as oiigin of coordinates Let l/p~ 1/po 
be the change in curvature due to strain at the point x, y of the spring 
Then we easily see that we must have on the Eeinoulh Eulerian 
hypothesis 

= <? + 7a:- Xj/ (i) 

Vp Po/ 

Suppose I the length of the spiral, then integrating equation (i) 
along the length we easily find 

= Gl + Z ( Yx — iEy) (n), 

where ls the angle between the new and old positions of the 

tangent at the force end of the spiing, and x, y are the cooidi nates of 
the centroid of the spiral If the force end of the spu'al be fixed at a 
constant angle to the balance of the watch attached to the spring, ^ 

IS the angle through which the balance has turned Hence if we can 
put Yx — Xy = {\ we have the couple G = — or it is piopor 

tional to the angle through which the balance has turned Isochronism 
thus follows 

Phillips investigates at some length the conditions under which we 
may put Taj — Xy = 0, foi example it would obviously be satisfied if the 
spiral so moved that its centioid remained at the fixed end of the spring 
He also deals with a number of pioblems bearing on watch and 
chronometer springs which have, however, more interest for the 
historian of mechanics than for the historian of elasticity 

[675 ] On pp 352 — 4 an expression is deduced for the stiain 
energy of the spiral or the work required to displace its normal at the 
‘balance’ end thiough any given angle If s, Sq be the stretches in the 
spiral, then the work needful to cany it from the one state of stiaiu to 
the otliei IS EV — Sq^)/6, where V is the volume This is an illus 
tiation of Young’s theorem in lesilience, see p 875 of Vol i and oni 
Alts 1384*, 493 and 609 

[67 G ] E Phillips Mimoire sur le spiral r^glant des clirono- 
metres et des montres Annales des mines, Tome xx, pp 1-107 
Pans, 18G1 This is the completer form of the memoir recom- 
mended by a Commission of the Academy for publication in the 
Recueil des savants et') angers We have already refen ed to the 
portion published m Liouville’s Journal see our Art G74, and 
touched on those parts more closely associated with the theory of 
elasticity There is a good deal of additional matter hcic of a very 
interesting kind, thus the influence on isochronism of ttmpeiaturc 
and ot friction in the balance arc taken into account, and a con 
sideiablo nunibei of curves which are theoretically suitable foiins 
foi the terminal of the spiral aic given By aid of these the 



468 


PHILLIPS. 


[677 


centre of gravity of the spiral may be retained in the axis of the 
balance, one of the conditions for its eflScient working. Chapitre 
II. entitled: Des eccpirieyices faites d Vappui de la thdoHe prdcedente 
(pp. 76-95) is remarkably interesting ; it gives a very considerable 
number of experiments on the isochronism of spirals with or 
without terminals curved to the theoretical forms. The memoir 
is an excellent example of a high standard of theoretical know- 
ledge applied to an important practical problem. 

[677.] To the memoir as it stands in the Annales is attached 
a Note entitled : Pour faire voir que, dans les circonstances que 
presente le probUme actuel, les principes sur lesquels est fondde sa 
solution et qui rentrent dam la ihiorie de V OLSce neutre, sont non- 
seulement parfaitement d'accord avec Veccpdnencey mais avec la 
ihiorie mathdmatique de ielastidtd (pp. 95-107). Phillips remarks 
in a footnote that his demonstration is an extension of that which 
Saint-Venant has applied to the strain of a straight rod bent by a 
couple: see the Legons de Navier, p. 34 and our Art. 170. It 
somewhat resembles the general treatment of the rod problem 
due to Kirchhofif : see our Chapter XII. 

The assumptions made by Phillips in his theory of the spiral 
s-nrinp* are that, when a couple is applied to its terminal the strain 
that: V all the points primitively in a cross-section remain 
w.'oss-section and that the strained cross-section remains 
perpendicular to the central line, 2° the central line remains un- 
stretched. It is obvious that these are the ordinary assumptions 
of the Bemoulli-Eulerian theory extended to rods with an initially 
curved central axis. The problem is how far are they true for a 
spiral acted upon by a couple. Let us assume them to be true 
and investigate the resulting shifts and consequent stresses. In 
addition to 1^* and 2° above Phillips makes the further assumptions 
involved in the following remarks: 

J’appelle ligne neutre le lieu g^ometrique des centres do gravitc do 
toutes les sections transversales, ce lieu etant une cour))c quolconquo, 
mais que je suppose plane, en negligeant, pour le spiral cyliiidriquo, la 
tres-faible inclinaison des spires. J’admets que toutes les scictioiis 
transversales sont egales et qu’elles sont partagees symetriquenient par un 
plan, que j’appellerai plan horizontal, passant par la ligne neutre. 

J ’imagine que sans changer la longueur de la ligne neutre, ct tout 
en satisfaisant aux conditions de position et d’inclinaisoii assignee's a 
ses deux extremites, on deforme celle-ci dans son plan, d’apres la 
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loi 1/p— l/po = constante, po et p etant les rayons de courbure en un 
quelconque de ses points le premier avant la deformation et le second 
api^s On a vu piecedemment qu’il est possible de satisfaire geometri 
qiiement k cette condition en donnant aux courbes extremes une forme 
determm6e (pp 95-6) 

[678 ] At any point 0 of the central line let its tangent be taken 
as axis of as, its noimal as axis of z and the axis of y perpendicular to 
the horizontal plane containing these and defined above Let u, v, w be 
the shifts parallel to these axes of a pomt P on a cross section, infinitely 
near to that through 0, and Uq, Vq, Wq the shifts of the centroid of this 
lattei cross section Then Phillips shows by easy geometrical analysis 
that we must have 

u^xz{IIp- 1/po), v = Vq, (1/p - 1/po) 

To determine % and Wq he assumes that the three stresses “JJ, ^ and 
yz are zero as in Saint-Yenant’s theoiy of fiexure see our Art 77 
This leads him to the values 

«o = - (1/p - l/Po)> *"0 = »■’) (1/p - 1/po) 

The values of u, v, w are now completely known They will be found 
1® to satisfy the body shift equations, 2 to give ^ and zero values, 
and make 

^ = (1/p — 1/po) 

Hence obviously if the neutral axis goes through the centroid of each 
ciobs section, there will be a zero total t taction and the total system of 
stress over a cross section will be represented by the couple, i e the 
bending moment 

PcoK^ (1/p-l/po), 

which IS constant since (1/p — 1/po) is assumed constant Fuithei the 
surface stiess equations are satisfied at eveiy point Thus if the force 
given by (1/p - 1/po) be applied to each element dui of the cross 
sections which bound a small portion of the spnal, tins poition will be 
m elastic equilibnum, but since the cioss sections lemam any 

number of such portions can be put together, and it is only necessary 
to ipply such foices to the teimmal cioss sections of any length of 
spiial Thus by the pimciplc of the elxstic equipollence of statically 
cqiuvileiit loids (see our Arts 8-9, 21 uid 100) we see that Phillips’ 
solution on the basis of the Bernoulli Eukiian thcoiy is icilly iigid 
on the complete mathematical theory, provided the teiminals of his 
spiril are acted upon by couples of the nugnitude 

L(dk (1/p~1/po) (pp 106-7) 

[070 ] It will be noted that the above investigation is in no 
wise dependent on the ceiitnil line being initially i spiial It 
would seem tint the above values of the shifts would appl} to a 
iod iviih its centnd line ui the foim of any plane cu) uo whatevd , 



i70 


PHILLIPS. 


[680—681 


w'hen its terminals were acted upon by equal and opposite couples. 
Their effect is to produce a constant change of curvature, and the 
Bernoulli-Eulerian theory is rigidly true. 

[680.] Another interesting memoir by Phillips may be not 
unfitly considered here, although it belongs to a somewhat later 
date. It is entitled : Solution de divers prohUmes de Mdcaniqiie, 
dans lesquels les conditions imposies aux extrdmitds des corps, au 
lieu d'etre invariables, sont des fonctions donndes du temps, et 
oijb Von tient compte de Vinertie de toutes les parties du syst^me, 
Journal de MatMmatiques, Tome ix., pp. 25-83. Paris, 1864. 
This interesting paper unfolds a valuable method for the treat- 
ment of various mechanical problems involving the longitudinal 
and transverse vibrations of rods. The author deals with the 
solution of problems in which the shift at one end of the rod is a 
given function of the time, or in which the rod itself, subject to a 
given system of load, is moving in space. The value of such 
solutions lies in their application to the stresses in various moving 
portions of machines. The mode of solution adopted is the 
determination of the special arbitrary functions involved in the 
general solution u — F{x-^at)'\‘f{x- at). 

[681.] The memoir is divided into two chapters: the first 
deals with the following problems: 

Problem (i). To determine the relative shifts of the piCbrts of a 
rod, one end of which is subjected to a given motion, and the other 
is free when each point of the rod moves parallel to its axis 
(pp. 25-38). Phillips treats in detail the cases when the motion 
imposed on the end is uniformly accelerated = ^ff), p. 29, and 
when it is harmonic (Uq = a — a cos at), p. 35. 

Problem (ii). To find the stresses in AB a connecting rod, AC 
a7id BD being two parallel revolving cranks of equal length r a)id 
having a spin co. The section, length and weight of the connecting 
rod are given and the C07istant resistance Q is siiqiposed to he applied 
at B taiigentially to the circmifei'ence of BD. (pp. 38-45.) 

Problem (iii). To find the stresses in a rod one end of which is 
subjected to a harmonic motion, while the other is attached to a 
piston under the action of steam, (pp. 45-55.) 

Phillips to simplify matters replaces the compound harmonic 
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action of the steam, by a single harmonic term of the same penod 
hut of different phase from the harmonic motion of the other 
teimmal (difference equal to 7r/4) He supposes this to represent 
simply and approximately the mean action of the steam 

Problem (iv) A crank OM turm uniformly round 0, which is 
fixed A force^ for example that of steamy acts upon the extremity 
M,in a constant direction MO The law of this force heing given 
iy a harmonic term of the same penod as the rotatiouy to determine 
the sti am in the crank (pp 5 5-61) 

Problem (v) One end of a cord being fixed and the other 
caused to vih ate f n n n i with harmonic motioUy it is required 
to find the transverse vibrations of the stnng (pp 61-65) 

This IS the case for example of a string one end of which is 
fixed to a massive tuning-fork set vibrating harmonically 

The following two problems (vi) and (vii) treat the same string 
when both ends are caused to vibrate in a certain manner, — not 
however the most general possible 

[682] In the second chapter Phillips adopts the solution in 
Fourier's series of the partial differential equation for the longi- 
tudinal vibrations of rods, but he first breaks up his shift u into 
two components 

JJ 

and chooses in such a mannei that it causes the terms resulting 
from the special terminal conditions, which are functions of the 
tunc, to disappcat from his equations, U will then be found by 
the ordinary methods for evaluating the coefficients of Fourier's 
senes 

Thus in his Pioblcms (i) to (iii) (pp 71-79) Phillips verifies 
lesults of his fust chapter In his last Problem (iv), howcvci, he 
passes to somewhat different considerations Ho makes use of 
i^)issoii’s solution for the tiansveise vibrations of a lod to solve the 


following problem 

The two ternimals of a connecting lod leceive the same hai monic 
motion pei pendicalai to its length It is lequiied to find the sUain 
(pp cSO-3) 

Analytic illy tins nnouiits to solving the e([uation 


d^u _ , 2 d^it 

dt^^~~ dx^ 


( 0 , 
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ubject to the conditions : 

= r sin (ot, (Pulds? = 0 when (ii). 

In addition Phillips supposes that initially, or for ^ = 0, 
u = 0, du/dt = cor for all points from x=0 to x=^z. . .(iii). 

The form of the special integral, which removes the time 
;erms from the terminal conditions, is easily found to be 

= {Aj^ sin (J (ojk x) H- cos {J cojk x) 

+ sinh {Jcojk x) + cosh (^/ cojk x)] sin ft>^. 

Thus if, = U" we easily find TJ by Poisson’s process (see 
)ur Art. 468*), while 5^, C^, are determined from the 
bur equations (ii). Equations (iii) give the constants of Poisson’s 
solution. 


Section II. 

Physical Memoirs including those of Kupffer, Wertheim 
and others. 

Group A. 

^emoirs on the correlation of Elasticity to the other 'physical 
properties of bodies. 

o 

[683.] A. J. Angstrom : Om de monoklinoedriska kristallernas 
molekibldra konstanter. Kongl. Vet&nskaps-Akademiens llandlingar 
for dr 1850, Sednare Afdelningen, VoL 38, pp. 425-61, Stockholm, 
1851. This memoir^ was presented on March 7, 1851. It is an 
important contribution to a subject still very obscure, notwith- 
standing the investigations of Pliicker, Sdnarmont, Wiedemann 
and Angstrom : see the references in our Chapter XII., Section I. 
Its topic is the exact nature of the relation between the various 
axes of a crystal — the axes of figure, of elasticity, of electrical 
conductivity, the thermal, the optic, and the magnetic axes. 
French and German translations of parts of Angstrom’s paper 

1 There is an earlier memoir by Angstrom in the Upsala memoirs of the 
previous year, which I have not examined. It belongs to the theory of light, and 
endeavours to show that the optical properties of gypsum and of crystals of the 
monoclinohedric system can only be exidained by supposing the elasticity of the 
ether has relation to a system of obiuiue axes. 
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will be found in the ibiuales de Chime, T 38, pp 119-127, 1853, 
(by Verdet) and Poggendorffs Annalen dev Physih, Bd 86, pp 
206-237, 1852 

[684] Neumann’s identification of the principal crystalline 
axes had been, at least for certain t 3 rpes of crystals, discovered in 
later researches to be inaccurate see our Aits 788^-793* and 
Chapter XII, Section I Angstiom’s investigations with regard 
to gypsum are some of the most impoitant in this direction 

Detta studium bor dessutom for de klmoediiska kristallerna bhfva 
sa mycket mera fruktbaiande, som bos dessa ett nytt hestammngs- 
element framtradei, nemligen den ohka nUnmgen of de principala 
elobst%c%tetsaxlaine (p 427) 

[685 ] The first section of the memon is occupied with 
the determination of the optic axes of gypsum (pp 428-38) 
Angstrom shows like Neumann in his later work, that the optical 
axes of elasticity are not fixed but vary with the temperature and 
the coloui of the light see our Chapter XII , Section I 

The second section of the memoir (pp 438-49) is entitled 
Klangjiguier hos gipseti and investigates the axes of acoustic 
symmetry by means of Chladni’s figures The theory of the 
nodal lines for a substance of the elastic complexity of gypsum 
has not I think been worked out. Angstrom takes rather arbitrary 
curves to leprcscnt the lines, ilthough veiy possibly they give 
close enough appioxiinations to the acoustic axes 

Tlie thud section of the memoir (pp 449-51) is entitled 
T /o/ cannot This couhuns m part Sdnarmont’s 

lesults, but the lulhoi believes that the isothermals change with 
chinge of tempei ituie 

Ijliuiu l()is<)k(ii ick( igi ill (1(11 iioggixnhet man kunde onsk i, tior 
sig dock toifitUicii Ivuiiui sluti, att isotlicrnmiua i det syiuiuctiiska 
])1 UK t hos gij)S( 11 v(ikhg(ii foi iiidi i 1 ig( mod tempciatuien, och att 
( 1(11111 toi iii(hnig sk( i it siiniiia 1( d ot.h ai tillik i af iingcf irligeii 
siiiiiiii stoihk soiii (l( optiski elastieik ts avlaines viidnmg vid ui hka 
tempi 1 ituifoi iiidiiiig (p 151) 

Tile foui th seeLioii entitled Gipbecb (fUulfjuin/ genom vanne 
(pp 4“) I ]) eites Neumuins lesults and determines the absolute 
extension ol gyjisnin It shows th it there is a direction in which 
gy[)^mn ajpai cnfl 1 / sliiinks with ineieising teinpeiatuie (p 45 3) 

The lihh section entitled ihpsenh hai dliet (pp 453-5) cites 
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Frankenheim s results : see our Art. 825*. Angstrom’s results in 
part confirm, in part modify Frankenheim’s. Those of Franz he 
rejects as unsatisfactory : see our Art. 839. 

The sixth section is entitled: Oipse'iis fdrhdllandetill elehtricitet 
och magnetism (pp. 455-6) and cites the results of Pliicker, Wiede- 
mann etc.: see our Chapter XIL, Section I. Angstrom’s researches 
confirm Wiedemann’s for electricity, but he could not confirm 
Pliicker’s for magnetism. 

In the seventh section (pp. 457-8) we have a risumi of the 
results^ for axes of all kinds : 

Sainmanforas de resultater, vi i det fdreg§,ende erh§,llit, bekomnier 
man fdljande of versigt af de olika axelsystemernas lage i det symmetriska 
planet, hvarvid a betecknar lutningen emellan den Jihrosa genomgangen 
och den axeln, som faller inomde Mda genomgangarnes spetsiga vinkel : 


a 

Optiska axlarnes medellinie 

Minsta utvidgningen for varme 12®! 

Storsta h§,rdheten omkring 14®j 

Magnetisk attraktion omkring 14®1 

Stdrsta ledningsfdrmigan for varmet 50®) 

Storsta elasticitets axeln i akustiskt hanseende . 

Minsta ledningsfdrmagan for elektricitet 62®) 


It will thus be seen that these axes group themselves in two 
distinct sets which probably connotes some inter-relation of the 
corresponding physical quantities. Angstrom makes some not 
very conclusive remarks on the reason for these groupings (pp. 
457-8). 

[686.] Section viii. is devoted to felspar (pp. 458-60). On 
p. 460 a system of results for this crystal is given, partly based 
on the experiments of Brewster, Sdnarmont and Pliicker, partly on 
Angstrom s own experiments. We have for the angle a between 
the given directions and the base of the fundamental prism of 


felspar : 

a 

Oj)tiska 2 )olarisationsaxeln 4®, 1 j 

Diamagnetiska axeln 4®, IV . 

Hardheten 4®, 1 ?) 


1 I have purposely refrained from translating the Swedish as there seems to me 
a certain amount of vagueness in the expressions used by Angstrom. 
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Stoista lednmgsformagaii foi varmet 60°i 

Akustiska axela 530 A 

Mmsta ledmngsrorm§.gan for elektiicitet 63o) 


Thus the like two groups recur 

Further discussion of results is given in Section ix (pp 
460-1), while Section x (p 461) sums up as follows 

Slutligen och sS.som hufvudresultat af det foreg§,ende anser sig 
forfattaien hafva pS. experimontel vag bevisat onktigheten af det vanliga 
antagoAidet^ att kristaller hafva ratv%nhliga elasUeitetsaxlar, vidt 
nemligen satsen galler de monoklmoedriska kiistalleina ^ och att 
tveitom ej blott histalU'tnas form vtan afoen deras opUsha, thermwha 
och ahustisha fenomener ovillkorl%gen hantyda pa tillvaron af snedvinh 
hga elasticitetsa%lar^ konjugataxlar 

[687 ] The theoretical relation of three rectangular and 
unequal axes of elasticity supposing them to exist to the various 
physical vectors the position of which is given by Angstrom seems 
in the present state of our knowledge of the correlation of the 
various branches of physics somewhat obscure The planes of 
cleavage at any rate would probably take up a variety of positions 
relative to the three axes of elasticity depending on the exact 
lelativc magnitude of the constants of cohesion, and we should 
baldly expect them to make any definite angle (such as 45° or 
90°) with these axes How fai Angstrom’s opinion that it is 
impossible to admit three lectangular axes of elasticity in crystals 
of the mouoclinohcdriG system is correct must be left to the 
decision of those who have a wider knowledge of the properties 
and stiucture of erystds than the picsent writer 

[GeSS] el lines Picscott Joule The fiist contribution of this 
physicist to OUT subject, nimclythc memoir of 1846 Outlie Efeois 
of MoiinUi^in upon the Dinieiisioub of I) on and Steel Bais, has 
ilu idy been biiclly Kfciitd to see our Ait 1333^ and its foot 
note This me moii w is publisheel m the Flnlosophical Magazine^ 
Vol \\x p[) 7() S7, 225 2tl, md is lepiinted 111 the Scientific 
F(tj>cis, Vol I, pp 2^5 2G4 Joule commenced to expciiment 
in J8tl 2 (sei S( in </con\ Annoh of Electi icttg,Yo\ cS, p 219), so 
111 it he w IS i( illy the fust investigatoi in this field see 0111 Art 
1 n i ^ He obt II neel tlie following results 

(i) M i^iK iis itiou 1)1 low I eeiti.111 ciitieil viliie] iiicrtises the 
h ngtli of i b 11 , hut 
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(ii) It does not perceptibly increase its bulk owing to a lateral 
jntraction. 

(iii) The elongation is p perhaps approximately below the critical 
line] in the duplicate ratio of the magnetic intensity of the bar. 

The bars for which Joule deduced these results were of annealed 
id unannealed iron and of steel. 

(iv) When iron wires are submitted to longitudinal tension and 
len magnetised, the increase of tension diminishes the elongation due 
) magnetism and with more than a certain tension increase of magneti- 
ition produces a shortening effect. 

(v) When iron bars are subjected to pressure the amount of the 
ressure does not seem to sensibly affect the magnitude of the elonga- 
on due to a given magnetic intensity. 

(vi) The shortening effect when a wire is under tension is very 
early proportional to the product of the magnetic intensity in the wire 
ito the current traversing the coil. [Hardly warranted by Joule’s 
wn experiments and scarcely confirmed by later investigators.] 

In a particular experiment with iron wire one foot long and a 
uarter of an inch in diameter the tension at which magnetisation 
^ould produce no elongation for the electric currents employed in the 
xperiments was conjectured to be about 600 lbs. By this I take Joule 
0 mean the total tension ; see his p. 232. Scimtijlc Papers, Yol. i., 
. 254. With regard to the apparently diverse results (iii) and (vi), 
oule remarks : 

The law of the square of the magnetism will still indeed hold good 
/■here the iron is sufficiently below the point of saturation, on account 
f the magnetism being in that case nearly proportional to the intensity 
f the current. For the same reason, on examination of the previous 
ables, it will be found that the elongation is, below the point of satu- 
ation, very nearly proportional to the magnetism multiplied by the 
urrent. The necessity of changing the law arises from the fact that 
he elongation ceases to increase after the iron is fully saturated ; 
ffiereas the shortening effect still continues to be augmented with the 
Qcrease of the intensity of the current (pp. 232-3. Scientijlc Papers, 
). 255). 

(vii) Shortening effects in the case of iron wire are proportional 
aeteris paribus to the square root of the tension. [Scarcely proven.] 

In the case of hardened steel wire, however, the shortening effects 
^ere found not to increase sensibly with increase of tension. 

(viii) No magnetic influence on strain could be found in the case 
f copper wires. 

These results of Joule's have been considerably modified (as 
ndicated above) by more recent researches and now light has 
>een thrown on the whole subject by Villari, Shelford Bidwell, 
Cwing and others in memoirs to be discussed later. 
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[689 ] The next paper of Joule’s touching on our subject is 
entitled On the Theo mo-electncnty of Ferrng%nous Metals, and on 
the Theimal Effects of stretching Solid Bodies Proceedings of 
the Royal Society, Vol viii, pp 355-6, 1857, Scientific Papers, 
pp 405-7 This paper records that experiments on the stretching 
of metals showed a deciease of tempeiatuie in the metal when the 
load was applied and an increase when it was removed The 
experiments weie on iron wire, cast iron, copper and lead Joule 
writes 

The thermal effects were in all these cases found to be almost 
identical with those deduced from Piofessor Thomson’s^ theoretical 
investigation, the particular formula applicable to the case in question 

being H = Pe, where H is the heat absorbed m a wiie one foot long, t 

the absolute temperatuie, J the mechanical equivalent of the thermal unit, 
P the weight applied, and e the coefficient of expansion per 1® (p 355) 

The same results occurred with gutta-percha, but they were 
exactly reveised m the case of vulcanised mdia-rubber, which was 
heated by loading and cooled by unloading Sir William Thomson 
suggested that loaded vulcanised mdia-rubber would be found to 
be shortened when heated, a result Joule found in accordance 
with experiment as well as theory 

[690 J On the Thei nial Efects of the Longitudinal Compression 
o/ Soluh Pioc Royal Soc,No\ viii,pp , Scientific 

PapeiSyNoX i pp 407-8 In this paper Joule continues his experi- 
ment il verific itioiib of Thomson’s thermo-elastic theory He finds 
that for mctil pillars and cylindcis of vulcanised india-rubber 
heat is evolved by compression and absorbed on removing com- 
pressive foice Ills investigations lead him to detoimme how far 
the “force of chsticity m metals is unpaired by heat,” or what 
m ly be the efTcet of tensile stress on expansion by heat He 
m ikcs cxpeiiinents on i helical spiial of steel wire and on one of 
eop[K 1 wiu ind lie supposes such spirals, like J Thomson (see 
oui Alt 1 kS2^-- 1^) to lesist extension only by torsion He thus 
finds tint foi the steel wiu the ‘foice of torsion is dccieased 
()()()41 by e. leh degiee of tempeiatuie’ (C”), while the nuinbci foi 
eoppei wiie is 00047 kupffei found for steel wiie 000471 
mil foi eoppei 000091 see our Ait 714, where however, the si 
11 suits ni given foi a ili gu i 
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[691.] On some Thermo-dynamic Properties of Solids, Phil, 
rrans,, 1859, Vol. cxLix, pp. 91-131; Scientific Papers, pp. 413-73. 
Chis contains a detailed account of experiments similar to those 
eferred to in the two previous memoirs (see our Arts. 689-90) 
)earing on the thermo-elastic relations of metals and india-rubber. 
Foule had found that a helical spring showed no sensible thermal 
ihanges when compressed, and he attributed this to the equal and 
opposite thermal effects produced in its compressed and extended 
Dortions. At the suggestion of Sir William Thomson, he undertook 
:o investigate independently the “ heat developed by longitudinal 
iompression and that absorbed on the application of tensile force.” 

[692.] The portion of the memoir which really concerns us begins 
ivith § 18 and is entitled : Baperiments on the Thermal Effects of Tension 
m Solids. Joule made careful experiments to measure the thermal 
ncrease H in degrees centigrade due to the stress, and he compared his 
experimental results with the formula of Sir W. Thomson^ 

J sw 

(vhere t = temperature Centigrade from absolute zero, 

J — mechanical equivalent of the thermal unit in foot-pounds, 
f ~ total load in lbs. (negative of course for a tension), 
e = longitudinal expansion per degree Centigrade. 
s = specific heat, and w - mass in lbs. of a foot length of the bar. 

As a measure of the coincidence of experiment and theory I think 
it well to cite the following results, noting that Joule took some of his 
constants from Dulong and Petit, Lavoisier and Laplace, etc., others 
he ascertained experimentally for his own specimens. 


Values of H in degrees Centigrade. 



By Experiment. 

Calculated. 


( - -115 

- -11017 

Iron bar 

\ - -124 

-•1099 


( - -1007 

- -1069 

Hard Steel 

-•162 

-•125 

Cast Iron 

J - -1605 
j - -1481 

-•112 

-•115 

Copper 

-•174 

- -154 

Lead 

J - -0531 
j - *0758 

- -0403 
- -0550 

Gutta-percha 

S - *0284 
} - -0524 

- -0306 
- -0656 


k 

f 

i 

i 




-1 

i 
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[693 ] Joule next turns to the curious thermo elastic phenomena 
presented by mdia-rubber §§ 33-58 {ScimiUfic Papers^ pp 429-440), 
which he discusses at considerable length He refers to the discoveries 
of Gough see our footnote, Yol i , p 386 Joule confirms Gough’s 
conclusions, which might be deduced from Thomson’s formula by 
supposing e negative These conclusions are in accordance with those 
pieviously noted by Joule see our Ait 690 Besides Gough’s con 
elusions Joule deduces from his experiments the following lesults 

{a) India rubber softened by warmth, may be exposed to 0® Fahr 
for an houi or more without losing its pliability, but a few days i est at 
a tempeiature consideiably above the freezing point will cause it to 
become rigid 

(5) A large amount of elastic after strain exists in india rubbei 

(c) Moderate stretching weights produce little heat or even a 
alight cooling effect, but after a certain weight is reached theie is a 
1 apid increase of heating effect 

{d) When by keeping mdia-rubbei at lest at a low tempeiatuie foi 
some time it has become rigid, it ceases to be heated when stretched by 
a weight, and, on the contraiy, a cooling effect takes place as in the 
metals and gutta percha 

(e) For vulcanised india lubbei lesults similar to (d) hold, but that 
the specific gravity is increased by stretching it, as Gough supposed 
(Yol I p 386 ftii (4)), appears to be exactly contrary to Joule’s 
expel lence, § 45 {Scienujic Papeis, p 434) 

(/) The slight cooling effect referred to in (d) pioduced by weak 
tensile forces disappears foi vulcanised india lubber when the temper i 
ture of the thong is a few degrees higher thxn 7*^ 8 C 

(g) The effect of heat on a thong of india rubbei under tension 
predicted by Thomson was expeiimentally measured 50-58 (Scien 
tific Papers, pp 433-40) and the numbers (p 438) agieed with theoiy 
perhaps as closely as could be expected with a material of this kind 

(Ji) A rise of temperature removes from vulcanised indii rubber set 
produced by earlier experiments at high tensions 

(^) For vulcanised india rubber H (see our Art G92) =+ 137 by 
experiment (corrected 4oi elongation of rubbei by use’ to + 155), ind 

+ 114 by cilculation 

[G94 ] Joule next turns his xttention to wood which piesents some 
rom likable tlic i mo clastic piopeitics and leads him to latliei incon 
sist( nt It suits 

Th( disci tpincics nose apparently from considei iblc clistic after 
sti nn ind from the effects of moisture on the wood in altering its clastic 
condition Ihus different liygioinetiic conditions could c lusc tin wood 
under tension cither to expand oi contract, as tlie cise miglit lx, win n 
its tdiiptiituic was 1 used, and lure agiiu tin u w<i( gnat didddieis 
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according as the wood was strained with or across the grain. Joule's 
;eneral results are stated in § 75 {Scientific Pampers, Yol. i., p. 450). 
itemoval of set by heating and also elastic after-strain were observed in 
ohahlone as well as wood §§ 84-5 {Scientific Papers^ Vol. i., pp. 454-6). 

[695.] The next portion of Joule's memoir (§§ 94-122, Scientific 
'^apers, Vol. i., pp. 459-71) is devoted to the Thermal Effects of Longi- 
udinal Compression on Solids. Here again Joule compares the heat 
volved in degrees Centigrade with that calculated by Thomson's 
ormula, and he finds the following mean results, where we omit those 
or vulcanised india-rubber and wood, the apparent agi’eement in the 
ase of wood cut across the grain disappearing if the individual results 
re analysed : 

Values of H in degrees Centigrade. 


Thermal Effect from 

Experiment. 

Theory. 

Wrought Iron 

•115 

•108 

Cast Iron 

•118 

•107 

Copper 

•146 

•124 

Lead 

•087 

•079 

Glass 

•017 

•Oil 


Evidently the experimental results are somewhat in excess of the 
heoretical. Joule attributes this discrepancy to “experimental error 
r to the incorrectness of the various coefficients which make up the 
heoretical results" (§ 120). He also considers that elastic after-strain 
70uld introduce a small error into the thermo-elastic formula, but that 
his is too small to be capable of measurement in his experiments 
§ 121 ). 

[696.] The last paragraphs of the memoir (§§ 122-6, Scientific 
^apers, Vol. i., pp. 471-3) contain an experimental verification of 
. principle of Thomson's namely that : 

: a spring be such that a slight elevation of temperature weakens it, 
nd the full strength is recovered again with the primitive temperature, 
mrk done against that spring by bending or working in whatever way 
lust cause a cooling effect. 

Now Joule had found a diminution in the slide-modulus of steel 
f '00041 per degree Centigrade (§ 120 of the memoir, or sec our 
.rt. 690), hence the effect of compressing or stretching a helical 
3eel spring ought to be to cool it slightly. By taking the mean 
f a hundred experiments on compression and then of a Jiundred 
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on extension Joule was able to measure this slight cooling effect 
He found it 00306, theoretically it should have been 00403 
The three-thousandth part of one degree Centigrade as measured 
by Joule is rather a small quantity to draw definite conclusions 
from, but he found in these numbers sufficient evidence of the 
truth of the theory and concludes his memoir with the words 

Thus even in the above delicate case is the formula of Professor 
Thomson completely verified The mathematical investigation of the 
thermo elastic quahties of metals has enabled my illustrious friend to 
predict with certainty a whole class of highly mterestmg phenomena 
To him especially do we owe the important advance which has been 
recently made to a new era in the history of science, when the famous 
philosophical system of Bacon will be to a great extent superseded, and 
when, instead of arriving at discovery by mduction from experiment, 
we sliall obtain our largest accessions of new facts by reasoning 
deductively from fundamental prmciples (§126, Scientific Papers^ Yol i 
p 472) 

[697] One or two other memoirs of Joule’s may be just 
referred to here, although falling into a later period 

{a) On a Method of TesUng the Strength of Steam Boilers Memoirs 
of the Literary and Philosophical Society of Manchester^ 3rd Series, 
Yol I pp 175 and 233, 1861 This contains nothmg with regard to 
the strength of the materials of the boilers tested 

(5) On a new Magnetic Dip Circle A memoir of this title was 
published in the Manchester Proceedings, Yol viii 1869, p 171, and 
when it was lepublished in the Scientific Papers, Yol i p 575, Joule 
added (pp 579-583) some account of experiments on the stiength of 
silk and spider filaments made in 1870 These experiments show the 
large influence of elastic after strain, and fuither prove that silk and 
spidei filaments, like caoutchouc, when under tension, become shoiter 
if the temperature be raised The effect of moisture tends to obscure 
both after strain and tempeiature efiects Numerous expeiimental 
measurements are given 

(c) On the Alleged Action of Cold in 'iendeiincj hon and Steel hittle 
Manchester Proceedings, Yol x pp 91-4, 1871, Scientific Papers, 
Yol I pp G07-610 FmtliPr Observations on the Strength of Garden 
Nads will be found on pp 127-8 and 131-2 of the same volume of 
the Proceedings, oi on pp 610-13 of the Scientific Papers 

Joule bungs evidence agiinst the hypothesis that cold renders iron 
ind steel buttle from (i) Expeiiments on non and steel wiies, part of 
which weie in contact with i freezing mixture and pait at about 50^ P 
The wires broke outside the freezing mixtuie These were puie ti xcti\e 
txpeiiments (ii) Flexuie expeiimcnts on steel daining needles Ihe 
ivei ige stiength of the metal at 12'^ P was found to be slightly gicitii 
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tlian at 55° F, (iii) Impact experiments on warm and cold cast-iron 
(warden nails, broken by the blunt edge of a steel chisel falling npon 
the middle of the nail terminally supported. These experiments were 
not in favour of the hypothesis that frost makes cast-iron brittle. 

[698.] 0. Matteucci : Sur la rotation de la hmiere polarisde, 
sur IHnfluence du magndtisme et mr les phdnomhnes diamagndtiques 
en gMral Annales de Ghimie, T. xxviii., pp. 493-9, Paris, 1850. 

A heavy glass prism (presented to the author by Faraday) 
placed in a strong electro-magnetic field rotated the plane of 
polarised light. Matteucci records somewhat vaguely in this 
note the effect produced on this power of rotation by compress- 
ing the glass. He finds that : 

(i) Before compression the rotations to the right or to the left 
according to the sense of the current are the same for the same intensity 
of current. After compression the one rotation is much gi*eater than 
the other ; the one being twice to thrice the other. 

(ii) The greater rotation is always that which is produced by the 
passage of the current which acts in the same sense as the compression h 

(iii) The maximum rotation of the compressed glass is sometimes 
greater, sometimes less than that which occurs when the glass is not 
compressed; when the rotation produced by the compression is very 
much greater than that which the electro-magnet produces in the 
uncompressed glass, then the maximum rotation due to the action of 

'' ‘ magnet on the compressed glass is equal to or greater than 

the electro-magnet produces in the uncompressed glass ; the 
^curs when the rotation produced by the electro-magnet in the 
uxxw^x.j^*v>ssed glass is equal to or greater than that produced by the 
compression; in this case the maximum rotation is equal to or less 
than that produced upon the uncompressed glass. 

(iv) Other glasses such as flint and crown exhibit the like pheno- 
mena. But the electro-magnetic field produces no sensible rotatory 
action on pieces of crown glass subjected only to slight compression. 

Mattexicci holds that this last result will explain to some (‘xtent 
why crystals do not exhibit rotatory power in the magnetic fi(‘ld, Tlio 
electro-magnet further produced no rotatory pow(u- in compress(‘c] laminae 
of quartz and annealed glass: see Wertheirn’s n^sults cited in our 
Arts. 786 and 797 (d). 

(v) When the compression was removed the glass rc'sunu'd its 
previous magnetic rotatory power. 

(vi) There was a sensible although hardly measiirabhi interval 
between the instant of closing the circuit and tlie instant at which the, 

1 The * rotation ’ due to the compression alone seems to have been ineasiired by 
the angle through which the Nicol’s prism of a bi-quartz analysoi had to l)e turned 
in order that the two halves of the image should have the sairie colour. 
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maximum rotation was attamed This mterval was greater when the 
glass was compressed than when it was uncompressed 

[699 ] Matteucci further records some experiments in which he 
placed vibi*atmg square plates of glass, brass and iron between the poles 
of an electro magnet He found that the Chladni figures or system 
of nodal lines were the same whether the current was passing or not, 
whence he aigues that very different groups of atoms {groupes d^atomes) 
must be affected by the action of magnetism and by the influence of 
acoustic vibrations (p 499) 

[700] C Matteucci Some account of a memoir by this 
physicist entitled 8ur Vinfluence de la chaleur, de la compres- 
Sion, sur les phinomenes diamagnitiques will be found on pp 
740-4 of the Gomptes rendus, T xxxvi, Pans, 1853 The only 
part of the account which concerns us is entitled Compression 
du bismuth and occurs on p 742 Matteucci writes 

J^ai trouv^ qu’une aiguille pnsmatique de bismuth, comprim^e dans 
le sens de son axe, se dirige toujours 6quatorialement, quelle que soit la 
face qui est suspendue horizontalement , son pouvoir diamagn^tique 
est consid^iablement augmente par la compression Si TaiguiUe de 
bismuth a ^te comprimee perpendiculaiiement h son axe, elle se dinge 
dans la ligne des p61es quand les faces comprimees sont verticales, et 
dans la ligne 6quatoriale si les faces comprimees sont honzontales Cette 
propriete persiste apr^s avoir chauffe TaiguiUe de bismuth jusqu’a une 
temperature pen infeneure h la fusion du metal 

[701 ] C Matteucci Sui fenomeni elettro-magnetici sviluppati 
dalla torsione II nuovo Gimento, Tomo vii pp 66-97, Pisa, 1858 
Annales de Ghimie, T Liii pp 385-417, Pans, 1858, Gomptes 
rendus, T XLVi pp 1021-4, Pans, 1858 

Parte I of this memoir is entitled Di un nuovo caso d\n- 
duzione eletti o-magnetica (pp 67-81) Matteucci begins by 
describing his apparatus and mode of experimenting Briefly an 
iron rod supported perpendicular to the magnetic meridian was 
pKccd in circuit with a galvanometer and to this rod any amount 
of torsion in either sense could be given Pound the rod was 
placed a coil of three or four turns of wire, thiough which a current 
could be sent in either direction and this served to magnetise 
the rod 

When a current from two to foui Giove elements was sent 
lound the coil magnetising a bai of half-haid iron (Je'i o o sernduw), 
then at the moment when it was stirtcd a small deflection ot 
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J to J a scale division was exhibited by the galvanometer needle 
of the secondary circuit. But the result was quite different when a 
sudden torsion was given to the bar: 

Perohfe non vi sia diffiicoltll alcuna a concepire il risultato dell’ 
esperienza principale, supporremo che per 1’ azione della spirals mag- 
netizzante si formi nn polo sud (o attratto dal polo nord della terra) in 
quella estremitll della verga che h volta verso V est, e nn polo nord all’ 
estremit^ opposta, che h qnella fissata nel centre della rnota. Sup- 
porremo finalmente che 1’ osservatore che deve torcere la verga magnetiz- 
zata guardi la rnota. Nel momento in cui ^ applicata alia verga una 
certa torsione elastica che pub essere di 5 fino a 20, o 25 gradi secondo 
la quality del ferro, in modo che lo zero della rnota giri alia sinistra 
deir osservatore, 1’ ago del galvanometro h spinto a 10 o 20 o 30 gradi 
0 pin, indicando nna corrente diretta nella verga dall’ estremit^ snd all’ 
estremith nord. L’ ago torna subito alio zero o al suo pun to d’ equilibrio 
e se allora si fa cessare bmscamente la torsione, 1’ ago indica una nnova 
corrente in sen so contrario della prima. Ripetendo la stessa torsione 
in senso contrario, ciob verso la destra dell’ osservatore, si ha di nuovo 
una corrente della stessa intensity di quella ottenuta colla torsione a 
sinistra, ma diretta in senso contrario ciob dal nord al sud nella verga. 
Anche in questo caso la detorsione sviluppa una corrente che b in senso 
contrario della corrente prodotta dalla torsione corrispondente (pp. 6bV9). 

Reversing the magnetising current, we have secondaiy currents 
in the reversed sense. The phenomena repeat themselves so long 
od is subjected only to elastic torsion. Like all induced 
j 6 the secondary currents vary in intensity with the time in 

ju a given torsion is produced. 

Matteucci develops in this earlier part of his memoir (p. 70) the 
theory (rejected by Wiedemann) that the iron bar may be looked upon 
as a bundle of conducting fibres which are converted into spirals by the 
torsion (see our Art. 713), and he supposes that the magnetising coil 
has greater induction on this bundle of spirals than on the bundle of 
fibres parallel to its axis. 

Matteucci further notices that when he first twists the bar and then 
closes the primary circuit he likewise obtains an induced current, and 
that its magnitude is more constant for the same torsion than that 
obtained by reversing the order of proceeding. Opening tlie primary 
circuit^ when the bar is twisted gives a less induced current, howev(‘r, 
than the process of magnetising, and Matteucci attributes this to the 
residual magnetism (p. 71). After the primary circuit has bciiii op(uie(l 
and closed several times, the bar reaches a definite pcjrmaiumt magms 
tisation and the induced currents at closing and opening Ix^come the 
same (p. 75). Experiments were also made on steel rods with a 
greater or less degree of hardness; the phenomena were the sanui in 

^ Termed by Matteucci the ilemagneiitiatHm. 
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geneial character as for the iron rods, but the induced currents were 
much less in magnitude 

[702] On pp 76-7 we have various experimental results con- 
necting the induced current with the length, diameter and angle of 
torsion of the rod, on the latter page are also some statements with 
regard to the influence of torsional set or ‘ tort * Matteucci found that 
foi rods of haid and half hard iron of 4 m in length and of diameters 
of 4 mm and upwards the current was proportional to the angle of 
torsion, and he further concluded that set had not the power pf develop- 
ing a current, see his p 77, to he compaied with Wiedemann’s results 
in our Arts 713-4 Matteucci found that the induced currents due to 
twisting did not increase in proportion to the strength of the primary 
curient^, but began to dimmish after this reached a certain intensity (cf 
Wiedemann in our Art 714) Further conclusions as to the difference 
in magnitude of the currents mduced, accordmg as untwistmg was 
followed by the openmg of the primary circuit or the reverse cider was 
adopted, are given on pp 79-81, but the results are not stated with the 
clearness and precision of Wiedemann’s see our Art 714 Indeed the 
memoir suffers liom the want of a general statement of results, and the 
Ugg'^ determinate to which Matteucci lefers on p 81, have to be drawn 
from a rather confused mass of experimental statements 

[703 ] Parte II of the memoir is entitled Belle vanaziom 
nello stato magnetico d% una verga di fen o prodoUe dalla torsione 

(pp 82—8) 

Matteucci opens this Parte with an historical r^sumi of his 
own^ and Wertheim’s earlier investigations (see our Arts 812 and 
811, 813 et seg) Wertheim had not obtained for rods of cast 
steel any diminution of the magnetisation by elastic torsion (see 
oui Art 814 (ix)), but Matteucci asserts (p S3) that he has found 
small variations of the magnetisation with torsion in a variety of 
cast-steel bars He sums up the conclusions to be drawn from the 
bcaicely sulfficient experiments recorded in this part as follows 

1" La torsione elastica di una verga magnetizzata a satuiazione 
deteimina una dimmuzione nella sua foiza magnetica, la quale persiste 
per tutto il tempo in cm la toisione dura, colla detoisione la forza 
magnetica e ristabilita come prima 

2" Dalle relazioiu che esistono fra le vaiiazioni detei inmate dalla 
torsione e detoisione nella foiza magnetica di una veiga e le conenti 
indotte nella spirale esteina, e dimostiato che quelle vanaziom sono la 
cagione delle conenti stesse (pp b7-8) 

Stc Wiedeminns lesults cited m oui Art 714 

^ Mitteucci says ni igiiLtisation of the rod which he eiioneously takes to be 
piopoitional to the stiength of the primaiy cunent 
CompUb )cndas T xxiv p 807 
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[704.] Farte III* (pp. 88-97) of the memuir is entitled : ^piegor- 
done deijenomem descrittl This portion of the memoir, after a remark 
that the phenomena of induction described in the preceding parts can 
only be produced in iron and some other magnetic bodies, proceeds 
to develop a second ‘bundle of fibres’ theory, namely: that each 
fibre is a separate iron rod and that these rods after being converted 
into magnets are then twisted by the torsion round the current in the 
direction of the axis of the bundle. This theory is supported by rather 
vague reasoning which does not seem to meet the objections which 
Wiedemann has raised against it : see our Art. 713. 

On the whole Matteucci, while doubtless the first to discover many 
points relating to the influence of stress upon magnetism, had not that 
power of marshalling his experimental facts and clearly stating the 
conclusions to be drawn from them which is characteristic of both his 
French and German rivals in the same field. The memoirs of Wertheim 
and Wiedemann are models of physical research, but we must confess to 
finding Matteucci’s letter-press, never broken by a symbol or a formula 
and only occasionally relieved by a thin scattering of experimental 
numbers, wearisome reading. 

[705.] In a footnote on pp. 95-7 of the memoir Matteucci records 
some earlier results as to the effect of stretching three magnetised iron 
wires of 1 *5 mm. diameter. A wire was placed along the common axis 
of two spiral coils, one in circuit with a galvanometer, and the other 
used for magnetising ; on the stretching or unstretching of the wire 
when magnetised an induced current was observed in the galvanometer. 
Matteucci measured by means of a certain astatic system, described in 
the second part of the memoir, the changes in the magnetisation of the 
wire due to the stretch, and he found induced currents corresponding 
to the changes in magnetisation. After demagnetisation (? opening the 
magnetising circuit) the currents obtained by stretching or unstretching 
the iron wire were much stronger than when the magnetising current 
was flowing. These phenomena were most marked in annealed iron 
wire, but the induced currents were in the opposite sense to those in the 
case of hard iron wire. Thus stretching appeared to diminish the mag- 
netisation of annealed and increase that of hard iron wire. If the current 
in the magnetising coil were however broken, a stretch indicated an 
increase of magnetisation for annealed in tlie same way as for hard iron 
wire. 

When an iron wire magnetised by a surrounding coil was put in 
circuit with a galvanometer, no trace of a current along the wire was 
observed at the moment when it was stretched or unstretehed. 

These results become more intelligible in the light of the later 
researches of Villari, Ewing and others. 

[706.] G. Wiedemann: Ueber die Torsion, die Biegung nnd 
den Magnetismus. Verhandlungen der natnrforsckenden (Jesell- 
schaft in Basel, Vol. ii., Basel, 1860, 8. 168-247. 
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This important paper was lepioduced m a lather fragmentary manner 
in various volumes of Foggendorffs Annalm 

The following scheme shows the corresponding pages and will enable 
the reader to whom only the Annalen aie accessible to identify our 
quotations 


VerhaiLcllungen Poggendorff 
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We shall cite the pages of the Annalen by the Greek letters 

[707 ] Wiedemann commences his memoir with the foUowmg 
account of its object 

Erne Eeihe von Beobachtungeu hatte mich vermuthen lassen, dass 
die durch mechanische Mittel hervorgebiachten Aenderungen der 
Gestalt der Korper nach ganz ahnlichen Gesetzen von den dieselben 
bedmgenden Eratten abhangen, wie die Magnetisu ung der magnetischen 
Metalle von den diesel be bewirkenden magiietisiienden Kiatten Ich 
habe deshalb die Gesetze dei Torsion und Biegung der Koiper eineiseits 
ebenso wie die der Magnetisirung des Eisens und Stables ander&eits 
111 dieser Beziehung einer neuen Untersuchung unteiworfen, deren 
Resultate ich im Folgenden mitzutheilen mu erlaube (S 169) 

[708] The first section of the memoir is entitled Toision^ and 
occupies S 169-84 The section opens with an account of the 
apparatus employed (S 169-72 , a, S 161-4), and then Wiede- 
mann continues 

Diahte von verschiedenem Stoffe wurden mit Hulfe dieses Appaiates 
diuch aufsteigende Gewiclite L toidirt, welche stets so lauge wiikten, 
bis der Diaht erne constaiite Torsion augenommen hatte Die diesei 
BeUstuiigZ eiitsprechende teinpoiait Toision L des Dialites wuide an 
del Kreistheiluiig abgeltsen Nach dein Hebeii der drehenden Gewichte 
wuidc wiedeium emigc Zeit gewaitet, bis die ziuuckbleibende peima 
neutc Torsion ^ciinittelst dei Spiegel ibltsung bestiinint wurde 
N icli dti Torsion des Eiahtes wuide ei allmahlig diuch eiitgegengesetzt 
diehtnde Gewichte detuidirt, wiedei toidiit ii s f i)abei wurde soig 
taltigst jedc Eiscliuttuung des Apparates vermieden (S 172-3, a, 
S 174) 

This passage enables us without describing Wiedemanns 
apparatus to giasp his method of proceduie The mteivals which 
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elapsed between the experiments served to remove as far as 
possible elastic after-strain. Wiedemann’s experiments were upon 
annealed iron and brass wires ; the numerical results of his experi- 
ments are given on S. 174-7 (a, S. 175-7) and they are in part 
represented graphically in Fig. 3 of his Plate I. His general con- 
clusions for torsion including certain temperature effects, which are 
based on less careful experimental methods {mit manchen Fehler- 
quellen hehafteten Versuche, S. 183), are given on S. 178—84 
(a, S. 177-83). I do not cite them here, as we shall return to a 
general statement of conclusions for torsion and magnetism when 
considering the sixth section of the memoir. 

[709.] The second section of the memoir is entitled : Biegimg, 
and occupies S. 184-93 (/3, S. 439-48). It shows that results 
similar to those holding for torsion hold for flexure also. Wiede- 
mann’s apparatus is described on S. 184-5 (^, S. 439-40). His 
experiments were made on annealed brass rods built-in at one 
end and bent in a horizontal plane. The numerical details are 
given on S. 187-9 (/3, S. 442-4) and the general conclusions on 
S. 189-91 (/8, S. 444-6). These are of such great interest and 
anticipate so much of Bauschinger’s later work that we cite them 
here : 

(i) If a rod previously unbent be bent by a series of increasing 
loads, the elastic flexures which the rod exhibits while subjected to these 
loads increase more rapidly than the loads. 

(ii) After removal of the loads the rod exhibits flexural sets or 
hents^ ] these begin with the smallest loads and increase in a far more 
rapid ratio than the corresponding loads. 

(hi) If a bent rod have its bent removed (enthoyen) by the applica- 
tion of reversed loads, then the bent decreases somewhat more slowly 
than the loads increase. To produce complete unbending a considerably 
smaller load is necessary than that which produced bending. 

(iv) If the rod after the first bending and unbending is repeatedly 
bent and unbent, then the bents do not increase so much more ra])idly 
than the loads as is the case in the first bending ; on the contrary tliey 
become more and more nearly proportional to the loads, being gr(;ater for 
small loads than in the first case. The bent duo to the maximum loatl 
decreases gradually to a definite limit after repeated loadings. On tlio 
other hand the load necessary for unbending the rod iuereas<is with 

1 Isaac Walton uses this word of a fishing rod, Wilkins ot a bow and Itichard 
Hooker for the set of ‘an obstinate heart.’ 
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repeated loading and unloading — the load which lemoved the first bent 
now leaving a residual bent 

Thus in one set of experiments with Wiedemann’s units a bendmg 
load of 240 produced a bent of 89, and an unbending load of 211 left a 
bent of only 1, but after repeated operations the same bending and 
unbending loads produced a bent of only 44 8 and left a bent of 24 4 

(v) If a lod has been so often bent and unbent that the same 
bending load always produces the same bent, then when the rod is left 
to rest for awhile, it returns a little towards its primitive condition 

This result was onlv based on one expeiiment Indeed in these ex- 
periments on flexuie upon only one occasion was 15 hours left between 
two series, the other senes being carried on continuously and theiefore 
their results were probably somewhat affected by afbei-stram see S 188 
()8, S 443) of the memoir 

(vi) It IS obvious that if a definite load - L depiives a rod of bent, 
neither this load nor any less load repeated in the same direction as 
— L will gi\ e the rod a bent m the direction opposite to that of the 
first bent But the load -f- X on the contrary will pioduce a greatei 
or less bent of the rod 

(vii) If a rod, which possesses a bent B (which may be = 0) be 
brought to another bent B! by a load X, and then by a load — L' opposed 
to L be brought to a bent B'* which lies between B and B\ then to 
bung the rod again to the bent B the load L will be again needful 

(vm) If a rod be shaken while subjected to a bending load, this 
increases the elastic flexure, if it be shaken after the lemoval of the 
load, this decreases the bent If a rod be bent and then deprived 
of bent by reversed load, shaking produces anew a bent in the sense of 
the mitial bent 

These results are at least qualitatively the same as for torsion 
The temperatuie effect is not so gieat in the case of flexure as in that of 
toision see our Art 754 

[710] The practical value of these results has only been fully 
bi ought out by the more elaborate expenments of Bauschinger on laiger 
masses of mateiial, but Wiedemann certainly diaws fiom his moie 
limited range of expenments conclusions which to some extent anticipate 
those of the caieful Munich technical elastician see also our Aits 740 
and 767 These aie given on S 191-3 of the memoii (^, fe 447-8) foi 
both toision and flexuie 

Wiedemann lemarks that it depends ineiely on the sensibility of our 
apparatus wliethei we are able or not to measuie the set of the smallest 
loads (see our Ait 1296*) 

Dcminch ist dei Begrifi dei sogeninnten T ^ _ wic in in ihn 

gewolnilich fisst, duieliius ein nui fm die Pi i\is wiiikulniich enigcfulntci, in 
soferii m 111 dieselbe d i ansetzt, wo ebon fiu bcstiunntc Beubiehtun^^inetlioilen 
die peimincnten Oostxltvei indeiuiigen dei Koipci ‘^lolitbii wcidcii (b 192, 
ftb 447) 
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Thus if a body be bent to set and afterwards deprived of bent, 
or torted^ to set and afterwards deprived of tort, and this process be 
repeated, then on the bending or torting by any less load there will always 
be a sensible set, which becomes more nearly proportional to the load as 
the process is more often repeated. There is here then no limit of elas- 
ticity. Thus although we return to a state of no torsion or flexure, that 
is, of no appa/rent strain, the elastic condition of the material has quite 
changed in character. What we term the ‘ state of ease ’ has, for one 
sense of loading, been reduced to a vanishingly small range. On the 
other hand if a set has been produced by a load L, no load less than L 
in the same sense will produce any set. Thus, as we have frequently 
noted, L marks the elastic limit or state of ease. To obtain a state of 
ease, which starts from the position of no apparent strain and embraces 
a load Z/j, we must proceed as follows : 

Pirst apply a load in the opposite sense to and then a load 

in the same sense as which just undoes the bent or tort produced 

by Z/g, thus by (vii) will not produce any set provided we have taken 
Z/g so great that is greater than 

The suggestiveness of these results will be still more apparent as 
we come in the course of our History to further experimental investiga- 
tions bearing on the state of ease. 

[711.] Section in. of Wiedemann’s memoir is entitled: Magmti- 
sirwng von Msen und Stahl (S. 193-210 ; y, S. 235-244 and 3, S. 
563-6). This deals with the problems of temporary and residual 
magnetism and the effect of temperature on magnetism. The results 
obtained are very similar to those obtained for elastic strnin and set 
in the previous sections of the memoir, but to discuss them here would 
lead us beyond our limits : see our Art. 714. 

[712.] Section iv. is entitled : Einfluss der Torsion auf den 
Magnetismus der Stahlstdbe (S. 210-10; S, S. 566-71). This 
problem had already been considered by Wertheim (see our Arts. 
811-18), and Wiedemann commences by quoting Wertheim's 
results as to the magnetic equilibrium produced by repeated 
torsions in iron and steel bars: see our Art. 814. Wiedemann 
confirms and extends Wertheim's conclusions, measuring the 
changes in magnetisation by direct magnetornetric means and not 
as Wertheim by induced currents in a coil surrounding thci rod. 

The only result of this section which is not cited in the 
general results of the sixth section is iv. (S. 216 ; but v. in 3, 
S. 571), and this accordingly may be noted here : 

1 I use the noun tort for torsional set and the verbs to tort and to detort for the 
processes of twisting and untwisting when it seems advisable to emphasise the toit 
part of the strain produced. 
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If by torsion more magnetism be withdrawn trom a steel bai than 
could be withdrawn by lepeated changes of teinpeiuture within definite 
limits (in the experiments 0® to 100*^ 0 ), then any loss of magnetism 
pioduced by a rise of temperatuie within those limits is lestoied when 
the bar is again cooled to the previous temperature 

[713] Section v of the memoir is entitled Einjlus^ der 
Magnetisirwng auf die Torsion der Eisen- und Stahldrahte (S 
217-27, S, S 571-7, and a, S 164-8) The influence of magnetism 
m reducing torsional set or tort is here noted and measured Iron 
wires which have no tort do not appear to be twisted by magnetism 
As most of the results of this section are restated in the following 
section, we shall not specially cite them now , they deserve, how- 
evei, careful attention from those interested m the mutual rela- 
tions of magnetism and set^ Wiedemann gives cogent reasons for 
rejecting Matteucci’s hypothesis that an iron wire may be looked 
upon as a bundle of parallel fibres, which are converted by torsion 
into spirals and which magnetisation by producing mutual repul- 
sion again straightens see our Art 704 He also rejects the 
hypothesis that the phenomena observed can be due to the heat 
produced m the wiie by magnetisation (S 222-3, S, S 576-7) 

At the conclusion of the section the author promises in a 
future paper to deal with the influence of bending on magnetism, 
but at the same time he notes the great difticulties which stand 
in the way of experimental investigation (S 227) 

[714] The sixth and final section of the memoir is entitled 
Vergleichung der Resultate und Versuch einer Theone (S 227-47, 
a, S 183-201) We first find a comparison of the properties of 
magnetism and torsion which, although pressed rather far, con- 
tains a good deal of matter novel at the time I reproduce it heie 


Torsion 

1 The temporal y toisions of a 
wue twisted foi the first time by 
increasing loads increase more rap 
idly than these loads 

2 The torsional sets or torts of 
the wire inciease still more rapidly 


Magnetism 

1 The temporary magnetisa- 
tions of a bar magnetised tor the 
first time by inci easing galvanic 
cuiieiits inciease iiioie lapidly than 
the intensity ol those cuiients 

2 The peimanent magnetisa 
tions of the bai increase still moic 
1 ipidly 


1 On S 227 Wiedemann gives in grammes weight a measuie oi the detoiting 
torce ot magnetism in a special case (a, b 167-8) 
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3. To completely detort the 
wire a much less load is required 
than, to tort it. 

4. By repeated tortings and 
detortings the torts of the wire 
approach nearer and nearer pro- 
portionality with the corresponding 
loads. The torts are greater than 
at the first torting. 


5. By repeated application of 
the same torting and detorting 
loads L and - L the maximum of 
tort reached by the torting sinks 
and the minimum reached by the 
detorting rises to a certain definite 
limit. 

6. The wire, if torted beyond 
the limits of the repeated tortings 
and detortings, conducts itself as if 
torted for the -first time. 

7. A torted -wire, detorted by 
the load — L, cannot by repetition 
of this load be torted in a sense 
opposite to that of the initial tort- 
ing. The load + L torts it, how- 
ever, in the first sense. 

8. If a wire having the tort 
A be brought by the load h to 
the torsion -5, and afterwards be 
brought to any other torsion C, 
which lies between A and /i, then 
to obtain the torsion B again 
we have only to apply the same 
load h. Here A can be zero, and 
B greater or less than A> 


3. To completely demagnetise 
the bar a much weaker current is 
required than to magnetise it. 

4. By repeated magnetisations 
and demagnetisations of a bar, the 
permanent magnetisations approach 
nearer and nearer proportionality 
with the intensity of the magne- 
tising currents. The magnetisa- 
tions are greater than at the first 
magnetising. 

5. By repeated application of 
the same magnetising and demag- 
netising currents J and —J' the 
maximum of magnetisation reached 
by the magnetising sinks and the 
minimum reached by the demagnet- 
ising rises to a certain definite limit. 

6. The bar, if magnetised be- 
yond the limits of the repeated 
magnetisations and demagnetisa- 
tions, conducts ifcself as if mag- 
netised for the first time. 

7. A magnetised bar, which is 
demagnetised by a current of in- 
tensity - J cannot by repetition of 
this current be magnetised in a seiise 
opposite to that of the initial mag- 
netisation. The current -i- J mag- 
netises it, however, in the first sense. 

8. If a bar having permanent 
magnetism A be brought by the 
current h to the magnetisation B 
and afterwards be brought to any 
other magnetisation C, which lies 
between A and A, tlien to obtain 
the magnetisation Ji again wc have 
only to apply the same current h. 
Here A can be zero, and li greater 
or less than A\ 


^ Iniportarit qualifications of the above statements as to magnetisation, especially 
of 1-4, will be found on S. 192-200 (a, 8. 172-3). Wiedemann ai^parently omits 
them in this resume as he wishes only to emphasise the correspoiulences between 
torsion and magnetisation. These statements are thus very far from representing 
accurately the complete results of his purely magnetic experiments. 
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9 Shaking {Erschutterung) dur- 
ing the application of a twisting 
load increases the torsion of a 
wire 

10 The tort of a wire after 
release of the load is lessened by- 
shaking 

11 A torted and then partially 
detorted bar loses part of its tort 
by shaking or gams toit afiesh 
according to the magnitude of the 
detoiting 


9 Shaking during the appli- 
cation of a magnetising current 
mcreases the magnetisation of a 
bar 

10 The residual magnetisation 
in a bar aftei cessation of the 
current is lessened by shaking 

11 A magnetised and then 
partially demagnetised bar loses 
still more of its magnetisation by 
shaking or gams magnetism afiesh 
accoidmg to the magmtude of the 
demagnetisation 


12 Tort in an iron wire de- 
creases owing to its magnetisation, 
but in a ratio decreasing with m- 
creasmg magnetisation 

1 3 Repeated magnetisations in 
the same sense scaicely continue 
to deciease sensibly the tort of a 
wire A magnetisation in the op- 
posite sense, howevei, produces 
afresh a large decrease of the tort 

14 If a wiie by repeated mag 
netisation m opposite senses is so 
far detorted as is possible by the 
given range of magnetisation, then 
by magnetisation in one sense the 
wire shows a maximum and by 
magnetisation m the opposite sense 
a minimum of toit 

15 A toited wne which has 
been slightly detorted loses by mag 
netisation much less of its toit 
than one which has only been 
toited If the wire be further 
detorted, it exhiluts at hist by 
slight magnetisation an increase 
of toit, this by increasing mag 
netis ition rises to i maximum 
ind tlnn dcci eases The more the 
wire h IS lx ( n detort( d the gieitei 


1 2 Residual magnetisation in a 
steel bar decreases owing to torsion, 
but m a ratio decreasing with in- 
creasmg torsion 

13 Repeated torsions m the 
same sense scarcely continue to 
decrease sensibly the residual mag- 
netisation of a steel bar A torsion 
in the opposite sense, howevei, pio 
duces afiesh a large decrease of the 
magnetisation 

14 If a bar by i epeated torsion 
and detorsion is so fai demag 
netised as is possible by the given 
range of torsion, then by toision m 
one sense it shoAvs a maximum, by 
torsion in the opposite sense a 
minimum of residual magnetisa- 
tion 

15 A magnetised bai which 
has been slightly demagnetised loses 
by torsion much less of its mag 
netism than one which has only 
been magnetised If the bai be 
fuithei demagnetised, it exhibits 
at fust by slight toi sion an increase 
of its magnetisition, this by in 
ci6asmg toision uses to a mixi 
mum and then decreases The 
moK the bai has been (hmigmt 
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must be the magnetisation in order 
to reach this maximum. If the 
wire has been very much detorted, 
then its tort increases even on the 
application of very great magne- 
tisation. 

16. If a wire be magnetised 
while subject to the twisting load, 
then its torsion increases for slight 
and decreases again for greater 
magnetisations. 


ised the greater must be the 
torsion in order to reach this 
maximum. If the bar has been 
very much demagnetised, then 
its magnetisation increases even 
on the application of very great 
torsions. 

16. If a steel bar be twisted 
while under the influence of a 
magnetising current, its magnet- 
isation increases for slight but 
decreases again for greater tor- 
sions. 


17. A wire torted at the or- 
dinary temperature loses tort by 
heating and regains a part of its 
loss on cooling. The changes in- 
crease with increasing tort. 

After repeated changes of tem- 
perature the wire reaches a stable 
condition in which a definite tort 
corresponds to each temperature, 
decreasing as the temperature 
rises. 

18. A wire torted at the or- 
dinary temperature and then partly 
detorted, loses by heating so much 
the less of its tort the more it 
has been detorted. Its tort on cool- 
ing is less than before if the de- 
torting has been slight, it is greater 
if the detorting has been large. 


19. A wire torted at a higher 
temperature loses tort on cool- 
ing. On a second warming it loses 
still further and only by the second 
cooling regains a part of its loss. 
If the wire is shaken before the 
first cooling, it gains at once in 
tort. 


17. A bar magnetised at the 
ordinary temperature loses residual 
magnetisation by heating and re- 
gains a part of its loss on cooling. 
The changes are proportional to 
the magnetisation. After repeated 
changes of temperature the bar 
reaches a stable condition in which 
a definite residual magnetisation 
corresponds to each temperature, 
decreasing as the temperature rises. 

18. A bar magnetised at the 
ordinary temperature, and then 
partly demagnetised loses by heat- 
ing so much the less of its residual 
magnetisation the more it has been 
demagnetised. Its magnetisation 
on cooling is less than before if the 
demagnetisation has Ix^en sliglit, it 
is greater if the demagnetisation 
has been large. 

19. A bar magnetised at a 
higher temperature losers residual 
magnetisation on cooling. ( )n a sec- 
ond warming it loses still furthei' 
and only by the second cooling r(‘ 
gains a jiart of its loss. If tluj bai 
is sliaken btdbre the lirst cooling, 
it gains at onc(i in magmdisation. 
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A conception of the advance made by Wiedemann may be formed 
by comparing the above statements with those of Matteucci and 
Wertheim, the most important previous investigators m this field see 
our Arts 701-5 and 811-8 especially comparing 12 and 13 above with 
(u), (vi) and (vii) of Arts 813-4 

It will be seen that the laws of torsional set {tor ^ — which is what 
Wiedemann lefers to when he speaks generally of a wire being ^‘torted’^ 
in the above analysis — are similar to those of flexural set (bent), and 
their investigation constitutes a wide field for reseaich which is only 
in the present decade being thoroughly explored 

[715] On the basis of these analogies Wiedemann attempts a 
mechamcal as distmguished from a hydromechamcal or aether%al ex 
planation of magnetisation (S 233-47, a, S 189-201) Like W 
Weber, he supposes the ultimate magnetic element to be a polar 
molecule, and the axes of these molecules to he initially turned in all 
conceivable directions He then attempts by general descriptive 
reasoning to account foi the above relations and analogies between 
magnetism and strain Asa type of the general reasoning I quote the 
following paragraph 

Erschutterungen setzen die Theilchen der Korper m Bewegung, die Reibung 
der Euhe zwischen ihnen wird gewissermassen in eine Reibung der Bewegung 
verwandelt Daher werden in alien Fallen die Theilchen mehr den gerade 
auf sie wirkenden Kraften folgen konnen, tmd es mussen Erschutterungen 
eine Zunahme der temporaren, erne Abnahme der permanenten Torsionen und 
Magnetisirungen bewirken (S 239 , a, S 193) 

The perusal of this type of desciiptive (as distmguished from quanti 
tative) reasonmg leaves the mind almost as unsatisfied after as before, 
and Wiedemann himself freely acknowledges that his theoietical con 
siderations do not fully explain all the observed phenomena (S 247, 
a, S 201) They do not, howevei, i educe m the least the value of the 
experimental part of this important memoir 

[716 ] Resal Recherches sm les efiets micamques produits 
dans les C07 ps par la chaleur Gomptes rendics, T Li , pp 449-50, 
Paris, 1860 

This IS an abstract from a memoir presented to the Academy 
The author supposes a body which is submitted to a uniform surface 
pressure to be heated The heat expended is then divisible into 
two portions, one of which does work against the uniform piessure, 
the other does internal work (travail qm Von pent consideiei conime 
le lesaltat da developpenmit on de I inti oduction dans le systeme 
niatenel de nouvelles foices nioleci(lai') es es^entiellement leptdsiveSy 
p 450) TIic object of the memoir is the discoveiy of an expres- 
sion for the lattci A\oik in the cast of hoinogenc ous bodies 
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Resal gives the following expression for it in solids : 

Sttc ’ 

where a = coefficient of linear dilatation, 

E = stretch-modulus, 
w — specific weight, 
c = specific heat. 

No proof is given of this formula, nor do I understand how 
it is deduced. 

[717.] Hermann Vogel: Ueher die Ahhdngigkeit des Elas- 
ticitdtsmoduls vom Atomgewicht Annal&ii der Physik, Bd. cxi., 
S, 229-239, Leipzig, 1860. 

This is an endeavour to find a relation between the stretch- 
modulus and the coefficient of thermal expansion, but neither the 
theoretical reasoning nor the numerical results are satisfactory. 

Let a be the coefficient of linear thermal expansion, c the specific 
heat and w the specific weight of a prismatic metal rod of unit length, 
unit cross-section and unit (1 absolute) temperature. The quantity of 
heat of a volume of water equal to that of the rod being unity, then 
the amount of heat in the metal rod equals cw. This amount of heat 
produces an extension in length equal to a, and therefore unit quantity 
of heat produces an extension equal to ajicw). 

Vogel then continues : 

Derselbe Stab erleidet durch eine, in der Richtiing der Lange wirkende, 
dehnende, der Gewichtseinheit gleiche Kraft eine Ausdehnung, die man den 
Dehnungsquotienten nennt. 

1st nun die Arbeit, welche die Warmeeinheit zu leisten vermag, cine con- 
stante Grosse, so werden die Ausdehnungen, welcho verschiedeiic Metallo 
durch die Warmeeinheit erfahren, in demselben Verhaltnisse zu einander 
stehen, wie ihre Dehnungsquotienten (S. 230). 

Vogel denotes by Dehnungsquotient the reciprocal of our stretch- 
modulus; and the first paragraph is intelligible, but I do not under- 
stand the second, for the amount of heat communicated not only dilates 
the body but also raises its temperature, and even if there were no lu^at 
expended in raising the temperature, the extensions which different 
metals receive from unit quantity of heat ought to be as the reciprocals 
of their dilatation-moduli rather than as those of tlunr stnjtch-moduli. 
These two sets of ratios will not necessarily be equal unless we prcj- 
suppose uni-constant isotropy. 

[718.] Tt is possible of course if the amount of heat used in raising 
temperature be proportional to the total amount of h(‘at apphn^d to a 
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body that we may haye, on tbe nni constant hypothesis, a relation of the 
form 

B w ^ tai 

a a! ’ 

Eo, 

01 , — = a constant (i) 

cw ' 

Hence it is worth while notmg what numerical results Yogel gives 
He finds for the metals the mean value of Eal(cw) = 2 44, exactly 
agreeing with its value for silver The minimum is 1 85 for lead and 
the maximum 3 18 for zinc Below zinc stands iron with 2 79, and 
above lead aie platmum with 2 01 and gold with 2 10 Thus the 
presumed constant has a rather wide range, which may be due to error 
in the theory, to the fact that the quantities were not determmed from 
the same specimens of metal, or to the need of replacing the stretch- 
modulus by the dilatation modulus 

[719 ] Accordmg to Dulong and Petit and Regnault, if -4 be the 
atomic weight, 

Ac = a, constant 

Hence, it must follow that 

EaA , V 

= a constant (u) 

w 

Or, the product of the stretch modulus, the coefficient of thermal 
expansion, the atomic weight and the reciprocal of the specific weight 
IS a constant 

The exactitude of (n) seems even less than that of (i) The 
constant is 6 03 for lead, rising to 10 22 for zmc, the mean value 
being 7 716, which is not very diffeient from that for tm (7 69) 
Yogel remarks of these results 

In Anbetracht des Umstandes, dass alle in der Formel EaAlw enthaltenen 
Werthe, A ausgenommen, innerhalb gewisser Granzen schwanken und noch 
dazu von verschiedenen Beobachtern an verschiedenen Metallstucken be 
stimmt worden smd, ist eine solche Ueberemstimmung immerhm merkwiudig 
genug (S 233) 

[720 ] Yogel then draws attention to a result of Masson’s referred 
to in our Art 1184*, 7 , namely that the pioduct of the reciprocal of 
the stretch modulus {coefficient d’elashate) and the atomic weight oi a 
multiple of the atomic weight is a constant This would only be tiue 
accoiding to Yogel’s tbeoiy on the assumption that the latios of the 
values of aE^jw for the metals weie as whole numbers As a matter 
of fact they aie neaily as 30 15 5 3 foi iron, copper, silver and tin 

(S 235) Yogel diaws as easy corollaries from Ins foimula the follow 
mg statements 

(i) If the values of ajw are in a veiy simple ratio to each other, 
then the pioduct of the stretch modulus and the atomic weight or a 
multiple of it IS constant 
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For example, in the case of copper and silver, the values of ajw are 
very nearly equ^, and we have I! A = 397391 for copj)er, and = 409482 
for silver. 

(ii) If for different metals JEa is constant, then their specific 
volumes (or the values of A/w) are equal. 

For example, in the case of iron and copper, u4/zo=3*6, while the 
values of Ea are *2458 and *2157 respectively. 

Naturlich kann hier nicht von ahsoluter, sondern nur von annahernder 
Uebereinstimmung der Werthe von Ajw und von Ea die Rede seyn (S, 236). 


[721.] Vogel in conclusion refers to Wertheim’s result (see our 
is approximately constant for metals. Vogel 

combines this with (ii) and finds : a oc • He shows that for 


silver, iron and cadmium there is some approach to this law (S. 238). 

He does not refer to Person’s results, which are in some respects akin 
to his own : see our Art. 1388*. 

While Vogel’s theory is wanting in accuracy, and he himself admits 
that his formulae must not be pressed too far, still the numerical results 
of his paper are sufficient to show that careful experimental investiga- 
tion in this field might lead to the discovery of results of great value, 
and for this reason the paper has been more fully referred to here than 
at first sight it appears to deserve. 


Group B. 

Kupffer^s Memoirs with Zoppritzs theoretical Discussion 
of Kupffers Results. 

[722.] In 1849 the Russian government established a Central 
Physical Observatory in St Petersburg and appointed A. T. Kupffer 
as Director. According to the rules the Director had to furnish 
a yearly report on the experiments conducted in the Observatory 
as well as on other matters to the Minister of Finances. Thus 
arose the Compte rendu annuel of the Ohservatoire physique 
central. In these Gomj)tes rendus for the years 1850 to 1801 
will be found accounts of the researches in elasticity carried on by 
Kupffer. In 1860 he published the first volume of a great work 
entitled : Recherches exp6rimentales sur Velasticite des 'tuetanx 
faites d V ohservatoire physique central de Rassie, Tome i , St 
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Petersburg, 1860 This first volume is devoted to the ex- 
perimental study of flexure and the transverse vibrations of 
elastic laminae with a view to the discoverv of the elastic 
properties of metals A second volume was to be devoted 
especially to metals prepared in Russia and a third to torsion 
and torsional oscillations Further Kupffer promised to consider 
the resistance of metals strained beyond their elastic limit and 
also up to rupture Only the first volume of this important 
work was ever published , experiments partly covering the 
ground of this volume, and partly that of the proposed suc- 
ceeding volumes, will be found in the above mentioned Gomptes 
rendiis up to 1861 see also our Art 1389* After this date 
they ceased and Kupffer died in 1865 Separate memoirs by 
Kupffer belonging to the period 1850-60 are also considered in 
our Arts 745-57 His researches are among the most elaborate 
and careful that have ever been made on the elasticity of metals 
We shall commence our consideration of them by noting points in 
the Gomptes rendus not embraced in the volume of 1860 

[723] Gompte rendu annuel Ann6e 1850 (St Petersburg, 1851) 
Pp 1-11 aie occupied with a description of the apparatus recently 
erected and of the experiments made on the elasticity of metals at the 
new obscivatory The toisional experiments referred to are chiefly 
those of the memoir of 1848 see our Art 1389* The experiments on 
flexure are the earliest of the senes desciibed in the woik of 1860, 
namely the determiuation of the stietch modulus by the tiansverse 
oscillations of a clamped flee lod One or two pomts may be noted 

{a) Kupffer as a i ule uses in his experiments the symbol 8 (some- 
times S') for the extension of a lod of unit length and unit ladius 
(circulai cross section) under the traction of unit force On p 9 of the 
Gompte rendu lor 1850 he gives a formula ‘ ou 8 designe le coefficient 
d’elasticite du metal’ On p 19 of the Recheicheb expo iinentales he 
writes ‘on designe pai 1/8' ce que Ton appelle ordmairement le 
coefficient d'elasticite^ Heie 8 or 8' = l/(7rA), where E is the stietch 
modulus Elsewhere in the Recherche^ he uses 8 foi -ttS' and terms it 
the dilatation elastique (pp xv and xxxi) On p 299 of the Rf^cheicheb 
he & lys let P = V accroibsement du coefficient de dilatation Uabtique, and 
then uses a foimuh involving P and 8 in such fashion that he evidently 
means 8 to bo the coefficient de dilatation dabtique His expeiiments 
leally go to show tint the stietch modulus (and piesuniably the slide 
modulus) d( creases with increase of the tempeiature, oi that 8 mciexses 
with incieise of tempeiature If this be so, he must in the i n » i| 1 
of the memoir of 1848 cited in our Ait 1395* mtan by loe^icient 

12—2 
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the quantity 8, although both in that memoir and in the 
Becherches he defines this coefficient as either 1/8 or 1/8'. This really 
follows from the results in our Arts. 1392* and 1396*. Hence in 
the remarks following the citation in our Art. 1395* the words 
‘slide-modulus increases’ and ‘is probably increased’ should be re- 
placed by ‘slide-modulus decreases’ and ‘is probably decreased’ 
respectively. This confusion in terms is not confined to the coefficient 
d'Mastidti; it is occasionally difficult to understand what Kupfier 
means by la force ilastique du mHal, a term which he freely uses in 
summing up his results. 

In the present notice of his experiments (p. 4) he refers in the 
following words to Wertheim’s results on the relation of temperature to 
the elastic moduli (see our Arts. 1298* and 1301* 5°) : 

Ces m^mes experiences [i.e. those on torsion^ of 1848] m’ont fait voir que 
les changements de temperature exercent une influence sensible sur la force 
eiastique des fils metalliques, qui augmente, lorsque la temperature diminue, 

et reciproquement. Les experiences de M. Wertheim avaient dejk signaie 

cette influence pour de grands intervalles de temperature ; mes experiences 
etaient assez rigoureuses pour la preoiser pour les differences de temperature 
de 10 k 15® R. M. Wertheim est arrive h des resultats fort differents des 
miens, et la loi qu’il a trouvee n’est pas aussi simple que celle que je viens 
d’enoncer ; mais comme nos valeurs ont ete obtenues par des methodes d’ob- 
servation tr^s differentes, elles ne sont pas exactement comparables. Cette 
question a encore besoin d’etre traitee h fond, et le sera assurdment, puisque 
la Societe Royale des Sciences de Gottingue en a fait une question de prix 
pour I’annee 1852. 

[724.] (6) A second point worth noting is a suggestion, made I 
believe for the first time, to determine the mechanical equivalent of heat 
from the force necessary to produce a given stretch. It is contained in 
the following words : 

Nous avons vu dans ce qui prdcdde qu’on pent ddterminer, avec une tr5s 
grande precision, la dilatation qu’un fil dprouve par Faction d’un poids ; dvaluer 
ensuite la dilatation de ce mdme fil jiar la chaleur, n’est-ce i)as dvaluer en 
poids la force mdcanique de la chaleur ? (p. 5). 

The reasoning, however, by which Kupffer deduces the mechanical 
equivalent of heat seems to me very doubtful, and the agreement of his 
value for it with Joule’s must I think be looked upon as a hai)py 
coincidence. 

The same numerical results as are here given are repeated in a 
paper in the Bulletin^ but the reasoning there is somewhat different : 
see our Art. 745. 

In the first place Kupfifer makes an appeal to the theorem, due to 
Poisson, that the same traction applied to the terminal sections of a bar 
produces double the stretch that it would do if applied all over* the sur- 
face. This is easily proved on the uni-constant hypothesis, but I fail to 
see that it is properly applicable to the present problem, whore it would 
seem we ought to deal with equal quantities of work spcuit in these 
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two forms of stiain rather than with equal tractions Kupffer then 
contmues 

Un cyhndre, dont la longueur et le rayon sont ^gaux h, Fumt^, est allong^ de 
cette m6me unit^ (c’est k dire d’un pouce), par un poids p=l/h, oh 8 d^signe 
Tallongement que ce m§me cylmdre Iprouve par la traction de I’umt^ de poids 
(c’est k dire d’une hvre; , on pent done ^valuer la force dlastique du cylmdre, 
en disant qu’elle ^l^ve le poids ^ k la hauteur d’un pouce 4chauffant ce 
mSme cylmdre de 0 ^80 E , il s’allonge de la quantite a , d’apr^s I’hypoth^se 
que nous avons adoptde plus haut, il s’^ongerait de la quantity 2a, si I’effet de 
la chaleur n^avait lieu que dans une seule direction comme la traction , la 
quantity de chaleur, qui produit cet allongement est 4gal k windld^ ou w est la 
quantity de chaleur, quM faut pour Clever de 0 k 80 E la temperature d’un 
cylmdre d’eau, dont la hauteur et le rayon sont 4gaus: k Tunit^, m la chaleiu* 
specifique et d la density du corps 41astique, et oh d' est la densite de I’eau* 
nous aurons done Texpression 'wmdl(2ad') pour la quantity de chaleur, qm 
prodmrait un allongement d’un pouce, ou, comme les causes doivent ^tre 4gales, 
lorsque les effets sont ^gaux, nous aurons ^videmment p—wnidl(2ad') Mais 
nous avons aussi jp = 1/8 (p 6) 

* J’appelle density le poids de I’unit^ de volume ou d’un pouce cube 

Hence Kupffer reaches as his final equation 
1/8 = zomdl(2ad ') , 

and by substituting the numerical values of the quantities mvolved, he 
finds a magnitude for w agreemg closely with Joule’s 

[726 ] But Kupffer obtams this lesult by a compensation of eirors 
In the first place the elastic work corresponding to p and unit extension 
ought to be \p and not p And fiirther it is not evident that ‘ the 
effects aie equal’ i^Qs effets sont ega'wx)^ for in the case of a pure elastic 
stram we have the body at tomperatuie 0 say, but in the application 
of heat we have the same strain together with the body at a tempeia 
ture of 80 E Suppose H the quantity of heat given to the body and 
let it be held at the strain produced by this amount of heat and cooled 
down to tempeiature 0 , and in doing so let E' be the amount ol heat 
commumcated to the refrigerator, and k the amount of heat the body 
would give off in being stiamed at constant temperature zero up to the 
same expansion, then the heat equivalent to the mechanical stram would 
seem to be H — E' + h and not E as Kupffer assumes Theie is, I 
thmk, no reason for assuming E' ’-h indefinitely small as compaied 
with //, indeed Kupffei’s lesult seems to indicate (since he has diopped 
the Y) that E' — h = ^E appioximately in his case, otherwise his eiiors 
would not compensate each other as they appear to do^ 

^ Kupfer’s results are (luoted without any apparent questioning in some modem 
works e g G Helm, Die LeJue von dtr 1 neujie, S 01 just as they were cited m 
the DhilobOjphiuil Magazine FoggendoiJJb Annalcu and othei journals without 
demur in 1852 In the IwiUchnttc do PliybiK ioi 1852, b 573-7 Helmholtz 
lomarks that the argument of the famous bt Petersburg physicist is too hiiet 
to be open to intelligent criticism and he shows that KupHer s foimiila is 
not identical with any ot the known equations of Thermodynamics He does 
not howevei, distinctly state that it cannot be tiue Compaie Vogels paper 
discussed in oui Aits 717-21 
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[726.] (c) The last point to be noted in the present paper is the 

experimental discovery of affcer-strain in metals. Both Seebeck and 
Clausius had suggested its existence (see our Arts. 1402^ and 474), 
but no physicist had distinctly seen and measured its effect, so far as 
I am aware, before Kupffer. 

The following sentences give his conclusions : 

(i) La flexion qu’une verge encastr^e par une extr^mitd et libre de 
Tautre 6prouve par une charge quelconque, suspendue k son extr^mit^ libre, 
augmente avec le temps, et ne s’arr^te qffapr^s un temps plus ou moins long, 
quelquefois apr^s plusieurs jours seulement. 

(ii) Lorsqu’une verge est rest4e Archie pendant quelque temps, oe n’est 
qu’apr^s un intervalle de temps plus ou moins long, qiflelle revient exactement 
h sa premiere position. 

(iii) Une verge fl^ohie par un poids, pendant un instant seulement, 
revient tout de suite et exactement k sa premiere position, aussitdt que le 
poids a 6t4 mais cela n’a lieu que jusqu’k .une certaine limite ; lorsque le 
poids d^passe cette limite, la verge ne revient plus tout de suite k sa premikre 
position j eUe n’y revient qffaprks longtemps ou pas du tout (p. 11). 

The last statement shows the possibility of set combined with after- 
strain arising from instantaneous loading. 

[727.] Compte rendu annuel, Ann^e 1851 (St Peter'sburg, 1852). 
Pp. 1-11 give an account of experiments to determine the elastic 
constants of iron and brass by different methods. Kupffer finds that 
for brass pure traction and flexure experiments give practically the 
same value for the stretch-modulus, but that this value differs con- 
siderably from the value deduced on the uni-constant hypothesis from 
the slide-modulus as determined by the method of torsional vibrations. 
Kor is the ratio of the slide- to the stretch-modulus the same for brass 
and for iron wire. This would be an argument against uni-constancy, 
if we could assume Kupffer's wires to have been isotropic (pp. 1-5). 
Kupffer next refers to the various effects which strain, annealing etc. 
have on the stretch-modulus, as obtained by the method of transverse 
vibrations of a bar (pp. 5-7), and then he deals with the influence of 
the resistance of the air on torsional vibrations (pp. 7-10). These 
matters will be more fully dealt with in our discussion of Kupflbr’s 
great work of 1860. 

[728.] Compte rendu annuel. Annee 1852 (St retersburg, IcSf),*!). 
Pp. 1-19 furnish a further account of flexure expoT-iinonts to dcUu-mine 
the stretch modulus. The experiments were inacle partly by oscillatory, 
partly by statical methods. 1/8' l/(7rS) is defined as h coejficient 
d^Uasticite du metaC (p. 6). With regard to expciriuients by these 


1 5 and 5' exactly change meanings in the Comptes rcruhis and the Reolicrrhe>i ! 
compare pp. 19 and 133 of the latter work with p. 0 of the Compte rendu for lHr)() 
or p. 6 of that for 1852 ; i.e. B = 7r5' = HK in the llecherchea, but 5' = 7r5 = l/y<; in the 
memoir of 1848 and the Comptes rendiis. 
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different methods Xupffei finds (pp 13 and 1 9) in Russian measure the 
following results £oi IjE 


Material 

Statical Method 

OsciEatory Method 

Soft Steel Lamina, No 5 

10-“ X 296,020 

10-“ X 297,962 

Soft Cast Steel, No 6 

10-13x301,055 

10-“ X 300,623 

Platinum Lamina 

10-13x358,600 

10-“ X 358 438 

Biass Eod 

10-13x592,913 

— 

Iron Eod, No 3 

10-13x329,270 

10-“ X 322,363 [RechercTm, p 283) 


So far as this table goes we see that with the exception of the first 
steel lamina, 8' is gi eater and theiefoie the stretch-modulus E is less 
when calculated by the statical method The diffeiences are small 
except in the case of iron The exception in the case of one kind of 
steel agrees with the difference found by Kennedy and Wullner (see 
ftn p 702 of our Vol i , where obviously the conclusion should say 
‘in favour of’ and not ‘opposed to’ Wertheim’s result) The numbers 
given foi the steel lamina No 6 and for platinum in the Eecherches 
vary a good deal (see pp 219-229, and 264-5) and therefore aie 
perhaps not veiy exact If E^ be the static and the kinetic stretch 
modulus we have 

For platinum, Ej^jE^ = 1 0004*5, Foi iron, EijEg^l 0214 

These latios are less than those obtained by Weber and Weitheim 
(see our Aits 705* and 1403*, Weber’s numbers give for non 1 072, 
for platinum 1 21 and for copper 1 09) Results like these diffei, 
however, so enormously from those calculated by Sir W Thomson 
(Article Elasticity in the Encyclopaedia Britannica, § 76, Thermo 
dynamic Table II, oi Mathematical and Physical Payers, Yol iii , 
p 71) and also among themselves, that but httle faith can be placed in 
them In fact they depend in Kupffei’s case on the last three figuies 
of his values, but an examination of the individual experiments shows 
that these three figures vaiy very greatly fiom one experiment to 
another Kupffei gives no value of 8' foi the brass lod in the Compte 
lendu, but the \alues he gives for such lods in the Eecherches 
(pp 111-21) make E-i^\E^<\ Hence Kupffer’s results will not allow 
us to assert that the kinetic method alwaj/s gives larger sti etch moduli 
than the static, and that the differences are too great to be explained 
solely bv theimal action Even if we could allow for influence of 
dtei strain (see oui Aits 1402* and 474) the extreme difficulty of 
dettimming the modulus accuiately to six places of figures would 
render any evaluation of the ratio of specific heats by Kupffer’s piocess 
impossible 

Kupffer himself attiibutes the diffeieiice between the values of the 
modulus as obtained by the two methods to the fact that in the case of 
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transverse oscillations the rods oscillate elliptically and never in a 
plane, and he holds that this tends to diminish slightly the duration of 
the oscillations (ftn. p. 19). He does not demonstrate this, and I do 
not see why it should be true : see as to other difficulties our Art. 821 
and footnote. 

[729.] Gompte rendu annuel. Ann6e 1853 (St Petersburg, 1854). 
The continuation of experiments on the determination of the stretch- 
modulus by static and kinetic methods is described on pp. 1-7. 
Kupffer notes that the static flexural method gives results more in 
accordance with themselves than the kinetic (on voit encore ici, que 
les valeurs de 8', obtenues par la flexion, sont d’une exactitude bien 
sup^rieure k celle, qu’on pent obtenir par des oscillations transversales, 
p. 4). A series of experiments on the static flexure of cast-iron is 
described on pp. 6-7. Kupffer remarks that flexural set always occurs 
with this kind of iron, and that when this is subtracted from the total 
flexure due to the load the deflections are sbill not proportional to the 
loads, but increase more rapidly than the loads. Thus for two bars 
(i) and (ii) of specific gravities 7*124 and 7*130 respectively we have 

(8' = 10-^ X 622,724 for a total load of 1 lb. 

(i) J = ... X 636,762 1*125 lbs. 

( = ... X 653,590 1*375 lbs. 

Por this bar 8' = 10“^^ x 559,288 from transverse oscillations. 

(8' = 10-“ X 589,100 for a total load of 1 lb. 

.... 1 = ... X 601,650 2 lbs. 

W 1 = ... X 620,860 3 lbs. 

[ = ... X 636,980 4 lbs. 

For this bar 8' = 10”“ x 564,137 from transverse oscillations \ These 
and similar results are in general conformity with Hodgkinson’s ex- 
periments: see our Arts. 969* and 1411*, and conclusively show the want 
of exact meaning in the term stretch-modulus for the case of cast-iron. 

[730.] In this year Kupfier also began a series of experiments on 
the dilatation by heat of the same metal bars as he had been experi- 
menting on elastically. The observations were made by taking each 
bar as a pendulum, the bob being so attached to the bar that the 
distance of its centre of gravity from the axis of oscillation depimdcd 
only on the length of the bar. The results of experiments on two })rass 
bars only are given. These bars were taken from the same casting but 
one had been vigorously hammered. Tlio coefficients of linear (!xj)an- 
sion were measured for an increment of 1" between 25" It. and 30" Jh 
We have : 

Coefiicient. 

Cast brass *000,025,727. 

Hammered brass *000,024,980. 

1 This number is incorrectly given in the Gompte rendu : sec the Reclwnltctt, 
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Tlius the ratio = 1 030 1 about. The ratio of the specific gravities 
was 1 1 035, 01 the coefficients of expansion were nearly inversely 

proportional to the specific gravities 

[731 ] The Gompte rmdu for this yeai also contains a scheme for 
an extensive series of experiments on the entire elastic life of materials 
prepared in Russia This scheme is perhaps the most complete ever 
drawn up for a detailed investigation of the cohesive and elastic pio 
perties of metals The commission proposed in it would have achieved 
on a moie catholic and moie scientific (physical as distinct from 
empirico-technical) basis for many metals what the English commission 
did for iron only see our Art 1406* Such experiments as Kupffer 
made in this direction would have occupied the second volume of his 
Recherches, what they were we can only gather fiom subsequent 
numbers of the Gomptes rendus The piogramme is drawn up with a 
view to the industrial use of metals, and I only regret that our space 
does not permit of its leproduction heie Elastic properties, as well 
as those of set and ruptuie, are taken into full consideration, further 
the influence of the various processes of manufacture, of working, of 
temperature-effect, of impulsive and long continued stiess on one and 
all of these properties are dealt with As a scheme for further physico 
technical researches in elasticity, or for a treatise on the subject, 
Kupffer’s programme would still, with a few modifications in the hght 
of more recent discovenes, be of very great value It occupies pp 
11—14 of the Gompte rendu annuel 

[732] Gompte rendu annuel Annee 1854 (St Petersburg, 1855) 
The account of elastical leseaiches occupies pp 1-28 It commences 
with some further remctrks on flexural measuiements chiefly directed to 
investigate the effect of ‘woikmg’ on the metals Kupfier concludes 
that “Telasticite des metaux est considexablement augmentee pai le 
travail qu ils subissent dans le laminage, Tecrouisbage et en passant par 
la fili^re ’’ (p 3) By an augmentation of the elasticity is to be undei 
stood a smaller value of S' oi a greater value of the stretch modulus 

[733 ] The majoi portion of this report is occupied with experi- 
ments on torsion (pp 4-28) These weie made with an appaiatus 
similar to, but far more exact than that used for the expeiiments 
desciibed in the memoir of 1848 see oui Art 1389* An account ot 
this apparatus will be found m the Gompte rendu for 1850 and it is 
repeated here (pp 4-5) The appaiatus involves an oscillatory method 
of experiment, but one used by Kupffer with extieme accuiacy and 
careful detei mination of all the possible sources of distui banco Tlie 
real slide-modulus p is to be obtained fiom Kupffer’s 8 b^ the i elation 
l/ 8 =[ 7 rjUL see oiu Art 1390* Kupffei’s p (p 6 ) is not our slide 
modulus, but - Itt/jl, i e it is the moment of the force nectssiiy to turn 
through unit ingle i cylmdci of unit radius and unit length 
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[734.] Kupffer confirms his former result (see our Art. 1391*) as 
to the law connecting the duration of the oscillations with the ampli- 
tudes. He finds that ajP^ (in the notation of our article referred to), 
now written ij/, depends largely on the nature of the material and the 
working it has been subjected to. This quantity xj/ is termed by 
Kupffer the coefficient of fluidity. Kupffer's ^ fluidity ’ of metals is a 
property corresponding to Sir W*. Thomson’s viscosity’ (see our 
Chapter devoted to that physicist), and as it appears to be the first 
real consideration of the matter, I quote p. 15 of KupflPer’s remarks : 

yjr a xme valeur constants pour chaque fil, mais varie considdrablement 
d’un fil h I’autre, comme le prouvent non seulement les experiences que je viens 
d’exposer et qui se rapportent au fer et k Facier, mais aussi toutes les observa- 
tions qui vont suivre. 

Les observations precddentes donnent 

pour le fil de fer *000616, 
pour le fil d’acier - 4 *= *00003736. 

C’est-^-dire la valeur de est 17 fois plus grande pour le fer, que pour 
Facier. 

De \h il suit que Faccroissement, que la dur^e des oscillations dprouve 
lorsque les amplitudes augmentent, ne pent ^tre un effet de la rdsistance de 
Fair, ni une consequence de la loi g^nerale de Feiasticite, quelle qu’elle soit 
d’aiUeurs (que Felasticitd soit proportionnelle aux accroissements de la 
distance entre les molecules, ou qu’eUe suive une autre loi relativement k ces 
distances) ; cela doit toe une proj)riete inherente aux corps elastiques, qui 
varie d’un metal k Fautre, qui varie mtoe pour le m6me metal, selon le travail 
qu’il a subi. 

J’ai fait voir, par des experiences rapportees dans mon Conipte rendu do 
Fannee 1851, que Famplitude des oscillations diminue aussi bien dans le vide, 
que dans Fair, cette diminution ne pent done pas toe non plus un effet de la 
resistance de Fair, cette resistance la fait seulement diminuor plus rapidemciit. 
La position d’equilibre, k laquelle il faut rapporter toutes les forces, qui font 
osciller un fil metallique, se deplace continuellemeiit et toujours dans le sons 
des oscillations ; de sorte que cette position d’equilibre oscillc avuc Ic fil rnOinc 
autour d’une position moyeime, qui est celle du fil compietcmcnt revenu au 
repos. Il paralt que les molecules des coiqis solides possedent la propriote 
non seulement de s’ecarter les unes des autres, en produisaiit une resistance 
proportionnelle aux ecarts, mais aussi do glisser les unes sur los autres, saiis 
produire aucun effort. Cette pro^iriete est possodeo k un liaut degre par kis 
fluides ; je la nommerais done volonticrs la fliiiditc des corps solides ; le coeffi- 
cient yj/ pourrait toe appeld coefficient de fluidite ; la inallea))ilite des nietaux 
paralt en ddpendre, et pout to‘e aussi lour durotc ; des ox])eriencos ulterieures 
nous apprendront jusqu’oh va cette analogie. 

Le coefficient de flmditd pout varior beaucoup dans le nieme metal, deiiv 
autres fils de fer de *04801 et do *08090 de rayon out donne \//« -^ *( )( )039;} (^t 
>p = *000494. Pour un fil de ciiivre jaune de *09518 de T*ayon, d a etc trouve 
egal k *000284, pour un autre, dont le rayon etait egal a *0807 on a eu 
^ = *000930. Mais il varie surtout d’un metal k Fautre -.'on a . 

pour lo platine \l/'= 000137(), 
pour Fargent - 4 ^= *0003650, 
pour For yj/ = *000300. 
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Here we have a very clear description of the action of viscosity 
in metals, a property which has much exercised physicists upon its 
frequent rediscoveries since Kupflfer’s investigations of 1848-1854 

[735] But Kupffer’s torsion expeiiments led him to consid<»i 
several other points connected with torsional vibrations which have 
been largely dealt with in recent years Thus 

(i) On pp 16—23 he shows how the resistance of the air may be 
taken mto account and eliminated 

(ii) On p 23 he refers to the reduction of the observations to a 
constant temperature see our Arts. 1392* and 1396* 

(m) On pp 23—28 he discusses what effect the traction of a wire 
has on its torsional lesistance This is important as it is necessary to 
allow for the weight of the vibrator 

Kupffer had in the Gompte reridu for 1851 given the following 
result, where M and M' are respectively the torsional rigidities of the 
wire^ without and with a traction which produces a stretch s in the 
wire 

iI/' = if(l-35) 

Kupffer lemarks that Neumann of Komgsberg (the great Franz) had 
sent him the result 

i/' = if (1 - €5), 

where e can vary between the limits 1 and 3, as the lesult of a mathe 
matical investigation in which it is not assumed that the elastic 
coefficients are altered or the piopoitionality ol stiess and strain 
abrogated The investigation is not given, but it is easy to leplace it 
Let rj be the stietch squeeze ratio, and let the wire be of length I and 
ladms r, then we have for the toisional rigidity without ti action 

and with ti action 

Now 7] can take all values from 0 to ^ foi bi constant isotiopy see 
oui Alt 169 (d) Hence Neumann’s statement follows That Kupffei’s 
expeiiments gave 1+477-3 oi rj - I foi his wiies, In ass and steel, I 
attribute, not to the fact that those wiits had bi constant isotiopy 
appi caching its limit, but to then being leally leolotropic 

[7 36] A lesult also due to Frinz Neumann and lecoided b) 
Kiipher in a note on p 24 deserves notice He says that Neumann 
hid shown by fixing small niiiiors to a rectangular bai undei flexuie 

1 loiiyiomil iK/ulity of a wiic ib a convenient term foi the toisional moment pci 
unit anj^le of toibion 
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that a cross-section perpendicular to the axis is no longer a rectangle 
but a trapeziwn}. This had been previously shown by E. Clark for set 
(see our Art. 1485*), and it is a physical confirmation of Saint- Yenant's 
theory so well exhibited in his plaster-models of flexure ; see our Arts. 
92 and 95, and also the Legons de Navier, p. 34. 

Kupffer further nbtices that Neumann had experimentally demon- 
strated that the volume of a wire increases under traction up to the 
elastic limit, but that if it is stretched beyond this limit, the volume 
remains constant, i.e. that set is unaccompanied by change in volume. 
According to Kupffer, Neumann had also shown experimentally that 
the value of the stretch-squeeze modulus is not constant (e.g. ^ 
according to Poisson, or ^ according to Wertheimj but varies with the 
nature of the metal. Kupffer does not state what was the method 
used in Neumann’s experiments (experiences Sgalement ingmieuses et 


[737.] Gompte rendu annuel, Annee 1855 (St Petersburg, 1856). 
This report deals with the influence of heat on the elasticity of metals. 
This as we have seen (Art. 723) was the subject of a prize offered by 
the Eoyal Society of Gottingen. It was awarded to Kupffer in 
November, 1855. 

He divides his researches under two heads : 

(i) Influence of an increase of temperature on elasticity, lasting 
only while this temperature is maintained. 

(ii) Changes produced by an increase of temperature on elasticity 
after the thermal influence has ceased. Of these he wnites : 

On verra dans le cours de ces recherches, que ces deux actions do la chalcur 
sur les corps ^lastiques sont tr^s diffdrentes, elles peuvcnt mCine etro opposdes ; 
lorsque la temperature d’un corps dlastique augmciite, son dhisticito dirninuo 
toujours ; mais lorsque Taction de la chaleur cesse ct lorsque le corps dlastiquo 
est revenu k sa temperature initiale, sou dlasticitu no revicut pas toujours 
la m^me valeur, mais elle a souvent changd con si durable mciit ; tautut on la 
trouve augmentde, tantCt on la trouve diminudc (p. 2). 

Kupffer points out that the elasticity of metals can bo easily iii- 


^ Turning to our Art. 95 we obtain for the tangent of the angle \f^ tlirough 
which a small mirror would be turned if fixed at the middle of a vcitical side of a 
cantilever at a distance ^ from the loaded end 




( 0 . 


If a small mirror were fixed to the middle of the top of tlie beam at tlie same 
distance, it would be turned through an angle , given by 

tan , approximately .. . (ii). 

Hence tan ^ tan and we have what apiicars to be a practical optical method 

of determining the stretch-squeeze ratio It might also be found l)y suhstituting 
directly the value of E in (i). 
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vestigated in three different ways and the effects of heat on all these 
ought to be considered These are 

Statical Traction — Longitudinal Vibrations, 

Statical Flexure — Transverse Vibrations, 

Statical Torsion — Torsional Vibrations 

[7 38 ] He points out how the investigations in these directions are 
affected by secondary elastic properties, more particularly by elastic 
after strain He now attributes to this property the augmentation of 
the duiation of the oscillations, which he had found m torsional oscilla- 
tions to vary as the square root of the amphtude see our Art 1391* 
In other words he supposes elastic after strain to be the origin of the 
property he has termed flmdkty, or of our more modern viscosity Sir 
W Thomson seems to think also that the viscosity may be due wholly 
01 partially to elastic after stram see our ftn p 390, Vol i 

[739 ] Betuming to the formula of our Arts 1391'^ and 734, or 

we note that Kupffer now states that he has found more accurately 
how xp vanes with the size of his wire If r be the radius of the wire, 
I its length and v a constant coefficient which depends on the elastic 
properties of the material, then 

Kupffer terms v the ‘Hrue coefficient of fluidity or ductility ’’ We 
may perhaps term it the ‘‘ after sti am (or viscosity) coefficient foi tor 
sional vibrations ” see oui Art 751 (gJ) 

[740 ] The rest of the memoir is occupied with details taken fiom 
the gieat memoir on thermo elasticity see our Aits 748-57 If the 
temperature be raised from ^ to and the stretch and slide moduli 
change from E, fi to E', fi! lespectively, then Kupffer gives the values of 
Pf and pr for various metals, where 

These values aie determined by transverse and torsional vibrations* 

1 Kupffer neither here nor in his memoir clearly states vhethei he has 
attempted to eliminate the effect of heat in lengthening his wire and so affecting 
the torsional vibrations If he has not then by oui Ait 735 (ni) the torsional 
moment is altered and thus the slide modulus will appear to be altered The 
alteration would be given by a formula of the foim = ix {1 - €i>) where i> is the 
thermal stretch =a{t'-t), a being the coefficient of linear thermal dilatatiou 
Now for brass Kupffer has found (see our Ait 730) a= 000 025 727 and e = 3 
neaily, hence = 000 077 181(t -t)}, but foi the like biass = 000 6082 

Thus the purely lengthening effect of change of tempciatuie on the wire would only 
account toi about 1/') of the change in yt. 
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It should be noted that /3 t here is twice the ^ of our Art. 1396* The 
results are considered at length in our Arts. 752-4. We merely note 
now that the values of /?r are given for higher ranges of temperature 
than in the memoir of 1848: see our Arts. 1392* and 1396*. The 
effect also on v of changes in temperature are noted as in the memoir 
above referred to. 

[741.] Compte rendu annuel. Ann^e 1856 (St Petersburg, 1857). 
Pp. 57-66 give an account of the elastical researches carried out during 
the year in the Ohservatoi/re physique central. One or two points may 
be noted : 

(a) Three laminae were formed from the same piece of cast brass, 
the first remained as originally cast, the second was vigorously rolled 
{fortement laming) and the third vigorously hammered {fortement 
marteU). It was found that their stretclv-moduli were nearly in the 
ratio of the squares of their densities. The same result was very 
nearly true for specimens of English and Swedish wrought- iron (com- 
pare Art. 759 (e)). 

On voit par ce qui pr6cMe, combien I’influence du martelage et du laminage 
sur l’^lastioit4 des mdtaux est grande (p. 58). 

The result is important if only approximate. 

Kupffer regards (pp. 59-62) from a very insufficient theoretical 
-udpoint the effect of a stretch produced by heat or load on the value 
of the elastic constants as obtained by experiment. He seems to have 
considerable difficulties with Neumann’s formula (see our Art. 735 (iii)), 
largely due, I think, to his assumption that wires possess isotropy. He 
wants (p. 62) to reject the formula 

= (1-€S) 

as an explanation of the effect of traction on torsion when he finds 
values of € greater than 3, although this would in fact not necessarily 
indicate anything more than aeolotropy : see our Art. 308 (6). 

He gives the results of some experiments on the value of e when 
successive set-stretches are given to a wire under torsion ; e begins by 
being as great as 6 and diminishes to about 3*4 as the sets arc con- 
tinued. 

(c) The report concludes with the results of a number of Kupller’s 
experiments giving the elastic moduli in kilogramme- millimetre units : 
see our Art. 77 2. 

[742.] Compte rendu annuel. Aiinee 1857 (St P(^tersburg, 1858). 
This contains : 

(a) Values of the stretch-moduli for various kinds of Hussian ste(d 
and comparison with the values for English stc(d (pp. 55-G). 
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(b) Proposals to measure the value of gravitation at different 
points of the earth by the difference in the periods of transveise vibra 
tion of an elastic rod clamped vertically and Tvith a weight attached to 
its upper or free extremity (pp 60—1) 

[743 ] Gompte rendu annuel Annee 1858 (St Petersburg, 1860) 
A lew results for the stretch-modulus of copper, steel, aluminium and 
tin are given in French measure (p 51) 

Compte rendu cmnuel Ann4e 1859 (St Petersburg, 1861) This 
contains nothing conceining elasticity but a notice of the completion of 
the printing of the first volume of the Recherches (p 41) 

Compte rendu annuel Ann^e 1861 (St Petersburg, 1862) On 
pp 45-48 numerical values are given of the inverse of the stretch- 
moduli and of the specific gravities of various metals, principally 
different kinds of Russian and Austrian iron and steel 

The Gomptes rendus for the yeais 1862—4 give promises of further 
experiments on elasticity, — promises destined never to be fulfilled 

[744 ] We now turn to the memoirs Kupffer published during this 
decade and note first two shorter ones which are prmted in the Butletin 
We shall then pass to the long memoir on thermo elasticity and conclude 
with an analysis of the Recherches 

[745] A F Kupffer Bemerhimgen uber das mechamsche 
Aeqmvalent der Warme Bulletin de la Glasse physico-math4- 
matique de VAcadfimie Imp^riale des Sciences, T x , cols 193-7 
St Petersburg, 1852 A reprint of this paper will be found in 
the Annalen der Physih, Bd 86, S 310-14, 1853 Suppose a 
cylinder of unit length and unit radius to receive extension S 
under unit tractive load, and fuither when it is raised from 
freezing to boiling point of water let its extension be a Then 
if m be the specific heat of the metal and S its specific gravity, 
it will take mS times the heat to raise the metal cylinder from 
0*^ to 100° that it takes to raise a cylinder of water of the same 
rxdius and height through the same range of temperature 

Let c be the latter quantity m mechanical units, then we have 
cmS for the woik done Kupffer now continues 

D\ nun die Au&dehnungen, die ein Diath erleidet, den angewandten 
Krdtcn piopoitional bind, so sieht man gleich, dass die Wei the von a 
und S iins ciiic Veiglcicliung der ausdehnenden Kraft der Waiine nut 
del dehnenden Kiift enies G(wichts darlneten, oder imt andein 
Woiten, disb ](n( Wuthc uns cm Mittel an die Hind go])eii, d is 
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mechanisclie Aequivalent der Warme zu bestinimen. Man muss hier 
niclit vergessen, dass die Warme gleicbmassig nacli alien Seiten wirkt, 
•wie ein Druck : nun hat aber Poisson gezeigt, dass ein Gewicht welches 
einen Brath um 8 ausdehnt, als nach alien Seiten gleichmassiger Druck 
angewandt, eine lineare Ausdehnung von |8 hervorbringen wtirde. 
Wir haben also 2a/S als das Verhaltniss der mechanischen Wirkung 
derbezeichnetenWarmemenge zur mechanischen Wirkung eines Pfundes 
anzusehen. TJm dieses Verhaltniss in Zahlen auszudriicken, darf man 
nur fiir irgend eine Substanz die elastische Constante, den specifischen 
Warmestoff und das specihsche Gewicht, so wie auch ihre Ausdehnung 
durch die Warme kennen (Col. 194). 

Knpffer then gives the equation : 

omS = 2a/S, 

and calculates c in Russian units for the results he has found for 
iron, brass, platinum and silver wires. The mean value of these 
results he reduces to English and French units and finds 

J = 9921 inch-pounds for 1° F., 

= 453 kilogrammfetres for 1° C. 

[746.] I do not follow Kupffer's reasoning. Putting aside 
the fact that he assumes the wires to possess uni-constant iso- 
tropy, he seems to me on this occasion to equate a quantity of 
heat or energy to a /brce. I have already alluded to the diffi- 
culties I feel with regard to Kupffer’s method of treating this 
problem in Art. 725, and his argument here seems to me, although 
somewhat different, no clearer than that in the Gompte rendu 
annuel, 

[747.] A. F. Kupffer: TIntersuchungen vher die Fleodon elast- 
ischer Metallstabe. Bulletin de la Classe physico-math^matique de 
VAcadimie Imperiale des Sciences, T. xii., cols. 161-7. St Peters- 
burg, 1854. 

This contains matter which reappears in Kiipffcr’s great woik, 
notably the erroneous formulae for flexion : see our Arts. 760- 2. 

Ibid. T. XIV., cols. 273-84, and cols. 289-99. Bin/hiss der 
Temperatur auf die ElasticitCit der festen Korper. This contains 
matter which reappears in the memoir of 1852-7 (see our Arts. 
748-57) and partially in the Conipte rendu annuel (see our Ait. 
740) and the Recherches (see our Arts. 770-1), so that we need 
not discuss it further here. 
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[748] A T Kupffer Ueh&t den Einjiuss dei Wanne aufdie 
elastische Kraft der festen Korper mid ins besondere der Metalle 
Mdmoires de VAcadSmie de St Pdtershourg, Sicneme Sdne, Sciences 
mathdmatiques, physiques et naturelles, T viil , Premiere Partie 
Sciences mathdmatiques et physiques, T vi , pp 397-494 (separate 
pagination 1-98), St Petersburg, 1857 This memoir, written m 
German, received the prize of the Royal Society of Gottingen 
in 1856 see our Art 723 It was apparently read before the 
St Petersburg Academy on December 3, 1852 

It commences with a Vorwort describing its scope, of which 
the first paragraph may be cited here 

Die nachstehende Abhandlung ist aus einer grosseren Albeit uber 
Elasticitat entnommen, die noch mcht beendigt ist, und die zu ihrei 
Zeit wird bekannt gemacht werden Ich habe einstweilen m dei 
Einleitung einige allgemeine und noch mcht bekannte Thatsaohen aus 
der grosseren Schrift mittheilen zu mussen geglaubt, urn den Leser zu 
zeigen, wie man die Elasticitatscoefficienten derselben Metalle sehi 
genau bestimmen konne, und bestimmt hat, fur welche m diesei Schiift 
der Emfiuss der Temperatur auf diese Ooefficienten bestimmt woiden 
ist Indem ich duroh Versuche erwies, dass der Einfluss der Tempe 
ratur bei Torsionsschwmgungen em anderer sem kann als bei Trans 
veisalschwingungen, wai es mteressant nachzuweisen, dass auch dei 
Elasticitatscoefficient fur die Torsionsschwmgungen ein andeier ist, 
als fui die Trans versalschwingungen Diese Mittheilungen fuhiten zui 
Erwahnung des Ooefficienten v, den ich den Elussigkeitscoefficienten 
genaniit habe, und von dem memes Wissens voi mir noch mcht die 
Rede war, odei dessen Werth wemgstens \or mir noch mcht genau 
bestimmt worden ist (S 399) 

Thus Kupffer’s discovery of viscosity and after-strain m metals 
dates at least from 1852 The coefficient of fluidity ceitainly 
appeared implicitly in the memoir of 1848 (see our Art 1391*), 
but I do not think Kupffer had at that date clearly separated its 
effect from that due to the resistance of the air 

[749 ] The Vorwort goes on to state that all the expenments 
on temperature have been made by vibrational as distinguished 
from statical methods, in this case by means of transverse and 
torsional oscillations 

Ich habe auch Yersuche ubei den Einfluss dei Temperatui auf das 
statische Moment dei Elasticitat gemacht, aber sie sind vollstandig 
misslungen bei foitdauernder Erwarmung war die bleibende Aendei 
ung des Flexions odei des Torsionswinkels so stark, dass die voiubei 
geheiide, mit dei Erhohiing der Tempeiatur eintretende, und mit deien 

SI 
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Verminderung sicli wieder vermindemde, ganz darin versdiwand ; die 
elastiscHe Nachwirkung brackte nochmehr Yerwirrung in die Kesultate 
(S. 399). 

The full complexity of elastic problems was fully appreciated 
by Kupffer and he foreshadows in the following words the direc- 
tion of much of the research taken later by Bauschinger : 

Ich sah darans, dass um die Einwirkungen der Warme auf das 
statische Moment der Elasticitat zu finden, man vor alien Dingen ein 
Mittel haben miisste, die Einwirkung derselben Warme anf die Yer- 
rtickung der Granzen der Elasticitat nnd auf die Nachwirkung von ihrer 
Einwirkung auf die Elasticitat selbst zu trennen ; um ein solches Mittel 
zu finden, werden noch viele Arbeiten fiber die Granze der Elasticitat 
und fiber die Nachwirkung erforderlich sein, so dass die Losung dieses 
Problems mir noch sehr ins TJnbestimmte hinaus gerfickt zu sein scbeint. 
Man hat aber erst angefangen die Gesetze der Elasticitat in ihrem 
ganzen Umfange zu studiren ; bei jedem Schritte stosst man in diesen 
IJntersuchungen auf neue Eigenschaften der elastischen Korper; je 
weiter man vorgeht, desto mehr Yerwickelung. Bei solchen IJmstan- 
den ist wohl in diesem Augenblick keine vollig abgeschlossene Arbeit 
fiber irgend eine Eigenschaft der elastischen Korper mbglich (S. 400). 

Notwithstanding our great increase in knowledge, the same 
words may almost be used of the science of elasticity to-day. 
The fact is that to grasp thoroughly the bearing and mutual 
relations of the secondary elastic properties we must know what is 
the real kinship between the various branches of physics when 
viewed from the standpoint of the molecule — and this is very far 
from being understood even forty years after Kupffer wrote. 

[7 50.] The next portion of the memoir, termed Einl&itungy occu- 
pies S. 401-427. It contains details of the methods of experiment 
and of the formulae adopted \ Several points here deserve notice: 

(a) On S. 404-7 we have the details of the first scientific 
experiments on the elastic after-strain of metals^, the existence of 

^ Kupffer, S. 402, defines the stress that can be called into play in a body 
by external pressure its ‘ elasticity.* This is another instance of his tendency to 
rather vague definition to which I have previously referred : see our Arts. 72B (a), 
728 and footnote. 

2 Between Weber and Kupffer a few experiments on after-strain wore mjide 
by E. Kohlrausch, and are referred to by him in an article on an electrometer 
in Poggendorffs AnnaleUy Bd. 72, 1847 : see S. 393-6. His remarks amount 
to httle more than the assertions that he has confirmed Weber’s discovoiy of 
after- strain in silk threads, and finds that it is manifested also in the torsion 
of glass threads. He makes, further, some not very conclusive statements (S. 
396-8) on the influence which rise of temperature has upon the torsional elasticity 
of silk threads, and upon the effect which boiling them in soapy water has on 
their elastic after-strain. 
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which had been doubted even by Wertheim and Samt-Venant 
see our Arts 819 (noting Art 803) and 197 The experiments 
were made on the flexure of a cylindrical bar of steel and the 
continual decrease of the deflections for a period of several days 
after the removal of the load was clearly marked The influence 
of elastic after-strain on the redaction of the amplitude and penod 
of torsional vibrations %n mcuo is also referred to on S 407-8 

Die allmahlige Abnahme der Schwingungsweiten (selbst im luftleeien 
E»aum) lasst sich sehr gut durch die S’achwirkung erklaren, weshalb 
auch schon Weber vorausgesehen hat, dass die Schwingimgsweiten 
elastischer Korper m luftleerem E/aum allmahlich abnehmen warden, 
wie ich spater durch Yersuche bewiesen habe Die Nachwirkung 
bringt hier dieselbe Wirkung hervor, wie die Fnction beim Widerstande 
der Luffc, und besteht wohl auch in Nichts anderem, als m einem nut 
Friction verhundenem Glitschen der Theile uber emander nur ist nicht 
zu ubersehen, dass die Friction der Theilchen unter emander nicht zu 
erklaren im Stande ist, warum der Stab oder der Draht, nach Aufhe 
bung der ablenkenden Kraft, wieder zu seinem ursprunglichen Gleich- 
gewichtszustande zuruckkehrt, diese Erscheinung setzt offenbar erne 
gewisse Kraft voraus, welche jeden festen Korper, selbst wenn er durch 
Aenderung seiner Form in andere Gleichgewichtsbedingungen versetzt 
worden ist, dennoch immer wieder m langerer oder kuizerer Zeit zu 
seiner ursprunghchen Form (oder zu seiner uisprunglichen Gleichge 
wichtsbedingung) zuruckfuhrt, wenn die Abweichung von der ursprung 
hchen Gleichgewichtslage mcht gar zu gross gewesen ist (S 407-8) 

This passage seems to me to mark off the real distinction 
between after-strain and any frictional action between the parts of 
a body, and I think destroys the force of the comparison of a sohd 
body’s elastic after-strain with fluid action It is a strong reason 
for not allowing elastic after-strain to be masked under the term 
' viscosity’ see the footnote p 390 of our Yo] i 

(h) Kupffer shows that elastic aftei -strain is not proportional 
to the load and that accordingly the vibrations are not truly 
isochronous (see his S 407-8) He further adds that working 
temperature etc have all great influence on the elastic aftei -strain 
as well as on the elastic tore-strain (S 409) 

[7ol ] ic) The next portion of the iLinleitung is termed Tranb 
versalbchwingungeib elastischer Stabe, and occupies S 409-419 This 
conUiiis the foimula for transveise vibrations, which I shall have 
occasion xgiin to lefer to when dealing witli the Recheicheb It must 
be looked upon, I suppose, is an empirical formal i, to be justihed by its 
agieement with the data of Kupffer s experiments, but T cannot see that 
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theory at all justifies its form : see our Arts. 763-6. I shall return to 
this point more fully later. A series of experiments intended to show 
the good results obtainable from this theoretically questionable formula 
are given in this part of the Einleitung* 

{d) The remainder of the Einleitung (S. 419—27) is occupied 
with the formulae for torsional vibrations. The method is that due to 
Gauss and presents some variations on that of the memoir of 1848, 

notably the equation P, = + vr 


■v/j) 


is used for the reduction 


of the periods : see our Art. 739. 

Some interesting experiments as to the exactness of this formula are 
given on S. 423-426. Kupffer finds that for 

unannealed, i/= *04302 (to *04828), 
annealed, t/=* 2365 (to *2450), 


copper 


steel V = *007 122. 

He shows that the coefficient v of elastic after-strain is capable of 
immensely modifying the value of the elastic-modulus as determined 
by the method of torsional vibrations (S. 427). It should, however, be 
noted that the discrepancy he finds between the values of 8 = l/(7rP) as 
found by transversal and torsional vibrations for copper wire need not 
be solely due to the influence of elastic after-strain. Kupfier's 8 as 
obtained from torsional vibrations is = 2/(5ju,7r) and from transverse vibra- 
tions = l/( 7 rP), but any want of uni-comtant isotropy in the copper wire 
would not allow of our assuming P=5/x/2 or these values of 8 to be equal. 
On the other hand the fact that steel wire with a very small v (see above) 
gave for 8 almost the same values when determined by torsional and by 
transverse vibrations may only point to a nearer approach to uni-con- 
stant isotropy in that material. 


[752.] The next portion of the memoir is entitled : Einfluss 
der Temperatur aiif die elastische Kraft der festen Korper. Kupffer 
divides the effects of heat into two main groups : 

(i) Change of elasticity during the time the temperature is raised, 
the elasticity returning to its old state when the temperature is lowered 
to its first value. 

(ii) Change of elasticity remaining after the heating has ceased, and 
the old temperature has been restored. 

The first series of investigations as to (i) was upon tlie transverse 
vibrations of a rod clamped at one end so as to be vertical, the free 
end being loaded with weights of different magnitudes. If he the 
stretch-modulus at temperature t, we have according to K uj)ffer 

where t' > t and /Bf is a constant. Kohlrausch takes the effect of 
temperature to be represented by an expression involving also the squares 
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of {f - so that the factor is then of the form {1 - yS - y ~ 

In most cases y is very small, but if ^ be large the term in {t’—ty 
might be sensible Kupffer’s first series of experiments were only made 
for the difference between external and internal winter temperatures — 
amounting to from 13 to 25 degrees Reaumur The values of were 
obtained from what I have spoken of as the questionable formula for 
transverse vibrations (see our Art 751 (c)), but as the stretch modulus 
probably appears as a factor of the correct formula — at least to a close 
degree of approximation, — serious eiror would hardly be introduced by 
the use of the formula 

Kupffei neglects the effect of heat in expanding the rods, remarking 
that the changes of temperature only altered their dimensions insensibly 
see, however, the ftn. on our p 509 At the same time he notes that 
the least change in the distance from the point of clamping to the centre 
of gravity of the vibiating load would have made an important altera- 
tion in the period of oscillation (S 430 and ftn ) He does not seem 
to have noted that the dimensions of the rod would also have been 
slightly different m the positions when the weight and the clamped end 
were respectively uppermost Both these causes might somewhat effect 
the values of he gives for the different metals They are reproduced 
in the Table I below from his S 451 S 431-51 are occupied with 
numerical details of the obseivations 

I 

Values of j^for one degree Reaumur found from changes of temperatuie lying between 

- 15® R and 15° R , the changes being not much more than 20®, 


Metal 

/S/ 

P'y 

Silvei 

000563 (mean) 


Brass (hammered) 

000471 (mean) 

000478 (mean) 

„ (cast) 

000538 (mean) 

000533 (mean) 

Brass (rolled^) (1st kmd) 

0006S6 


, „ (2nd kind) 

Platmum 

000476 

000500 

000201 (mean) 


Plate Glass 

000125 (mean) 


Cast Iron (soft) 

001795 (mean) 

00188 03/= 001618 foi 
same specimen) 

Steel (soft, rolled) 

000348 (mean) 

English Forged Steel (1st kmd) 

1 000320 


„ „ „ (2nd kind) 

000256 


Steel (soft, cast) 

000242 (mean) 


Swedish Wrought Iron 

000456 

000881 

Rolled Iron Bar (1st kind) 

000442 


,, ,, ,, (2nd kind) 

English Wrought Iron 

000463 

000488 

000376 


Rolled lion Plate (acioss fibie)^ 

000353 


, „ ,, (along fibie) 

000425 


Copper 

OOOoGO 

000598 (but elasticity had 
been permanently altered) 

Zinc (rolled) 

000G44 


Lead (lolled) 

003035 

— 

Gold 

000304 



1 7 A 1 n piif Anf of Ala+A -von/liAnlfl-i fn iliT* aHaii nf lAllTAor 
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[753.] In the third column of the above Table I. I have placed the 
mean of some of the results of Kupffer’s experiments included in 
the following section of his memoir (S. 551-63) entitled: Einjiuss der 
Temperatur omf die Elasticitdt der Metalle hei hohern Temperaturen, 
(i) Bei Tramversalschwingungen. The change in temperature here 
■was a rise from about 14® R. to 79® R. In all cases except those of 
Swedish wrought-iron where there appears to be a reduction, and of 
cast-brass where there is no sensible change appears to be in 
the former case the experiments do not seem to have been made on 
the same specimens, so that not much stress can be laid on the result. 
We see therefore that the introduction of Kohlrausch’s term y {t' - ty 
with a positive value of y would be in accordance with Kupffer’s results. 

[754.] Our author next ((ii) Bei Torsionsschwingungen) determines 
the effect of a like lairge change in temperature on the slide-modulus. 
Assuming in his memoir uni-constant isotropy Kupffer speaks of this 
effect as an alteration in the stretch-modulus. Without this assumption, 
however, we may gather the following results from S. 464—8 of his work : 

II. 

Values of for one degree E6aumur found for changes of temperatures between 
15° B, and 79° B., the changes being about 65°, where {(1 -/5r (t' - «)}, «'> t. 


Metal. 

iS'r 

Copper 

•0008634 

Best Viennese Pianoforte Wire (Steel) 

•0005885 

Very soft Brass Wire 

•0006982 

, ^ f unannealed 

•0004258 

Very hard Brass Wire | annealed 

•0004861 


Thus, so far as we can compare the materials of these wires with those 
of the bars in the previous article, we see that for copper and steel 
is greater than or that the slide-modulus for these metals diminishes 
with the rise of temperature more rapidly than the stretch-modulus. 
Kupffer’s result for copper differs widely from that of Kohlrausch, hut 
supposing Kohlrausch’s brass wire to have been of the sort that Kupffer 
terms very hard, then they agree fairly closely for this nujtal. 

[755.] The next section of the memoir is entitled . JUiohacJitniigev, 
uher den Einfiuss voruhergehender TemperatureTholmngen anf die Mhtsti- 
citdt der Metallstdhe. It occupies S. 469-492. 

Da die Warme den Agregatzustand des gcharamorton, odcr gcwalztcn, 
Oder geharteten Metalls bleibend iindert, so ist zii vei’inuthcu, dass der 
Elasticitatscoefficient sich ebenfalls durch vorubergohciido Tcmpcraturaii- 
derung bleibend andert (S. 469). 

The experiments were made by means of the transverse vibrations 
of rods exactly as in the method referred to in our Art. 752. 'Jdie 
change in temperature was produced by heating the rods with a Ber- 
zelius’ spirit lamp, sometimes to incandescence. The stretch-modulus 
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[756 ] Kupffer concludes his memoir hj an investigation of the 
ejBfect of heat on elastic after-strain {Bvnfiuss der Temperatur auf die 
elastische Nachw%rlmng S 492-4) We have already seen that Kupffer 
attributes to elastic after strain a considerable portion of the reduction 
of the amplitudes of torsional oscillations Hence if the wiie be sub- 
jected to any thermal process the effect of this on its after strain 
property wiU be shown by the difference, if any, in the number 
of oscillations made between the same amplitudes before and after the 
thermal process — ^the resistance of the air being the same in both cases 
Thus the change m the after strain coefficient, if not its absolute value 
in either case, could be ascertamed without the need of experimenting 
%n vacuo Details of the experiments on the various metals in the case 
of both elasticity (see the previous article) and after strain are given 
in the memoir , we summarise them in the following Table 

III 


Temperatwre Bffect on Metals 



Cyclic Effect of nse of 

Permanent Effect after a heating nearly or 

Metal 

Temperature. 

qmte to incandescence. 

Coefficient of 
after strain v 

Stretch &Shde- 
Moduh E & ft. 

Coefficient of after 
strain v 

stretch Modulus E 



( 

increased (if almost 

diminished (if 




to moandescence) 

almost to mean 

Sliver 

moreases 

dimmish < 

increased (if to 

descenoe) 
mcreased (if to 



1 

softenmg) 

softenmg) 

Brass 

do 

do 

dimmished (even if 

mcreased with 




to moandescence) 

shght heatmg and 
then diminished 



r 

mcreased (if to 

diminished (if to 

Copper 

do 

do 1 

incandescence) 

incandescence) 

dimimshed (if not 

mcreased (if not to 



( 

to incandescence) 

moandescence) 

Zinc 

do 1 

do 

shghtly dimmished 

much mcreased 

(if heated till 

(if heated till 




covered with a 

covered with a 




coatmg of oxide) 

coatmg of oxide) 

Platinum 

do 

do 

diminished (if heat 

mcreased (if heat 

ed short of or up 

ed short of or up 




to incandescence) 

to moandescence) 

Cast Iron 

do (considei 
ably even at 
temperature so 
low as that of 

do 

No experiments 

No experiments 


boiling water) 

/ 

diminished (if tern 

increased (if tern 



pered very hard 

pered very hard 

Steel 

do 

do 

after annealing) 

after annealing) 

mcreased (if soft 

increased (if soft, 




and heated up to 

and heated up to 




incandescence) 

incandescence) 

Wrought Iron 

do 

do 

No experiments 

No experiments 

Gold 

do 

do 

much mci eased 

diminished 
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The general law thus seems to be that processes which increase 
the coej0acient of after-strain or 'viscosity’ decrease the elastic-constants 
^ndivice'versd^ but there are exceptions to this rule. 

Kupffer speaks simply of the 'elasticity’ as being increased or 
diminished. I have put stretch- or slide-modulus according as his 
method was that of transverse or torsional vibrations, in order that 
there may be no assumption that even in questions of thermal influence 
these necessarily exhibit the same tendencies. 

[757.] In conclusion we may remark that this memoir of 
Kupflfer’s is of very considerable value although we cannot feel 
thoroughly satisfied with his use of the experimental method of 
transverse vibrations, and could have wished a more complete 
investigation of and for a greater variety of temperatures. 
Still to have demonstrated the existence of after-strain in metals 
and indicated its changes with temperature is no small service, 
while the absolute measurements of the thermal coefficients are 
at least valuable for comparison. 

[768.] A. T. Kupffer: Recherches ecopdrimentales stir Velasti- 
cits des metaux faites d V ohservatoire physiqm central de Russie. 
Tome X. folio, (all published), pp. i~xxxii and 1-430, with nine 
plates. St Petersburg, 1860. 

This work contains some of the most carefully made experi- 
ments on the stretch-moduli of different metals and the effect of 
temperature upon them, which we have to record in this period. 
The experiments seem to have been conducted with extreme 
accuracy; — unfortunately the formulae used by Kupffer do not 
appear equally accurate, and it may be questioned whether very 
useful labour might not still be spent in revising Kupffer’s numbers 
with the aid of a more accurate elastic theory. 

The preface to the work explains its scope and the contents of 
the projected remaining volumes: see our Art. 722. It also states 
the relation between Russian, English and French measures ^ It 
occupies pp. i-ix. 

[759.] The Introduction occupies pp. xi-xxx. One or two brief 
remarks may be made here. 

1 A Eussian foot = an English foot ; a Russian inch = an English inch = 2*5<1() 
centimetres. A Russian pound = *9 English pounds nearly = 409-512 grammes (or 
1 kilogramme = 2-442 Russian pounds). 

For comjparison of specific gravities we may note : a cubic inch of water at 
the normal temperature 13^*^ R. ( = 62® F.) and in vacuo weighs very nearly -01 
Russian pounds. 
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{a) On p xii Kupffei remarks that the formula of Eulei for the 
tians verse vibrations of a rod clamped at one end and loaded at the 
other does not give accuiate results He seems to think the foimula 
theoretically correct, but this is not the fact It is only an approxi- 
mation -which neglects the inertia of the rod 

(5) The author insists upon the importance of a national institution 
for experiments on the resistance of materials This importance is no 
less to-day than in 1860, — ^greater also m a manufacturing country like 
England than m Russia 

Je crois, qu’un 4tabhssement special, consacre k des experiences sur la 
resistance des matenaux entre et hors des hmites de reiasticite, oh I’on 
pourra mettre k repreuve les productions metaUiques de toutes les usmes 
du pays, avant et k mesure qu’elles sont hvrees au commerce, ne pr^senterait 
pas seulement des donnees certames pour la rectification des devis de con- 
struction, mais contribuerait aussi puissamment au perfectionnement des 
methodes de fabrication, puisque chaque fabncant d^sirera que ses produc- 
tions fussent notees le plus haut possible Rien n’entrave les perfectionne- 
ments dans la fabrication des m^taux, comme Pmcertitude oh le gouveme 
ment ou le pubhc se trouvent relativement k leur quahte, et si, k cause de 
cette incertitude, ils sont toujours tax^s de la mime mamire, qu’ils soientbons 
ou mauvais L’lllvation aes pnx, que la confiance pubhque accorde k 
certames usmes anciennes et connues, n’a pas d’autre source que I’lpreuve du 
temps, qm pourrait Itre considlrablement abilgee par des expinences pri 
liminaires (p xiii) 

(c) The doubtful formulae foi fiexure and tiansverse vibiations to 
which I have referred in Arts 7 47 and 751, and to which I shall return 
in Arts 760-6, are given on pp xv-xvn and pp xx-xxiv 

(d) On p xviii Kupffer cites experiments confirmmg Hodgkmson’s 
result — namely that the stretch modulus of cast-iron decreases rapidly 
with the load Of this he remarks 

La rapiditl, avec laquelle la dilatation elastique de la fonte augments a\ec 
la charge, me semble prouver, que nous n’avons pas ici affaire k une autre loi 
des dilatations et des compressions, mais k une autre proprilte des corps 
olastiques que quelques metaux seulement possident et qm cache la veritable 
loi (p xix) 

He promises to return to this mattei in a latei volume, but we have 
no latei trace of it, I think, m his published woik (See our Arts 
729 and 767, howevei ) 

(e) Remarks on the relation of the stietch modulus to the density 
aie given on p xxvii In the case of brass Kupffer shows that, aftei 
working different specimens of the same piece, the moduli were as the 
cubes of the densities (compaie Art 741 (a)) Our hope, howevei, of 
finding any general law connecting modulus and density is even to day 
very small He further notes the effect of working in pioduciug a 
difference in the stietch modulus foi different directions (p xxviii) 
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[760.] The first portion of the text of Kupffer’s work deals 
with the preliminary experiments and the theory of the statical 
deflection of bars. It occupies pp. 1-44. He remarks (p. 2) that 
he had noticed the fact of the distortion of the contour of the 
cross-sections by flexure. This had already been observed ex- 
perimentally by Clark for set (see our Art. 1485*) and theoretically 
by Saint-Venant for elastic strain (see our Aai:. 170). Thus a 
rectangular contour becomes a trapezium with slightly curved 
sides : see our Art. 736. 

Kupfler then turns to the formula for flexure which he states as 
follows for the case of a horizontal cantilever : 

^ ^ rectangular section, 

1 /j^ = I w r — — A 5 for a circular section, 

d — tan <^, for both, (ii), 

where : d is the total deflection of the free end, 

(j) is the angle the tangent at the free end makes with the 
horizontal, 

I is the length of the bar, 

Z is the horizontal distance of the free end from the built-in 
end after flexure, 
p' is the load at the free end, 
p is the weight of the bar, 

a is the horizontal, b the vertical side of the rectangular cross- 
section, r the radius of the circular cross-section. 

(See pp. xvi, xvii, 11, 19, 45, 50 etc.) 

The angle can be measured by the angle between the reflected 
and incident rays of light on a small mirror attached to the free end of 
the bar, and thus the stretch-modulus E can be determined. This 
Kupfler did with very great caution and accuracy. 

The formulae above occur frequently in his works on elasticity, and 
we have now to ask how far they are as accurate as his measurements 
really require. 

[761.] Neglecting slide we have on the Bernoulli-Eiileriaii hypo- 
thesis 

^0)k7p =p'(L-x)+^j (x' -x)dx' (iii), 

where x is the horizontal distance of the element ds of the central axis 
of the rod from the built-in end, p the radius of curvature at ds and 
EoiK^ the flexual rigidity of the bar: see our Art. 79. 
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First suppose the deflections so small that we may neglect (dyjdxY 
or put 1/p = d^yldoi? and ds = dx Then we easily find 

and = 

Hence ^ ~ ^ ^ ■■ (iv) 

^“2V + 9p 

Thus we see that Kupfier’s formula (n) cited above is not true even 

'O 

for small flexuies unless ^ . , >: be very small 
24/ + 9jo ^ 

In several of the experiments / and •p were about the same order of 
magnitude, so that the values of d deiived from this formula would have 
an error of 2 or 3 per cent Fuithei it is to be noted that Kupfler 
replaces I by Z, and that many of his rods were so flexible that L could 
differ from I very considerably without the elastic limit bemg passed 
Suppose then the difference between I and L to be so considerable that 
we must take it into account Then we ought to solve the equation (ui) 
above to at least a second approximation, but this leads to very complex 
results To test the accuracy of Kupffer’s formulae however, it is suffl 
cient to take the case when jo *= 0 We then find, if ')(!? or 
be a small quantity, that to a second approximation 



z/i=i + ^(xiT 


w 

Hence 

d—^L tan {1 — 

(vi) 


We thus see that Kupffei’s formula neglects the term in (x^^Ty 
this IS just the order of the difference between I and L Thus his 
results would have been as satisfactory, if he had always taken I for 
L But in some of his observations the difference between I and L is 
fao considerable^ that he does not feel able to neglect it , %n these cases 
therefore his numerical results are still liable to the same oi der of error 
as if he had replaced L by I in his formulae 

Fuithei the deflection due to slide is of the order ~ , and if we 

1? 

include terms of the order ( ^ , we cannot neglect slide unless (k\IY 
\Ja(i}K J 

IS small as compared with p [Ein For these reasons I do not think 
Kupffer’s values of E dXQ necessarily so accurate as his attempted 
distinction between I and L would le id us to believe 

^ Imi exampk 1^28 006 1 =27 885 (pp 17-18) / = 13 9607, L = 13 7985 

(pp 39-40) 
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[762.] A value to a second degree of approximation of the stretch- 
modulus obtained from flexure is given by Saint-Yenant in his Leqom 
de Navier, p. 84, footnote. He supposes however, that p is distributed 
uniformly along L and not along I ; further in his equation, p. 82 (at 
the top of the footnote), I do not see why the second term on the 
right, which he admits is only approximate, is really admissible to the 
degree of approximation required. It is equivalent in our case to 
replacing the integral on the right of equation (iii) by J (Z — a?)®/cos <j>, 
I have not succeeded in solving equation (iii) to a second approxima- 
tion. 

If ~ 0, we easily find from (v) 

xL^ = 2 tan — tan® 

but {1 --MxLr} = ~ T% tan® 

Hence ^ ^ ^ ^ {1 to tan® 


or 


£! " F/ ^ tan {1 + ^ tan® 


For a circular section : 


Kupfier uses : 


which really 




ZV 2lLp 


tan 


wp 


7 tan {1 + TO tan® <)>}, 


He further replaces tan by 0 tan 1'. In most cases I do not 
think that the term with tan® really aflects his results, but the distinc- 
tion between L and I ought not then to have been preserved. 

Kupffer’s own deduction of the result d = fX tan is absolutely 
erroneous ) he assumes the form of the elastic line to be a semi-cubical 
parabola, which is of course quite inadmissible (p. 11). 


[763.] We next turn to the formula which Kupflcr has 
adopted for the transverse vibrations of a loaded elastic rod 
clamped at one end. This formula has been largely used in 
his researches. It will be found discussed in his volume 
on pp. xix-xxv and pp. 126-135. Kupffer’s exf)erimeiiis were 
made in the following manner. A bar, of which the weight 
of the vibrating part was p, was loaded with a weight p at 
one end; the other end was then firmly clamped and the bar 
set vibrating about a vertical position, first with the weight p' 
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uppermost, and secondly with the clamped end uppermost, and 
t, the periods of the complete oscillations in these two positions, 
were then observed 


Kupffer gives the followmg empirical formida for the stretch 
modulus, in the case of a rectangular bar of cross-section ax 6, oscillatmg 
parallel to the side b 


jj, Ig ti + 1 /X 
\/ cr 




where 


total moment of mertia of bar and load about the clamped end 

X = length of a simple pendulum havmg the same period as the 
pendulum which would be formed by the bar of weight jp QJ^d the load 
p' supposed rigid and capable of freely oscillatmg about an axis through 
the clamped end 


fi ^ (3 

cr = i - ^ 3 , or, accordmg to Kupffer, o- is the length of a simple 

— e* 7r 

pendulum, which would have the same period as the bar ‘‘ si le barreau 
n’avait pomt d’61asticit6, et si la pesanteur agissait seule” (p 133) 
By this Kupffer means that the ‘ elasticity of the bar is supposed zero,’ 
but I do not grasp the exact bearmg of this. Pi*actically he calculates 
the value of o* from and t as given above 


[764 ] Let us examme a little more closely into the formula for a 
vibidtmg rod The complete period T of the fundamental note of a 
* clamped free ’ bar is given by 

~ab^Egm^’ 

where m is the least root of 

cos m cosh m + 1 = 0 

See our Art 49^ or the footnote Yol i p 50 
Seebeck, in the memoir referred to m our Art 471 (see ms p 140), 
finds m== 1 875104, hence we have 

m4= 12 3624 

Thus if found from the fundamental note 


Now Kupffer says (p xx and p 134) that, if a free clamped bar 
oscillates very lapidly, so that the influence of gravity is inappreciable 
whatevei be the position of the bai, then Euler has given the following 
foimula foi its stretch modulus 


a¥T^g 


(m) 
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Formula (ii) would, of course, be a close approximation if a hori- 
zontal bar were oscillating in a horizontal plane and its weight p 
produced no vertical deflection worth taking into account. For example 
a short bar in which a was considerably greater than 6. 

Kupfier cites (iii) indeed as due to Euler but I do not know to 
what memoir of Euler’s he is referring. He supposes it to hold in 
eases in which (ii) is really true. It is therefore not surprising that 
he found formula (iii) in small agreement with observation. 


[765.] But the point to be noticed is that even with an unloaded 
bar, Kupffer found the action of gravity was sensible and difierent 
according as the bar was placed vertically with the free end upwards 
or downwards, in other words gravity produced different effects upon 
the periods in the two cases. Thus for an unloaded brass bar 
= *31625 seconds and ^/2--= *28200 seconds (p. 135). 

We cannot therefore apply formula (ii) still less (iii) to this case. 
We are bound to take gravity into account. Indeed Kupffer’s bars 
must have been so flexible that they vibrated with something of a 
pendulous nature about the clamped end. He measured the transverse 
vibrations not by the note but by the eye : 

Une lame, qui est assez longue et assez mince, pour que ses oscillations 
transversales soient apprdoiables k la vue, oscille plus lentement, lorsque son 
extr^mit^ libre est en haut que lorsqu’elle est en bas, la formule d’Euler 
n^est done plus applicable directement (p. xx). 


Kupfler modifies the formula (iii) and deduces from it (p. xxi) ; 


-,_9 Ig + f 




but I am unable to accept his reasoning. This formula still not giving 
results in accordance with experiment, he proceeded to further modify 
it and found that it would give values agreeing among themselves and 
with those obtained from flexure experiments if the right hand side were 
multiplied by Va/o*. I cannot find any formula in the least agreeing 
with Kupfier’s by attempting to solve the problem by the assumption of 
a form for the normal-function. Indeed, as Lord Rayleigh has pointed 
out for a similar case — where, however, gravity and tho inertia of the 
bar are neglected — there seems to be not one but two principal p(n-io(]H • 
see The Theory of Sound, Vol. i. § 183. This formula must th(‘r(‘foi’(i 
be treated as a purely empirical formula, and 1 find it accordingly difii- 
cult to draw any comparison between the valinss of tlui stndch-inoduli as 
found from the statical and from the vibrational methods. On the otlnn* 
hand for comparative values of E, as for th(^ saim^ bar allected only by 
temperature, possibly (i) may give goo<l resuKs. Kupfier in this eas(‘ 
works with the formula : 


E __ t-c + tr - 1’^ 
W ~ H- 1!~ ' 
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supposing the part 
temperature 


2 abW 0 


of(l) 


to be but slightly influenced by 


[766] The problem of a vertical rod clamped at one end and 
loaded with a weight at the other was flrst attempted by M6nabr4a in 
the memoir referred to in our Art 551 (g) He did not, however, 
form and solve the equation for the notes, and the equations which give 
rise to the transcendental equation for the notes do not look promismg 
(especially when as in Kupffer’s case the weight of the lod and the load 
are not very different) One thing appears clear, I think, from 
M^nabrea’s results, that there would be two different senes of notes, 
nor does there seem any reason why both of these should not have been 
present in Kupffer's experiments, nor for the terms mvolving the funda- 
mental note of one senes being negligible as compared with those 
involving that of the other Kupffer observed the time of, say, a 
thousand transits of a maik on his rod across the mid-thread of his 
telescope, dividing the time by the number (1000) of vibrations, he 
considered the result to be the time or t (as the case might be) of 
an oscillation of the rod, and substituted in the formula given above 
There thus seems to me considerable doubt as to what penod or t 
really denotes, and till the theory of this vibrating motion is fully 
worked out, it does not seem possible to derive all the profit from 
Kupffer^s experiments that their accurate methods of observation 
would justify We shall see later (Arts 774 et seq) that Zoppntz also 
has not surmounted the difl&culties which arise m dealing analytically 
with this case 


[767] The details of the first series of experiments on the 
statical flexure of bars of rectangular cross-section are given on 
pp 51-109 Such bars Kupffer terms laminae (lames), while 
those of circular cross-section, details of experiments on which 
he gives on pp 109-125, he terms rods (verges) The former set 
of experiments contains most interesting evidence as to after-strain 
in cast-iron see pp 83-4, 88-9, and to its imperfect elasticity 
(see our Art 729 and Vol i, p 891, Note d) that is, the apparent 
decrease of its sti etch-mod ulus with increase of the load (p 87) 
1 his appears still more markedly if we can accept the value of the 
stretch-modulus given by Kupffei from transverse vibrations as 
that for vanishingly small loads 

The values Kupffci gives for S (=!/£') as obtained by statical 
and vibratory methods do not show that E is mvaiiably greater or 
less when measured by the one oi by the other method, but this 
does not seem to me very conclusive as those values are obtained 
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from formulae which I cannot recognise as sufficiently exact for 
this purpose. 

Kupffer notes on p. 125 that the original limits of elasticity 
(state of ease) can he altered by repeated alternating stress 
(extension of state of ease: see our Vol. i. pp. 886-8 and Arts. 
709, 749). The flexure experiments were made on various kinds 
of steel, cast and wrought iron, brass and platinum. 

[768.] On pp. 135-268 we have details of experiments on the 
transverse vibrations of bars of rectangular cross-section, and on 
pp. 268-94 on those of bars of circular cross-section. The value 
of E is found to depend to some extent on the length of the vibrat- 
ing portion of the bar. This divergence Kupffer thinks is due 
rather to the variation of E along the bar than to the effect of the 
resistance of the air acting on different lengths. It seems to me 
it may also be partially due to defects in Kupfferis empirical 
formula: see his pp. 153, 172 etc. 

The experiments cover most of the principal metals: brass, 
steel, iron, silver, gold, platinum, zinc bars and brass, copper and 
steel wires. 


[769.] Pp. 294-7 are entitled: Oscillations transversales des 
lames horizontales, dont une extr^miU est encastrde, and would, if 
more extensive, have been most valuable for comparison and in- 
vestigation of Kupfferis empirical formula for the vertical vibrating 
rod. We have here a case to which existing theory ought directly 
to apply. Unluckily Kupffer only gives the details of a few 
experiments on a steel bar, and substitutes the results in an 
empirical formula instead of the theoretical one. 

He adopts the following formulae : 


For the transverse vibrations of a bar in a horizontal plane, 

(i) loaded at the free end : 

/a 

2 a¥ TiW \ 

(ii) without load : 

/o- 

k 

where : = duration of the oscillations (=- twice Kupflbr’a 7\), 

p ~ weight of vibrating part of rod, 

V = distance of centroid of load from chim])(‘d end, 


(vi), 


(vii), 
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and the remainder of the notation is the same as m oiir Art 763 
If we supposed pjp very small, we might obtain a formula suitable 
for case (i) by supposing the bai to take at each instant the statical form 
corresponding to the actual deflection at Z' We then find 


On the other hand Equation (vii) ought to be the same as Equation 
(ii) of our Art 764 Thus we ought to find at leas t appioximately that 
with load \/or/X= 8889, and without loa d \/( r/A.= 9707 From the 
values given on p 296 I find \vith load Vo*/\= 9410 (in a ca se, how 
ever, for which pjp' is not very small), and without load Jo-jX- 9908 
I do not clearly understand what the physical meanmgs of tr and X aie 
supposed to be (neither in the latter case equals |Z), and the above results 
show that then values when substituted do not give any close relation 
between Kupffer’s empirical foimulae and our (vui) oi (ii) above We 
cannot delay longer over the matter now, hut theie seems to be 
sufiScient giound for suggesting that Kupffei’s experiments and formulae 
require cautious dealing with See Zoppntz^s investigations referred 
to in our Arts 774-84 


[770 ] The remainder of Kupfifei’s work is devoted to the mfluence 
of heat on the elasticity of metals A great part of this is reproduced 
from the memoir of 1852 see our Ait 748, and thus does not requne 
fuither discussion here As the measurements aie chiefly based on 
Equation (v) of oiu Ait 765, by putting = 1 - ^/(t' — t) wheie 
T— T IS the rise of tempeiatuie and /G*/ the thermal constant requued, 
I do not think there is the same difficulty about the trustworthiness of 
the results as m the case of absolute measurements 

P 299 gives the formula, pp 300-2 describe the apparatus and 
method of experimenting , pp 302-341 give the details of the experi 
ments on vanous metals the results of which have already been 
tabulated in oui Art 752 These pages indicate how the \alue of pf 
differs for ordinal y and for high temperatures, and accoiding as the 
metal has been cast, hainmeied or rolled 

[771 ] Pp 341-373 deal with the influence of a past change in 
temperature on the elasticity These experiments have already been 
considered in our discussion of the memoii of 1852 see oui Ait /55 
The lemaiks in the iiienioii on aftei stiain aie omitted in the Hecheo dies 
as they would have fallen undci the head of Tot the topic of the 
projected thud volume of the woik 

Pp 377-425 are entitled Additions, and are occupied with the 
details of (xpeiiments on the dctcinimation of E for steel and coppei 
hirs l)y the method of tiansversi \il)i itions The cxpeiiments on steel 
w(r( mule with a view of d(t(rmining espcci illy when the hai 

Ixing vdticil tlu load it the fu c ( nd w is such tint it hiickhd m 
(he position of ((pnliluiuni 

U 
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On p. 425 Knpffer finds that for a soft and for a rolled copper bar 
without load \/X/o'= 1*02200 and 1-02625 respectively. These give 
N/a/X= *978,47 and *974,42, the theoretical value, if the bar were 
horizontal, being *970697 (see Art. 764 above). Hence I am inclined to 
think that if Kupflfer had placed his bars horizontally and allowed them 
to oscillate horizontally without any load at the free end, he would have 
obtained better results and these in good accordance with a well estab- 
lished theoretical formula. 


[772.] Kupffer prefixes to his work (pp. xxxi-ii) a table of 
the quantity or in his units the number of millimetres 

which a bar of one metre length and one square millimetre cross- 
section would be extended by a load of one kilogramme. The 
density of each material is also tabulated, but there is no obvious 
relation between the density of a substance and its S. Indeed it 
is not always the denser specimen of a metal which has the least 
S, although this is generally true. 

As Kupffer’s work is not accessible to all and his numbers are 
not to be found cited in the ordinary text-books of elasticity, I 
give in Table IV. on p. 531 certain of his results for metal bars 
in which I have taken mean values for the different specimens 
whenever the number is followed by (m), and have added some of 
the results for brass, iron, steel and copper wires. 

The numbers in brackets with the letter Z. attached to them I 
have calculated from Zoppritz’s discussion of Kupflfer’s experi- 
ments. Zoppritz obtains his results from a more accurate theory, 
but they are deduced from a very small range of Kupffer*s measure- 
ments and so are more liable to the influence of error in the 
individual experiment or to fault in the individual specimen. 

It should be noted that Wertheim's value of the stretch-modulus 
for gold is considerably larger (by than Kupffer’s and consequently 
his value of S smaller. Wertheim finds 8 = •115,674 to *112,1)71. 
But the effect of annealing was to send S up to •] 70,051, so tliat 
the form of treatment or working appears to alter tlie modulus of 
gold very greatly. See the memoir referred to in our Art. 1202^^ 


[773.] A useful resumS of the various nunnoirs on elasticity by 
both Kupffer and Wertheim will Ixi found in tin* JUb! iofjthjitc 
nniverselle de Geneve: Archives dcs sciences phf/siijnes e( mtl mrlles^ 
T. 25, pp. 40-58, Geneve, 1854. Tal)l(\s of tlu* miin(‘rica,l ivsulls 
of both investigators an' likewist' given. 
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IV 



Metal 

«=1/B 

(Foi units see Ait 772) 

Density 

Brass, Cast 

J 112,365 (m ) 

1 {109,806,2 (m)) 

8 2648 (m ) 

„ Rolled 

f 090,016 (m ) 
i ( 093 572, Z ) 

8 5047 (m ) 

„ Hammered 

f 088,400 (m ) 

( ( 088 285, Z ) 

8 5538 (m ) 

Iron, Wrought (English) 

f 048 892 (m ) 

1 ( 049,848, Z ) 

7 6957 (m) 


,, (Swedish) 

( 046 929 (m) 

{ ( 047,553, 2 ) 

7 8114 (m ) 

„ Rolled in bars 

049 937 (m ) 

7 6449 (m) 

, Plate (in direction of fibre) 

f 056,732 

{ ( 051,951, 2 ) 

7 6763 


, (perpendicular to direction 
of fibie) 

f 052,225 

i ( 047 366, Z ) 

7 6775 

Steel, Soft, RoUed 

f 046,938 

1 ( 047,558, Z ) 

7 835 

)» 

,, Cast 

f 047,114 (m ) 
t ( 047,906, 2 ) 

7 838 (m ) 

Wrought (Enghsh) 

,, Remscheid 

047 432 (m ) 

7 8335 (m ) 

f 047,069 (m ) 

1 ( 047,393, Z ) 

7 8321 (m ) 

Tin (Eni 

gliah) 

1^1,673 

7 263 

Aluminium 

13,940 

2 739 

Copper, Vigorously rolled 

f 078,213 

i ( 079,076, Z ) 

8 907 


Soft (‘ pass^ au rouge ’) 

f 077,093 

1 ( 077 961, Z ) 

8 930 

lion Cast 

f 088 490 (m ) 

[ ( 088,755 Z) 

7 1272 (m ) 

Platinum 

0o6,467 

21 122 

Silver 


( 126,632 

[ ( 128 650, Z ) 

10 494 

Gold 


f 132 832 

1 ( 134,916, Z ) 

19 264 

Zinc, Rolled (Belgian) 

f 099,815 

i ( 103,456, Z ) 

7 1517 


^ Brass (diameter 4 mm ) 

f 090 602 (m ) 
i ( 096,386, Z) 

8 4150 (m ) 


Iron ( , ) 

, ( 5 5 mm ) 

051 384 

7 o326 

Wires -| 

050 782 

7 6620 

Steel ( ,, 3 5 mm ) 

f 01S,525 

1 ( 051,878, Z ) 

7 7572 

1 

Copper ( „ 4 mm ) 

065 017 

8 9241 


V „ ( „ 55mm) 

066 937 

8 9427 


It cleseivos to be noted how little the woiking alteis the sti etch modulus of 
steel /oppnt/ s lesults aio chiefly based on isolated cxpeiiments and specimens 


[774] Throe memoirs of K Zoppritz bearing on Knpffei’s 
investigations will be best considered m this place althoiioli they 
belong to \ some wh it Utei d ite Tin hrst is % ITahiltt nitons 

) A O 
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Dissertation, published in Tubingen, 1865, and entitled : Theorie 
der Querschwingungen eines elastischen, am Ende helasteten Stales, 
Its purpose is explained in the following words of the Einleitung ; 

Die vorliegende Arbeit wiirde veranlasst durch das Erscheinen von 

Kupffers Reclierches exp^imentales ; und niir von meinera hoch- 

verehrten Lehrer, Herrn Professor Neumann in Konigsberg empfohlen 
mit dem Wunsche, dass es niir gelingen moge, durch eine strenge, aiif die 
Principien der Elasticitatslehre basirte Theorie diese Versuche in der 
Ausdehnung fur die Wissenschaft zu verwerthen, wie es dem fiir ihre 
Anstellung gebrauchten Aufwand an Zeit, Mitteln und MUhe entspre- 
chend sei (S. 1). 

After reference to the labours of Euler, D. Bernoulli, Poisson and 
Seebeck, the Einleitung draws attention to an erroneous theory of 
the vibrations of a loaded, weightless rod given by Lippich (Pog- 
gendorffs Annalen, Bd. 117, S. 161, 1862). It then points out the 
difficulty of solving generally the differential equation for the 
vibrations of a heavy loaded rod, especially for the case when 
the weights of the rod and load are, as in Kupffer’s investigations, 
not very different, and finally gives a rdsumi of the contents of the 
paper. 


[776.] The first section (S. 3~8) is entitled: AhleiUmg der 
Differentialgleichungen fur die Bewegung eines sohweren, am Ende 
helasteten Stales. As in Kupffer’s experiments the rod is supposed 
vertical, clamped at one end, and loaded at the other or free end. 


Zdppritz adopts the method of Lagrange (Statique, Sect, V, Art. 42) 
and deduces by a not very luminous or satisfactory process the general 
equation. We can obtain Zoppritz’s form at once, if o be the cross- 
section of the rod, by writing equations (i) of our Art. 7S0 in the form ; 






d r* 

dx \dx Jx 


Ao)Xdxj 


-AoiY=0. 


Here, 


j AoiXdx- 


A(jdY=z — Ao) 


d:hj 
dl'^ ’ 


where m(= A(dI) and Jlf avo the masses of tlio rod and load resj)(‘eti\ (‘ly. 
Hence 


Eo)K^ 


d^y 

dx^ 


+ {i)\ ! 




il'y mtj 

dx'- 7 


d 


dx 



f Ao) 


dry 

dt/ 


0 . 
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Zoppntz writes = If. ^ = 2al 

A ' coA ’ 


whence we find 




(^^y\ . 


(1) 


The upper sign corresponds to the free end downwards, the lower to 
it upwards^ 

For terminal conditions we have 


at a? = 0, 2 / = 0, dyjdx = 0, 
^ d^ylda? = Q, 


At x = I, 


g dt dx cbf 


(ii) 


[776 ] If we neglect the teims involving g explicitly in equation (i), 
equations (ii) lemaining the same, we have the case of a loaded weight- 
less rod This case is discussed in the second section of the memoir 
(S 9-16), while the case of a heavy unloaded rod is discussed in the 
second memoir (see our Arts 780-1) 

Zoppntz, taking the upper sign^ solves (i) foi the former case by 
assuming 

y = 2 A,, ( 0,1 cos sin m^t), 

where is of the form 


Oi cosh ooj + Oj sinh oas + Oj cos dx + 0^ sin a'a., 
and a = + i^/a‘’ + ^/a^+ 

a' = + ^ \/ — a^-f 


(in) 


To determine he obtains the transcendental equation (S 12) 


^ y/i,j ^ aZ (2 + 5 ))\ ) cos dl - sin a z| 

+ sinh al {2ydm,J) cos a ^ sin dl\ (iv), 

where y—\ld + h 

The IcaU root of this equation would give the pei iodic time observed 
by Kupffci, for lods whose weight is insensible as complied with tin 
load The above case corresponds to the clamped end upper most and 


1 It will he noted that Zoppntz neglects the influence of the lotatoiy ineitia of 
the rod which would iiitioduce the teim -k ■ ^ into (t) 
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the load undermost. For load uppermost we must change the signs 
of g and in (iii) and (iv). Zoppritz makes no attempt to solve (iv) 
for any of the large range of numerical examples given in Kupffer^s i2e- 
cfierches, 

[777.] The second section concludes by demonstrating that if 
y = Z,, {On cos m^t + sin 

be a solution of the general equation (i) of a loaded heavy rod, then 

Jo 9 

if n be not equal to n\ 

Zoppritz indicates how this enables us to determine the arbitrary 
constants of the solution in terms of the initial conditions. 


[778.] The third and final section of the memoir is entitled ; 
Angendherte Amvendmg aufden schweren Stab (S. 17-24). There 
are some interesting points in it, but the reasoning seems oc- 
casionally questionable. 

Suppose a rod of weight w to have the weight W attached 
to one end; further suppose the rod to remain straight and 
rigid while the effect of its flexural rigidity is replaced by a 
restorative couple 6l<f>, when the rod is inclined at an angle ^ to 
the vertical position, I being the length of the rod. Then the 
equation of small oscillations would be 


9 df 


= — + ( WJ -h Iwl) 


the negative sign corresponding to the fixed end 
Hence if T =2Tr jm be the periodic time we have: 


uppermost. 


, _4!7r^_g ejt (W + 


€l + (S + S') 


.(V), 


where S aud S' are the first and / and /' tlie second moments of 
the weig/ita of load and rod nboiit tlie point of support/. 


To comparer tlii.s voiy (piostioiuihlo result, which suggested Ku[>irer\s 
formula, with what regally takes ])lac(‘, Zopju'itz n;tiirns to (‘(juntiou (i) 
and assumes the principal vibration to la* of tin; form 


y-X cos (nit + a), 


Zoppritz has ilroppod an I as factor of his t in eithci liis (‘(niution (1)2) or 
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so that by substitution we have, taking the uppei sign, 

.d^X ... j.d'X df dX\ „ 

Integrate from 0 to a?, and we find 
dX 






To determine the constant G put a;=^, and use equation (u) , we thus have 
(7=-m”(yX, + J^Xdsoj 


Substitute this value of 0 and integrate again between the limits 0 
and ly then remembering (ii) and integiatmg where necessary by parts, 
we have 

/>*-“■ {{•^<‘> + 1 IT,} 

Whence substituting the values of a** and S'* and putting 


we have 



(vi), 


where l/i^y is the maximum cuivatuie at the clamped end, the maxi 
mum deflection at the fiee end, and f the deflection at the distance x 
when the lod takes the maxim am deflection at the free end 

Comparing (v) and (vi) we see that they will be identical, if we take 


Ewic 



S' = w f dx, J' = w f 
Jo h Jo 


ofi 


dx 


Obviously J cm ncvci be gi eater than xfijl oi the maxiiuum values 
ot 

{ '^dx and ( ^dx 
Jo/i Jo Ji 

Ijl and I /3 lespectivcly 

i cmnot, howcvci, igieo with Zoppiitz’s xigumcnts on S 20, that to 
i close ippioxim itioii wc may suppose these qinntitus cqiul to tluii 
uiixiiiium vilucs I think i fai closii ip[)io\iination would be obt lined 
by giving them then \ allies foi the statical ichtionship of y to /] 1 

h xvc not worked out tin r itio of / to yj foi tlu geneial statical c is( , but 
it cm be iound in tcims of Bessel’s functions in the manner indicated 
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in the footnote to Vol. i. p. 46. If we suppose IK only to act,— cer- 
tainly a more reasonable hypothesis than supposing the bar to remain 
straight, — we find : 

f‘{ dx = -3634^ and ?%dx= •2687?-= 

;o/i •'0 Ji 

instead of *5? and which Zoppritz adopts. 

An approximation to the value of might also be made from 
statical considerations, hut while results for dynamical deflections based 
on such considerations are generally fairly approximate, those for 
curvature are often very erroneous : see our Art. 371 (iii). 

Zoppritz himself suggests (S. 21) putting for the value calculated 
in the second part of his paper, but this would involve the solution of 
(iv) for every experiment and an appalling amount of labour for the re- 
duction of any series of observations, For a rod with the free end 
uppermost we must change Bq to B'q , f to f\ and alter the signs of W 
and w in the numerator of (vi). 

[779.] For the case of an unloaded rod, if ^Trjm and 27r/m' be the 
periods when the free end is undermost and uppermost respectively : 



w xfdx 
Jo 

Suppose 27r/mo the period when the rod is weightless, then since this 
must be the same whichever way the rod is placed we have 



Ziippritz, who seems to me to have ti'eatcd //„ and as (fh.'^o/ufa 
constants inde'pendaiit of tluai iiuts (S. *J2) 
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In this he supposes the secoud membeis on the right hand of the 
expressions foi m and rn!^ to be equal, i e he does not distinguish between 
f and f y hut assumes without comment that they can he taken equal 
For the gravest note of a weightless free-clamped rod we have 

(1 875,104)"* 

(see our Art 764 or Lord Eayleigh’s Theory of Sound, Vol i pp 207 
and 224) 

Whence for a rod of rectangular section axh, 


•®^“10302a6V “ 


(vm) 


Equations (vii) and (viii), if T and T be the times of half oscilla 
tions (i e r - Trjm, T = 7r/m') give 

71^ 




g 1 0302 


l/j_ l\ 
2 + 2" ) 


(IX) 


This agrees with the result of Zoppntz’s thud memoir (see our Art 
783, Equation (xi)), but in the piesent paper (S 20) he has the 
number 1 019 instead of 1 0302 in the denominator 

He concludes by calculating foi one series of experiments made 
by Kupffer on an iron bar Owing to the numeiical error just lefened 
to, the lesults cannot be very accurate 

The exactness with which this approximate theory gives the fairly 
accurate formula (ix) is, considering the assumptions, somewhat sur- 
prising and suggests the use of hke methods in similar cases 


[780 ] The second of Zoppritz’b memoirs is entitled Theorie 
de'i Qu&rschwingungen schwerei Stahe, and occupies S 139-56 
ot Bd 128 of Poggendorp Anmlen, Leipzig, 1866 Zoppritz 
first forms the equations for the equilibrium of a thin prismatic 
lod of uniform cross section and density built-in at one end and 
acted upon by any body-foiccs in such wise that the flexuie takes 
place in one plane 


The equation foi the deflection y at distance x fiom the biult-in end 
lb easily found to bo 


dy 


rl 

Jx 


Xd», + X^-Y=0 

ax 


Ek d^g 
A dx 

will 10 X a,ud Y lu the body foiccs pu uuit masb iii tlio plane of flexuio 
piiallcl to tho axis uid poipuuhculai to it lespcctively, while I is tiu 
lonsith aid A the density of the lod huithcr, 

when X - 0, U — dgjdL 0 , 1 

wlicn X 1, dyjdL -0, d'ljjdL = 0 J 

/opput/ now t ikes the spool il e iso of A”"- ±g, Y-- d yjdt , or that 
t 1^1 vil,i itiii.r tianbvei&elyin a veitical plane under its own 


(1). 
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weight. X will be + ^ or - ^ according as the fixed or free end of the 
rod is uppermost. The equation (i) now becomes : 

Ek^ d^y - d f., .dy\ ^ ..... 

T (”)■ 


The solution of (iii), subject to (ii), will therefore correspond to 
Kupffer's experimental determination of the period of oscillation of a 
heavy vertical rod built-in at one end. 


[781.] 


Zbppritz writes (iii) in the form : 





(iv). 


where = + Alg/Ei^ and ¥ = Ek^J/^. 

Now Zoppritz remarks that jo, or as I think he should say is a 
very small quantity owing to the magnitude of E as compared with 
Alg, and hence it will generally be legitimate to neglect its square (i.e. 
if Z^/k^ is small as compared with EjAlg). He assumes y to be of the 
form : 


cos (mi -ha) (v), 

where ^ = ^» or is the type of term given by the Euler- 

Poisson solution for the vibrations of a weightless rod. Neglecting p% 
will be given by the equation (S, 146) ; 



Equation (vi) is then solved subject to the conditions (ii). This is 
followed by a rather long algebraic investigation of the equation for 
the notes. If A. = Z Jmlb, Zbppritz finds (S. 153) : 

0 = 1 + cosh A. cos \ + ^3 [X^ (coshA sin X + sinh X cos A) 


- 2X sinh A sin A + 4 (cosh A sin A ~ sinh A cos A)] (vii), 

a result which I have not verified. If we put ^9 = 0, the equation 
reduces to Euler’s form 


1 + cosh Ay cos Ay = 0, (see our Art. 49^') 

the root of which corresponding to the fundamental tone is Ay= 1*875104. 
Assuming A = Ay + x is found to be given by 


or 


X = -39342, 

''•0 

A = X„+-39342 -f^^ 

6 Ay 

See S. 148-56 of tlie memoir^ 


(viii). 


1 lu the equations of lines 9 and 10 on S. 156 read for Z-, 
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[782] The third memoir of Zoppritz is entitled Beiechnung 
non Kupffers BeohacUungen uber die Elastioitat schwerer Metall- 
stabe, and is published m Poggendorffs Anmlen, Bd 129, S 
219-237 Leipzig, 1866 It directly applies the result (viu) of 
our precedmg article to Kupffer’s numbers This lesult, however, 
only covers a very limited range of Kupffer’s work, for his most 
important experiments were made with heavy rods havmg weights 
attached to their free extiemity Zoppritz does mdeed mdicate 
how this latter problem might be treated and descnbes the stages 
of the theory so fai as he has worked it out (S 221) 

Diese Albeit ist indessen erne wegen der algebraischeu Rechnuno’ 
dusserst muhselige und zeitraubende und die Endform der Gleichun* 
so complicirt, dass ich mich bis jetzt noch nicbt zu emei Beiechnung dei 
Kupffer’schen Beobachtungen danach habe entsehliessen konneu und 
somit der grosste Thed dieses ausgezeichneten Mateiials noch unvoll 
kommen benutzt liegen bleibt * 

Zoppritz also concludes, although on different grounds (S 220), 
that Kupffer’s formula which we have ciiticised in our Arts 763-5 
IS inadmissible 


[783 ] Let d be the time of a oscillation, then P whence, 
since \ = l>Jmjb, we have, neglectmg x > from (vm) of Ait 781, 


l*7^_ 

b T-~ 




where v = 39342 

Whence to the Scime degree of appioxnnation 


(ix), 


or. 


J li/K (tt 

I'vir 

1 [tt 
g WK V 




(x), 


wheie ID lb tlie weiglit of the rod 

Thus (x) gives the stretch modulus when the period f of i h ilt 
obcillitioii IS known If T be the hilf peiiud when the fice end is 
dowiiwdulb, T when the free end is upwards, we have, 


^ -n r 1 1 ] 

2VU' ^ r] 


(\i) 


^ Flscwhcic he 1 of CIS to the mvalu'ible mateiial which, owing to tlic want 
of a fatuct thcoiy, has not yet been used in a ininnei coiie^iiiondino to what the 
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By subtracting the two values of E we have 


Let o- be the length of the simple pendulum equivalent to the rod 
when n scillating about an extremity supposed pivotted ; then <r = |Z, or 

16 T^T'^ g , ... 

O’ “■ ^ _ >772 ^ (Xli). 


Remembering that in tbe notation of our Art. 763, and 

t = 2^, we see that, there being no terminal load, Kupffer puts for his o- 

g 

qn 


or he omits the factor |v = 1*04912 in his estimation of the values of <r. 

For the case of a rod of rectangular section {a x h) we have 
0 ) 1 ^ =:ab^ 1 12, and with the rest of the notation as in our equation (i), 
Art. 763, we find from (xi) by the aid of (xii) ; 


9 Ig ti^ + f 32v 
2a¥(^^-f V‘ 


.(xiii). 


1*04912 

The factor 32v/Xo^ = Y;Qg^Q = 1*01837, and instead of this Kupffer 

has >J\j(T where X is the symbol defined in our Art. 763. Kupffer 
obtains values of sfxjcr such as 1*02016, 1*02581, 1*02399 etc. (see his 
pp. 136, 148, 156 etc.) when the bars are unloaded. Thus his E will 
be slightly too large and his S too small. Kupffer works, I think, for 
the unloaded beams from a formula like equation (i) of our Ai*t. 763 
and not from one of the type of (ix) in our Art. 779 with the number 
1*0302 replaced by V^/o* as Zoppritz (S. 237) seems to imagine. Hence 
the amount of his error is measured by the ratio of n/X/o* to 1*01837 
and not to 1*0302 as Zoppritz states. Further Kupffer endeavours 
to allow for the effect of certain parts of his apparatus in his value 
of n/X/o* (see his value of X, p. 134, which contains i'), which Zoppritz’s 
theory of course does not include. Thus the error in his formula is not 
so large as might be imagined, and his results agree very closely with 
those calculated by Zoppritz (S. 223 — 33) for the case of unloaded bars. 
In many cases the difference is within the limits of experimental error. 
But this is not the case when we compare Kupffer's values of the 
stretch-modulus for rods carrying a load with the results calculated 
by Zoppritz for unloaded rods; i.e. it is, as we have indicated in Art. 
771, in the case of the loaded rod that Kupffer’s formula is inadmissible. 
Zoppritz sums up his results as follows : 


Kupffers Werthe fiir d »sind fast (lurch weg kleinor als die meinigeii. Bci 
den Messingstaben 1, 2, 4, 5, 8 betragen die Abweichimgen imr , bis des 
ganzen Werthes und steigen bei No. 6 auf negativ. Bei Btixhl ist die 
Abweichmig nur hochst unbedouteiid negativ, ebenso bei don meisten Eisen- 
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staben Bei den Eisenblech&treifen 1 iind 2 smd aber Kupffer’s Werthe urn 
ein voiles Zehntel zu gross Bedeutendere Abweichungen zeigen aucli Gold 
Zink und Remscbeid Stahl No 17 ebenfalls ^ Die Werthe, welc¥e 
Kupffer aus den Versuchen o/me angehangtes Gewicht berechnet hat kom 
men den meinigen im Allgemeinen viel naher, manche fallen innerhalb der 
Fehlergranzen mit ihnen zusammen , leider aber hat Kupffer gerade diese 
Beobachtnngen verworfen, well ihm die Resultate zu schlecht mit den ubngen 
bei angehangtem Gewicht angestellten, ubereinstimmten (S 234) ^ ’ 

[784] Zoppritz notes four misprints of Kupffer’s on the latter’s 
pp 270 — 2 and corrects them (S 229) Further on S 233 he gives the 
value in French measure of those few of Kupffei’s experimental results 
which allow at present of calculation by accuiate theory He compares 
them with the numbers obtained by Wertheim and other earlier experi 
mentalists These lesults on S 233 may be said to represent all of 
Kupffer’s work which has probably a numeiical exactness equivalent to 
the excellency of his experimental methods We have tabulated them 
in a somewhat different form alongside Kupffer’s results on ourp 531 
They are the numbers in brackets with the lettei Z attached 

Zoppntz’s three memoirs certainly thiow a gieat deal of light on 
the degree of accuiacy in the results obtained by Kupffer from 
empirical formulae of a doubtful character They form also an mterest 
ing chapter in the theoiy of vibrating rods 


Group 0 

Wertheim s Later Memoirs^ 

[7S5] Wertheim and Breguet Experiences siir la vitesse du 
son dans le fer (Extrait) Comptes rendus, T 32, pp 293-4 Pans, 
1851 This paper gives some account of experiments by the 
authors on the velocity of sound m the iron wire used foi 
telegraphing between Pans and Versailles Biot had found the 
velocity of sound in cast iron to be 10 5 times that in an, 
although the theoretical value of the velocity deduced from the 
stretch-modulus was 12 2 times that of air After describing 
then method of making the experiments, the authors continue 

Ces expcrunces ont donne on moyenno une vitesse de 3485 mHies 
par scconde, tandis quo 2 inttros du mCme fil de fer tendus sin le sono 
mttio longitudiii il Kiuknt un son do 2317 vibrations, d’ou I’on deduit 
uno vite&so d( 4G31- nictios 

Li vit( ss( hue 1110 , d xpus rcxpeiKnce diiecte dans le fer, ost done 
^ 1 <)i W( itluini s cailioi i esoai dies sec oiii Aits 1292 '^-1-1 '5 
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de beaufioup inf^rieure, et k la vitesse theoriqne, et k celle que Ton deduit 
du proc^d 6 de Chladni ; la difference est dans le m 6 me sens et plus grande 
encore que celle qui resulte de Texperience de M. Biot sur la fonte. 

[786.] G. Wertheim : M^moire sur la polarisation chromat- 
ique produite par le verre compriml Comptes rendus, T. 32, 
pp. 289-292. Paris, 1851. This is an abstract of a memoir which 
contained the details of certain experiments made with the aid 
of apparatus described in a sealed packet ; this packet had been 
opened and read by the President on February 3 of the same year 
(see Comptes rendus, T. 32, pp. 144-5. Paris, 1851). 

The object of the investigations described in the memoir was 
to ascertain whether the very different doubly-refracting powers 
of glass or crystals of different materials are really inherent in 
their substance, or are due to different states of initial stress 
{tensions moleculaires) in different crystals. 

En ffautres termes : si, dans diff^rents corps homog^nes et dans les m6mes 
directions, on pouvait produire des compressions et des dilatations ^gales, ces 
corps acquerraient-ils le m6me pouvoir bir<Sfringent ou auraient-ils des 
nouvoirs divers ? (n. 290.) 

Timented on crown, plate and flint glass, all substances 
.cific gravities and very different stretch-moduli. He 
with different weights till he produced the same difference of 
. oeT;ween the two rays, which he rather unfortunately terms 

* ordinary and extraordinary’ rays. Suppose this to be obtained 
ixx any case by a vertical squeeze 5, then the horizontal stretch =r)s, 
where yj is the stretch-squeeze ratio. Then Wertheim found that 
the ratio {\ + r)s)/{l—s) was the same for the various kinds of glass. 
He terms this the rapport des deux densites Uneaires, and he puts 
77 = 1/3 on his own hypothesis: see our Art. 1319^. I do not know quite 
why he should thus define it, but it is interesting to know that it is 
the same for all kinds of glass. Since 77 is taken by Wertheim a 
constant, it is the same thing as saying that it requires the same 
squeeze to produce the same doubly-refracting power in all kinds of 
glass, which is one way in which Wertheim himself states his result. 
Since s = TjE^ the measurement of the load T required to produce a 
given doubly-refracting power gives a means of ascertaining the 
stretch-modulus of the glass. 

Wertheim points out in the conclusion of the paper that tlie 
magnetic rotation of the plane of polarisation is the more feeble the 
greater the mechanical strain : see our Arts. 698, (iv) and 797, {d). 

[787.] Rapport sur divers Mimoires de M. Wertheim, by 
Regnault, Diihainel, Despretz and Caucliy (rapporteur). Comptes 
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rendus, T 32, pp 326-330 Pans, 1851 The Commission 
appears to have dealt with those memoirs of Wertheim which 
suppoited his hypothesis that i; = l/3, see our Arts 1319^-26^ 
and 1339*-51* They sum up briefly the experimental argu- 
ments he has given for ^ = 1/3, but remark that this value is 
impossible on the ordinary (i e rari-constant) theory of elasticity 
But that theory is based on the supposition that each molecule 
may be reduced to a point 

Si I’on suppose, au contraire, chaque molecule composee de plusieurs 
atomes, alors, suivant la lemarque faite pai Tun de nous, d^s Tannee 
1839 (compaie our Art 681*), les coefficients compris dans les 6quations 
des mouvements vibratoires cesseront d’toe des quantites constantes, et 
deviendiont, par exemple, si le corps est un cristal, des fonctions 
peiiodiques des coordonnees Or, en developpant ces fonctions et les 
inconnues elles m^mes, suivant les puissances ascendantes et descen- 
dantes des fonctions les plus simples de cette espece, repi^sent^es par des 
exponentielles tiigonom^triques convenablement choisies, on obtiendra 
des Equations nouvelles desquelles on deduiia, par elimination, celles qui 
determineront les valeurs moyennes des inconnues D’ailleuis les equa- 
tions definitives, tiouvees de cette mani^ie, seront encore des equations 
lineaiies et ^ coefficients constants, qui ne pourront devemr isotropes et 
homogenes, sans reprendre la foime obtenue dans la premieie hypothese 
Mais le rapport entre les deux coefficients (X + /i, p.) que renfermeiont 
alois les equations dont il s’agit ne deviendra pas necessairement egal 
e. 2, quand les pressions inteneures s’4vanouiront , et Ton \eua par 
suite disparaitre I’objection proposee (p 329) 

Cauchy thus sees clearly what Wertheim never appears to 
have done, namely that the lattei’s theory is incompatible with 
the uni-constancy of the early elasticians Cauchy attempts a 
reconciliation by means of his suggestion of 1839 The objec- 
tions to this hypothcbi^i have been considered by Samt-Venant 
see our Art 192, (d) 

The Commissioners speak highly of Wertheim’s memoirs and 
recommend then inscition in tlic liecueil des savants ^tiangeis 

[788] G Wcitlicim Note siir la double 'iefutchon aiti- 
ficiellement podmte dans des cnstaiix du systeme regidiei 
Gomj)tes 'tendus, T ^3, pp 57G-9 Pans, 1851 

Weithcim holds thit tlio optic axes of these crystals iindei 
pressure do not coincide with then clastic ixes, but make with 
them 111 ang]( winch diangcs when tlie same foice is applied in 
diffcicnt (hue lions to tlu body JIis il isoning is founded on the 
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statement that it is impossible to suppose the 'coefficient of 
elasticity’ to be different in different directions in these crystals. 
It would contradict Neumann’s statements, which, however, had 
been already corrected by Neumann himself as well as by 
Angstrom: see our Arts. 788^-93* and 683-7. Wertheim’s argu> 
ments are based on experiments on alum, which he says ought to 
have its elasticity equal in all directions. 

[789.] G. Wertheim : Deusdhme Note sur la double refraction 
artificiellement produite dans des cristauoo du systlme regulier, 
Gomptes rendus, T. 35, pp. 276-8. Paris, 1852. This Note gives 
a series of results similar to those referred to in the previous 
article. We may note the following points : 

(a) Crystals of cubic form act under external force like 
homogeneous bodies, the same force in any direction perpendicular 
to two faces of the crystal produces the same difference of phase 
between the ‘ ordinary and extraordinary ’ rays. 

Q>) For rock-salt and fluor-spar the difference of phase in 
the two rays is the same when the compression is the same as 
Wertheim found for the different kinds of glass (see our Art. 
786), i.e. they have the same specific doubly-refracting power as 
glass. 

(c) Alum which crystallises, Wertheim says, in cubo-octahdre 
does not act like a body optically homogeneous, "although its 
elasticity is equal in all directions.” Under pressure the elastic 
and optic axes do not coincide. 

This is a restatement of the conclusion in our Art. 788. 
Various results as to the effect of pressure on other forms of 
crystals of the regular system are given. Wertheim sums up 
these results with the following statement, which seems some- 
what doubtful in so far as it definitely asserts that the elasticity 
of a body is independent of the various changes of form (? sots) 
which the body has previously undergone : 

Tous ces ph^nomenes: I’in^gale compressibilite optique, aussi hien 
que la rotation de Tellipsoide optique, paraissent avoir Icur origine dans 
les effets permanents produits par les tensions ou pressions qui ont lieu 
pendant Tacte de la cristalliaation j on sait que I’elasticitc niecanique ou 
mol6culaire est independante des changements de forme quo lo corps a 
suhis anterieurement ; mais Felasticite optique en conserve pour ninsi 

flirp Viamrwa'i'n+fli /rv 0'7Q.\ 
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[790] G Wertheim Note sur des courants d\nduct%on 
prodiiits par la torsion du fer Comptes rendus, T 35, pp 702-4 
Paris, 1852 The contents of this Note are stated among many 
others in our discussion of the second part of the great memoir 
on Torsion see our Art 813 

[791 ] G Wertheim Mdmoire et tUse sur la relation entre la 
composition chimique et VilastioiU des minSraux Conclusions 
Cosmos T IV, pp 518-20 Pans, 1854 

This paper gives the results of a memoir by Wei them -which I do 
not think was ever published 

Wertheim considers the elasticity of a metal to be independent of its 
manufacture and to depend only on its density, chemical constitution, 
and crystalline form The coefficient of elasticity increases with the 
density, but more rapidly^ a slight chemical change has a great influence 
on the elasticity On passing from the amorphic to the crystallme 
stage a body changes its density, and it has yet to be determmed 
how far crystallisation directly afiects elasticity (the densities of 
graphite and diamond^ aie as 1 2, their elasticities, if graphite is 
like other carbons, are as 1 20) A body which can ciystaUise in two 
different forms with the same density (e g pyrites) and composition can 
have different elasticities m the two forms When bodies enter into 
chemical combination each retains its own elasticity, which is not 
destroyed by the action of the chemical forces, but only modified by 
the elasticities of the other bodies in the combination (Wertheim 
appeals to have ai ranged bodies in tables according to their chief 
constituent, e g iron, nickel or manganese, but I do not know that 
these tables were evei published) The following conclusion seems of 
sufficient importance to be cited at length 

D’api^s ce qui prdcMe, on pouriait etie tentd de calculer I’dhsticitd d’un 
corps coinposd on prcmnt la moyeniie entre les dlasticitds des corps compo 
sants, et en attiibiiint iu\ coips gozeux on liqiiides une dlasticitd hypothdtique 
qu’ih am aiont \ VCt it solide, par un procddd analogue ^ celui dont on s’est 
sorvi poui Ic calcul des densitds ct des points de fusion En effet, les sulfures 
et les arsdniiircs se piCtont asse/ bien \ ce mode de calcul, mais il est 
compldtcmcnt en def uit pour les oxydes , Toxyde magndtique est doud d’uno 
elasticity infciieuic \ cello du foi mdtallique, tmdis que les sesqui oxydes de 
fer out line clisticitc supyriouic ^ cclle ci II fxudiait done, d’aprds le 
premier, attiibuci \ To \y gene solidc uno cHsticitd mfdiieuro c\ celle du fer , et 
d’apids lo second, lui on ittnlmoi une supciiciuc (p 519) 

When two bodus of ‘‘analogous composition” oi “winch belong to 
the same type lu coinpaied, the clisticity is always the greatest foi 
that in whicli tli( inoh culos iic closest {les plub 7 app? ockces), but this 
relation dors not hold for bodies of entirely different composition For 
these on the contrary the elasticity ind molecular distance dinnnisli 

^ ThL J luiiJ lojxidic (J( I Natunois<inis< haft Haiidbuch dn Fhij'-^ik Ld i S 1 
^ivcs th( laiio ot tlio nudii density ot ^laphitc to the density ot dixmoiid as 
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as they become more complex” (p. 520). The memoir concludes by 
suggesting the need for new hypotheses as to the grouping of molecules 
and as to molecular weight; such hypotheses, however, could only be 
verified by a wider range of experiments than, Wertheim states, he had 
at that time undertaken. He promises to complete his researches in 
this direction. 

[792.] G. Wertheim: Mimoire sur la double refraction tern- 
porairement produite dans les corps isotropes, et sur la relation 
entre Vdlasticit6 mdcanique et Vdlasticitd optique, Annales de chimie 
et de physique, T. XL., pp. 156-221. Paris, 1854. This memoir is 
translated into English in the Philosophical Magazine, Vol. vin., 
pp. 241-61 and 342-57. London, 1864. It is an attempt to in- 
vestigate the relation between stretch and traction and the question 
of the equality of the stretch- and squeeze-moduli by means of 
photo-elasticity. There are references in the memoir to the re- 
searches of Brewster, Neumann and Maxwell: see our Vol. i. p. 640 
Arts. 1185*, and 1556*. I do not think, however, that Wertheim 
has sufficiently expressed his indebtedness to these authors. 

[793.] The memoir commences with twelve pages entitled 
Eistorique (pp. 156-168). Here it is pointed out that the theory 
of elasticity assumes : (i) the proportionality of stress and strain ; 

(ii) the equality of the stretch- and squeeze-moduli. There 
aic, however, various experimental investigations, which throw 
doubt on the truth of these assumptions, notably those of 
Hodgkinson (see our Arts. 234*, 1411*-12*). Wertheim remarks 
on the great difficulty of making direct experiments on com- 
pression. For sensible squeezes we require a long bar of material, 
and this will certainly buckle unless supported at the sides. But 
if supported at the sides the disturbing action of friction is 
introduced. This disturbing action Vi cat had met with in his 
experiments on the compressibility of lead (see his memoir of 
1833 referred to in our Art. 724*). Wertheim also attributes the 
large values of the squeeze-modulus for wrought-iron obtained by 
Pictet (see his memoir of 1816 referred to in our Art. 876*) to the 
same cause. The difficulties attending experiments on compression 
have hindered the undertaking of any important series of direct 
experiments except those of Hodgkinson. These Wertheim dis- 
cusses at very considerable length on pp. 159-166. He takes 

TTrv/^ v»/\ni'i l4-n ^TTi vk #-»* I y-. ^ ^ 1 ■■ 1 A 4 - ^ 
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the purely elastic stretches and squeezes the values of the stretch- 
and squeeze-moduli for forged and cast-iron He obtains the 
following results 

(i) Eemoving the set, the propoiiiionality of stretch and traction 
foi wrought-iron holds almost up to rupture 

(ii) Eemoving the set, the stretch increases more rapidly than the 
traction for cast iron (Wertheim holds that this result may he due to 
defects almost unavoidable in the method of experiment ) 

(ill) Eemoving the set, then foi eight series of experiments on cast- 
11 on the squeezes dimmish with the pressures in three series, in one 
senes they mciease, and in four there is a sensible proportionality Two 
of the last series of experiments are for a mixture of cast-irons (Lees 
wood and Glengarnocky Wertheim consideis that Hodgkinson’s ex 
periments aie very far from giving any conclusive answer as to the 
legitimacy of the assumptions made in the usual theory He pi eposes 
therefore to investigate them afresh by the aid of photo-elastic measure 
ments For the theory of photo elasticity he claims (p 168) some 
piecedence for Fresnel over Neumann He refers to a memoir of 
FresneFs written m 1819 and only published in 1846, hve years aftei 
Neumann’s (see Amiales de Ghvime , 3® sene, T xvii ) Fresnel’s 
paper in nowise detiacts from the transcendent merits of Neumami’s 
great memoir That memoir was based upon Brewster’s expeiimental 
researches, and the disco veiy of double lefraction by pressiue is the real 
contribution to be attributed to Fiesnel The statement of the funda 
mental equations of photo elasticity and their application to the wide 
range of phenomena obseived by Biewster is undoubtedly due to 
Neumann 

[794] Pp 169-185 describe Weitheim’s appaiatus, which is 
constructed with his usual ingenuity , not the least valuable part is the 
differential an ingement described on pp 181-2 for use when the loads 
are small It lies beyond the scope of oui History to do more than 
refei to accounts of physical apparatus SuiBSce it to say that Wertheim 
shows that the dificiencc of the equivalent an paths of the two lays 
IS approximately pioportional to the loads, and by means of a veiy 
complete table on p 180 he is enabled to measuie the loads by a scah 

^ These results assume ot course that we may suppose the set not to affect the 
stretch and squeeze moduli they aie not based on expeiiments m which the bais 
have been pieviously reduced to a state of ease embracing the maximum load 
Supposing squeeze set to bo pioduced by lateml stretch, we should not expect 
the squeeze modulus to be so sensibly affected by set as the stretch modulus until 
the pressure was 4 to b times as great as the tiaction (i e granted = J to \) 

Thus the compression load of about d50 cwt which limits the compiession 
experiments ouglit not to be compaied, so fai as equality of the stietch and 
squeeze moduli is conceincd with a load of more than about 70 cwts lu the tiaction 
exiieiiments It will tlun lu found that the diffeionce between the stietch and 
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colours of tlie two images. He thus carries out exactly what Brewster 
hiad proposed in the Chromatic Temomster: see our Art. and ftn,, 
V'ol. I. p. 640. The reader will easily understand how this colour scale 
stress can he applied to the problems stated in the previous article. 

[795.] Taking Neumann’s theory (see our Art. 1191* Eqn. (iv)) we 
see that air thickness answering to the colour measured in Newton’s 
scale is proportional to the stretch (or squeeze) in the case of a prism 
ander pure positive (or negative) traction. According to Wertheim’s 
experiments it is proportional to the load ; we have thus a method of 
ELScertaining whether stress is here proportional to strain, and if so 
whether the constant of proportionality is the same for both positive 
and negative stress. Wertheim’s own theoiy and his comparison of its 
results with those deduced from Neumann’s seem to me somewhat 
obscure. Thus he says : 

Let 0 be the velocity of light in the air ; 0^ and 0^ the ordinary 
and extraordinary velocities in the substance^, which possesses for the 
time double refraction” (p. 199). 

Then if A, 6 be the height, length and breadth of the prism 
subjected to a total traction P in the sense A, these dimensions become 

?(l-|a), 5(l-|s), 

where 8 is the stretch produced by P. W ertheim puts this down without 
stating that he is assuming that X = 2/x and consequently ^ = 1/3, his 
own particular theory of the inter- constant relation for isotropy. He 
1 : “The two rays have to traverse the distance ^(1 --^s); 
.._ntly the difference of their equivalent air-paths d, after 
eavti the prism is proportional to ^(1--J^s) {OjOo - OjO^ and to 


dilatation s, we have then : 

d=Bi{i-\s){oio„-oioy (i). 

Assuming negligible, and stress proportional to strain, or, 

s = PI(Blb}, 

find : d= ^ (OjO, - 0/0.) (ii). 

Now : “ OjO^ and OjO^ are the two indices of refraction /<, and ; and 
for c? = sfc 1 and 5 = 1, we have F — C, and accordingly, 

(hi), 


where it is necessary to take the negative sign for positive traction and 
the positive sign for negative traction.’' 

I do not understand Equation (i). I should have thought that if 

^ Wertheim foUowing the analogy of natural double refraction speaks of ‘ ordi- 
nary and extraordinary ’ rays. Homogeneous plane polarised light, being incident 
normal to the face hxh oi the prism, will be decomposed into two rays, one with 
vibrations parallel to h, the other with vibrations parallel to h. These rays travel 
with velocities differing from each other and from the velocity of liglit in the 
unstrained prism. Neither ray has thus a snecial elnim tn lip fr'rni<»d *errlinnrv-’ 
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0° and Oe were the ray velocities the value of d must, for small s, be 
I {OjO^-OjO^, which agrees with Neumann’s value in our Art 1191* 
if we remember that his 8 is not the length of the equivalent air path, 
but the thickness of air for the corresponding colour of the Newtoman 
scale Further, since W ertheim makes 0j0„ - o] 0^ or a constant 

in Equation (m) depending on the elastic nature of his material, he can 
hardly mean atid 0^ to be the uefoctties of the two rays They are 
really the velocities divided by the stretch Oompaiing Wertheim’s 
Equation (i) above with Neumann’s (iv) of our Art 1191* we see that 


P-g 

72 




2._1 
Oo 0 .’ 


or, that the constant which Wertheim terms “ the true measure 

of the double refiaction,” 




in terms of the photo elastic constants p and q of Neumann, where r is 
the refractive index and V the velocity of light in the iinstiained 
material Taking r=OIV and assuming it = 1 543 foi plate glass, 
Neumann's values ior pjV and q/V (see Art 1193*) gire 158 

accoiding to my calculations and with uniconstant isotropy Wertheim 
gives 157 foi its theoietical value for and, 168 for 77 = 1/3 His 
experimental determination gives 191 The difference is considerable, 
but in both Neumann’s and Wertheim’s results all the elastic and optic 
constants were not determined for the same kmd, still - 

piece of glass 

It may be noted that Wertheim terms the constam u auuve 
(Equation ( 111 )) the coefficient dJelasticite optique^^ Thus G is pio 
portioial to the inveise of what Maxwell terms the ‘‘optical effect” 
see our Arts 1543*, 1544*, and 1556* Wertheim’s name seems well 
chosen, as we have fiom Equation ( 11 ), d = P/((76}, an equation analogous 
to s = FI{Ebl) f thus C is the load corresponding in a piism of unit 
breadth to unit diflerence of equivalent air paths (p 196) 


[796] Weitheim’s first three experimental results verify the 
leldtion d = EI(Cb), where G depends on the material and not on 
the si/e of the pi ism taken (Experimental Laws, 1 ° — 3°, pp 
189-90) A fifth law stated on p 197 is that the difference (d) 
of the equivalent air paths of the two rays is independent of the 
wave length , thus the dispersion accompanying the double lefi ac- 
tion is insensible 

Wcrtheiin’s fourth experimental law is the answer to the 
problems he stated at the commencement of his memoii Accoid- 
to Neumann’s theory d is pioportional to the stretch 6 and 
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by Wertheim’s experiments d is given as a function of P. Hence 
if d be plotted up to P, the curve ought to be a straight line 
if P be proportional to s, or if stress be proportional to strain. 
Further this line ought to pass through the origin without change 
of slope if the stretch- and squeeze-moduli are equal. The fol- 
lowing is Wertheim’s conclusion: 

Double refraction or the difference of the equivalent air-paths of the 
two rays is proportional to the mechanical stretch or squeeze, but 
these are not rigorously proportional to the tractions. In taking the 
tractions for abscissae and the stretches and squeezes for ordinates, a 
curve is obtained for the pressures concave to the axis of abscissae, and 
another for the tensions convex to the same axis ; these curves 
straighten themselves as the stresses increase till they coincide with 
one and the same straight line which corresponds to the elastic modulus 
usually adopted for both stretch and squeeze (p. 191). 

What Wertheim’s experiments go to show is a want of pro- 
portionality between d and P. He gives (pp. 192-3) reasons for 
supposing that s and d are proportional, hence it follows that s and 
P are not. • It must be remembered that Wertheim has been 
plotting up his curves starting with initially very small loadings 
quite vsdthin the - elastic limit, and that it is not till these small 
loadings are passed that the exact proportionality of stress and 
strain appears to commence. In other words the slopes of the 
tangents to the stress-strain curves at the origin are not what we 

■*'0 understand by the statical moduli. Are we to take then 
me slope of one or other tangent at the origin as the modulus ob- 
tained by vibrational methods, or are we to suppose no propor- 
tionality between very small stresses and strains? This latter 
view is opposed to the isochronism of sound vibrations. Of course 
in experiments involving delicate measurements of this kind, it 
is always possible to raise a suspicion as to the accuracy of the 
results. Here is what Wertheim himself says of his results : 

Les rdsultats que nous venous d’obtenir ne sont d’aucuno iinportauco pour 
la pratique des constructions; ces differences sont trop petites pour 6tre 
prises en consideration lorsqu’il s’agit de I’emploi dos nifitoriaux, ot nos 
experiences prouvent que Ton pent continuer en touto sUretd de sc servir d'uii 
mtoe coefficient d’41asticitd pour calciiler les effets des tractions et des 
compressions. Mais ces rdsultats acqui^rent une grande ini 2 )ortance lorsqu’on 
les considers au point de vue de la theorie des forces inok'culaires ou de cello 
des oscillations mdcaniques et des vibrations sonorcs ; jc crois qu’ils four- 
niront la solution d’un certain nombre de questions qui sont restdcs en 
suspens, et sur Icsquelles je me propose do revenir dans une autre oc- 
casion (pp. 196 -7). 
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[797 ] Some othei points in the memoir deserve notice 

{a) The donble-refractive power” (=in Wertheim's notation 
J^-Ie) depends in some undiscovered way on the other elastic and 
optical pioperties of the bodies Accordmg to Wertheim it is not the 
same for all substances (he finds on p 202 values from 2182 for crown 
glass to 0875 for ‘Flint Faraday’ and 0641 for ‘alum inactif % neithei 
does it stand in any simple relation to the density, nor is it a function of 
the refractive index only 

We note that Neumann’s value of the “ double ref ractive powei ” 
contains (1 + rj) and r® as factors, if it be written in the form 

and hence throws us back on the determination of p and q as functions 
of the elastic and optic constants (pp 204-5) 

(b) Wertheim holds that there is no relation between the two 

kinds — natural and artificial— of double refraction To convmce 
oneself of this, he says, it is only lequisite to consider the forces 
which it IS necessary to apply to an isotropic body in order to produce 
for equal thickness the same dauble lefraction which arises from the 
passage of a ray across a plate of doubly refractmg ciystal cut parallel 
to the axis For example he takes Iceland spar and ordinary crown 
glass, for which he says “the differences of the two indices of refraction 
are the same” Now I have already referred to his obscurity about 
the quantities 0^ and 0^ and indicated that his and aie not 
the true lefi active indices It seems to me that s(1q — I^) is the 
leal difference of the refractive indices for the stiamed mateiial 
Does he then mean that this oi that the “ double refi active powei ” 
Iq-Ih for crown glass is equal to the difference of the indices foi 
Iceland spai ? If he does mean, as he says, the difference of the indices, 
then the force lequned to make the ciown glass lefract as the Iceland 
spai IS or F would be the pressure required to produce the 

necessary strain in the glass for the given diffeience of indices On the 
other hand if he means that the “ double refractive power ” of crown 
glass IS equal to the difference of the indices of Iceland spar, then we 
have F = Fj as he says, or a piessiue is required a thousand times 
gieatei than would crush the glass (p 204) 

This apparent confusion leads me to doubt the accuracy of the 
values given foi I in the tible p 202 F/0 is presumably found fiom 

the experiments and e(iu ils /„ -7^ in Weitheini’s notation, but why is 
/„-to the rcfi ictive index for the isotropic mater rail Since it is 
s (7y - /J winch IS the difiticiicc of the reli active indices of the ‘oidmaiy 
and exti lordmaiy ’ i lys, tins ippcais i peilectly aibitiaiy assumption 

(c) In i footnote on p 206 Wcithcim objects to Maxwell s having 
leferiod (in the memoii ot 1850) to Ins hypothesis that A - 2/x, while 
citing only Ins experiments on caoutchouc is evidence foi it, and neglect 
mg all tlu other expeiiinental evidence in favour of it He aku not 
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mreasonably objects to Maxwell's taking cork and jelly as types of 
sotropic homogeneous bodies, but Maxwell has not been the only 
)ffender in this respect. 

{d) Wertheim considers what rotatory eiBfeot magnetic force has on 
.he plane of polarisation when an isotropic body in the magnetic field is 
jubjected to positive or negative traction. His experiments were on 
Dodies which possess to a high degree the magnetic rotatory power when 
isotropic (‘tels que les flints’). The result was always the same, a 
small stress rendered this power relatively feeble. The exact load at 
which it disappeared was not capable of accurate measurement, but, the 
light being homogeneous, all rotation had disappeared when the difference 
Df the equivalent air-paths of the two rays had become equal to half 
bhe wave length of the light. Wertheim considers that for all natural 
Dr artificial doubly-refracting media the magnetic rotatoiy power is in 
inverse ratio to the doubly-refracting power, — when the one is most 
energetic the other is feeblest. Thus it is to be noted that purely 
mechanical forces can apparently annul the action of magnetism on the 
optical medium^ (pp. 207-9). 

(e) On pp. 209-216 Wertheim describes what he terms the 
DyncmomUre Glwomatique. This is merely a variation of Brewster’s 
Glwomatic Teinometer: see our Art. 698* Yol. i. p. 640, ftn. Brewster’s 
Teinometer is based on fiexural stress, Wertheim’s on traction, but the 
idea is exactly the same in both. Wertheim, it is true, makes con- 
siderable practical application of his instrument, and describes accurately 
its structure and use, but he ought to have acknowledged the source 
from which he had taken his idea, as he elsewhere refers to the very 
of Brewster’s in which an account of the Teinometer is given. 

J^ertheim, assuming the accuracy of his Teinometer, shows what 
vcjLj j-arge errors may arise in the manometric measurements of pressure 
in a large hydraulic press (p. 215). 

(/) He applies his Teinometer to ascertain the squeeze-modulus of 
diamond. Turning to Equation (ii) of Art 795, we have 




M 




Now dj 6, and P can be measured, hence if we knew we should 

have E. Here I fail to follow Wertheim, he assumes instead 

of s (/q - /g), as the difference of the refractive indices again. Ho puts 
/o=2*470, Brewster’s value for unstrained diamond, and assumes for 
a value equal to that of fluor-spar. Thus he obtains E - 10,865 kilos 
per sq. mm., or about the value for annealed copper — ‘‘ot nulloment en 
rapport avec sa grande durete” (p. 217). 

Pp. 217-21 contain a rhume of the results of this memoir, — a 
memoir which is undoubtedly of value, but which rocpiires somewhat 
cautious and critical reading. 

1 Wertheim (p. 208) refers to experiments of Bertin and Mattcucci in the same 
direction, but without giving the loci of their memoirs : see our Arts. 098, (iv) and 

rroc J \ / 
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[798 ] G Wertheim Mimovre sur la tormn Comptes i endus, 
T 40, pp 411-414, and Mdmoire sur les effets riagnetiques de 
la torsion, in the same volume, pp 1234-7 Pans, 1855 
These contain extracts from the great memoir on Torsion see 
our Arts 799 et seq 

[799] G Wertheim Mimoire sur la Tormn Annales de 
chimie et de physique, T 50 Premiere Partie {Sur les effets 
mdcamques de la torsion), pp 195-321 Seconde Partie {Sur les 
effets magnitiques de la torsion), pp 385-481 Pans, 1857 This 
paper was presented to the Academy on February 19, 1855 

Wertheim exhibits here as in other work all his merits and 
demerits, — excellency and width of expenmental investigation. 
Ignorance or misapplication of theory, which leads him to mis- 
interpret the results of some even of his own experiments 

[800 ] The memoir, after a bnef statement of the problem of 
torsion, opens with an account of the history of that subject {Histoii- 
que,pg 196-202) Here reference is made to Coulomb (Art 119*) 
and Biot (Art 183*) for the theory of torsion, to Poisson, Cauchy, 
Lamd and Clapeyron for the general equations of elasticity, to 
Neumann, Stokes and Maxwell as arriving at the same results 
by different processes but as adding nothing essential , to Heim^ 
and Segnitz (Art 481) as determining the shortening of a pnsm 
by torsion, to Savait (Art 333*), Duleau (Art 229*), Bevan 
(Art 378*), Gmlio (Art 1218*) and Kupffer (Art 1389*) as ex- 
perimentally verifying the s of torsion, oi as determining by its 
means the elastic constants, refeience is made also to Saint- 
Venant, whose work Wertheim seems totally to have misunderstood, 
probably to a great extent through insufficient analytical know- 
ledge The footnote on p 199 is neither just to the results 
which Saint-Venant had published before 1857, nor does it 
apparently grasp his position It is one thing to agiee that a 
certain coefficient of correction is necessary, it is another to accept 
Wertheim’s erroii'^ ous thcoiy of torsion and his purely empirical 
relation between the coefficients of bi-constant isotropy {X — 2/^) 
in order to deduce that coefficient We cannot entei at length into 

^ Heim in the woik icfeiied to m oui Art 906“^ deals (S 237-47) by a 
cumbcisome analysis with the stretch in the ‘fibres of a pi ism due to toision 
What lb matuial on this point has been said m oui Ait 51 
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the details of this controversy which we have had occasion several 
times to refer to (see our Arts. 1339*~43^, 1628*~30*, and 191-2). 
It must suffice to state here that we hold Wertheim to have been 
in the wrong throughout, and occasionally, we fear, influenced by 
the dread that Saint-Venant’s brilliant theoretical achievements 
would throw into the shade his own very valuable experimental 
researches. The lesson to be learnt from the controversy is the 
ever-recurring one, namely, the need that physicists should have a 
sound mathematical training, or, failing this, leave the theoretical 
interpretation of their results to the mathematician. 

[801.] After a description (pp. 202-205) of the apparatus adopted 
for the experiments, Wertheim states the problems he proposes to deal 
with. They are the following : 

(i) Whatever may be the magnitude of the elastic strain, are the 
angles of torsion still rigidly proportional to the moments of the 
torsional couples and to the lengths of the prisms to which torsion 
is applied ? 

(ii) What is the relation between torsional elastic strain and 
torsional set (tori) 1 

(iii) Is torsional elastic strain accompanied by change of volume, 
and if it be, what is the relation of that change to the torsional couple 
and to the shape of the prism ? 

(iv) How far is the accordance with experiment of the formulae of 
torsion modified by the aeolotropy of the material or by the shape of 
the prism 1 

(v) How far do the results of torsional expei'iments confirm 
Wertheim’s theory that X = 2ft, or tend to demonstrate uni-constant 
isotropy, X = /a ? 

Wertheim’s experiments were made on 65 prisms, partly on circular, 
partly on square, rectangular and elliptic bases, some being solid and 
some hollow. The materials were steel, iron, brass, glass, and in a few 
cases oak and deal. 

In the experiments on torsion the terminal cross-sections of the 
prism were fixed at a constant distance from each other, 'i.e. the length 
of the prism could not change with the torsion (p. 202). 

[802.] Wertheim takes the opportunity afforded by the hollow 
prisms to investigate in Regnault’s manner the value of the stretch-slide 
ratio 77. The hollow pidsm blocked at the ends is filled with fluid com- 
municating with a capillary tube passing through one of the terminal 
blocks. The prism is then stretched with a given stretch 5^. If the 
prism were isotropic the change in unit volume of the hollow ought to be 
Si (1 - 217). This change in volume can be measured by the amount the 
fluid has advanced or receded in the capillary tube. There are consider- 
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able difficulties m making the experiment,— e g Wertheim found that 
the results depended to some extent on the diameter of his capillary 
tube (see pp 209-10 and the numerical tables) The lesults aie given 
in a table on p 212 Wertheim puts 07 = 1/3 and thus takes the change 
in unit volume to be 1/3 of the stietch The calculated results do 
not agree very closely vith the observed, bemg greater for cylinders of 
brass and less for those of iron Eectangular prisms of brass give fairly 
good results At the same time >7 = 1/3 gives generally better results 
than could be obtained from ^=1/4 As Wertheim, however, admits 
that despite the annealing his prisms were not %80tropic, there is no real 
reason why yj should be equal to 1/4 This want of isotropy Wertheim 
considers beyond the reach of the then existing theory, and an attempt 
he makes to deal with it on the basis of Cauchy’s equations is not 
successful The difficulty was fully overcome in Samt-Yenant’s papei 
of 1860 Sur les d%vers genres dlhomog^ne%te see oui Arts 114-125 
While probably the aeolotropy accounts foi the variety of the results, 
Wertheim also notices that the fluid itself may affect chemically the 
material of the tube 01 the cement which fastens its termmals (p 216) 

Pp 216-221 are entitled Sur les effets optiques ^rodmts pm la 
torsion, and mainly describe the difficulty of makmg the necessaiy 
experiments Wertheim concludes from experiments made on glass 
only that 

Ces expi^riences prouvent qu’il s’agit seulement d’une double refraction 
ordinaire qui devient positive ou n<^gative selon que la torsion a heii vers la 
droite ou vers la gauche , on ne pent rien en conclure en ce qm concerne un 
corps parfaitement homog^ue, et elles ne peuvent servir ni h, confirmer ni k 
mfirmer les provisions de I’analyse de M Neumann (See our Art 1195 -^ ) 

[803 ] Pp 221-225 aie entitled Sw quelques faits geneiaux et in- 
dependants de la f 01 one de la section transversale Wertheim commences 
by dividing the angle of toision mto two parts, \j/, the elastic pait and ij/ 
the set part He iccogiiises the after stiam discovered by Webei {^effet 
secondaire decouvert par M Weber, et qm est insensible dans HoMongmient 
de-s metaux) to be sensible in torsion experiments on metals, but he 
disiegaids it because 

ses efiets se coiifondeiit ivcc ceiix des oscillations tournantes que la baire 
execute autour de chaque position d’cquilibre avxnt de levenir au repos 
(P 221) 

As aftei btiaiii can be observed for moie than twenty minutes in 
steel wires, I am somewhat doubtful as to the exict meaning ot the 
sentence cited 

The following geneial eonelusions uo drawn by Weitheini 

(a) Theie is no point it which set can be said to commence (thus 
Wertheim lud not leduccd his piisms to a state of ease) 

(b) The set ingle bcais no obvious relation to the elastic angle 
It IS not proportional to the lengtli of the piism noi to the load 
couple, although of course it vanes with these It begins to mciease 
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at fii’st very gradually, then more rapidly, and finally just before the 
bar breaks (ou se mette ^ becomes incapable of determination. 
(This seems to point to the early stages of set being merely due to the 
‘working’ of the individual specimen.) 

(c) The angles which measure the elastic strain are not rigorously 
proportional to the load-couples appKed. 

Wertheim attributes this result to two causes : the first that stretch 
is not proportional to traction as shown by his paper of 1854 (see our 
Aii}. 796), whence, as he holds torsion involves a longitudinal traction, 
torsional stress ceases to be proportional to strain j and the second 
that as the torsion increases the cross-sections contract, and so the 
‘moment of resistance’ of the prism decreases. (Both these causes 
seem to me quite insignificant except for very large strains, which of 
course do not fall within the ordinary theory of elasticity. The effect 
of the traction on the torsional couple is given in our Art. 735, (iii)). 

(d) The angles of torsion are not rigorously proportional to the 
lengths of the prisms. 

(e) The interior cavity of a hollow prism, whatever be its form, 
is diminished under the infiuence of toi’sion. This diminution is pro- 
portional to the length of the prism and to the square of the angle of 
torsion per unit len^h of prism. 

For the case of hollow circular cylinders Wertheim gives the following 
formula for the diminution 8F of the cavity F : 

. 8F/F=-tV. 

'ihe angle of torsion per unit length of the prism and the 
; of the hollow cylinder (p. 226). This gives results fairly 
.^luauce with his experiments. He propoimds a partial theory 
229-235, which I am not able to accept. It contains the con- 
clusions cited below, which I think are erroneous : 


11 se pr^sente d’abord la question de savoir si, ainsi que nous le supposoiis, 
la diminution de volume que nous venous de trouver rcprdsonto rdellcmont 
celle qu’aurait dprouvde un cylindre solide de mCrne mati6ro quo la paroi du 
tube, de dimensions telles, qu’il remplit toiite la cavitu iiit6riourc do celui-ci, 
et qui aurait 6t4 soumis k la m^me torsion temporaire ? L’afiirinative ne me 
semble pas douteuse (p. 229). 


We can test the result in the manner of our Art. 51. With the 
notation of that article the longitudinal squeeze of a solid cylinder of 

radius a is if the cylinder be allowed to shorten. The cylinder, 


however, in Wertheim’s experiments was maintained at length Hence 
there would be a longitudinal tension corresponding to a stretch of — ^ , 
or if 7} be the stretch*squeeze ratio its radius a would become 
a (1 therefore 
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7+hy=ira”l 


SV „ 




/» 

= 3 ” constant isotropy, 

tW 

= 0 ^ Wertlieim’s hypothesis {\ = 2fi) 

On the other hand the longitudinal squeeze is not equal to 

for a hollow cylinder of inner radius % To ascertain its value e (= the 
7} of the notation of our Ait 51) we must put instead of the equation 
at the middle ot our page 42 


^irrdrE 


(2 V 


sm FPN= 0 


This gives us — — — = c ^ , 

o 2 

or + 

® ~ 4 . ) 

that IS the double of its previous value if be nearly equal to 
Hence by the same reasoning as before the internal radius becomes 




Hence the new volume of the cavity 


=.Y+W=7ra^n{l-2riT 


^a^ + a^\ 


= - V 


-= - g (a? + a^) for imi constant isotropy, 


= — -g (oj ^ + rti ) on Wertheim’s hypothesis 


Tims ( 11 ) gives for the hollow cylinder a value at least double that 
for a solid cylinder of the ridius of the hollow Oiii theoieticxl m\es 
tigition, how(vci, gives a value foi 81/ F for these cylindeis only about 
a thinl to a fourth of that given by the formula which Weitlieim holds 
established by cx])erim(nt I im unable to explain this disci epancy 
betw(cn tlie ihove tluory and expoiinieiit Possibly it arises fioni the 
didiculty in WtUlKim s appii itus of the toumnal sections conti icting 
iiid hence 111 some u ly time may Ksult a t£nd€ncy to an inwiid buck 
ling of tlu suh s of the cylindf i 
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[804.] On pp. 235-7 we have a resume of the results for hollow 
id^ solid circular cylinders. In comparing the experimental results 
ith theory Wertheim takes 17 = 1/3, and it appears to a^ee better than 
= 1 / 4 , but if we adopt bi-constant isotropy then there is no particular 
ason for taking 77 = 1/4, and if we suppose rari-constant aeolotropy the 
me remark holds. In both cases we should choose a value of 77 best 
,ting with the experiments and varying from one material to another, 
ence it is impossible to agree with Wertheim’s statement : 

Quant h. T exactitude de la constante que j’ai introduite dans la formule, 
il doute ne peut subsister k cet 4gard ; tons les angles calculus seraient avec 
ncienne formule de ^ plus petits, et il en r4sulterait entre le calcul et 
xp 4 rience un disaccord constant et de beaucoup sup4rieur k la limite des 
reurs, disaccord qui, dans les torsions considerables, atteindrait souvent 
mportance de plusieurs degr4s (p. 237). 

This statement is a fair enough argument against the uni-constancy 
’ the material of Wertheim’s prisms, but is of no value in favour of 
general law that 77 = 1/3. He appears to consider that there is really 
theoretical reason for this particular value, so that it has more 
aim on our attention than 77 = *3 say, while in fact it has a purely 
opirical basis : see our Arts. 1324*— 6*. 

[805.] Wertheim next passes to the torsion of prisms on 
liptic bases. Here his method is very singular. He writes : 

On obtient la formule pour la torsion de ces oylindres, en substituant dans 
formide que M. Cauchy a trouv4e pour les prismes rectangulaires, k la 
ace du moment d’inertie du rectangle par rapport k I’axe, le moment polaire 

. 238). 

n has a footnote to ‘^ellipse’ — “ Yoyez les ouvrages de MM. 
.^.elet, Moseley et Weissbach.” 

jL.wvr Cauchy’s formula for rectangular prisms is quite wrong (see 
ir AiiiS. 661*, 684*, 25 and 29), and if it were correct it could 
)t be applied in the manner suggested to elliptic prisms. But the 
rong formula for rectangular prisms, erroneously assumed to hold for 
liptic prisms, does give the true result for the latter as Saint-Venant 
id shown ten years before this memoir (see our Art. 1627*). Wertheim 
this manner reaches Saint- Venant’s formula for prisms of elliptic 
oss-section (see our Art. 18) without referring to its discoverer. The 
otnote can hardly serve to do more than mystify the reader. In 
ir Art. 1623* it has been pointed out that Saint-Yenant in 1847 
parated the gauchissement into two elements, a distinction which he 
terwards dropped. This distinction, however, made no change in the 
cts or formulae he deduced for torsion. Now Wertheim (taking 
>wever '>7 = 1/3) finds a close agx^eement between what is really Saint- 
enant’s formula and the results of his own experiments. He writes : 

Les r4sultats moyens des experiences s’accordent done avec le calcul d’une 
ani^re satisfaisante meme pour les cylindres 12 et 14 qui ont pour bases 
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des ellipses d’une forte excentricitd , dans la thdone de M de Saint-Yenant 
cet accord prouverait que le premier gauchissement qm senl existerait dans 
des cylindres elliptiques, et dont Tinfluence sur le moment de rdsistance k la 
torsion n’a pas ^te determin^e par oe g4omtee, serait compl^tement n^gligeable 
sous ce rapport (p 239) 

The only intelligible readmg of this passage would seem to be that 
Wertheini had a different theory from Saint-Venant for elliptic pnsms 
and that the theory of the latter was demonstrated by the experiments 
to be erroneous These conclusions would be the exact opposite of the 
truth Saint-Yenant’s reply to ‘‘cette observation de Thonorable etcon- 
sciencieux expgrimentateur ’’ is polite but complete (see the Legons de 
Navier, pp 629-31, and our Art 191) 

[806 ] The next section of Wertheim’s memoir is entitled Sur 
la torsion des •prismes homoghies h hase rectangulaire^ and occupies pp 
239-53 

Before entering on the matter of this section we must remind the 
reader that Saint Yenant had m 1847 given the true theoiy for 
rectangular prisms (see our Art 1626*) and shown wherein Cauchy’s 
theory was erroneous Further that in 1854 Cauchy had acknow- 
ledged the justice of Saint- Yenant’s criticism (see our Art 684*) 
Wertheim’s memoir was read in 1865 but not published till two years 
later, after, indeed, the appearance of Saint Yenant’s great memoir on 
Torsion^ which was printed in a volume of the M%movres des savants 
Ur angers dated 1855 Hence it seems unaccountable that Wertheim 
should without comment adopt Cauchy’s formula as the theoretical view 
of the subject, and apply to it a numerical coefficient of conection 
which depends in an unknown mannei on the ratio of the sides of 
the rectangular base 

Weitheim commences by comparmg the experiments of Duleau and 
Savart on rectangular pnsms with Cauchy’s foimula and deducing 
a coefficient of correction. This is close to its value as given by 
Saint Yenant’s theoiy see our Arts 31, 34 and 191 

The next point dealt with is the diminution of volume of the 
inteiior of a hollow i octangular prism oi tube undei toision Weitbeim 
gives the formula, 

i6(«Ar ’ 

wheie 2 ^ 1 , 25i are the sides of the hollow and t the angle of torsion 
per unit length of the prism But he remaiks 

il n’est pxs impossible que la thdone api5s de nouveaux piogibs conduisc 
\ unc foimulc dififdionto de cello ci, et qui ne s’ iccoide pxs moms bieii %\ to les 
c\pciicnces(p 24 5) 

This serins possi})l( is their is i mist ike somtAvhrie iii this 
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empirical formula, for the left-hand side is a numerical quantity, but 
the right-hand side is an osre®. Possibly Wertheim intended to write 
in the denominator 16 (aA)®- 

If we go back to Art. 51 and mmme the shoi-tening of the ‘fibre’ 
at any point of the hollow rectangle to be still Jri’r’ - «, where r is the 
distance of the fibre from the axis of the prism, we easily find 
where (d is the swing-radius of the section about the axis of the prism. 
In the case of a hollow rectangle with lengths of inner sides Saj, 2bi, 
of outer sides 2 aa, 263 , and uniform thickness we easily find : 

Whence with the same reasoning as before : 


If the prism be very thin we liave : 

8 7 / 7 = - . 5 ^ ((Oj 4- 5i)^ for uni-constant isotropy, 

= - 1 ^ Wertbeim’s hypothesis. 

For the case of a square section («! = 5i) these give only about one 
third to a half of Wertheim’ s results, thus differing almost as much as in 
the case of a hollow circular cylinder (see our Art. 803, (e)). 

If we were to multiply the above results by (1 -f- 2rj)l27i, or by 
3 or 2*5 according to the hypothesis adopted, they would then agree 
fairly well with Wertheim’s experiments. But this amounts to sup- 
posing that Wertheim ’s terminal conditions were of such a nature that 
there was for a thin prism a reduction of sectional dimensions given by 
J(1 + 27^). Thus according to Wertheim if the torsional couple be so 
large that it would produce, when the ends of the prism were not fixed, 
a sensible longitudmal squeeze, then, if the ends be fixed, there will be a 
diminution of the linear dimensions of any internal cavity of about 
(1 + ^Tj) X this squeeze. 


[807.] So far as Weitheim’s own experiments on solid prisms 
of rectangular cross-section go, the ‘ coeflScient of correction * was 
very nearly that required by Saint-Venant ’s theory, — the errors 
were such as were not unlikely to occur in material which was 
hardly isotropic and in torsions carried in many cases beyond the 
limit of linear elasticity. See Saint-Venant’s Legons de Navier, 
pp. 622-629. 

The formula for the torsion of hollow rectangular tubes given 
on p. 250 is of course wrong : sec our Art. 49. 
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[808 ] Stir la torsion des corps non-homoglnes is the title of the 
section of the memoir which occupies pp 253-258 Wertheim supposed 
that for sheet iron and wood there are thieerectangulai axes of elasticity, 
but his stiuggles to reach a theoretical foimuJa for this case were not 
successful The true formulae for prisms of elliptic and rectangular 
cross sections are given m our Arts 46-7 Weitheim obtains by a 
series of inadmissible hypotheses a formula for a rectangular pnsm 
which corresponds to some extent with Saint Yenant’s foi an elliptic 
prism He apphes it, not very satisfactorily, to his experiments on 
wood 

One point in this section deserves to be noticed, namely that foi 
hollow cylinders of sheet-iron there was an increase instead of a de- 
crease of internal capacity produced by torsion (p 254) This cannot 
be explained by the formula (ii) of oui Art 803 (e) unless we put 17 
negative, which is, however, impossible Wertheim's own formula is 
equally inapplicable 

[809 ] The following section (pp 258-269) deals with the torsional 
vibrations of homogeneous bodies So far as the theory of this section 
goes it IS partly eironeous (eg loi rectangular prisms) and partly 
hypothetical It was a retrograde step to publish it after Samt Yenant’s 
memoir of 1849 see our Aits 1628-30^ Samt-Yenant shows in the 
Leqons de Namer (see pp 635-645, especially p 643) that Wertheim’s 
experimental obsei vations aie in complete accord with the foimula 

n j E o)/r 

n!^ SI 

given in oui Ait 1630 * Wertheim intioduces as before a ‘coefficient 
of correction ’ for the bars of rectangular section 

In a footnote (pp 264-6) he corrects a slip of Cauchy’s m his 
Exercices, T iv , p 62 This slip is also noted by Saint Yenant in a 
footnote to p 641 of his edition of the Leqons de Namei It is not of 
impoitance, however, as the coriected formula is itself wrong 

There is only one lemaik in this section which it seems interesting 
to quote Possibly the influence which produced the effect observed 
was after strain 

Je profiterai de cette occasion pour faire remarquer qiie cette d^pendance 
mutuelle entre I’lntensitd du son et son dldvation n’a pas seulement lieu poiu 
les vibrations tournxiites, e’est au contraire un fait gendril dont on a pu 
faire abstraction poui f icilitor les calculs, mais dont il faudra tenir compte 
actuellcmcnt Les sons dos coips solides montent eii s’eteignant, tiiidis que 
ceux dos liquides ct dcs giz baissent \ mesure qu’ils s’aff xiblissent En ce 
qui concornc les coips solidos, ces inegalitcs proviennent <^videmment de ce 
que rallongcinent quils eprouvent pai Teflet d’une fiible tiaction n’est ni 
rigouieusemont egal \ li coinpiession produitepai cette mtoe foi ce loibqu’elle 
xgit comme pressjon, 111 iigouieuscmcnt piopoitioimel \ cette foice (on this 
point Weithcim refeis to the memoir discubsed in oiu Art 792) Maintenxnt, 
loisque Foil se seit do vibi itions longitudiri xles pom determinei le coefficient 
d’elasticiffi, on tiouvo neeossairemcnt une vxloui plus ou moms elo\ee selon 

1 1 11 lb 
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ae Ton considfere comme le vrai son fondamental de la barre on du fil nn son 
Ins on moins faible. Ordinairement on n’emploie h, cet effet que les sons 
ss plus faibles, parce que ce sont en mtoe temps les plus purs, et qu’on les 
iproduit plus facilement avec le sonombtre, la sirbne, on avec I’instrument 
uelconque qui sert k la determination du nombre de vibrations. On com- 
rend done qu’en operant ainsi, on obtiendra toujours un coefficient d’^asticit^ 
'op ^levd, et que cette difference ne disparaltrait que si Ton pouvait, pour 
3 S determinations, se servir de sons tellement intenses, que leurs amplitudes 
issent egales aux allongements et aux compressions considerables, que 
DU emploie pour la determination directe de ce m^me coefficient (pp. 
59-60). 

The inequality of the elastic constants as found by statical and 
ibrational methods has, indeed, been disputed: see our Arts. 767 and 
24. But if the pitch of the fundamental note really depends 
5 Wertheim asserts on the intensity of the disturbance, it must 
ecessarily follow. If this assertion were true then the argument of 
tokes in favour of the linearity of the stress-strain relations from 
iie tautochronism of sound vibrntions falls to the ground : see our 
irts. 928* and 299. The matter would be clearer if the effects of 
fter-strain which Wertheim holds “se confondent avec ceux des 
scillations toumantes could be eliminated in all cases of vibrations. 

[810.] We now pass to the section of the memoir entitled: Sur 
i rupture des corps hortiogems produite pm la torsion (pp. 269-80). 
V'ertheim distinguishes two kinds of rupture, which he considers 
baracteristic respectively of hard and soft bodies (des corps roides 
b des corps mous). In the first class rupture occurs by slide, in the 
3cond by stretch of the fibres converted into helices. As hard bodies he 
ikes glass, tempered steel and sealing wax ; as soft certain sorts of iron 
er doux), cast-steel and brass, the second metal forming the transition 
"om one class to the other. The distinction does not seem to me very 
3al or necessary. I imagine that sealing wax might be made to show 
very great change in form before rupture if a small twisting force 
^ere applied to it for a very long time. Our figure reproduces the 



upture- surface according to Wertheim for cylinders of sealing wax or of 
jlass of small diameter. As he remarks, this surface certainly merits, 
vere it feasible, analytical treatment. 

To the hard bodies Wertheim applies a theory of strength 
leduced from the hypothesis that elasticity lasts up to rupture. But 
vhen applying this theory he always supposes rupture to occur in the 
outermost fibre,’ The theory of elasticity, however, only makes the 
strain greatest in this fibre in the case of a right circular cylinder. In 
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addition Wertheim puts a result which flows from his hypo- 

thesis that X = 2ft He gives, even admitting this assumption, a totally 
wrong expression for the strength of a rectangular pnsm (p 275) 

For soft bodies Wertheim believes luptuie to take place by the 
stretch of the extreme fibres when they become helical He appeals 
for the case of a right ciiculai cylinder to Weisbach’s Mechamk, and 

gives foi the stietch in a surface fibre With the notation of 


our Art 51, it is V = 9 must be less than TJU, where 

T IS the rupture traction This gives for the safe angle of torsion 


Ta<^ jTfE 

Now if S be the shear at which lupture would take place by puie 
slide we have ra < /S'/ft Hence in order that rupture should take place 
by longitudinal stretch we must have 


or 


2jTIE<SliJL, 
8 E 


Now accoiding to Wertheim’s hypothesis E = ^fi, and as a rule T 
and 8 are not very diffeient (see our ToL i p 877), hence we must have 
8liJi something like 3/2, which seems quite absurd as 8 is at most 1/500 
part of fc Wertheim’s whole treatment, however, of rupture is very 
unsatisfactory He applies the proportionality of stress and strain, 
which does not extend beyond the fail limit (see our Arts 5 (e) and 
169 (^)), and although he uses this elastic theoiyhe places his fail points 
in the surface fibies of his pnsm farthest from instead of nearest to 
the axis The only gram of satisfaction to be found m these pages is 
the confirmation of Saint-Yenant^s theory to be found in the following 


woids 


Le fer fibreux se lompt par I’allongement des fibres extremes , longtemps 
avant la rupture on y remarque sou vent des fentes piofondes et parall^les k 
I’axe, surtout vers le miheu des petites faces des prismes (p 278) 

See our Arts 23, 30, etc 

Weitheim states that for piactical constiuction it is woith noting 
that a torsional set in soft iron increases the lesistance to torsional 
elastic strain (p 280) 

The Premieve Partie of the memoii concludes with a summaiy 
of results on pp 280-6 and with tables of the experimental 
measurements — possibly the most valuable portion of the whole 
paper — on pp 288-321 

[811] The second part of the memoir is entitled Siu les 
effets i de la torsion (pp 385-4! 31) 

We li ive aheady leferred to othei expenments of Wtitheini 

36—2 
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mself and to those of de la Rive, Joule, Matteucci, Wiedemann 
c. on the relations between magnetism and stress. Wertheim 
this memoir proposes to deal with the influence of shearing 
rather torsional stress on the magnetic properties of a body, 
e commences with some account of the early researches on the 
fluence of mechanical action on magnetism. Gilbert was ap- 
rently the first to observe that the regular or irregular vibrations 
a bar of iron affect its state of magnetisation or the rate at 
lich it develops magnetisation. Gay-Lussac was among the first 
analyse these effects, while Rdaumur^ offered an explanation 
them which would hardly be considered satisfactory to-day. 
joresby*'* added to previous knowledge by showing that the same 
echanical actions which cause an iron bar to acquire magnetism 
len parallel to the direction of magnetic force, produce a loss 
len the bar is perpendicular thereto ; further that repeated 
5WS cause a highly tempered and strongly magnetised bar of 
}el to lose a large part of its magnetisation whatever may be 
position relative to the magnetic poles of the earth. Baden- 

^ Miinoires de VAcadMe Boyale des Sciences, Paris, 1723 (Edition Amsterdam, 
JO). ExpSnences qui montrent avec quelle facility le fer S Vacier s^aimantent, 
me sans toucher Vaimant, pp, 116-149. See also the Histoire, pp. 7-8. Reaumur 
lies the effect of hammering in magnetising a bar : Apr^s le premier coup de 
rteau, cette yertu est encore faible ; on Taugmente si on applique une seconde 
3 la pointe de I’outil sur un morceau de Fer, & qu’on frappe sur I’autre bout 
s seconde fois. Cette operation simple, r6p6t6e un nombre de fois, ajoutera 
Ljours k la nouvelle force attractive ; mais il y a un terme par de-1^ lequel on 
f4teroit inutilement I’op^ration, la vertu de Toutil n^ gagneroit plus rien (p. 119). 
This is probably the first scientific notice of the effect of impulsive stress on 
gnetism. 

2 WiUiam Scoresby: Transactions of the Boyal Society of Edinburgh, Vol. ix. 

. 243-58, 1823, gives an account of the influence of impulsive stress (hammering) 
the production of magnetism in iron and steel bars. A resume of his results is 
en in the Edinburgh Philosophical Journal, Vol iv., 1821, pp. 361-2. We extract 
! following : 

4. A bar of soft iron, held in any position, except in the plane of the magnetic 
lator, may be rendered magnetical by a blow with a hammer or other hard 
ostance ; in such cases, the magnetism of position seems fixed in it, so as to 
e it a permanent polarity. 

5. An iron bar with permanent polarity, when placed anywhere in the plane 
the magnetic equator, may be deprived of its magnetism by a blow. 

6. Iron is rendered magnetical if scoured or filed, bent or twisted, when in the 
sition of the magnetic axis, or near this position ; the upper end becoming a 
ith pole and the lower end a north pole; but the magnetism is destroyed by 

2 same means, if the bar be held in the plane of the magnetic equator. 

9. A bar-magnet, if hammered when in a vertical position, or in the position of 

3 magnetic axis, has its power increased, if the south pole be upward, and loses 
me of its magnetism if the north end be upward. 

10. A bar of soft steel, without magnetic virtue, has its magnetism of position 
ed in it, by hammering it when in a vertical position ; and loses its magnetism 
being struck when in the plane of the magnetic equator. 
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PowelP following Scoiesby was apparently the first to deal with 
the effect of torsion on the magnetisation of an iron bar placed in 
the magnetic meridian but inclined at diflerent angles He also 
showed that a straight bar magnetised and then bent loses a 
great part of its magnetisation De Haldat^ observed that sound 
vibrations have less effect than irregular impulses in destroymg 
magnetisation, but according to Wertheim his views on the in- 
fluence of torsion are incorrect A memoir by E Becquerel of 
which the title, Wertheim says®, will be found in the Gomptes 
rendus, February 9, 1845, had not yet been published when 
Wertheim wrote, but Wertheim was able to state briefly one 
of Becquerers conclusions 

Un fil de fer doux est oharg^ d’un poids k son extremity mferieure, et une 
partie de ce fil vertical est plac^e au centre d’une spirale dont le circuit 
comprend un galvanom^tie , on observe un courant de mime sens pour 
toutes les torsions, que celles ci aient 6t6 effectu^s dextrorsum ou sinistror 
sum, et un courant de sens oppose pour toutes les d^torsions quel que soit 
leur sens (p 387) 

[812 1 Finally Wertheim cites a note of Matteucci to Arago^ 
This ought to have been noticed m connection with oui Arts 1333*— 36*, 
It gives an earlier date to several of Matteuccf s results pubhshed m 
the memoir of 1858 see oui Art 701 In it Matteucci ainves at the 
followmg conclusions 

(i) A bar of soft iron or steel being magnetised by the passage 
round it of a spiral current, the first torsions of the bai increase the 
stiength of the magnetisation 

(ii) This effect is independent of the sense in which the torsion is 
applied, 1 e whethei it is in the same or the opposite direction to the 
current 

(m) When the current has ceased the same toisions tend to 
decrease the magnetism, and this whether they aie applied immediately 
aftei the cessation of the current or seveial days aftei 

(iv) If the same mechanical sti esses be applied at short mteivals 
successively they cease to have the same magnitude of effect 

Le maguctisme acquis pai les m^mes actions do toibion, donnccs 
successivement soit dans un sens, soit dans le sens oppose, soit alternative 
ment, va toujours en dimmuant , si Ton continue toujouib, on \oit appnattie 
les signes du magnctisme qui se detruit qui sont romplaces par des signer 
du magnetisme qui s’lccroit, ct tons ces faits oscillent dans Icb monies 
limites (p 388) 

1 Thomson’s A iuiah at Fhilo 602 )hy Vol in , 1822, pp 92-5 
Annalcs dt Chnnio, £ xiii , 1829 pp 39-48 

* I cannot find e\en the title of this memon in the CompUb )indub foi ls4 > 
Ihe memoir m T x\ (pp 1708-11), contains nothing mateiial to the pie&ent point 
and was read on J une 9 

ComptCbundns T xxiv , 1847 p 301 
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(v) When the current has ceased the same repeated actions rapidly 
troy the magnetism. 

[813.] Wertheim in a note communicated to the Academy in 1852 
I printed in the Gomptes rendus^ T. xxxv. p. 702, had announced 
alts not in perfect accord with Matteucci’s and he repeats the 
tents of this note in the present memoir. They are as follows : 

(i) In so far as a bar of iron has not attained a state of magnetic 
dJibrium torsions and detorsions ^ act upon it as all other mechanical 
burbances, i.e, they tend to facilitate its magnetisation when under the 
uence of a current or terrestrial magnetism, and they tend to 
litate its demagnetisation when it is under no such influence. 

(ii) In both cases as soon as magnetic equilibrium is established, 
ether the bar be or be not under the influence of magnetic induction, 
elastic torsion, whatever be its sense, produces partial demagnetisa- 
1 , while elastic detorsion restores the primitive magnetisation. 

(iii) When an iron bar or a bundle of iron wires under the action 
a current or terrestrial magnetism receives a large torsional set, 
n all elastic torsion or detorsion which is applied to it in the sense 
the torsional set produces a partial magnetisation, and all elastic 
sion or detorsion in the opposite sense produces a demagnetisation 
389) : see our Art. 815, (xiv) and (xv). 

[814.] Wertheim in the memoir under consideration discusses 
i experiments which confirm the results of the previous article. 

gives in addition certain amplifications and corrections of 
sm. Among the latter we may note : 

(iv) The purely mechanical actions of torsion and detorsion are in 
mselves insufficient to magnetise iron (p. 401). This result, as 
irtheim remarks, is initially probable. 

(v) The torsion of a bar under magnetic influence enables it to 
e a much greater permanent magnetisation than it would otherwise 
capable of (p. 401). 

(vi) When the bar has taken all the temporary and permanent 
^etisation of which it is capable under the action of the given 
ernal magnetising force, then torsion diminishes, and the coiTespond- 
detorsion restores its magnetisation (p. 401). 

This is only an ampler statement of (ii). 

(vii) When the external magnetising influence is removed torsion 
1 detorsion (as other mechanical disturbances) ra})idly destroy the 
aporary magnetism, but they continue indefinitely to exercise in- 

^ detorsioiii by which I presume Wertheim means a release from a state of 
non, not a negative torsion, but his language is obscure. 



815] 


WERTHEIM 


567 


fluence on the permanent magnetism, le the latter is dimmished by 
tbe torsions and restored by the detorsions (p 401) 

This IS an amplification of (u) and it is important to notice that 
Wertheim now makes a distinction between a tempormy and a p&ima- 
nent magnetisation 

(viii) The effect of torsion is generally greater than the opposite 
effect of detorsion (p 401) 

This may possibly have been only apparent, i e due to Wertheim’s 
mode of expenmentmg 

(ix) Whatever may be the magnetic state of the bar, provided it 
be one of equilibrium, the effects of the torsions are proportional to the 
angles of torsion, but the magnitude of these effects appears to depend 
more on the magnitude of the permanent than on that of the temporary 
magnetisation (pp 401-2) 

Wertheim follows up these results (pp 402—4) by some lemarks on 
the different effects produced by torsion on different materials, e g soft 
iron, hard iron and untempered cast steel (see our Art 703) 

(x) The effects of torsion diminish with the elapse of tune as the 
iron loses a part of its magnetisation There appeared however to be a 
limit to this diminution as iron bars of any quahty gave perceptible 
magnetic results when twisted six months after their magnetisation 
(P 407) 

(xi) Je dois faire remarquer loi une anomahe que j’ai observes plusieurs fois 
et qui me semble tout k fait inexphcable elle consists en ce que les fers durs 
donnent souvent, immediatement apr^s Tinterruption du courant, des devia 
tions plus fortes qu’ils ffen avaient fourni taut que le courant passait , dans 
ces cas la dimmution ne se fait sentir qu’aprfes quelque temps (p 40*7) 

The ‘deviations’ referred to are those of a galvanometer, con- 
nected with a coil round the bar, and weie caused by the induced 
curients whereby Wertheim measured the changes in magnetisation of 
the bar The fuither current, which he himself mentions in (xi ), is that 
which piodiiced the magnetising force on the bar 

(xu) Wertheim was unable to obtain any sensible results in the 
case of torsion applied to diamagnetic bodies (p 407) 

[815 ] The next points to which Wertheim turns aie of consider 
able inteiest Suppose the toisional set to be zeio or negligible, then 
suppose any elastic torsional strain given to the bai and let it be 
magnetised in the strained state Will the magnetisation be a 
maximum m this state, in the state of zero strain, oi in any othei 
state Wei them found that 

(xiii) The maximum of magnetisation always coincides with the 
position of zfio strain (p 409) 

He next turned to the pioblem of toisional set Set he found 
exercised no influence, if it preceded magnetisation But supposing 
the set was applied during the time the bai was under the influence 
of magnetising foiec, what would be the position of maximum magneti 
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tion; would it coincide with the position in which the bar would 
Lve no elastic torsional strain 1 The angle between the positions 

zero torsional couple and maximum magnetisation is termed the 
igle de rotation du maunmum. Wertheim found that for harder 
rts of iron {fer dur, ou m^me demi-dur) very large torsional sets 
3 re not necessary in order that this angle of rotation should be 
nsiblej on the other hand it was very difficult to obtain sensible 
easurements when soft iron bars and not wires were used. A table of 
imerical results is given on p. 413. We may note : 

(xiv) The angle of rotation is less than the elastic limit to torsional 
rain measured from the new position of zero elastic strain, and is in 
e direction of the torsional set. 

(xv) Torsional strains when less than this angle of rotation produce 
creasing magnetisation, when greater than this angle decreasing mag- 
itisation, which becomes less than the magnetisation at zero strain for 
)uble the angle of rotation (pp. 411—12). 

It will be noted that (xiv) and (xv) sensibly modify (iii) of 
^ertheim’s Note of 1852: see our Art. 813. The latter statement is 
ily true provided the torsions do not exceed double the angle of rota- 
m. 

[816.] Wertheim now turns to the last of his experimental investi- 
btions. A bar having been given an elastic torsional strain while 
ider the influence of the magnetising force, what will be the character 

its magnetism when the magnetising force is suddenly removed? He 
und that : 

(xvi) For all qualities of iron the effect of removing the magnetising 
rce (stopping the current in the coil) while there is an elastic torsional 
rain is to rotate the position of maximum magnetisation in the 
rection of the temporary strain, but the angle of rotation is always 
ss than the angle of this torsional strain (p. 414). 

The phenomena of (xiv), (xv) are especially marked in hard iron. 
Lose of (xvi) in soft iron. Some additional information will be found 
1 pp. 414 and 419, while pp. 415-8 are occupied with tables of the 
cperimental results. 

[817.] On pp. 419-428 Wertheim discusses how far the iffienomena 
3 has described can be accounted for by any known theory of magnetism. 
Lis results, as might be supposed, are negative. Thirty years later we 
ave hardly reached a really valid theory of the relation between strain 
cd magnetism, although we see more exactly their physical relations, 
he two-fluid theory, the force coercitive of Coulomb, or even the 
ypothesis of Matteucci — that the magnetic effect of strain is a secondary 
Sect of its change of volume — give Wertheim no aid. It is curious 
iiat Wertheim takes refuge in a wave theory of the ether. We may 
ot be able to follow his somewhat vague reasoning, but it is not 
dthout interest to note that he holds that magnetisation as a j^o- 
irisation — or a bringing into concordance — of pre-existing discordant 
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etLei-vibiations surrounding the molecules, is a hypothesis far better 
fitted than those befoie cited to account for magnetic phenomena 

The memoir concludes with some rather general remarks on the 
effect of earth-strain (produced by othei celestial bodies, change of 
temperature, earthquakes etc ) on tenestnal magnetism, and on possible 
methods of conecting compass deviations m iron ships 

[818 ] Historically the importance of this memoir of Wertheim’s 
seems considerable He noticed a number of novel phenomena, 
although he did not see the necessary limitations to some of his 
statements — in particular he did not discover the existence of a 
‘critical twist,’ except in so far as this is implied by (xiv)-(xvi) 
for the cases of previous torsional set under magnetisation or of 
elastic torsional stiain with sudden cessation of the magnetising 
foice Wertheim’s lesults must therefore be read with due regard 
to more recent researches see the references to Magnetisation 
under Stress in the Index to this Volume, also Wiedemann, Lehre 
von der Elehtricitat, ill S 692, and J J Thomson, Applications of 
Dynamics to Physics, pp 59-62 

[819] Wertheim Mimoire sur la compressibility cubique 
de quelques corps solides et homogenes Gomptes rendus, T Li 
pp 969-974 Pans, 1860 (Tianslated in the Philosophical 
Magazine, Vol xxi, pp 447-451 London, 1861) 

Wertheim refers to his memoir of 1848 (see our Art 1319^) 
and to the value 1/3 which he there pioposes for the sti etch- 
squeeze ratio 7], and which he holds has been confirmed hy 
subsequent experiments He remarks that several distinguished 
mathematicians, without doubting the accuiacy of his expenments, 
have yet endeavouied to bring them into unison with the results 
of uni-constant isotropy by the aid of hypotheses ties diveises, 
onais malheureusement atissi tres aihitraiies (p 970) Wertheim 
refers in the first place to Clausius see oui Art 1400^ Clausius 
did not deny the homogeneity of Wertheim’s mateiials, but, as we 
have noticed, supposed like Seebeck (Art 474) that elastic after- 
strain had affected his lesults Wertheim lejoins tint no one 
has yet observed after-stiain in metah or glass This statement 
was absolutely incorrect even in 1860 see our Arts 726, 748 
and 756 

Weitheim next lemarks that he does not asseit that 97 = 1/3 
holds for all metals, but only for those upon which he has 
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perimented. This, I think, is not in complete accordance with 
s earlier statements, but it allows him to maintain that he is 
►t in disagreement with Lam^ and Maxwell, nor even with 
apeyron’s results for vulcanised caoutchouc : see our Arts. 
03*^*^ 1537^ (and footnote) and 610. 

He next proceeds to criticise Saint-Venant’s hypothesis of 
olotropy, or rather of varied distributions of elastic homogeneity 
36 our Arts. 114, et seq.\ in language which suffices to prove that 
i has not understood it. 

Finally Kirchhoffs memoir of 1859 (see Section 11. of our 
lapter XII.) with its direct determination of rj for brass and 
mpered steel is discussed. Wertheim holds that Kirchhoff’s 
iparatus and his mode of experimenting were likely to produce 
ror {sont autant de circonstances fdohevses : p. 973). 

He takes comfort in the fact that the mean of the values 
ven by Ehrchhoff for tj (*294 for tempered steel and *387 for 
ass) is not very far from 1/3. He will not affirm that 97 — 1/3 
r steel, but he holds that Kirchhoff’s experiments do not demon- 
rate its improbability. Putting aside Olapeyron^s experiments 
L caoutchouc, Wertheim sees no fact that has yet been deduced 
show that 7] varies from body to body. He promises to present 
ortly a memoir to the Academy on this subject. 

[820.] The last mentioned memoir {Experiences siir la 
leodon?) has never, so far as I know, been published. Scarcely 
month (January 19, 1861) after the presentation of the memoir 
scussed in the last article Wertheim in a fit of melancholy 
>mmitted suicide by throwing himself from the tower of the 
athedral at Tours. A bibliography of Wertheim’s papers and 
ime criticism of his methods by Verdet will be found in 
'Institute T. XXIX., pp. 197-201, 205-9 and 213-6. Paris, 1861, 

Group D. 

Memoirs on the Vibrations of Elastic Bodies^. 

[821.] A. Baudrimont: Recherches experimentales sur rHas- 
ciU des corps hdUrophones. Annales de chimie et de physique^ 
'. XXXII., pp. 288-304. Paris, 1851. 

1 See also Arts 433-9, 471-4, 510, 534, 539-41, 546-8, 550-9, 583, 612-7, 680-2, 
22-86 passim, and 809 of this Chapter. 
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Baudnmont Ubes the word isophone to denote a body, the 
elasticity of which is the same in all directions, or an isotropic 
body , hStSrophone he applies to aeolotropic bodies, but especially 
to bodies having axes or planes of elastic symmetry The object 
of this paper is to present a preliminary investigation of the notes 
given by rods vibrating laterally Baudrimont’s ultimate object, 
however, is to calculate the stretch-moduh in different directions 
of an aeolotropic material by means of the notes given by the 
lateral vibrations of rods so cut from the material that their axes 
are in the given directions 

It IS first needful to ascertam how far, what Baudnmont terms 
Euler’s formula, is accurate for such rods This formula gives for the 
fiequency / 



where is a mere numenc depending on the graveness of the note, E 
IS the stretch modulus in the direction of the length I of the rod, p the 
density of the material and k the swmg-radius of the cross section about 
an axis through its centroid perpendicular to the plane of vibration 
(see Lord Rayleigh’s Theory of Sound, Yol i § 171) Thus foi the 
gravest note of a given material the frequency vanes directly as the 
swing-radius and inversely as the square of the length 

Equation (i) is obtamed theoretically {a) by supposmg the cross 
sections to remam plane after bendmg and perpendicular to the axis 
of the rod, (5) by assuming the rod not to diverge much from absolute 
straightness, and (c) by concentratmg the inertia of each cioss section at 
its centroid 

Baudnmont by a series of experiments on ice, metal, quartz, and 
wooden bars, believes that he has demonstiated that the laws which hold 
foi isotropic and aeolotiopic bodies aie the same, but that the frequency 
of the notes is not inversely as the square of the length of the lod 

Loid Rayleigh has given a correction for the rotatoiy ineitia of the 
cioss-section {Theory of Sound, Vol i § 186), but assuming Baudrimont’s 
experimental results to be tiue^, this correction is veiy fai fiorn 
accounting foi the diveigence between Euler’s formula and physical 
fact, even when the latio of length to diameter is as gieat as 30, iO, or 
even 50 The collection is in the right direction but not nearly large 
enough It is obvious that we must foi sound vibiations accept the 
assumption {h) Hence if we are to tiust Baudnmont’s lesults, the 
foimula obtained fiom the Beinoulli Eulerian theoiy foi the notes 
of rods IS veiy maccuiate so long as the latio of length to diameter of a 

1 I suspect some large source of error which might possibly have aiisen in 
clamping the rods See the remarks on the difficulty of determining the stretch 
modulus by lateral vibiation in a memoir by 'Wertheim in the Annahb dc chime 
et de physique, T xl , p 201 Pans, 18o4 
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•od is less than 30 to 40. The complete theory, which ought to be 
leduced from the general equations of elasticity, would like Saint- 
i enant’s theory of the flexure of beams take account of slide ; it would 
>6 interesting to ascertain the order of the modification such a theory 
vould introduce into the expression for the frequency: see for the 
sase of longitudinal vibrations Chree, Quarterly Journal of Mathematics, 
^ol. XXI., p. 287. If we accept Baudrimont’s results it is obvious 
hat the stretch-modulus as calculated from Euler’s formula for lateral 
dbrations must diverge very considerably from that obtained by pure 
ractional loading, except when the length of the rod is immensely 
p^eater than its diameter. Such rods it would be difficult to procure 
n many of the aeolotropic bodies (crystalline materials for example) 
srhose elasticity Baudrimont proposes to investigate by the method of 
ransverse vibrations. 

[822.] Montigny : Proc6d6 pour rendre perceptibles et pour 
ompter les vibrations dhine tige elastique. Bulletins de V Academic 
Royale..de Belgique, T. xix. 1’’® Partie, pp. 227-50. Bruxelles, 
.852. 

This is an extension of a method suggested by Antoine {Annales 
le chimie et de physique, T. xxvii. pp. 191-209. Paris, 1849) of 
•endering sonorous vibrations visible by combining a motion of 
translation with that of vibration. Montigny used the following 
irrangement to render visible the vibrations of a rod ; 

Si I’extremite de la tige autour de laquelle les vibrations doivent 
I’effectuer, est fixee perpendiculairement a un axe de rotation, si, lors 
le sa revolution rapide, I’extremite libre eprouve un choc centre un 
)bstacle fixe, les vibrations transversales de la tige, excitees de cette 
nanik'e dans le plan de sa revolution, la rendent visible sur toute sa 
ongueur dans des positions rayonnant du centre, et qui se trouvent 
sgalement espacees (p. 228). 

After some general reasoning as to what it is the eye really 
lees in this combination of motions Montigny concludes that : 

II resulte de 1^ que I’ocil ne per 9 oit la tige qu’^ chaque vibration 
louble, et que nous devrons prendre pour le nombre des vibrations 
limples, efiectuees dans un temps doiine, le double des images de la tige 
jerques pendant le m^me intervalle de temps (p. 229). 

The rotation round the axis is so arranged that after a complete 
-evolution the rod returns to visibility at the same position as before ; 
ibis can always be obtained by quickening or slackening its spin. 
Bence if t be the time of a revolution and n the number of images 
)f the rod seen, the number of vibrations of the rod will be %i 
md their period tl2n. The positions of visibility arise where the 
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velocity due to the spin is almost equal and opposite to the 
velocity of an element of the rod due to lateral vibration. It 
seems to me that Montigny is using the word vibration for what 
we in England term the half oscillation and that with our termin- 
ology we should have the period of oscillation equal to tjn 

Montigny applies his method to verifying some of the well- 
known theoretical laws of the vibration of rods His experiments 
confirming theory are thus opposed to the results ohtamed by 
Baudrimont and cited in our Art 821 This difference between 
his own and Baudnmont’s results our author discusses at some 
length (pp 241-7), and the inference certainly is that there was 
some large source of error in Baudrimont’s experiments The 
memoir concludes by noting how the new method may he 
rendeied available for technical purposes, for example, in finding 
the stretch-moduh m the case of iron and wood ^ 

[823 ] A Masson Sur la correlation des propindUs physiques 
des corps Annales de chimie et de physique, T liii , pp 257-93 
Pans, 1858 This memoir was presented to the Academy, March 
2, 1857 It is only the first chapter of the Premihe Paotie 
(Vitesse du son dans les corps) with which we are concerned 
Masson after some slight discussion of the relation between the 
stretch-modulus, the coefficient of thermal expansion, the specific 
heat of a material and the mechanical equivalent of heat, — which 
IS based upon Kupffer’s erroneous hypothesis (see our Arts 724-5 
and 745), — proceeds to describe the experiments by which he has 
measured the velocity of sound in metals (pp 260-4) 

As he had previously found that the velocity of sound deduced 
from the longitudinal vibrations of a metal rod increased with the 


1 While referring to memoirs dealing with methods of rendering vibrations 
visible I may note the following paper which escaped lecoid m its propei place 
in our first volume 

E F August Uehei eimge tsochone S chic ing ungen elastischei Federn Zioei 
Ahhandlungen physicalihchen und mathematibchen InhalU Berlin 1829 This was 
published in the Progiam des Colntschen Real Gyvinasii It contains some account 
ot simple school experiments tor proving Tailor’s laws foi vibrating strings (heie 
repiesented apparently by fine brass wiie spiials) with no moie complex appaiatus 
than the stand of an Atwood’s machine The effect ot isochronous vibiations is 
rendered visible by the oscillating ot the machine violently for one length only 
of the spring under a given load The paper concludes (S 4-10) with a rathei 
clumsy demonstiation ot the foimula for the peiiod of vibration of a weight 
suspended by such a spiing and with some expeiimental confiimation ot its 
accuracy 
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Dgth of the rod, the diameter remaining constant, he replaced 
le rod by a wire of very small diameter: see our Art. 821. 
!e took wires as a rule of 1*5 metres length and of diameters 
rm *1 to *9 mm. The wires were placed horizontally and kept 
retched, one end being passed over a pulley and attached to 
weight. The vibrations were measured by the aid of a sono- 
eter, and in all the experiments the periods of a great number 
‘ harmonics as well as that of the fundamental vibration were 
easured on each wire. 

[824.] The densities for a number of metals are tabulated on 
263, and the corresponding velocities of sound are given on p. 
34. These velocities were found for gold, brass, copper, silver, 
atinum, iron, zinc, lead, tin, aluminium, cadmium, palladium, 
eel, cobalt and nickel. Direct experiments were also made on 
me of these metals to find their stretch-modulL Masson gives 
le following among other results on p. 264 : 

Stretch-modulus in kilogrammes per sq. millimetre. 


hid 

From Sound Experiments. 
8247 

From Traction Experiments. 
6794 

kass 

9783 

9446 

iilver 

7421 

7080 

^latinum 

16932 

15924 

ron 

19993 

18571 


These are in general agreement with Wertheim’s results except 
the case of iron: see our Art. 129T* and compare with Art. 728. 


[825.] (a) A. Terquem: Ifote stir les vibrations longitudi- 
lies des verges prismatiques. Comptes rendiis, T. xlvi. pp. 775-8. 
aris, 1858. 

(6) Same author and title. Comptes rendus, T. XLVi. pp. 
r5-8. Paris, 1858. 

(c) Idem: £Jtude des vibrations longitudinales des verges 
nsmatiques libres aux deux exMmiUs, Annales de chimie et 
e physique, T. LVII. pp. 129-190. Paris, 1859. 

{d) J. Lissajous: Note sur les vibrations transversales des lames 
'astiqves, Comptes rendvs, T. XLVi. pp. 846-8. Paris, 1858. 
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(e) J Bourget et F^lix Bernard Sur les vibrations des 
membranes carries Premier Mdmoire Annales de chimie et 
de physique^ T lx pp 449-479 Paris, 1860 

These five memoirs deal with the nodes of vibrating bars and 
the nodal lines of square membranes, and so belong more particu- 
larly to the theory of sound^ They contain, however, references to 
the elastical researches of Wertheim, Savart, Germain, Poisson, 
Lamd etc, while (a) and (6) ought to have had a reference to 
Seebeck see our Arts 471-5 The papers (a), (6) and (c) have 
special application to the case in which a rod is able to vibrate 
longitudmally and transversely with the same tones and to the 

^ I may take this opportmuty of referrmg to a memoir on the nodal Imes of 
plates which escaped my attention m the first volume 

It IS by Giovanm Paradisi and entitled Ricerche sop-a la mlrazione delle 
lamine elastiche Mem delV Accad delle Scienze di Bologna^ T i P 2, pp 393- 
431 Bologna, 1806 

The memoir is among the earhest which followed the pnbhcation of Chladni s 
researches The author made experiments on plates of rectangular (mcluding 
sq.uare) and equilateral form the material of the plates bemg glass, brass, silver, 
tm, wood (walnut and maple) and bone The material was observed to mfluence 
the note but not the nodal Imes The author found that the nodal hues {le curve 
polvifeie) and the centres of vibration {eentn di vibrazione) were such that the 
point of support of the plate might be anywhere on a nodal line and the pomt of 
disturbance {punto del mono, il centio pumarto) at anv other of the centres of 
vibration {eentn secondari di vihiaztone) without any change m the system of 
nodal lines By the centies of vibiation ‘primary and secondary’ Paradisi appears 
to denote the points of maximum vibration corresponding to the loops m the 
vibiations of a rod or string Paradisi asserts that with the same point of suppoit 
and the same centie of disturbance plates can be made to vibrate with one two oi 
more difieient tones, according to the manner m which the vibrations are excited 
and that each such tone has a different system of nodal hues (pp 416-9) , 

DaUo stesso triangolo sospeso nel centre e suonato alia meta della base 
in 8, secondo che si preme piu o meno V aico, ncaviamo un tuouo diverse 
talvolta un tuono acuto talvolta un medio e talvolta un giave Questi tre 
tuoni 1 quail sono i soli che possono ncavarsi dal punto 8 dispongono la 
polvere m tre diverse maniere (p 417) 

He supposes that the nodal lines must be due to one or other of two causes 
(1) that they are the locus of points at which the plate is at rest (2) that they aie 
the locus of points at which, although the points themselves are m motion the 
forces on the giains of powder are in equilibrium (p 397) He chooses the latter 
alternative notwithstanchng his experimental demonstration that the nodal system 
remains unchanged if the points of the vice which supports the plate be moved along 
a nodal line His arguments in favour of this alternative are far from convincing 
and his comparison of the nodal hnes and centres of disturbance in plates with 
wave motion in stiings and water is unsatisfactory (pp 399-401, 404-o) His 
diagrams showing the mannei in which the lines of powder aie gradually formed 
in experiment are however interesting 

Finally his attempt to form on his hypothesis a diffeiential equation connecting 
the nodal lines with the centres of vibration may be dismissed as absolutely fruitless 
It IS based upon the assumption that the unKnoiin force on any giain of po\Nd(-i 
upon a nodal line is along the tangent to that nodal line which would cause the 
powdei to move alon^ the nodal line and not remain at lost theie (pp 429-31) 
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resulting nodes. Lissajous confirms Terquem’s conclusions by a 
verj di&rent experimental method. The excitement of trans- 
versal tones by longitudinal vibrations had been already noted by 
Savart^: see our Art. 350*. Bourget and Bernard give in- 
teresting figures of the nodal lines of square membranes. 

The title of another acoustic paper by Terquem bearing on a 
iindred subject but belonging to the next decade may be cited 
lere: 

(/) Ifote sur la co-ecdstence de$ mirations transversales et tour- 
^lantes dans les mrges rectangulaires. Comptes rendus, T. LV. pp. 
283-4. Paris, 1862. 

[826.] J. Lissajous: Mdmoire sur Vdtude optique des mouve- 
m&nts mhratoires, Annales de chimie et de physique, T. Li. 
Dp. 147-231. Paris, 1857. This classical memoir deserves at 
east a reference here. By means of the image of a bright point 
’eflected firom a small mirror attached to a vibrating elastic body, 
.he image being given a translatory or oscillatory motion per- 
Dendicular to the direction of the vibration produced in it by 
:he vibrating body, we obtain an optical representation of the 
vibrations of the body. Lissajous shows how vibrations may be 
malysed, and vibrations in the same or perpendicular directions 
)ptically compounded. His methods are as important for the 
nvestigation of the vibrations of large masses of elastic material 
IS for the ordinary purposes of acoustics. 

[827.] F. P. Le Koux : Sur les phdnomhnes de chaleur qui 
iCGompagnent, dans certaines dr Constances, le mouvement vihratoire 
ies corps, Comptes rendus, T. l. pp. 656-7. Paris, 1860. 

This note draws attention to the fact that if a vibrating rod of 
jvood, ivory, steel etc. be clamped at a point which is not a node 
Df the free vibrations, this point rapidly rises in temperature. 
V'arious experiments are described by which this rise in tem- 
perature can be easily rendered sensible. 

Le Roux concludes that when any vibratory motion is damped, 
Lhe kinetic energy of the vibrations will be converted into heat in 
bhe neighbourhood of the parts damped. 

^ The subject is briefly referred to by Lord Eayleigh : Theory of Sound, Vol. i. 
§ 158 . 
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Group E 

Elastic After-Strain in Organic Tissues 

[828 ] E Weber MusJcelhewegung, S 1-122, Zweite Abtbei- 
lung, Bd III of E. Wagner’s Handworterhuch der Physiologic 
Braunschweig, 1846 This article contains a considerable number 
of experiments on the elasticity of muscle (S 70-99) and some 
attempt to explain their elastic action (S 100-117) The 
treatment, however, is rather physiological than physical The 
general results of the writer as to the elasticity of muscle are 
given in S 121—2, and we cite the following 

27 Die Thatigkeit des Muskels besteht namhch mcht nur m 
einer Aenderung seiner (natarhcben) Form, die sich verkurzt, sondem 
auch in emer Aenderung «?emer Elasticitat, die sich vermmdert. 

28 Weil die Elasticitat des Muskels sich beim TJebergange zur 
Thatigkeit betrachthch vermmdert, libt ein Muskel durch seme Yerkurz- 
ung eine weit germgere Kraft aus, als er ausiiben wurde, wenn seme 
Elasticitat unverandert dieselbe wie im unthatigen Zustande bhebe 

29 Die Elasticitat des thatigen Muskels ist sehi veranderhch , sie 
veimindert sich bei Fortsetzung der Thatigkeit immer weiter Diese 
fortschreitende Abnahme der Elasticitat bei fortgesetztei Thatigkeit ist 
die TJrsache der Eischeinungen dei Eimudung und dei grossen Ehaffe- 
losigkeit, welche die Muskeln wahrend derselben zeigen 

Weber also points out that the elasticity is more imperfect in 
dead than living muscle, and that theie is a great difference in 
the general elastic properties of the two conditions 

[829 ] W Wundt Uele'i die Elasticitat feuchter oiganischei 
Gewebe Arcliiv fur Anatomic, Physiologic und wissenschaftliche 
Medicin Jahigang 1857, S 298-808 Berlin, 1857 

After referring to the experiments of Wertheim and E Webei 
(see oui Arts 1315* and 828) Wundt remarks that these experi- 
ments leave us without any simple conception of the sti etch- 
modulus in the case of moist oiganic tissues, and that we are 
thrown back on an empiiical stress-strain diagiam At the same 
time he takes exception to Wertheim’s expeiimental methods, 
chiefly on the gioiinds that they weie made too l()iu> iftci the 
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death of the tissue-beariog individual, and that sufficient regard 
was not paid to the time-element, which is so important a factor 
in the elastic after-strain of such tissues. 

Wundt’s objects in this paper are to measure: (i) the ultimate 
extensions by given loads, and (ii) the temporary extensions in 
given intervals of time. 

[830.] On S. 301-3 Wundt describes his apparatus, especially 
his means for keeping the tissue moist. As to his results he concludes 
that t/ie ultimate extensions are proportional to the loads, but he comes to 
no definite conclusions as to after-strain (die vorliegende Untermchung 
hat zu heinem fur die Kenntniss der elastischen Nachwirhung hemerJcens- 
werthen Resultat gefuhrt, S. 303). 

The following diagram clearly indicates the results of experiments on 
a frog’s muscle of 2*79 mm. length ; AB is the stretch- traction curve for 
ultimate extensions, where two abscissa-divisions represent 1 gramme and 



the ultimate extension for 1 gramme - *272 mm. The three heavy line 
ordinates a, b, c, respectively *272 mm., •254 mm. and -242 mm. long, are 
projected on CB and, one abscissa- division measuring 10 minutes, the 
after-strain curves for these three loadings are given to the right of CB, 
so that after each increase of load we see the extension gradually 
increasing up to linear elasticity. Wundt points out that the line AB 
is within the limits of experimental error straight, and his after-strain 
curves are distinctly of interest. He concludes also that the limits 
within which this proportionality of traction and final stretch holds are 
wider the fresher is the tissue and the less it has been previously loaded. 
The following are the stretch -moduli in grammes per sq. millimetre, 
the loads being from 1 to 10 gi'ammes and the temperature 10^ to 15<‘ 0. : 

Artery 72*6 ; muscle 273-4 ; nerve 1090*5 ; sinew 1669 3, 

The experiments were made on artery (calf), muscle (ox and frog), 
nerve (calf), tendon (calf), but Wundt only gives details of some few of 
them (S. 307-8). 
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[831] A W Volkmann Ueher die ElasUciiM der organisohen 
Gewehe Archvo fur Anatom%ej Fhysiologie u s w, herausgegehen 
von G B Reichert und E du Bois-Reyniond, Bd i S 293-313 
Leipzig, 1869 

W Wundt TJeher die Ehsticntat der organisohen Gewele 
Zeitschnft fur rationelle Medicin von Henle und Pfeufer, Bd vni , 
S 267-279 Leipzig, 1860 

These papers relate to a controTersy of considerable interest upon 
the exact form taken by the stress-strain relation for organic tissues 
We have already referred in our first volume to Wertheim's researches 
(see our Art 1315*), but his chief results may be cited here m order 
that the reader may understand the pomt in dispute between Yolk- 
mann and W undt They are as follows 

(i) Wertheim lecognised aftei-stram to exist in human tissues 
He found it to vary with their dryness but to be only a very small 
proportion of the total strain when the latter was measured m the first 
few mmutes after loading 

(ii) He repiesented the immediate stress strain (stretch traction) 
relation by an equation of the form 

If a be positive as Wertheim found it, the stretch traction relation is 
thus hyperbolic^ Set was excluded from the measurement of strain 
(see our Alts 1315^-18^) 

These experiments of Wertheim are m agreement with those of 
E Weber, who also found that the stretch-traction relation for muscles 
was not linear see our Art 828 

[832 ] As we have seen W Wundt published in 1857 a papei 
(see our Art 829), m which he asserted that if regard were only paid 
to elastic after strain, it would be found that the stress was proportional 
to the stram for orgamc tissues 

It is at this point that Volkmann took up the mattei, and made an 
attempt to measure elastic fore stram by itself (see Vol i p 882) He 
adopted an mgemous method of tracing by a Kymographion the longi 
tudinal vibrations of a muscle or aitery suspended veitically and 
suddenly loaded but without any impact The load then oscillated 
about the mean position which was that of statical equilibrium This 
mean position altered with the time the weight vas left oscillating 
owing to elastic after-strain The mean positions aie those of maximum 
speed in the oscillating weight, and they correspond to the points of 
inflexion on the diagram of the oscillations which is diawn on the 
revolving cylinder of the kyniogiaphion The hist point of inflexion 
ought to give the elastic foie strain Unluckily Volkmann found that 

1 The hyperbolic form of this curve is really confirmed by the lesearches of 
0 S Koy see the Journal of Fhy biology, Vol in pp 12o-50, conected Vol i\ 
pp 227-8 Cambridge 1880 and 1888 
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the points of inflexion were not easily determined with great accuracy, 
as slight errors in the motion of the cylinder or of the tracing pen 
influenced their position. Under these circumstances he gave up the 
idea of measuring the first mean position, and contented himself in 
each series of experiments by measuring all the strains at the same 
? ?rn f>h interval of time after the instant of loading. 

In eight series of experiments he compares his observed stretches 
with those given by Wertheim’s relation in (ii) abov'e. The result is a 
very close agreement. Yolkmann finds for silk thread, for human hair, 
for an arteiy, for a nerve (nerous vagus of man) that a is positive; 
on the other hand for muscle it is negative, or the stretch-traction 
relation is elliptic. Permanent set appears to have been sensible only 
in the final experiments of any series. In the last series of experi- 
ments (S. 307) Yolkmann subtracted the set before applying Wertheim’s 
formula and again found it to hold. He thus considers that formula 
to be proved for elastic fore-strain, i.e. for primaiy strain within the 
elastic limits. 

I may note that Yolkmann seems to think this stretch-traction 
relation something peculiar to organic bodies, distinguishing them 
from inorganic bodies. But as we have seen (see our Yol. i. p. 891) 
that the stretch-strain relation within the elastic limits for certain 
metals is not linear — whatever else it may be, — ^it is not necessary on 
this account to suppose that an absolute distinction must exist between 
the elasticity of organic and of inorganic substances. 

[833.] The remainder of the paper is a criticism of "Wundt’s 
experiments, chiefly based on the ground that the time-element had 
not been taken into account, and that accordingly the strain measured 
by him was neither fore- nor after-strain. Further Yolkmann holds 
that Wundt’s experiments cover such a small range of loads, that for 
that range the stress-strain curve might approximately be taken as 
straight. An 'attempt to show that some of Wundt’s experiments 
contradict his own hypothesis is, I think, fairly met in Wundt’s reply. 

[834.] In Wundt’s reply, the title of which I have given in Art. 831, 
he does not I think do justice to the care with which the experiments of 
Wertheim and Yolkmann appear to have been conducted. Against E. 
Weber’s and Wertheim’s results Wundt cites their want of caution in 
drying the tissues, in noting the influence of set, the effect of physical 
change (as rigor mortis), and above all the existence of after- strain, 
which he asserts was left out of consideration. Now it seems to me 
that Wertheim does reckon with all these factors and especially refers 
to the latter: see our Art. 1317*. Wundt suggests also that the 
weights applied were such as to change the elastic modulus of the body, 
i.e. its elastic constitution. 

He defends his own limited range of loads on the ground that only 
for such loads as he applied do set and elastic after-strain cease to be 
so considerable that elastic fore- strain can be easily measured. (We 
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may note here that Wundt seems to considei that want of propor- 
tionality between stress and stiain would certainly mark organic 
substances sharply off from morgamc substances ’) He objects to 
Yolkmann’s method of gettmg nd of after strain by ma^g his 
measurements of stietch at a constant mterval after loading He 
lemarks that the empincal formula given by W Webei for after strain 
mvolves a constant itself dependmg on the load (the c of our Art 
714*) He complains also that Yolkmann gives no evidence that he 
has proved the unaltered condition of the elasticity of his material 
after each experiment by allowing it to return to its original condition 
as to load This, he holds, is especially necessary to free successive 
experiments from the after strain of previous ones 

I do not think these objections of Wundt have really great force, 
because Yolkmann’s observations were made while the elastic after-strain 
was an exceedmg small quantity, and because his notice of the existence 
of set shows that he must have examined whether his tissues returned 
to their oiiginal lengths A further and supposed conclusive argument 
of Wundt’s against Yolkmann, namely, that the elliptic nature of the 
stress strain relation would prove that by increase of load the muscle 
would ultimately be shortened instead of extended, is simply absuid. 
What the formula really denotes is the elhptic form of the i elation 
within the limits of elasticity Had Wundt exammed the values of the 
constants given by Yolkmann he would have found that the extension 
would have become enormous — far beyond the limits of rupture — before 
the stretch began to decrease with the load 

[835 ] On S 274 — 6 Wundt compares the accuracy foi tissues of 
Hooke’s law as deduced fiom his own experiments, with its accuiacy as 
deduced from Wertheim’s But it is no argument to asseit that 
because the former expeiiments give results less divergent from Hooke’s 
law than the lattei do, theiefoie this law must hold for the lattei as 
well as the former The fact is that Hooke’s law may hold for neither 
within the range of loads applied 

On S 277 we are treated to a proof — by means of Tayloi’s Theoiem 

(II) that stiess must be piopoitional to strain foi all bodies whatever 

within certain limits of stiam see oui Arts 928* and 299 

Having deduced from Taylor’s theorem that the stress strain relation 
to a second approximation must be of the form 

Wundt, by squaimg and some absolutely illegitimate process of neg 
lecting the cube in prefeieuce to the fouith powei, deduces thit 

=A (s^ ) {sfY 

This lie naively remaiks is an equation of the hypeibohc foim of 
Wertheini and Yolkmann, whose lesiilts he tlien attributes to the fact 
that the strxiiis considered b} them exceed those for which the hist teim 
of Taylor s senes suffices It is perhaps needless to remark that W undt, 
if a good physiologist, is but a poor matheniatician and physicist 
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Group F. 

Hardness and Elasticity, 

[8S6.] We now reacli a number of memoirs dealing with the 
hardness of materials, a subject intimately related to their elas- 
ticity and strength. It will perhaps not be out of place here to 
refer briefly to the earlier history of the subject. I owe my 
references chiefly to M. F. Hugueny’s Recherches exp^rimentales 
sur la Dureti des Corps^ and to the memoir of Grailich and 
PekArek^, but I have in every case consulted the original 
authorities for myself, and I have often amplified the notices 
of these writers when the original papers were not accessible 
to them or had escaped them. 

(а) Apparently the first writer to make any reference to the 
scientific measure of hardness and the variation of hardness with 
direction is Huyghens, In his Traiti de la Lumi^re (Leyden, 1690) 
after suggesting a grouping of flat spheroidal molecules as suited to 
explain the optical phenomena of Iceland spar he continues (pp. 95-6) ; 

Tout cecy prouve done que la composition du cristal est telle que nous 
avons dit. A quoy j’ajoute encore cette experience ,* que si on passe un 
Cousteau en raclant sur quelqu’une de ces surfaces naturelles, & que ce soit en 
descendant de Tangle ohtus equilateral, e’est-^-dire de la pointe de la piramide, 
on le trouve fort dur ; mais en raclant du sens contraire on Tentame aisement. 
Ce qui s’ensuit manifestement de la situation des petits spheroides ; sur 
lesquels, dans la premiere maniere, le cousteau glisse ; mais dans Tautre il 
les prend par dessous, k pen pr^s comme les ecailles d’lm poisson. 

(б) Musschenbroek concludes his Fhysicae Experimentales et Geo- 
metricae Dissertationes (Leyden, 1729) with a chapter entitled : Ten- 
tamen de corpornm Duriiid (pp. 668—672), that portion of his work 
(Introductio ad Cohaerentiam corporum firmorwm) to which we have 
referred in our Art. 28* 8. His method, of which he speaks very 
diffidently, was to count the number of the blows of a mass swung like 
the bob of a pendulum which are required in order to drive a chisel 
through a slab of definite thickness of the given material. He supposes 
that the number of blows divided by the specific gravity of the material 
may be taken as a measure of its hardness. He tested in this way the 
hardness of a great number of specimens of wood and of some of the 

1 This work will be dealt with under the year 1805. 

2 See our Arts. 842-4. 
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more usual metals He gives the following ascending oi dei of hardness 
for metals lead, tin, copper, Hutch silver of small value, gold, brass, 
Swedish iron Obviously Musschenbroek^s definition of hardness would 
involve absolute strength rather than set 

(c) Torbem Bergman writes m 1780 that testmg gems by their 
hardness is usual The followmg passage is taken from his Opuscula 
Physica et Chermca, Vol ii , p 104, IJpbahae, 1780 {De Terra Ge/mr 
marum, pp 72-117) English Translation, Vol ii Physical and Che- 
mical Essays London, 1784 (Of the Earth of Gems, pp 107-8) 

The species of gems is used to be determined by the hardness , and by 
that quality particularly, together with the clearness, has their goodness been 
estimated The spinellus is particularly worthy of observation, which is not 
only powdered by the sapphire, but even by the topaz , as also the crysohth, 
which IS broken down by the mountam crystal^, the hardness of which seems 
rather to be owing to the degree of exsiccation than the proportion of 
ingredients The analysis of spinellus, of crysohth, and other varieties, will 
sometimes illustrate the true connection , otherwise, after the diamond, the 
first degree of hardness belongs to the ruby, the second to sapphire, third to 
topaz, next to which comes the genmne hyacinth, and fourth the emerald. 

{d) A G Werner m 1774 in his treatise on mmeralogy gave a 
first scale of hardness This was somewhat extended by B J Hauy m 
his Traite de Min^ralogie, Pans, 1801 

In Tome i (p 221) Hauy defines hardness m a vague way, and 
gives (pp 268-71) in four groups the substances (i) which scratch 
quartz, (ii) which sciatch glass, (m) which scratch calcspai and (iv) 
which do not sciatch the latter substance In these lists he confines 
himself to substances usually termed stones On p 348 of Tome iii 
Hauy gives the following list of the usual metals in ordei of haidness 
lead, tin, gold, silver, copper, platinum, iron or steel Perhaps the only 
importance of Hauy’s work for the theory of haidness lies m the fact 
that he appears to have fiist suggested the ‘mutual scratchability ’ of 
substances as a measure of then relative haidness 

Ultimately Mohs^ modification of Hauy’s scale was adopted by 
mineralogists In his Griindiiss der Mineialogie, 1822, Bd i S 374 
he gives the following order (i) Talc, (ii) Gypsum (in) Calcspar, (iv) 
Fluoibpai , (v) Apatite, (vi) Adulaiia, (\ii) Rock Crystal (Rhombo 
hediic Qiiaitz), (viii) Pnsmatic Topaz, (ix) Sapphire, (x) Diamond 
In this scale each membei was able to sciatch all pieceding membeis 
Mohs gave numbers to these classes and placed othei bodies with 
decimil places between these numbers by testing the relative haidness 
of two nearly equally hard bodies by then resist ince to a file and 
the compaiative noise In 1836 Breitliaupt attempted to mtioduce a 
scale of haidness of 12 classes, but it does not appear to ha\e met with 
any wide acceptance 

1 The h%im veibion has ciijhtallo niontana I suppose lotk oijbtal See also 
p 113 ot the Opubciila foi a fuithei leinaik on the hardncbS of diamond 
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(e) The conception of relative hardness based upon the power of 
one body to scratch a second is evidently very unscientific. Huyghens 
had shown a century earlier that the hardness of a body varies with 
direction, and its power to scratch varies also with the nature of the 
edge and face. The latter fact was well brought out by a memoir 
of Wollaston entitled : On the Gutting Diamond^ Phil, Trans, 1816, 
pp. 265-9. This memoir draws a distinction between cutting and 
scratching, which has been unfortunately lost sight of by later writers 
on hardness. Wollaston shows that the diamond irregularly tears the 
surface unless its natural edge, which is the intersection of two curved 
surfaces and thus a curved line, be so held that a tangent to it lies in the 
plane face of the material to be cut and is also the direction of motion 
of the diamond. The curved surfaces must also be held as nearly as 
possible equally inclined to the plane face. By paying attention to 
similar principles Wollaston succeeded in getting sapphire, ruby and 
rock crystal to cut glass for a short time with a clean fissure. It re- 
quired a fissure of only of an inch deep to produce a perfect fracture. 

Further evidence in the same direction is given by C. Babbage in 
his work On the Economy of Machinery and Manufactv/res (London, 
1832), Aiter some remarks (p. 9) to the same effect as Wollaston’s on 
the proper position for working the diamond he continues : 

An experienced workman, on whose judgment I can rely, informed me 
that he had seen a diamond ^ound with diamond powder on a cast-iron mill 
for three hours without its being at all worn, but that, changing its direction 
with reference to the grinding surface, the same edge was ground down (p. 10). 

(/) L. Pansner in a pamphlet published in St Petersburg in 1813 
seems to have been the first to adopt the plan of testing minerals, not 
by scratching them upon each other but by means of a series of diamond 
and metal points. Later in a memoir entitled : Systematische Anord- 
nung der Mineralien in Elassen nach ihrer Harte, und Ordnungen 
nach ihrer specifischen Schwere, published in both Russian and Ger- 
man in the Mhnoires de la Society Imp^iale des Naturalistes, T. v., 
pp. 179-243, Moscow, 1817, we find him classifying minerals as follows: 
(a) Adamanti-Charattomena (scratchable by a diamond, but not by a 
steel graver); (5) Chalyhi-Charattomena (by a steel but not by a copper 
graver); (c) Chalco-Charattomena (by a copper but not by a lead 
graver); {d) Molyhdo-Gha/rattomena (by a lead graver); (e) Acharatto- 
m&m (those whose hardness cannot be tested by scratching). These 
classes formed by relative hardness are again subdivided according as 
the specific gravity of the mineral is less than 1, less than 2 etc., into 
(0) Natantia, (1) Hydroharea, (2) Bi-hydrobarea, (3) Tri-hydroharea etc., 
etc. Pp. 183-202 (erroneously paged 173) are occupied with a table of 
several hundred minerals thus classified, with the specific gravities 
to four places of decimals. The remainder of the memoir does not 
relate to hardness but to a classification of inorganic substances by other 
physical characteristics. 

Pansner was followed by Krutsch who also states that he had used 
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metal needles to sciatch bodies in his Minerahgischet Fingerzeig, 
Dresden, 1820, but I have been unable to find a copy of this work 

{g) The fiist experimentalist to obtain results of value from this 
method was Frankenheim in his Be crystallorum cohaesione Dissertatio 
Inaugwrahs, Biatislaviae, 1829 Of this work I have been unable to 
procure a copy Its contents are, however, embodied and extended m 
the same authoi’s later book Die Lelwe von dei Gohasion, Breslau, 1835 
see our Arts 821’®’ and 825* Frankenheim’s results were obtamed by 
scratching with the metal needle held in the hand and judging relative 
haidness by the pressure and pull necessary to produce a scratch He 
applied this method to test the relative hardness of crystallme sui faces 
in different directions It cannot be said that such a method is capable 
of leally great scientific accuracy, but we shall have occasion later to 
compare some of Frankenheims results with those of othei experi- 
mentalists 

(h) About 1822 Barnes of Cornwall had noted that a circular 
plate of soft iron if revolving with very great lapidity is capable of 
cutting the hardest steel springs and files His experiments were 
repeated by Perkins in London, and accounts of them were published m 
most of the physical and techmcal journals Further experiments weie 
made by Darier and Colladon in 1824 {B%hl%oth^que umveoselle des 
Sciences et Arts, T xxv pp 283-89, Geneva, 1824, oi Schweigger’s 
Jahrhuoh der Ghemie u Fhysih, Bd xiii S 340—6 Halle, 1825,) and 
these physicists showed that when the iron disc moved with a circum- 
ferential speed of less than 34 ft per second it was easily torn by 
hardened steel, but that with a speed of 35 ft 1 in. per second the 
iron began to affect the steel, till at 70 ft per second only small 
fragments of iron weie thrown off, although the steel was violently 
attacked (pp 265-6) They fuither showed that the effect was not 
produced by the softening of the steel dm mg the piocess, nor, at any 
rate mitially, by the particles of steel which clmg later to the iron 
disc and increase the effect They attributed the result to the in- 
fluence in some way of the impact, and supposed it to depend, not 
on the cohesion of the non, but on each particle of the non acting foi 
itself Chalcedony was slightly attacked and quartz was torn by the 
rotating iron disc (p 287) A disc made of coppei mixed with one fifth 
tin produced no effect on steel, and a coppei disc was itself attacked 
by steel even at a cncumfeiential speed of 200 ft per second (p 288) 

In Silliman’s American Journal of Science, Vol x p 127, and 
p 397, 1826, will be found further facts with legaid to the above 
phenomenon m letteis to Sillmian from T Kendall and I Doolittle 
(see also Schweigger’s Jaliihuch der Chemie uud Physik, Bd \mi S 
77-81, 1826) The foimei points out that when the non cuts the steel, 
it is the latter which gets hot, but that when it fills to do «! 0 , the non 
takes even a blue coloiu fioin the he it He consideis tint the steel 
IS in the piocess lieitcd up to that paiticulai he it (“^ black heat) at 
which it is easily fragile, which it is not at \ less oi gieitei he it 
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[e thus holds that the results are associated with a particular 
imperature, and attributes to the inability of copper to produce this 
imperature in steel its failure when rapidly rotated to cut the latter 
letal. I. Doolittle notes that although he could cut steel with a 
)tating iron plate, he found it quite impossible to cut perfectly gray 
ad soft cast-iron. 

I have cited the above results to show that in measming relative 
ardness the velocity with which the graver moves is in itself of impor- 
ince ; hence the report referred to by Darier and Colladon that the 
hinese cut diamonds with iron may not after all be so entirely 
lythical. 

(i) Seebeck in a school program of 1833 (Ueher Hwrteprufung an 
^rystalhn^ — Prufwngsprogramme des Berliner Real-Gymnasiums), of 
hich I have been unable to procure a copy, invented a more scientific 
istrument for measuring hardness. He placed a loaded needle or 
sriber on the crystal and measured the hardness in any direction by 
le leasb weight which would just cause the needle to scratch the crystal 
hen the latter was drawn under the point by the hand. Seebeck 
rites of this method : 

Bei der hier angeordneten Bestimmimgsmethode ist es nur der Druck der 
pitze gegen die Blache welcher gemessen wird ; etwas anders wiirde es sein, 
enn bei constantem Druoke die mm Yerschieben nbthige Kraft gemessen 
urde ; auch hier wiirde man wohl, wenigstens bei einem ziemlich starken 
rucke zwischen den verschiedenen Richtungen des Krystalls, Uuterschiede 
iden, andere zwar als die vorigen, aber mit ihnen zusammenhangende. Bei 
5r Prufung mit der Hand (Frankenheim) werden sich beide Wirkungen durch 
IS Gefiihl ziemlich vermisohen, wenn man auch vorzuglich auf den gegen die 
Lache ausgeUbten Druck achtet. 

Franz, as we shall see later (Art. 837), experimented much in 
eebeck’s manner except that he used a conical point, instead of a 
eedle, and did not draw the crystal by hand. 

The ‘ Sklerometer ’ of Grailich and Pek^rek (see our Art. 842) is a 
Lore complete form of Seebeck’s instrument. 

Seebeck did not make very much use of his machine, but he 
mfirmed with it Huyghens’ statement (see our Art. 836 (a)) and made 
)me experiments on calcspar, gypsum and rock salt. In the case of 
le first substance Seebeck^s results differ from those of Frankenheim 
Die Lehre von der Gohdsion, S. 335) and Franz : see our Art. 839. 

(y) It will be seen that Seebeck did a good deal to advance the 
nentific conception of hardness, and to produce an instrument which 
nuld measure those differences in the hardness of crystals which had 
een first noted by Frankenheim, namely : (i) hardness in different 
mses of the same direction, (ii) hardness in different directions of the 
jime face, (iii) hardness in different faces of the same crystal. 

But none of the various ideas of hardness held by these w’-riters 
Learly distinguish : (i) between set and rupture, (ii) between shearing, 
ensile and compressive actions. Yet it seems very clear that relative 
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hardness may be different according as the instrument applied merely 
produces set or actually tears the matenal that is accordmg to the 
mannei in which it produces an effect, whethei for example by mdent 
or by scratcL The reader will find it well to bear m mmd this 
obscurity in reading our resumes of later memoirs on the subject 

(h) To the reseaiches of Angstrom on the hardness of gypsum and 
felspar and to those of Wade on the hardness of metals, we have 
referred in other parts of this chapter see our Arts 685 and 1040-3 

The following ten articles aie devoted to some account of the 
researches on hardness due to the decade 1850-60 

[837 ] E Franz Jleher d%e Harte der Mineraheii und eiii 
iieues Verfahren dieselbe zvl messen Poggendorff's Annalen, Bd 
80, S 37-55 Leipzig, 1850 

Franz defines the hardness of a mineral as follows 

Mir scheint namhch die Harte ernes Minerals diejenige Kraft 
desselben zu seyn, welche seme Theilchen zusammenhaltend, dem 
Korper, der diese zusammenhangenden Theilchen trennen will, Wider 
stand leistet [So far this might stand as a definition of cohesion] 
Sie ist also diejenige Kraft des Minerals, welche das Emdnngen ernes 
Korpers in das Mineral verhmdert, und zugleich der Fortbewegiing 
emer in die Oberflache eingedruckten Spitze sich entgegenstellt Das 
Maass diesei Widerstandskraft ist nun aber offenbar der Druck, welchei 
angewandt weiden muss, um den Korper zum Emdrmgen m das Mmeral 
zu biingen (S 37) 

It seems to me that this manner of determining hardness may 
really measuie two diffeient kinds of resistance, viz the resistance 
to entry and the resistance to tearing after entiy Franz assumed 
that in measuring these resistances he was measuring one and the 
same pioperty — hardness^ 

[838 ] Seebeck in 1833 had already diawn attention to these 
different methods of measuring hardness, viz by (i) the least load 
on a scriber drawn noimal to the suiface of a mineial which will 
produce a scratch, (ii) the least load paiallel to the suilace which 
will draw a scribei which has already entered the mineial acioss the 
surface Franz’s apparatus diffeied little from Seebeck’^, except 
that he has two separate instruments for measuiing the lesistances 
(i) and (ii), and in (i) the mmeial mounted in a cai is diiwn 

1 A criticism of Fian? s methods on lather different gioimds amII be found on 
pp -iO and 48 of Hngueny b Iluhachtb expeumentah'^ bin la Diaetr ih^ Coipb, 
Pans, 1805 
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its bed by a winch and not pulled with the hand: see our 
j. 836 (i). Franz used the first method to determine consider- 
e differences of hardness and the second for slight differences, 
h as occur for example in the relative hardness in different 
ections of the same crystalline surface. He used for scribers a 
el cone of 54° vertical angle and a diamond crystal. The steel 
le was sharpened daily before experimenting till it was just 
brp enough to scratch under a given load a standard bit of 
3sum. 

[839.] We may note the following results : 

Talc. No vaiiation of the hardness with different directions was 
nd (S. 40). 

Gypsum. The hardness in the plane of most perfect cleavage was 
estigated. The maximum hardness was found in a direction making 
angle of about 20° with the shorter diagonal of the rhombus and 
►roximating to the second direction of cleavage; the minimum hard- 
s in a direction about perpendicular to this (S. 41-3). .^gstrbm 
jcts Franz’s results as untrustworthy. See our Art. 685. 

Iceland Spar. On the rhombohedric surface the greatest hardness 
3 found in the shorter diagonal when the scriber moved in the direc- 
1 from the obtuse to the acute angle of the rhombohedron. The 
limum hardness was in the same direction but in the reversed 
se. In the direction of the greater diagonal both senses gave 
same value. Frankenheim, according to Franz, found the greatest 
dness in the greater diagonal, the least in the same direction as 
inz. Franz demonstrated Frankenheim’s supposed error by causing 
scriber to describe circles on the face ; when it went round clock- 
le the deepest furrow was made exactly at the points where there 
3 scarcely a trace of a furrow when it went round counter-clockwise 
I vice versd. He refers for Frankenheim’s error to S. 337 of the 
fk discussed in our Arts. 821* and 825^. On reference to this page, 
vill be found that Frankenheim says nothing about the directions of 
3t and greatest hardness in the rhombohedric surface, but that on S. 
), where he does, he writes : 

Am grossten ist die Hm’te parallel der kurzen Diagonale, wenn man nach 

scharfen Ecke zieht Die H^e auf dor langen Diagonale steht 

schen der HMe auf beiden Richtungen der kurzen Diagonale, allein deni 
ximum naher, als dem Minimum. 

In a footnote Frankenheim even corrects an error of Seebeck s who 
nd the minimum hardness in the direction of the longer diagonal, 
mz’s ‘correction’ of Frankenheim’s ‘error’ is thus rather gratuitous, 
hink he could not have carefully read Frankenheim’s work. What the 
ter indeed says about the hardness in the longer diagonal being nearer 
i maximum than the minimum is confirmed neither by Franz nor by 
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Grailicli and Pek4rel? (see our Art 844) Franz returns to the real 
error of Seeheck and the imaginary eiror of Frankenheim on S 53-5 
In fig 4 on Plate II he gives a curve of hardness for the rhombohednc 
surface of Iceland spar I believe he was the first to make use of 
these curves of hardness, in which measure the hardness 

in a given direction , the credit of them has been recently attributed 
to Exner 

Fluor Spo/r The least differences in hardness are found m the 
octahednc surface In the cubic surface, the gieatest hardness is in 
the diagonal, the least in Imes parallel to the sides of the cube (S 45) 

[840] Various rather scanty results are given for the hardness in 
certain planes and in a few directions of Apat%te^ Felspar^ Quartz, Topaz, 
Sapphvre and Syemte (in this case somewhat more complete, with a 
cuive of hardness. Fig 5 on Plate II ) From all these results Franz 
diaws the following conclusions (S 49-51) 

(i) The directions of the greatest and least hardness in the same 
crystalline surface are intimately associated with the directions of 
cleavage 

(u) The direction which is the softest m planes which cut the 
planes of cleavage is that which is perpendicular to the direction of 
cleavage, the hardest direction m the crystal is that which is parallel to 
the planes of cleavage 

(ui) If the surface of the crystal is cut by two diiections of cleavage, 
then in this surface the hardest direction approaches the direction of 
easiest cleavage 

(iv) Of the diffeient sui faces of the same crystal, that one is the 
hardest which is intersected by the plane of most peifect cleavage 

(v) If the direction of an easy cleavage is not peipendiculai to the 
suiface of investigation, then the hardness is gieatest when the acute 
angle between the surface and the plane of easy cleavage pomts in the 
direction opposed to that of the motion of the scnbei , it is least in the 
opposite direction (Compare with these the almost identical lesults of 
Frankenheim on S 337—8 of his work above cited ) On S 51-3 Fianz 
gives details of the mean haidness of a considerable iiumbei of mmerals 

[841 ] A Kenngott Ueher ein bestimmtes Vei haltmss 
zwisclien dem Atomgewichte, der Ha^te und dem specifischen 
Oewichte tsomorphei Mineiale Jahhuclt de^ I I geologischen 
Reichsanstalt Jahrgang in, Vierteljahi^ iv, S 104-116 Wien, 
1852 

Tins memoir does not state particular as to the maimci m 


1 Each Vierteljalu has a seimiate pagination 
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hich the hardness of the various substances discussed has been 
jtermined. The author supposes his atoms to be liquid and 
herical ; he states that they can or must be treated as liquid if 
ey are to group themselves into molecules and as such into 
ystals (S. 104). As to the numerical results given in the 
emoir, I am unable to express any opinion as to their value, but 
e conclusions which the author draws from his chemical data 
pear to be summed up in the following paragraph which occurs 
. S. 114-5, and which I content myself with citing: 

Wenn die hier vorgefiihrten Beispiele zeigen, dass bei isomorphen 
lecies, welche homolog zusammengesetzt sind, ein bestimmtes Yer- 
Itniss 2 wischen dem Atomgewicht, dem Atom- oder Molectil-Yolumen, 
m specifischen Gewichte und der Harte vorhanden ist, so dass mit 
m relativen specifischen Gewichte in geradem, oder dem Atomvolumen 

umgekehrtem Yerhaltnisse die Harte steigt und fallt, und bei 
uchen gleich ist, wahrend die Krystallgestalten wegen der tiberein- 
mmenden Gruppirung tibereinatimmend sind, weil die gleichgeord- 
ten Atome der einen die Masse in einem dichteren Zustande enthalten 
5 die Atome der anderen, so zeigen sie auch gleichzeitig, dass auf diese 
ifferenzen der Harte und des relativen specifischen Gewichtes die 
ellung in der elektrochemischen Reihe oder das elektrochemische 
erh^tniss der verbundenen Atome ohne Einfluss ist. Aus diesem 
ninde babe ich die Atome in der elektrochemischen Reihenfolge 
rangestellt, darunter die Yerbindungen der ersten Ordnung und in 
nselben die hdheren, wo es dergleichen gibt, und es wird daraus 
sichtlich, dass nicht durch den starkeren elektrochemischen Gegensatz 
3 grossere Harte und das grbssere relative specifische Gewicht hervor- 
rufen sind. 

[842.] J. Grailich und F. Pek^rek : Das Sklerometer, ein 
pparat zur genaueren Messung der Harte der Krystalle. Sit- 
ingsberichte der k. Akademie der Wissenschaften. Bd. xiii., 
'ath, Naturwiss, Glasse, S. 410-36. Wien, 1854. 

This memoir opens with an interesting historical account of 
e various modes of classifying or measuring hardness (S. 410-21). 
le authors note how unscientific was the earlier use of the word 
Lard ’ by palaeontologists and mineralogists, and then record the 
searches of some of the writers to whom we have referred in onr 
rt. 886. 

[843.] Grailich and PekArek describe on S. 421-3 the prin- 
ples of their own sklerometer {a-KXrjpo^ — hdird). It is essentially 
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based on Seebeck’s ideas They use, however, a conical scnber 
of 20° to 30° vertical angle, pull the sleigh containing the crystal 
by a weight, and have accurate means of levelling and rotating mto 
any azimuth the pohshed surface of the crystal to be scratched. 
The desciiption of their apparatus occupies S 423-6, and it is 
easily grasped in principle from the plate which accompanies the 
memoir 

They used it in three different ways (S 426-32) First they 
counted the number of times the crystal must be drawn in any 
direction under the scnber in order to make a visible scratch, this 
involved a constant minimum load on the scnber Secondly they 
put a constant maximum load on the scnber and determmed the 
force necessary to draw the crystal in any given direction Ob- 
viously the load on the scnber must be sufficient to produce a 
scratch even in the hardest direction Or thirdly they measured 
the least load on the scnber which would produce a scratch when 
the crystal was drawn in a given direction. This method they 
found to be the most exact, and their experiments on Iceland 
spar were made in this manner 


B— a 


[844] The memoir concludes with the details of these ex- 
periments on Iceland spar (pp 432-6) The authors found that 
the hardness depended not only on direction but also on sense The 
accompanying figure taken from their 
memoir gives their general conclu- 
sions, where the numbers are the loads 
on the scnber in centigrammes which 
just sufficed to produce a sciatch 

Sklerometric properties of rhombo 
liedric carbonate of lime 
Hardest surface i? + oo 
Softest suiface B 
Hardest dii ection 970 centigi ammes 


Softest direction 


96 centigi ammes 



[845] F C Calveit and E, Johnson On the Haidness of 
Metals and Alloys Manchester Memoiis, Vol xv pp 113-121 
Manchester, 1860 The hardness of the metals was tested by the 
weights which would diive a steel point 3 5 mm into a disc of 
the metal in half an-hoiu Tt is woith noting that in the tables 
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jiven of the relative hardness of metals and alloys, cast-iron stands 
bt the top\ I do not understand the reference to the half-hour” 
n the method of experimenting, nor how the load could be so 
egulated as to drive the steel point into the disc just 3-6 mm. in 
lalf-an-hour. 

The method differs from that of the continental experimen- 
alists and approaches more nearly that of Wade (see our Art. 1040), 
lut it is open to the same objection as the methods of Seebeck 
nd Franz, i.e. that a steel point driven 3*5 mm. deep would some- 
imes produce set and sometimes rupture. 

[846.] Clarinval: Expiriences sur les marteaux pilons d 
antes et ressorts et sur la dureU des corps, Annales des mines. 
?. XVII., pp. 87-106. Paris, 1860. This paper gives an account 
•f a marteau pilon invented in 1848 by Schmerber and its 
pplication in ascertaining the relative hardness of various sub- 
tances. Clarinval finds that, the hardness of lead being taken 
s unity, tin has a hardness of about 4, and very hard iron heated 
0 the temperature usual in forging from 1*4 to 2*5, the increase 
epending on the cooling of the metal during the series of experi- 
lents (pp. 98-102). He compares these results with those 
btained by F. C. Calvert and R. Johnson in the Manchester 
Memoirs of 1848 (see our Art. 845), who with unity for lead 
ive 1*7 for tin. Clarinval attributes this divergence to want of 
hemical purity in his own specimen. At the same time he 
emarks that he much prefers his own method of experimenting 
Dr practical purposes (p. 106). 


Group G. 

Memoirs on Elasticity^ Cohesion, Cleavage etc. 

[847.] Yolpicelli: Cosmos, T. i. pp. 214-15. Paris, 1852. We 
ind here a note attributing to this writer une mUhode qui nous semble 
wuvelle, pour la determination des coefficients d*Uasticite. The co- 
ifiicients in question are the so-called coefficients of restitution in the 

1 Staffordshire cold blast cast-iron being taken as 1000, we have : steel 958 (?), 
TTOUght-iron 948, platinum 375, copper 301, aluminium 271 , silver 208, zinc 183, 
;old 167, cadmium 108, bismuth 52, tin 27 and lead 16. Probably these are not 
^ery trustworthy results as absolute numbers. 
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theory of impact of elastic bodies, or the kinetic coefficients of elasticity 
in IJTewton’s theory The ‘new’ method is the one used by Newton and 
described by him m the Frmovj^a see footnote to p 26 of oiu Vol i 

[848 ] J T Silbermann Memoirs mr la mesure de la mrtaUon de 
longueur des lames ou regies soumises a V action de lefiir ^propre po%ds, pour 
sermr de coi rectif aux mesures hneaires Gompte& rendus, T xxxviii , 
pp 825-8 Pans, 1854 This memoir lemarks on the effect of the 
weight of a standard scale of length in elongating it when it is 
supported vertically by one termmal and not placed horizontally see 
also oui Art 1247* It gives the detail of some expenments to 
ascertain this elongation for certain bais used as scales of measurement 


[849] Ch Brame Sur la structure des corps sohdes Gomvptes 
rendus^ T xxxv , pp 666-9 Pans, 1852 This letter to M Babmet 
discusses the cleavages of vanous substances and is not directly con- 
cerned with our subject 

[850 ] A Laugel Bu Ghvage des roclm Gomptes rendus^ T XL , 
pp 182-5 Pans, 1855, with a Supplhnent on pp 978-80 

This memoir, of which only a r%sumt is given, was an attempt to 
extend the methods of Lam6 and Resal see our Arts 561-70 The 
author apparently starts from Lame’s eUipsoid of elasticity and supposes 
that at each point of the earth’s surface one pnncipal plane of the 
ellipsoid will be horizontal He then states a number of piopositions 
which he says he has demonstrated with regard to the planes of 
cleavage It is not evident how he has obtained them fiom the 
ellipsoid of elasticity oi how, if found, they would necessarily be tiue, 
foi I see no leason foi associatmg cleavage with a stress rather than a 
strain surface see our Arts 1367* and 567 (5) Numeiical measure 
ments of the mclinations of the planes of clea\age in \anous localities 
are given and are compared with what are termed ‘calculated values,’ 
but the method by which the latter have been obtained is not explained 
The Supplknent contains further results professing also to be based 
on the ellipsoid of elasticity bearing on rupture and the general ele\a 
tion of mountain chains by eruption, but it is difficult to undei stand, 
fiom the vague description given of the memoii, whether the statements 
made have any real basis in the theory of elasticity 

[851 ] P Boileau Note sui Velasticite du caoxitcliouc %ulcani^e 
Gomptes lendus, T XLii , pp 933-7 Pans, 1856 

The author made expeiimeuts on springs’ composed of alternate 
plates of iron and annular discs of vulcanised caoutchouc He found 
that the squeeze of such a ‘spring’ was very fir from l^eing piopoi 
tional to the load The mcienients of squeeze for increments of chuge 
imounting to 2 kilog per sq centimetre iic tal)uUted, ind it will bf 
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und that they reach a maximuni for a load of about 4*7 kilog. per 
uare centimetre, and then decrease, far less rapidly, however, than 
ey have increased. The writer neglects apparently the squeeze of 
e iron plates as compared with that of the caoutchouc. There are 
rious other irregularities in the way in which the increments of 
ueeze alter. Thus after a load of 11-5 kilog. they become very small 
deed, and after set has begun they appear to have alternate periods of 
)w and rapid alteration up to rupture. The author attributes these 
mplicated phenomena to the peculiar molecular structure of caoutchouc 
id to its thermal characteristics. He notices also elastic after-strain 
the springs. Finally he proposes 14 kilog. per sq. centimetre for 
itic and 10 for impulsive or repeated loading as the proper limit for 
^""^ised caoutchouc of good quality. 

There is a paper on the strength of ice in the Moniteur 
, No. 2417, Paris, 1860, but I have been unable to find a 
ds periodical. 

[853.] W. Fairbaim and Thomas Tate : On the Resistance of 
lass Globes and Cylinders to Collapse from external pressure; 
^d on the Tensile and Compressive Strength of various hinds of 
lass. Phil. Trans., pp. 213-247. London, 1859. The paper was 
ceived May 3 and read May 12, 1859. 

[854.] This is a memoir which in some senses is character- 
iically British. Its authors display little theoretical knowledge 
id small acquaintance with the works of previous writers or 
vestigators, but at the same time they present us with a 
imber of useful experimental results, which would have been 
very much greater value had the researches been directed by 
ly regard to theory. There is no reference to the experiments 
Oersted, Colladon and Sturm, Regnault or Wertheim, nor to the 
.eories of Poisson or Lamd: see our Arts. 686^-91^*, 1310-11*, 
227*, 1357* and 535*, 1358*. It is true that the results of 
le mathematical theory of elasticity will only apply approxi- 
ately, if they apply at all, to absolute strength ; still a com- 
irison of Saint- Venant’s results (see our Art. 119) with those 
' this memoir would be of value, even if we did not adopt an 
npirical stress-strain relation at rupture such as that suggested 
i our Art. 178. The words 'hard,* ' rigid,’ ‘homogeneous’ are 
sed in a rather vague manner in the memoir and without precise 
efinition. 
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[855 ] I cite the following experimental results (pp 216 and 221) 


Glass 

Tenacity per sq. mch m lbs 

Crushing load per sq mch m lbs 

Fhnt 

2286—25401 

27,682 

Green 

2896 1 

31,876 

Crown 

2546 j 

31,003 


Not mucli weight can be laid on the very few tenacity experiments. 
The glass was in cylmdncal bars and the flint-glass annealed , the in 
crease of tenacity, however, with the diminution of section pomts to a 
skin change of elasticity or to a cylmdncal distnbution of homogeneity 
Tn the case of crushing, fracture occurred frequently with a load of only 
2/3 that of the crushing load We have in the fracture surfaces a 
strong argument in favour of rupture by transverse stretch see our 
Alts 169 (c) and 321 (h) The authors wnte 

The specimens were crushed almost to powder from the violence of the 
concussion, when they gave way , it however appeared that the fractures 
occurred in vertical planes, sphtting up the specimen in all directions This 
characteristic mode of disintegration has been noticed before, especially with 
vitrified brick and indurated limestone The experiments following on cubes 
of glass which were exposed to view during the crushing process, illustrated 
this subject further cracks were noticed to form some time before the 
specimen finally gave way , then these rapidly increased m number, sphttmg 
the glass into innumerable irregular prisms of the same height as the cube , 
finally these bent or broke, and the pressure, no longer bedded on a firm 
surface, destioyed the specimen (p 221) 

[856 ] For cut glass cubes the following lesults weie obtained 


Glass 

Crushing load pei sq inch 

Flint 

13,130 

Gieen 

20,206 

Crown 1 21,867 


In these cut glass cubes (sides about V) the skm effect was piobably 
quite lost 01 i educed to a minimum, so that we find the ciuslnng load of 
sucli cubes IS to that of the glass cylinders on the a\eiage only as 1 16 
Su 2 ) 2 ^ 06 %ng loe might assume the fracture load to ha\e been 2/3 of the 
ciushmg loul, we should have for green ghss rupture occuiimg by 
tiansveise stretch under a load of 13,471 lbs, but lujituie l)y longi 

1 Area of section in the fust case 255 and in the second 190 sq inches 
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dinal stretch takes place at 2896 (or probably a little less, if skin- 
feet were allowed for) — ^the ratio of these numbers is about 4*6 : 1, 
somewhat different from the 4 : 1 of the theoretical limiting loads 
r elastic stretch and squeeze. 

In some General Ohservations on these crushing experiments (pp. 
13-4) the authors refer to Coulomb’s theory of compressive strength; 
ey are apparently unaware of its erroneous character : see our 
rts. 120* and 169 (c), 

[857.] Section III. of the memoir (pp. 224-231) is devoted 
the 'resistance of glass globes and cylinders to internal pressure.’ 
lere were only 17 experiments, 14 on spherical, 1 on cylindrical 
d 2 on ellipsoidal vessels. Section IV. (pp. 231-240) deals 
th external pressure. Here 11 experiments were made on glass 
heres and 12 on glass cylinders. It is obvious that such a very 
rrow range of experiments (4 vessels of the last set were not 
ptured) cannot be considered as a very satisfactory basis for the 
irely empirical formulae given in Section V. as a deduction from 
e experimental results (pp. 241-247). 


[858.] These empirical formulae are the following ; 

External Pressure, 

P = external pressure at rupture in lbs. per sq. inch. 
d - diameter of the sphere or cylinder, I = length of the cylinder. 

T = thickness of the glass. 

p = pressure P reduced to unity of thickness taken to be t= *01 inch. 


Then if G, C', a, a , /3, 13' be constants the authors asswine we can 
)resent P by ; 


P = for spheres, 

-P = for cyUnders, j 


a being the same for both. 


They conclude that 
{a) For spheres ; 

P= 28,300,000 

This formula, however, gives calculated results varying in some cases 
Dm the experimental by ± 1/4 of their value, and does not therefore 
em to me worthy of much credit (p. 243). 
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(p) For cylinders 

P=740,000xr'7c^ 

This formula gives values of P diffenng in some cases by + 1/3 
to - 1/7 from their expeiimental values and is not deservmg of moie 
confidence than the previous one 

[859 ] The authors next deal with mternal piessure, and adopt, 
as eoc/peT%mentallif proved foi vessels of glass, the formula 



wheie P = bursting pressure, P = the tenacity of the material, <o = the 
aiea of a longitudinal cross section of the material, that is, the area 
of the rupture surface, and A = the area bounded by a longitudinal 
section of the vessel 

From the experiment& in Section III the authors find in lbs per sq 
inch 

P= 4200, foi fimt glass, 

= 4800, foi green glass, 

= 6000, foi crown glass 

Thus the mean tenacity = 5000 oi nearly tvoice its value as given by 
direct tiactive experiment see our Art 855 The authors remark 

The tenacity of glass in the form of thin plates is about twice that of 
glass in the form of bars (p 246) This diffeience is no doubt mainly due to 
the fact that thin plates of this material generally possess a highei tenacity 
than stout bars, which, imdei the most favourable circumstances, may be 
but imperfectlv annealed (pp 216-7) 

[860 ] The memoir in its concluding paragiaph assumes that 
the mean ratio of the tensile and compressive strengths of glass 
IS equal to the mean latio of the tensile and crushing stiengths oi 
as 1 118 nearly It seems to me that \\e ought to take fiac- 
ture rather than crushing to powder as the limit of compressive 
strength, in which case the lesults for the flexuial stiength of 
glass bais deduced on p 247 fiom formulae and not from 
expel iment would be much modified 

It should be noted that Saint- Venint’s theoiy foi cylmdeib 
and spheres of thickness small as compared with the ladius docs 
not lead to formulae for safe loading of the type given in the 
preceding articles foi bursting piessuies see oui Aits 120 and 
124 
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Group H. 

Minor Notices chiefly of Memoirs on Molecular Structure. 

[861.] J. S2!ab6 : Einfluss der mechcmischen Kraft auf den 
Molecula/r-Zustand der Korper. Haidingers Berichte uher die Mittheil- 
mgen von Freunden der Faturwissenschaft&n in Wien. Bd. vil., 1849, S. 
L 64-73. Wien, 1851. This paper brings a good deal of rather discursive 
ividence to show that bodies of the same chemical constitution can 
jxist in more than one physical condition, and that the application of 
uch mechanical processes as scratching, vibrating, changing the tempe- 
ature etc., suffices to throw the body from one condition into the other. 
Dhe author cites for example black and red cinnabar and wrought 
ron in the fibrous and crystalline conditions. The paper is not of any 
)ermanent value, and is a collection of old rather than of novel facts. 

[862.] O. L. Erdmann : Ueher eine merhjoiird/ige Structv/rverdnderung 
^leihaltigen Zinnes. Berichte uher die Yerhcmdl. der h sdchsischen 
Tesellschaft der Wissenschaften. Mathermtischphysische Classe, Jahr- 
;ang 1851, S. 5-8. Leipzig, 1851. 

At the repair of an organ said to date from the 17th century in the 
^chlosshirche at Zeitz, the pipes were found to be strangely crystallised 
n certain places, die ohne Ordnung, jedoch ziemlich gleichmdssig 
^ertheilt standen und von verschiedener Grosse, von der eines Silber- 
roschens his %u der eines Thalers waren. The crystallised parts were 
xtremely brittle, the rest of the metal ductile. Analysis showed the 
onstitution of both parts to be chemically the same, so that the differ- 
nce was in mechanical structure, Erdmann attributed this change 
)f structure to the vibrations which the pipes had undergone, but 
lazarded no conjecture as to the manner in which the crystallisation 
vas distributed. 

Jedenfalls diirfte aber die mitgetheilte Beobachtung nicht ohne Interesse 
n Bezug auf das von einigen Technikern noch immer bezweifelte Krystallinisch- 
7erden von eisernen Achsen, Radreifen u. s. w. sein, wenn dieselben, wie beim 
Sisenbahnbetriebe, fortwahrenden Erschutterungen ausgesetzt sind (S. 8). 

[863.] D’Estocquois ; Fote su/t' V attraction moleculaire. Covvptes- 
'mdus^ T. 34, p. 475. Paris, 1852. This note merely refers to a 
)aper which the author had submitted to the Academy. He states 
hat he has proved that, if the molecules of a liquid all attract or all 
'epel each other according to some inverse power of the distance, 
hen they cannot retain the liquid condition ‘‘a moins que cette 
puissance ne soit le carrA” No further reference is given to the mode 
in which this singular result has been deduced, beyond the statement 
that it depends on the equation of continuity. 
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[864] Sir David Biewster On the Production of Crystalhne 
Structwre m Crystallised Powders hy Compression cmd Traction 
Edinbwrgh Royal Society, Proceedings, Yol iii , 1853, pp 178-180 
Edinburgh, 1857 Evidence is given in tins paper of the effect of 
compression on powders and of traction on ‘soft-solids' in producing 
doubly refracting properties 

[865 ] I have given a refeience to several memoirs by Seguin in 
Art 1371* The moleculai theory expounded in them formed the 
subject of a quarto volume of 55 pages and two plates published 
in 1855 at Pans It is entitled Considerations sur les causes de 
la Cohesion, enmsagees comme une des consequeTices de V attraction 
Kewtonienne et resultats qui s^en deduuent pour exphguer Us phesio- 
menes de la Nature 

The author in his preface speaks somewhat soirowfuUy of the 
neglect which his memoirs read before the Institut have met with, 
and also somewhat shghtmgly of the advantages of mathematical 
analysis His present work, he tells us, aims at piovidmg a basis for 
the discussion in the future of molecular action 

Tout le monde sait, que chaque question scientifique a son heure et son 
moment, qu’il ne depend pas de la volonte d’lm seul homme de faire avancer 
ou retarder Cette heure et ce moment viendront, je I’espfere, et aid’s ma 
cosmogonie se trouvera forcement k Tordre du jour 

Seguin’s cosmogony is based on the 
elements of bodies, here termed molec 
volume and infinitely great density Tiulo 
gained from a conversation with Herschel in 1 

supposes the density to inciease inversely as uxiiiixiibuiJig laon oi 
the molecules which are taken to be spherical By airangmg these 
molecules in files and supposing them to obey the Newtonian law of 
giavitation, he endeavours to explain some of the features of cohesion, 
1 e to obtain from the Newtonian law a sufficiently great cohesive foice 
The whole of his calculations aie of a most crude, insufficient and often 
obscure kind I must confess that I am in many places unable to 
follow his reasoning The density of the molecule has to be immensely 
greater than the density of the eaith (pp 8-9) , this might be intel 
ligible, but as he puts the molecules of a bar of non in contact, it seems 
to me that he makes a bai of iron of a different oidei of density to 
the earth Perhaps this difficulty may be got ovei by a right intei 
pretation of the following woids 

Si Ton considtie la \aste echelle sui Uquelle Dieu a tout tiee, tout fnt, 
tout 01 domic ' et le temoigiiage de iio^ seiib, tout coiniiie noti c i ii'^on, donent 
ctie, en pxreille nuticie, complctement eliinnie't> comuie teiuUnt i ictiLcii et 
restiemdie nos idce^ dins lx splicie de ii0'5 conceptions qui sont si cloi^necs do 
Pintelligence des au\ies du Cieateui (p 20) 

huithei begum tells us that m the beginning inattei cieated bj 
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God consisted of infinitely small, infinitely dense molecules uniformly 
distributed through space. Then : 

au flat luoD la mati^re re^ut de Dieu la faculte de s’attirer en raison 
directe des masses et inverse du carre des distances, et je consid^re que cette 
attribution, que la mati^re inerte a regue de Dieu, constitue pour elle une 
esp^ce de vie mat^rielle (p. 41). 

The fiat lux of the Jewish cosmogonist has received many inter- 
pretations, but scarcely any so grotesque as this of the French physicist 
and member of the Institut ! 

The reader will probably agree with the view expressed in our first 
volume (Arts. 163*-72*, 752*-8*) that the Newtonian law is insuffi- 
cient to account for the phenomena of cohesion. What might be 
said for HerscheTs idea, does not, however, seem to me to have been 
said in an intelligible fashion by S^guin^. I feel, indeed, reluctantly 
compelled to class him with Eisenbach and P^re Maziere. From the 
Folytechnische Bihliothek 1887, No. 9, S. 133, I see that a reprint of 
S6guin’s work has just appeared in Lyons. I venture to doubt whether 
‘ son heure et son moment ’ has even yet arrived. 

[866.] R. P. Bancalari : Sur les forces moUculaires. Cosmos, viii., 
pp. 501-3. Paris, 1856. Bancalari appears to have published a memoir 
in the preceding year in which he is said to have established the 
remarkable proposition that : tlie resultcmt of the molecular forces in a 
hody is directly proportional to the increments or decrements of inter- 
molecular distance and inversely proportional to the cubes of the same 
distances. The methods by which the law of gravitation and Hookers 
law are deduced from this proposition seem to me very unsatisfactory, 
and have not encouraged me to examine the original memoir for more 
particulars than Cosmos provides. 

[867.] J. Zaborowski : De triplici in materia cohaerendi statu, 
Disquisitio physica. Posaniae, 1856. This is a quite worthless meta- 
physical dissertation which asserts that cohesion, treated as either 
negative or positive, is really adhesion and depends on the absolute 
continuity of matter. The author appears quite ignorant of the 
enormous advances which had been made in physical science between 
the time of Bacon and the middle of the nineteenth century, and the 
sole interest of his pages lies in their demonstration of the possibility 
of atavism in science. 

^ The theory of Herschel has been dealt with by Sir William Thomson in a 
paper published in the Proceedings of the Royal Society of Edinburgh^ Vol. iv., 
pp. 604-6, 1862, and reprinted in the Popular Lectures and Addresses, Vol. i., 
pp. 59-63. London, 1889. Sir William, of course, is suggestive and clear, but his 
conclusion that : 

It is satisfactory to find that, so far as cohesion is concerned, no other 

force than that of gravitation need be assumed, 

seems to me far too optimistic. 
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[868 ] OS Cornelius TJebm d/ia Bildimg der Matene aub %hrm 
efinjaclien Blementen Oder Das Frohlem de^i Materie nach %hren 
clmrmohen und physihalischen Beziehwigen mit Bucksidit auf die 
sogenannten Imponderahilien Leipzig, 1856 

This tract of xi + 64 pages professes to explain chemical, cohesive 
and gravitational forces by a new atomic theory The method of 
piocedure, although making frequent appeals to physical and chemical 
facts, is so metaphysical that I have not been able to perfoim the 
gewisse Denkoperatwmn^ die ilmen Grand mehr oder weniger im That- 
saohlichen hahen^ which would have allowed me to leach the principles 
on which the author bases the sensible pioperties of mattei I am the 
more disappointed in this as the author assures us that his investi 
gation is in ilvr&^ Ait vollstandig, and it appears not only to explain 
gravitation and elasticity but to remove in geneial any difficulty about 
the mutual action between body and soul It would appeal that the 
author arrives on S 18 at precisely Boscovich's defimtion of an atom, 
although he associates it with the names of Ampere, Cauchy, S6gum, 
Moigno and Faiaday, together with a metaphysician or two After 
this I can only follow an occasional passage heie and theie It seems 
that a true element of matter must be ein volkg intensives Eins^ but 
a contradiction arises from the fact that ein sick selbst gleiches substan- 
tielles Bins cannot mfluence its kith and km Da jedes dem anderen 
hinsichtlich der Qualitat mllig gleich ist, so hann heinem etwas von 
dem andeien wideifahen (S 20) However by a damindei Act 
inner er Thatigheit an element can produce motion in the unlike 
Hence arises a vibratory motion of a spheie of ether all round an 
atom At this point we are rather abruptly introduced to mass and 
pressure, shown how action at a distance takes place, and given a 
demonstiation of the law of giavitation Stiangely enough an atom 
tieated as a pulsatmg ether squirt does go a consideiable way to exjilain 
chemical and cohesive foices Perhaps some scientist who is capable of 
peifoimmg the required Denkopei ationen^ die ihen Giund meh odei 
weniger im Thatsachliclien haben will be able to say whethei the author 
has any inklmg of this If so metaphysicians have a royal road to 
tiuth quite out of the ken of the oidinaiy scientist 

[869 ] Yogel Zui Theoiie dei Glasthanen Eidmanrib Joicinal 
fun piaktiiiChe Cliemie^ Bd 77, S 481-2 Leipzig, 1859 The \\ liter 
of this note placed ‘Pimce Bupert’s diops’ {lainub hataiiqueb) in 
hydrofluoric acid so that the outei coat including the majoi pait of 
the tail of the diop was dissolved away m 48 liouis The chop did not 
bleak up, and no efiect was pioduced by bieakmg av ly the fiagment 
left of the tail A slight blow of the hammci, howevei, c lused the diop 
to biiist The luthor concluded that the outei suiface of the chop Avas 
not that which pieserved the iiinei mittiiil m a state of great btiain, 
01 its lemoval would have biought ibout the buisting of the chop 

[870] A Bouchc Itecliei tlitb btii HattiatUon nioltcnlaii e Mt 

vioiicb de la ^ocicte Acadttiuquc de Maine et Lone^ T M , pj) 229-333 
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Jigers, 1859. T. vm., pp. 133-144 Angers, 1860. T. x., pp. 181- 
19. Angers, 1861. 

This is an elaborate attempt to explain the phenomena of gravita- 
on, cohesion and chemical affinity by means of the law of inter- 
olecular attractive force jff, 



here d is the distance of two molecules, a is a very small constant 
stance and / another constant. 

Bouche obtains this law by simply combining Newton’s law of 
'avitation with Mariotte’s law that the pressure of a gas varies as its 
msity, while the density of a gaseous mass must vary inversely as the 
ibe of the intermolecular distance. He proposes in the first paper to 
)ply this law to distances less than interplanetary and greater than 
Lseous inteimolecular distances. 

[871.] Bouch4 works out at very considerable length the results 
hich flow from accepting this law in the cases of planetary action, of 
e pressure of gases <fec., but there is nothing very conclusive in these 
suits, or that could not in general terms have been almost foreseen 
om the nature of the formula itself. The second part of the memoir 
insists of rather indefinite philosophical reasoning. In the third paper 
I. 223) in Tome x., Bouche makes a a function of the temperature 
id obtains an expression for the pressure ^ of the form : 

.(A JBa{l + K0)) 

here B^K are additional constants and B is the temperature. Of 
is formula he now writes : 

Nous regarderons cette formule comme vraie dans toute retoudiie des 
tervalles plan4taire et gazeux, et pour les valeurs de B aussi grandes qu’on 
ut (p. 223). 

aere is again much indefinite discussion, and we conclude the memoir 
Lth the feeling of having made no real progress in understanding how 
r such a law as (i) will caiTy us in explaining intermolecular action, 
iae same form of force has been discussed by Saint- Venant and 
erthot; see our Art. 408. 

[872.] J. G. Macvicar, D.D. : An adaptation of the Philosophy of 
'ewton, Leibnitz and Boscovich to the Atomic Theory. Proceedings of 
,e Philosophical Society of Glasgow, Vol. iv., pp. 32-80. Glasgow, 
B60. This paper deals with atomic and molecular phenomena from 
le metaphysical standpoint. The remarks on elasticity (pp. 55-6) are 
nintelligible to me, and some critics might term them nonsense. 
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Section III 
Technical Researches 

Group A 

Treatises and Text-hooks dealing with the Strength of 
Materials from the Technical Standpoint 

[873] The decade with which we are dealing is marked by 
the publication of many works treating of the strength of 
materials and the theory of structures I cannot hope to have 
formed even an approximately complete list of works of this 
character, but it is probable that those I have considered in the 
following articles aie very fair representatives of their class and 
suflSce to indicate the progress of techmcal research and apphed 
elasticity 

[874] A work by G F Warr entitled Dynamics^ Equilibrium 
of Structures and the Strength of Materials was pubhshed in London m 
1851 Theie is an mteresting chapter, now of course quite out of date, 
on bridge structure (pp 117-232), and one on the strength of materials 
(pp 232-282), which contributes, however, nothing of value to the 
history of our subject 

[87 5 ] CL Moll and F Reuleaux Die Festigk&it dei Materialieny 
namentUch det Guss und Schmiedeisens {Besonderer Ahdruck aus der 
Constructionslehi e fur den Maschinenhau)^ Biaunschweig, 1853, 72 
pages This work is a synopsis of formulae rathei than a treatise It 
emphasises, however an impoitant principle, which has too often been 
forgotten by technical writeis, namely that the rupture strength of a 
material is not a true guide to its use m constiuction The authois 
adopt what they term a Coefficient der stabileii Festigheit as a measuie 
of the stress peimissible in a material This coefficient is based upon 
the elastic limit, but we are not told how the elastic limit is to be 
detei mined, while we know that within a ceitain range, it can safely 
be extended without injuring the material Foi cast non they take 
the elastic limit m compression double its magnitude in extension 
(7 5 kilogs pel sq millimetre), and they suggest that upon this result the 
best piactical section for a cast non beam ought to be based, and not 
upon Hodgkinson’s i esults as to lupture stiength see our Aits 243*-4*, 
176 and 951 

Wo may note that the lutliois appeal to ha\e had no conception of 
sheai or slide They take (S 65) the Di ehunys model (sic f) always - 
of the stietch modulus without any mention of aeolotiopy or multi 
constancy Fuithei their views on torsion and the resulting formulae 
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are completely erroneous (S. 12-13 and the footnote (!)) ; and, notwith- 
standing their assumption of uni-constancy, they treat all elastic bodies 
as built-up of ‘ fibres ’ (S. 2). Lastly they give copious values for the 
moments of inertia of various cross-sections. I have not tested all 
these, but some of them are certainly wrong and others inconsistent 
with the results given by later writers (e.g. xviii. S. 23). 

[876.] In the year 1853 was published the fifth volume of 
Morin’s Legom de mecaniqiie pratique, the first volume of which 
had appeared in 1846. This fifth volume forms the first edition 
of the well-known Rdsistance des materiauoc, a work which in several 
editions extending over a long course of years has had great in- 
fluence as a book of reference for students of technical elasticity^. 

A note giving an account of this work by Morin himself, will be 
found in the Gomptes rendus, Tome xxxvi., pp. 284-7. Paris, 1853. 
Morin states that his work is not intended as a complete treatise 
on the strength of materials; it is only the text of lectures 
delivered by him in the Conservatoire des Arts et MMiers during 
the years 1851-2. His object in the work has been to remove 
doubts which have arisen with regard to the ordinary theory of 
elasticity owing to its extension to problems lying outside its 
proper limits. Those limits, however, contain, he maintains, 
really all that is needful for most practical constructions : for it 
is not the absolute but the elastic strength of a material which 
ought to determine the proportions of any piece of it. 

A second edition of Morin’s Resistance des matdriaux appeared 
in 1856, and a note by Morin on its presentation to the Academic 
will be found in the Gomptes rendus, Tome XLIII., pp. 939-41. 
Paris, 1856. It is therein remarked that the additions made to 
the volume tend further to demonstrate the applicability of the 
ordinary theory to small strains. Thus by very careful measure- 
ments on the flexure of wooden, wrought-iron and cast-iron 
beams, Morin states, that he has demonstrated that the resistances 
to stretch and squeeze are ‘‘within the elastic limit” equal, i.e, 
that the stretch- and squeeze-moduli are initially equal : see, 
however, our Arts. 1411^ and 793. The difficulty here is to grasp 
the exact meaning of the term “ elastic limit.” Morin uses in 
one place (p. 940) the phrase “premieres flexions et celles que 
Ton peut sans danger admettre dans Ics constructions,” but this 
seems equally vague. 

^ The third edition in two volumes appeared in 1862. 
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[877 ] We cannot analyse all the separate editions of Morin 
work and must content ourselves therefore with some remarks o 
the first edition and a notice of additions in the last edition at 
later stage of our history A German translation of the fir 
edition undei the title Die Wider standsfahigheit dei Baumatei 
lalien will be found on S 196-264, Jahrgang xviir, and { 
194-343, Jahigang xix , of Forsteis AUgemeine Bauzeitung, Wiei 
1853 and 1854 The first part of this concludes with a biblic 
graphy of eailier works on elasticity and the strength of matenal 
having special reference to technic^ researches , most of the wori 
referred to will be found quite sufficiently dealt with in our fir 
volume 

[878] The Premihre Partie of Morin’s work is entitled 
Extens%on, and occupies pp 1-60 This section is veiy charac 
tenstic of his methods While G H Love (see our Arts 894-90 
exaggerates the discrepancies between theory and practice an 
would reduce elasticity to an empirical science, Morin on th 
other hand seems to me to disguise the real difficulties whic 
occur, and so to some extent his book tends to check that develoj 
ment of theory which mvariably follows when any discoi dance wit 
experience is clearly recognised He endeavours to leconcil 
the insufficient theory of Navier and Poncelet with the exper] 
mental conclusions of Hodgkinson, Fairbaim and others 

Thus he assumes (i) that for every given matenal the hmil 
of elasticity are absolute and not relative to the working, (ii) the 
perfect elasticity necessarily ceases with the pioportionality ( 
stress and strain (pp 2-3), (m) that the limit of safe stress fc 
practical purposes is this elastic limit (pp 3 and 7) On p 48 w 
have a table of absolute limits of elasticity and the correspondin 
safe charges for a great variety of materials Now to-day we ai 
certain that the limit of elasticity is relative to the working an 
previous loading of the individual specimen, and fuithei does n( 
necessarily connote proportionality of stress and strain (see oi 
Vol I Note D, p 891 and Art 796) Hence it is difficult 1 
consider Morin’s treatment of safe-loading as satisfactoi} Indec 
he himself remarks that furthei experiments on the elastic lim 
are needed and proposes to fall back on 1/10 of the lupture stie 
foi wood, stones ind cements and 1/6 of the niptuie stiess fi 
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etals as the safe permanent stress. He gives tables of stresses i 

lus calculated on pp. 54-6. j 

[879.] We may briefly note one or two other points in this first ] 

irt. I 

(a) On pp. 5-17 the results of experiments by Bornet, Ardant and * 

odgkinson for wrought- and cast-iron are given and stress-strain 1 

fcretch- traction) curves are plotted out (Plate I.). These are very ^ 

iluable and suggestive for the comparison of various types of hard I 

id soft iron, and their relative technical advantages. Compare our 
rts. 817* 983*-4* and 1408* et aeq. 

(h) On pp. 17-28 various elementary theoretical and empirical 
rmulae are given for cylindrical and spherical shells subjected to 
temal pressure. These are applied to numerical examples in the case 
■ boilers and hydraulic presses. Notably it is shown that the presses 
led to raise the tubes of the Britannia bridge were dangerously weak 
p. 25-7). -1 

(c) We may note here the formula adopted at that date by j 

le French Government for the thickness t of boilers of plate iron I 

mtemal diameter d, subjected to W atmospheres of internal pressure : 

T=-0018W<f.f003, j 

and T being measured in metres. j 

Here *003 is a constant introduced to allow for the wear of the 
aterial, and the safe tractive stress for plate iron is taken to be 
000,000 kilogs. per sq. metre. As the rapture traction of plate 
on equals about 30,000,000 kilogs. per sq. metre, and according to 
!orin we ought to take 1/6 of this for safe loading, the formula leaves 
considerable margin of safety. We refer to this formula here as it 
icurs in many French and even in German books of this period : see, 
r example, our Art. 1126. 

(d) On pp. 28-31 the experiments of Fairbairn and Clarke on plate 
on are considered. Morin seems to hold that Fairbairn’s results are 
sally correct for the better kind of plates, but this should be compared 
ith our Arts. 1497* and 902. He then passes to Fairbaim’s ex- 
jriments on rivets and cites his result that absolute tractive and 
learing strengths are practically equal: see our Arts. 1480* (ii) and 

199 *-1500*. He compares it with that of Gouin et Cie^, who found 
>r iron rivets the tractive and shearing strengths about 4000 and 

200 kilogs. per sq. centimetre respectively, or very nearly in the 
itio of 5/4, which is what the theory of uniconstant isotropy would 
Lve for the ratio of the corresponding fail limits in traction and 
lear: see our Arts. 5 (e), 185, and Yol. i., p. 877. 

^ The details of Gouin et Cie’s experiments were given in the Meinoires. de la 
octets des ingenieurs civUs, Ann^e 1852, pp. 155-7, Paris, 1852 ; see our Art. 1108. 
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(e) Aftei a resuyne of expeiiments on wood (&ee Wood, Index, 
Yol I ) Morm gives some details of experiments on the strength of 
iron cables by which it would appeal that the French navy at that 
date had cables considerably stiongei than those of the English navy 
(pp 42-7) I may note one point which seems to me suggestive In 
the experiments of Oaptam Brown the absolute strength of the iron 
employed to make the hnks of the cham cables was about 40 kilogs 
per sq mm , but the stiength of the chain cable was only 34 kilogs 
per sq mm or the ratio of the two = |-(l or nearly 5/4 But 

this by the preceding paragiaph is the latio of the shearing to the 
tractive strength in wrought iron Hence it appears to me that 
Brown’s cables weie possibly destroyed by sheanng and not tensile 
stiess see our Art 641 

(/) On p 49 Morin, reasoning, however, only from Weitheim’s 
experiments on mi/res, states that annealing does not effect the elasticity 
of iron and steel, but does that of copper, gold, platinum and silver 
He suggests, however, that this would not hold true foi larger masses of 
iron, as for example axles, kept at a moderately high temperature for a 
long period He believes that such masses would change from a soft 
and fibrous to a crystalline condition, and he cites an experiment of 
his own, where moderate nnd continuous annealmg during five months 
and twelve days produced this effect Hence he concludes that it is 
not advisable to anneal axles and othei large pieces of metal see 
our Arts 1295* 1463 *-4* 891 and 1070 

[g) On pp 57-60 Poncelet’s results for elastic and absolute 
resilience are reproduced (see oiu Arts 981*, 988 *-92*) These 
resiliences are the areas of the coirespondmg parts of the stiess 
strain curves It does not, howevei, seem to me true that be- 
cause the ruptuie lesihence of soft iron is greater than that of hard 
iron, the former ought to be employed for bodies like non cables, etc 
subjected to impulses Eepeated impulses with less resilience than 
the elastic resilience of a hard iron bar, but gieatei resilience than that 
of a soft non bar, would leave the former undamaged but weai the 
latter out It is only when the resilience of the impulse is likely to 
be greater than the elastic resilience of both hard and soft iron, that 
it IS advantageous to use the latter See on this point Cavalli’s lemarks 
cited in oui Arts 1085-9 

Further I must note that Morin’s method of equating the kinetic 
energy of a falling body to the total resilience of a bar does not seem 
to me to gi\e a true limit to the height from which the body may fall 
on the bar without destroying it It has first to be shown that the 
kinetic energy of the falling body will not be absorbed by one element 
of the bii, but be distiibuted throughout its volume This Moiin has 
not attempted to do The complete solution of any pioblem of lesili 
(nee IS one of gieat complexity see oui Aits 162-71, 401-7 and 
410-U 
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[880.] Tlie Deuxieme Fartie of the work is entitled : R^sistcmce des 
rps solides h la compression and occupies pp. 61-123. We may note 
iefly one or two points : 

(a) Pp. 61-76 deal with the resistance of wood. Morin compares 
e results obtained experimentally by Rondelet and Hodgkinson. 
Dndelet in his Traite de Vart de hdtir (see our Art. 696*) does not 
3 m to have distinguished between rupture by pure compression and 
ptiire by buckling. He gives a table of the following kind for 
)oden columns : 


atio of height to least dimen- 
sion of cross-section 

1 

12 

24 

36 

48 

60 

72 

Crushing Strengths 

1 

5/6 

1/2 

1/3 

1/6 

1/12 

1/24 


This is a purely empirical table and it would not be necessary to 
fer to it here, had not a recent writer apparently adopted these 
imbers for the crushing strengths of apparently all kinds of materiaP. 
Dviously a different kind of strain appears the moment the block 
comes long enough to buckle, and these numbers are at best only 
proximately true for the particular type of wood upon which 
Dndelet was experimenting. 

Hodgkinson on the other hand found for short blocks (height double 
e diameter) that the crushing load P was proportional to the area of 
oss-section, while for wooden sti'uts (see our Art. 965*) of length I 
id rectangular cross-section a x 6 (6 < a) he adopted a formula of the type 
= where A" is a constant depending on the material. Morin 

opts Hodgkinson’ s results in preference to Rondelet^s and gives the 
[lowing values for A, when a and b are measured in centimetres, and 
n decimetres : 

Strong oak : 2565. 

Weak oak : 1800. 

Eed and strong white deal and resinous pine : 2142. 

Weak white deal and yellow pine : 1600. 

For safe loading 1/10 of P may be taken (pp. 68 and 73). 

Obviously 100 A = crushing strength of a cube of the material of 
le centimetre side, or A equals crushing strength in kilogrammes 
iT sq. decimetre of such cubical blocks. The numbers we have cited can 
ily be treated as roughly approximate, for the crushing strength varies 
'eatly with the degree of moisture, age, etc. of the wood : see our 
.rts. 1312^-4^. 

^ F. Auerbach in the Handhuch der Physik (Dritte Ahtheilung of the Encyklo- 
'idie der Natui-wissenschaften), Bd. i., S. 312. 
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(h) Pp 76-89 give details of the experimental results of Rondelet, 
Clark and Yicat on the crushing strengths of stone, mortar, cement 
and brick see our Arts 696*, 1478* and 724*-30* Morin after 
citing at length Yicat^s results on the compression of cylinders and 
spheres between parallel tangent planes, and the pyramidal or conical 
surface of rupture remarks 

Les nombreuses observations que nous avons reoueilhes h. Metz, M Piobert 
et moi, sur la rupture des projectiles bns4s par le choc, ont montr4 que dans 
ce cas la rupture se fait d’une mani^re analogue, avec cette difference que le 
point choqu^ est le plus ordinairement le sommet d§pnm4 d’une pyramide h, 
cmq faces quand la vitesse du choc n’est pas trfes considerable, et qu’aux 
grandes vitesses cette pyramide se change en im cdne k generatnce curviligne, 
qui est presque toujours multiple ou forme de plusieurs autres c6nes conaxi 
ques, et dont Faxe diminue de longueur k mesure que la vitesse du choc 
augmente (p 81) 

Supposing we assume that the rupture surfaces are practically in 
close agreement with the surfaces of maximum elastic stretch I think 
an explanation of these extremely interesting conical and pyramidal 
rupture surfaces, to which I have frequently had to refei (see our 
Arts 730*, 949*, 1414* and 1446*), might be deduced by Hertz’s 
method of investigation {C^elUs Journal^ Bd 92, 1882, S 156-71) 

(c) Pp 90-100 deal with Hodgkmson’s experiments on cast-iron 
see our Arts 1410*-5* Morin adopts a mean value for the squeeze 
modulus, which does not seem to me justified by Hodgkinson’s lesults 
see our Art 1411* Pp 100-105 deal with wrought-iion and a com 
paiison of its action undei compression with that of cast iron Morin 
gives graphical repiesentations of Hodgkmson’s results Then follows 
a discussion of Hodgkmson’s experiments on cast-iron pillai*s (see oui 
Arts 9 54 *-65*), which are represented by numerical tables (pp 
108-9), moie easy to work from than Hodgkmson’s formulae, and also 
giaphically by cuives on Plates II figs 4 and 5, III figs 1 and 2 
Pp 115-23 deal by approximate methods with the compression in 
arched ribs Here a cncular nb is tieated as a parabolic arch and 

supposed to be loaded uniformly per foot-run of the horizontal choid, 

although Moim (p 116) speaks of the load as being often m great 

part due to the weight of the arch Thus Moim leally only deals 

with a part of the complete expression as woiked out by Biesse 
see oui Alt 525 A table on pp 118-9 gnes the compressne stiess 
m a numbei of existing aiches and ^uaducts in France on these 
assumptions 

[881 ] The Tooisieine Paohe on Flexion occupies pp 124-431, oi 
embraces the bulk of the volume 

{a) After some general remarks on the expeiiments of Duhimel 
du Monceaux, Dupin, Duleau, Hodgkinson, etc, vhich lie liolds tend 
to confirm the custom xiy axioms of the Bernoulli Euleiixu thcoiy, 
Moim piocceds with i slight histone d pufact (]>p 140 4) tode\tlo]>e 
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that tlieory in the usual manner. The usual problems are solved and 
the fail-limit or safe load for a beam is deduced from the formula for 
the bending moment (see our Art. 173). 


•w'here is taken as a quantity to be determined by flexure experi- 
ments and not to be assumed from pure tensile results. Morin gives a 
table of its values for different materials on p. 169, but he does not 
note that it is part of the ^paradox in the theory of beams’ that it 
varies from one form of section to another : see our Arts. 173 and 930. 
Besides the fact that in a great variety of special cases the deflection of 
simple beams is worked out, there is nothing calling for special notice 
in the whole of these pages (pp. 138-232). 

(h) Morin next proceeds to apply these theoretical results to the 
experimental determinations of the elasticity and strength of wood 
made by Barlow (see our Art. 188*), and of cast-iron made by several 
English Engineers for the Report of the Irori^Commissioners (see our 
Art. 1406*). In the latter case Morin concludes that the flexure of 
cast-iron for all practical purposes obeys closely enough the laws of 
the Bemoulli-Eulerian theory (p. 268), but I hardly think the facts 
warrant this conclusion. He next deals with rolled and plate iron 
girders, considering especially a great variety of T and double-T beams 
(pp. 269-90). Next w-e have a long account of the theory and con- 
struction of tubular bridges in plate-iron, with details of Fairbairn’s 
experiments (pp. 290-322) : see our Arts. 1465* et seq. Then follow 
descriptions of a girder in plate-iron designed by Brunei, of the ex- 
periments of James and Galton on travelling loads, and remarks on 
the alteration of structure in axles by Marcoux^ and Arnoux^: see our 
Arts. 1417* and 1463 *-4*. 

(c) The remaining portion of the Troisieme Fartie, namely pp. 
354-431, is devoted to a discussion of roof trusses (chaipentes) in 
wood and iron. The theory employed is analytical, and appeals only to 
the elementary principles of statics combined with the Bernoulli- 
Eulerian theory of beams. Morin cites Ardant’s results (p. 361 etc. : 
see Addenda to our Vol. i., pp. 5-10), and gives formulae and tables 
which might possibly be still of service in the design of roof-trusses. 
The only articles which call for special notices are g§ 324-6, which 
deal with the first experiments ever made, I believe, to tost the 
stresses calculated for the members of a frame. In these experiments 
Morin was assisted by Tresca and Kaulek. The tie rods to be tested 

Marcoux considered that axles were weakened by prolonged vibration, but tliat 
they did not change their structure from fibrous to ci’ystalline (p. 350). 

2 Arnoux considered that axles were weakened by prolonged service and tliat 
there was a structural change (p. 353). 
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were replaced by chains containing dynamometers, and the chains were 
carefully screwed up to the ongmal length of the replaced tie rod. 
The stresses measured by the dynamometers agreed with the lesults 
of calculation to a degiee sufficiently accurate foi practical purposes, — 
in all cases but one with less than 6 pc difference and often with 
considerably less (pp 396-400) 

[882 ] The Quatr'veme Part%e is entitled Torsion and occupies 
pp 432-53 The statement on pp 432-3, that the absolute dis 
placements aie proportional to the distances of the displaced elements 
from the axis of the prism under torsion, is only true for pi isms of 
circular cross section, and the application of Coulomb’s theory to bars of 
lectangulai cross-section (p 438) is of couise mcoirect. Some expen 
ments on the lesistance of cast-iron shafting to torsion made at 
Mulhausen and some others made by Carilhon in Pans are cited on 
pp 444-51, but the theory given of rupture by torsion (p 448) seems 
to me obscuie if not erroneous, and this portion of the work is not 
satisfactory 

Considering the date at which the woik was published, it was ex- 
tremely good of itb kind, although Love’s book is in many points 
of more practical service It has in later editions progressed with 
the advance of technical elasticity and we shall have occasion to refei 
to it again 

[883] H Tellkampf Die Theone de) Hangehruclen m%t 
besonderer Rucksicht au f deren Amuendun g Hannover, 1856 This 
IS a useful resumd in 120 pages of the theory of suspension bndges 
from the practical side Attention may be drawn to the Seclistes 
Kapitel entitled Oscillationen dey Hangehi'iickeyi, S 99-114, 
which developes vaiious, not absolutely ngid, theoiies of impact 
We may note especially § 49 (S 107-12), which applies a theory 
of impact similar to that of Hodgkinson, Cox and Saint-Tenant 
to the case of a weight falling on the centre of a suspension 
chain This may be taken as an example of a theoiy, which if 
somewhat hypothetical still gives lesiilts piobably accurate enough 
in piactice see oui Arts 943^, 1434"^, and compaie with Aits 
366-71 

[884 ] We aie justified m assei ting that the peiiod w itli w Inch 
we aie dexhng in this chaptei maiks a gieat impiovement iii the 
type of text-books foi piactical technologists and students Notabl} 
in this lespect we owe much to J Weisbach, Moiin and J M Ran- 
kine The fiist edition ot Weisbach’s In genie ay -Meclfuml appealed 
in 1846, llit sieond in 1S50 the tlmd nnd fonith in 18)6 ind 
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1863 respectively. Polish, Swedish, Eussian, English and American 
translations have appeared. E. B. Ooxe’s translation of the fourth 
edition (Triibner, 1877) is the form most accessible to English 
readers. Section iv. and the Appendix deal with a number of 
elastic problems and profess in the fourth edition to incorporate the 
then recent book of Lamd, Eankine and Bresse. An interesting 
sign of the progress of our science is the continual remodelling of 
these portions of the book in successive editions. While the work 
shows greater advance over the earlier text-books on the strength 
of materials and while some points of it might even be of service 
to-day, it must nevertheless be read with caution. In the English 
edition of 1877 we still find an unsatisfactory and even erroneous 
treatment of flexure, torsion and of the theory of struts, while 
the theory of combined stress exhibits the same errors as 
Weisbach’s earlier memoir on that subject : see our Art. 1377*-8*. 
Further, contrary to Weisbach’s opinion, Kupffers experiments 
show that the stretch-modulus can be found with some degree of 
accuracy from transverse vibrations by means of the formula cited 
in § 5 of the Appendix. The book so far as our subject is con- 
cerned is entirely replaced on the theoretical side by Grashof’s 
text-hook; neither of them can, however, be considered satisfactory 
from the physico-technical side. An account of Weisbach’s labours 
is given by Eiihlmann : Vortrdge ilher Oeschichte der teclinischen 
Mechanih, 1885, S. 415—24. 

Other German text-books of this period, to which I have found 
frequent reference in memoirs dealing with the strength of 
materials, are discussed in the three following articles. 

[885.] G. Eebhann : Theorie der Holz- und Eisen-Constructionen 
mit hesonderer Ritchsicht auf das Bauwesen. Wien, 1856. This is a 
text-book of technical elasticity and bridge-construction containing 
xiv -1- 602 pages. It was probably a serviceable stiidents’ work at the 
time it was written but it embraces nothing, 1 think, of permanent or 
historical importance. 

[886.] H. Schefher : Theorie der Gewolhe^ Futtermauern und 
eisernen Britcken. Braunschweig, 1857 (454 pages and xvin. plates). 
So far as this work deals with masonry sti'uctures it may be considered 
to lie entirely outside our field as it does not appeal to any elastic 
principles, i.e. any relation between stress and strain. S. 375-454 
deal with the Theorie der eisernen Bruchen, They are, however, 
-■i-u nrovlpr^. and with a few cases of con- 
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tmuous beams They present no particulai grace of method and no 
originality of lesult, at least, so far as a cursory examination of this and 
a moie thoiough acquaintance with other writings of the same engmeer 
allow me to judge 

[887 ] Fr Laissle and Ad Schubler Der Bau der BrmkentrageT 
rmt wissemchafthcJier Begrundung deo gegehenen Begeln uad nut 
hesondeter Rucksicht auf die oieuesten Aus/iiIiTungen Stuttgart, 1857 

I have been unable to find a copy of a second edition of this work, 
but there appears to have been an edition or issue of a somewhat similar 
work by these authors published in 1869 and 1870, of which I have 
seen a French tianslation entitled Gcdcul et Construction des pouts 
m^talhques, Biuxelles, (1871?) The later work is veiy much more 
extensive than that of 1857, mvolving about 600 pages in two volumes 
with numerous plates, while the former has only 156 pages and four 
plates 

[888 ] The authors in their preface state that the oidinary theoiy 
of beams due to Navier has not pioved itself mconect but rather in- 
complete, and that their object is to supplement rather than replace 
it — wir haben hiebei strong den Gmig de^ Wisseujschaft beibelwUen 
They refer especially to the woik of Schwedler (see our Arts 1004-5) as 
havmg been of special service to them They also mention the woiks 
of Eebhann and Scheffler (see our Arts 885-6) as having appealed 
while their work was in course of preparation 


[889 ] There is little deseivmg of note m the present day m the 
book The statement on S 7 is of couise erroneous, the moment of the 
tractions in the longitudinal fibres of a beam about the neutial axis, as 
well as the total shear in a cioss section, were certainly not lirst 
mtioduced by Schwedler m 1851, although he may haie been the hist 
to use the symbols 3 {Xy) and ^(F) for them Noi was Schwedler, I 
think, the first to show that the slope of the beiidmg moment cui\e is 


the total sheai 


symbols ^^^^^ = 5(F)| , or that pomts of zero 


total shear are points of maximum bending moment, but our authois 


seem to think so on S 9 


The discussions on sheai mg stress and the lesolution of sti esses on 
S 18-25 aie all old woik, and the foimei only a rough appioximatioii 
at best The treatment of the buckling load of stints on S 25-7 
follows Schwaiz’s woik and is as obscuie as the original see oui Ait 
956 The general discussions on simple and contmuous beams, and on 
plate and lattice gliders aie leproduetions of the i exults published m 
vaiious ai tides in the Civilingenieu) ^ Eihkiwib Zedbclmjt and the 
journals of the Geiinan and the Austiian Iny^^umn Veieiue to vhieli 
we have diawn elsewhere sufficient attention The book denotes pio 
mess in Germany m the theory of budges but it is in no wa\ supeiioi 
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to the works of Bresse, Morin or Love, published about the same time 
in France. It was favourably reviewed by Grashof in the Zeitschrift 
des Vereins deutscher Ingenieure, 1858, S. 312-21. 

[890.] L. Molinos and C. Pronnier : Traiti theoriqice et pratique de 
la construction des ponts mUalliques, Paris, 1857. The text is in 
quarto and contains viii + 340 pages ; there is also an atlas of plates 
in folio. This is an extremely well got-up work dealing with the 
practical side of bridge-structure. The early chapters, containing ex- 
perimental details and theoretical investigations of flexure and bending 
moment in simple and continuous beams, are chiefly based on the 
researches of Hodgkinson, Fairbairn, the Iron-Commission, Clapeyron 
and Belanger. The practical labours of Stephenson, Brunei and 
Cowper, as well as the numerous English and French researches on 
riveting receive ample attention. Indeed the book presents the best 
historical picture of the state of bridge construction in 1857, both from 
the mechanical and theoretical sides, that I have come across. A number 
of cases of continuous beams will be found worked out with practical 
applications on pp. 253-78, and the comparative criticism of the various 
types of metal bridges with which the work closes might possibly be 
still of service. The book is certainly pleasant reading after the 
laboriously written and poorly printed treatises to which we have re- 
ferred in the immediately preceding articles. 

[891.] The Useful Metals and their Alloys: Orr'^s Circle of the 
Industrial Arts^ London, 1857. This book is the joint production of J. 
Scoffern, W. Fairbairn, W. Truran and others. Chapters Xil.-XXIII. 
deal with iron and steel and structures made from them, and present a 
fairly complete picture of the current knowledge with regard to them at 
that time. We may note a few points of the work ; 

{a) Chapter XII. entitled : The strength and oth&r properties of 
Cast Iron (pp. 210-19) gives details of the various influences which 
alter the tenacity of cast-iron. Thus the tenacities of cast-iron prepared 
with cold and hot blast respectively are nearly as 1 : *8; remeltings 
increasing the density will increase the tensile strength 2 to 3 times ; 
maintaining the iron in fusion, which has much the same influence, 
will also nearly double the tensile strength (p. 215); casting ‘under 
a head,’ rapidity of cooling, etc. which increase the density, produce 
increase of strength. 

(b) Chapter XIII. (pp. 220-251) and Chapter XIV. (pp. 252-G9) 
giving accounts of the ])reparation of wrought-iron and of ‘Eecently 
patented refining processes' (notably the Bessemer, 1856) can ])o still 
read with interest, especially by those who wish to understand how it 
is possible for the processes of working to produce such totally difibrent 
physical characteristics as occur in the various types of iron. 

/A XV. is entitled: Metals which alloy with iron Cm. 
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270-309) j it IS devoted lather to tlieir chemical constitution than to 
their elastic properties 

(d) Chapter XVI is entitled On wi ought iron %n large masses 
(pp 310-33), and is principally occupied with the effect of various 
methods of woikmg on the tenacity and ductility of wiought-iron 
intended for ordnance see our Arts 879 (/), and 1065-7 Chapter 
XIX deals with the subject of cast-iron for ordnance (pp 385-397) 

(e) Chapteis XYII {Steel 7nanufacture) and XVIII {Application 
of steel ), pp 334:-84, discuss the processes of making steel (including 
the then lecently mtroduced patent processes of Heath, Bessemer, 
Uchatius, etc ) and especially treat of the vaiymg physical charactei 
istics due to diffeience of chemical constitution or to working 

(/) Chapters XXI -XXIII deal with the application of cast- 
and wrought-iron to various t^pes of structuies Pp 410-33 form a 
piactical tleatise on the strength of various types of beams , pp 433-41 
deal with iron floors and roofs with considerable detail as to strength 
and cost, pp 442-66 treat of girders and bridges foi i ail ways, etc 
with a rhume of the experiments of Fairbaim, Hodgkmson and others 
on tubular budges as well is details of stiength, pp 467-78 are 
occupied with the application of non to shipbuilding, and give a resume 
of Fairbaim’s experiments on rivets and plates 

It will be seen from this brief account of the contents that the book 
IS calculated to give the readei a very fan knowledge of the condition 
of applied elasticity in 1857 Novelty in lesults is of couise not to be 
expected in a woik of this kind 

[892] A woik by E Roffiaen entitled Tiaite theo'iique et 
p'latique sur la rebistance des maieiiaux^ 1858, might possibly contain 
some contribution to oui subject from the technical side, but I ha\e 
been unable to find a copy see howevei oui Art 925 

[893 ] J B Belangei Theoi le de la Resistance et de la Flexion plane 
des Solides Pans, 1858 The fust edition of this book, a lepuiit of 
lectuies at the Fcole cent^ale des Aits, contains 104 pages The second 
issued 111 1862 and somewhat augmented and modified contains xii 
148 pages My refeiences will be to the pages of the second edition as 
the moie accessible 

Chapteis I and II of the book deal with pine tiiction and toision, 
the lattei by the old erioneous theoiy, and offei nothing of note 
Chapteis III to VI aie occupied with the di'scussioii ot flexuit on the 
Bernoulli Eulc iian hjpothcsis In the last of these Chipteis ^nlous 
cases of continuous btnns iie woiked out vith some detail, and on p 07 
Clapey roll's Theorem of the thiec moments is giieii foi the case of 
unitoim loading, the two spans ha\mg imequil flexui il iigidit\ ind the 
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supports not being on the same level. In the notation oi oxir Art. 607 
the theorem then takes the form 


4-^J/i + 8 



^2 


PiV 


-24 


V k 


k 


where and are the flexural rigidities and 2 / 2 , 

2/8 the heights of the three points of support corresponding to the two 
spans. 

Both simple and continuous beams are dealt with analytically, and 
their treatment presents no novelty of method. Very simple geo- 
metrical proofs based on Mohr’s theorem might be given for most of the 
results stated in these pages. 

Chapter VII. modifies the previously given theory of fiexure by 
introducing Jouravski’s treatment of slide (see our Art. 183 (a)). Chapter 
YIII. deals on the old lines with solids of equal resistance and Chapter 
IX. discusses struts without throwing any new light on that difficult 
subject. Chapter X. treats some simple cases of beams braced by 
tie-rods j Chapter XI. contains a very insufficient treatment of arched 
ribs, while the last Chapter XII. after an elementary treatment of the 
problem of the indefinitely thin right cylindrical shell, practically 
reproduces Bresse’s treatment of a slightly elliptic flue; see our 
Art. 537. 

It is somewhat remarkable that a book certainly not standing at 
the level of then existing knowledge should have reached a second 
edition ; still more noteworthy that reference to it should be met with 
at the present day. 


[894.] G. H. Love : Des diverses Resistances et autres Frop^ietes 
de la Fonte, du Fer et de VAder et de Vemploi de ces m4taux dans 
les constructions, Paris, 1859. This work contains xxxi -}- 357 
pages. It contributed largely in its day to a knowledge of the 
physical properties of cast-iron and steel, and forms the opposite 
pole in technical literature to Morin’s book published in 1853. 
Morin attempted to show that the Bernoulli-Eulerian theory 
suffices in practical elasticity, Love tried to discredit it altogether. 
The mean of these views is probably nearer the truth ; there arc 
many phenomena of great practical importance, which cannot be 
explained by existing mathematical theories, while on the other 
hand these theories used with proper limitations are capable of being 
made of great service in directions not hitherto considered. To 
those who wish to ascertain the exact results of the technical 
experiments conducted in the preceding decade, Love’s book will 

^ anororpcti vpnPGQ 
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[895] After a copious Table des Matieres (pp v-xxiu), the 
book opens with an Introduotioii (pp xxv-xxxi) m which the 
author refers to a first pubhcation of his work in 1852^ and 
explains why at that time he depended upon English expen- 
ments for so much of his data. In the present volume he takes 
due account of recent French woik He pays, however, a high 
compliment to Hodgkinson on pp xxvi-xxvu 

Aussi longtemps que I’emploi du fer fut restreint aux anciens usages, 
ou que Tindustrie n^eprouva qu’un mouvement graduel et model e, 
personne ne songea a constatei Pinsuffisauce des anciennes donnees 
piatiques et a verifier le plus ou moms d’exactitude des formules 
foumies pai la Theorie Mais a peme rmdustne des chemins de fer 
prenait elle naissance en donnant uue grande extension k Temploi de la 
fonte, que M Hodgkmson commenga ses essais sur cet utile metal 
Experimentateur consciencieux, il rejeta toute idee piecongue, comme 
celle de la hmite d'HosUcite, de nature a limiter le cadre de ses 
experiences, et, par suite, k donnei des notions mcompl^tes ou mexactes 
sur les propri6tes de la fonte II pensa, sans doute, dans sa probite 
scientifique, qu’il n’avait pas le droit de presenter des experiences 
tronqu^es comme celles que nous avaient leguees la plupart de ses 
pied^cesseurs, pour venir en aide h la Throne Son but, plus sage, plus 
utile, etait de faire connaitre les propiiet^s du metal aussi completement 
que possible, ce h quoi il ne pouvait aniver ^videmment qu’en poussant, 
dans tons les cas, ses essais jusqu’d. la rupture, au heu de les arretei, 
comme les auties expenmentateurs, en des points variant avec Tima 
gmation ou la fantai&ie particuMre de chacun Le lesultat le plus 
saillant de ces essais faits sui une ties giande echelle et jusques en ces 
derniers temps, fut un dementi donne a la hniite de Velast%c%te M 
Hodgkinson d^montia, en effet, qu’il n’existait, poui la fonte, aucun 
pomt fixe ou Telasticite commengait a s’ alter er, que cette alteration se 
piodiusait sous les plus petites charges, pour le fei comme pour la fonte 

This paragiaph expresses concisely Love’s view and the nature 
of his attack on the theorists If theie be no limit of elasticity, 
there can be no truth in the ordinary theory, he argues, and thus 
elasticity becomes a purely empirical science 

[896 ] Lime Premier of the work is entitled Du Jei, de la Jonte, 
et de Vacier boumib a des efforts de t) action, and its first chap ter is 
devoted to the extension of thebe metals (pp 1-67) In this chaptei 
(pp 2-3) Love states the general conclusions of the old theory, perhaps 

^ I suppose this to refer to the inemoii hesi'^tance da te) tt dt la fontt hasee 
pi iiicipalmicnt t>ut 1(6 uchuclus cipei unaitideb hb plu', en AnqUienL 

or possibly to a reprint of it It was published in the Memoin dt la *^<Kiet( des 
liKjciiituib (^iLils, mnee 18ol pp 103-272 Pdiis, 18ol 
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a little too unfavourably, and then formulates the following proposi- 
tions in opposition to them, propositions which give the key-note to his 
book (pp. 3-5) : 

(i) La proportionality entre PaUongement et la charge n’existe pas pour 
lafonte d’une mani^re absolue, et pour lefer doux cette loi ne pent s'affirmer 
en gyn^ral que pour les charges comprises entre z^ro et la moitid de celle qui 
produirait la rupture instantanye. 

Does Love here mean (a) that cast-iron cannot be reduced to a state 
of ease, or (&) that if it can be, there is not direct proportionality of 
stress and strain ? Would a cast-iron tuning fork give no note ? 

(ii) Un allongement permanent se manifeste sous les plus petites charges, 
et le point oh les allongements croissent beaucoup plus vite que ces charges 
est tr^s variable, m^me dans les fers de m^me provenance. Par consyquent 
la limite d’yiasticity, en tant qu’elle existe, n’a pas le caract^re defini qu’on 
lui a attribuy, et perd forcyment toute importance aux yeux du praticien. 

The state of ease would here again be an important factor. 

(iii) Sous la m^me charge la fonte s’allonge beaucoup plus que le fer. 

This is stated because certain engineers had held the reverse to be 
true^j Love’s statement would certainly follow for the state of ease 
from the greater value of the stretch-modulus of wrought-iron. 

(iv) Les ycarts considyrables de rysistance observys sur les ychantillons 
de fer ou de fonte de m6me calibre, mais de provenances diverses, ne 
permettent en aucune fa^on de compter sui* une moyeiine de re'sistance. 11 en 
resulte que lorsqu’on ne connait pas la resistance particulifero du metal dont 
on dispose, la prudence conseille d’adopter le taux minimum de rysistance 
fourni par I’observation. 

This is only an argument in favour of establishing testing labora- 
tories independent of the manufacturers, possibly as government 
institutions. 

(v) Le fer et la fonte, soustraits aux chocs ou aux vibrations, supportent 
indefiniment les charges los plus voisines de cellos capables do i>roduiro la 
rupture imtantan4e. 

That this is highly questionable follows from the experiments 
of Wohler and others : see our Arts. 991, 992 and 997, etc. Most 
ordnance makers and users would certainly be glad if it were true ! 

(vi) Les formules tiroes do la thdorie en vigucur ne pouvent otre 
appliquees avec quelque security qii’a^ahs avoir subi dcs transformations 
importantes. 

The legitimate application depends entirely on the limits within 
which the formulae are ajiplied and on various moditicatioiis wliicli 
may be made in the definitions of the quantities involved. 


^ Love writes: L’opinion coutraire s’est generalement accreditee chez les 
„ /f+v, ^ o\ Ra not. however, cite examples. 
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[897 ] The majoi part of this hr&t chapter is occupied with details 
of the experiments of Hodgkmson (see our Arts. 969* 141 P-1 2*, 
1449*, etc), of Boruet (see our Art 817*), of Yicat (see our Arts 
721*-36*), of Leblanc (see our Art 936*), and of the more recent 
French experimenters on steel, Gouin and Lavalley, Jackson, Petin and 
Gaudet, and Tenbrmck, whose results appear to be published in Love’s 
work for the fiist time 

Love adopts Hodgkmson’s formula for cast-iron see our Art 1411* 
He admits a proportionality of stress and strain for a hrst stage of the 
elastic hfe of wiought-iion and steel, and he gives a formula for iron 
wiie or cable (pp 61-3) which is based upon the fact that such a wiie 
only becomes straight undei a dehnite load, the wire or cable itselt 
always being manufactured under an initial traction Tins practically 
consists in adding to the stietch modulus the constant ti action under 
which the cable was manufactuied (see, however, our Art 241) It 
seems to me that this traction would form an mdefimtely small part of 
the stretch modulus (ne 300 to 1158240 m the example on p 62 >) 
and might well be neglected The leal point, I thmk, to be noted 
IS that no stretch traction relation would hold till the applied traction 
reached the constant traction under which the cable h^ been manu 
factured 

[898 ] IToting the discordance between various observers’ results 
on extension Love remarks 

que, dans I’etat actuel des choses, ce que Ton possede sur I’allongement 
des metaux usuels laisse enormement k desirei et que des lenseiguemeutb 
plus precis seront di&ciles k obtenir landis, qiiau contraue, les faits de 
lupture presentent iiue Constance sur laquelle on peut se reposei a\eo 
scorn ite , qii’ils ne pen vent, dans leiu interpietation, laisser de prise a 
Tinvention ou k I’lmagination comme les allongements Car il est evident 
que si deux expt^nmentateurs peuvent diflerei bin la question de ba^on si, 
k un moment donn^, mie barre a attemt, sous une certaine chaige, son degro 
dctinitif d’allongement, il est impossible qu’ils ne tonibent pas daccoid 
immcniiatement sur un fait aussi tranche, aiissi brutii que celui de luptmc 
D’ailleuis les experiences sur la rupture etant les plus simples et plus faciles, 
tout fait une loi de fixer cette phase de la lesistance des solides, comme le 
point de depart, la seule base de toute formule pratique de lesistance 
(pp 58-59) 

To the last sentence we can only put a veiy large queiy, but the 
hrst sentences expiess a veiy real and oft neglected expeiimental 
difficulty 

[899] Chapter II (pp 68-93) of Love’s woik is devoted to the 
ibsolute stiength of cast non The autlioi commences b^ citing lied 
gold’s extraordiiiaiy statements on the ilisolute stiength of cist non 
[Practical bsay on tla btiPiiyth oj Uabt non , p 232, Edn 4) due to tlie 
‘paradox in the theory (see our Aits 999^*" uul 178), ind then })iocec(ls 
to analyse the early expeiiinents of Minaidaiid Oesoinies and ot Ilodg 
kmson (see our Aits 940*, 966* and 1408*^) iliese aie followed 
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by details of experiments on French cast-iron, in most cases here 
published for the first time. Love repudiates any mean value for the 
absolute strength of cast-iron (p. 74), and considers that it must be 
determined de now for each particular sort. 


[900.] Chapter III. (pp. 94-135) deals with various cast-iron 
structures, as tubes, cylinders, hydraulic presses etc., in which Love 
supposes the principal stress to be tractive. Love gives an interesting 
r^smnJe of the various empirical formulae for cast-iron pipes. He 
objects to such formulae on the ground that they do not allow 
sufficient play for the variation in strength of the metal employed, but 
concludes by adding a new formula of his own. Let t be the thickness 
in centimetres of the pipe, N the number of atmospheres of internal 
pressure, T the absolute strength in kilogs. per sq. centimetre, D the 
diameter in centimetres \ then Love puts (p. 102) : 


ioND 

2T 


+ •7. 


Morin in his Resista/nce dea mateHomx puts : 

T=-85 + *00238iPi>. 

It might seem that Love’s formula must be better than Morin’s 
which takes no account of possible differences in the value of T, but 
as Love determines his constant term (*7) for a particular kind of iron 
from the Fourchambault foundry the advantage is not so obvious. 
His formula gives far less thicknesses in all cases than any of the 
other fomiulae then in use, and thus certainly does not err on the side 
of safety ; see the Table of comparative results p. 103. The reason 
of this divergence is that Love takes for his formula a less factor of 
safety (about 6), and allows less (*7 instead of *85 or even 1) for the 
wear and tear of the surfaces of the pipe. 

Pp. 113-7 of this section of the work are devoted to tubes as used 
for the foundations (piers) of bridges. 

For the cylinders of steam-engines Love retains the above formula, 
increasing, however, the constant term *7 to 1*5 centimetres, as he 
considers there is greater wear. He compares results calculated from 
this formula with those given by other formulae (pp. 117-20). 


[901.] The remainder of the chapter is devoted to the discussion of 
hydraulic presses. 

Love adopts again the same formula as for pipes, only, having 
regard to the thicknesses with which we have to deal in such cases, he 
now neglects the constant *7. He cites also formulae of Barlow and 
Redtenbacher (pp. 121-2). It is strange that these formulae, based on 
no theory whatever, should have retained their places in the text-books 
so long after Lame’s investigations (see our Arts. 1013* and 1038*). 
TiOVft fhacusses at some length the hvdraulic presses used for raising 



902 — 903 ] 


LOVE 


621 


the tubes of the Britannia Budge (see our Ait 1474*") and the 
dimensions and presumed strength of vaiions other presses in practical 
use (pp 123-37) 

[902 ] Chapter IV (pp 138-87) is entitled Resistance finale cb 
la rupticre 2 :)ar U action du Jet et de Vaciet It cites the expeiiments on 
bars of iron of Bondelet, Duleau, Martin, Brunei, Tenbrmck, etc (see 
our Arts 696*, 226*, 817*), and gives in a fairly concise form their 
results as to absolute strength, final stretch, stricture, temperature of 
the section of ruptuie and the nature of the ruptui e-surface (pp 138- 
50) The experiments of Seguin, Leblanc and Dufoui on non wire (see 
our Arts 984*, 936* and 692*) are then discussed (pp 150-9) Love 
shows that if the absolute strength be plotted up to the area of the 
cross section we obtam a curve with several maxima of strength, which 
maxima themselves appear to lie on a legulai curve Such a curve 
would piobably depend very much on the preparation of the wire, and 
Love himself is compelled to conclude that the tenacity of each special 
make of wire ought to be mdependently determmed (p 157) 

He then turns to iron plate and cites the experiments of Navier 
(see our Art 275*), Clark and of Lavalley, those of the latter bemg 
here published for the first tune Finally we have a brief refeience 
to Fairbairn’s results (see our Art 1497*) Love considers that these 
only show that non plate can be prepared by special processes to be 
equally strong in and across the direction of the rolling^, but they do 
not invahdate the conclusion of other experimenters that the absolute 
strength and the ultimate extension are considerably less perpendiculai 
than parallel to the ‘ fibres ’ After some few pages on the absolute 
stiength of various special kmds of iron Love discusses the lesistance 
of steel to ti action (pp 176-87) He publishes for the first time 
experimental results due to Tenbrmck and Lavalley The discussion 
IS solely of pmctical value and has special reference to the kmd of steel 
produced at that date 

[903] Chapter V (pp 188-212) is entitled De la tesistance d 
la rupture par traction de la tdle assemhlee pat des rivets et acces 
soirement de la tesistance des rnets au cisaillement Love cites the 
experiments made for the tubulai budges (see oiu Aits 1480*-2*) 
on the proportion of riveting stiength due to shearing strength and 
fiiction iespecti\ely, and consideis the amount of confiiniation Claik’s 
results leceive from expeiiments made foi MM Gouin et Cie Both 
sets of experiments go to show that the additional stiength due to the 
fiiction pioduced on the cooling of the met is from 1200 to 1300 kilog 
per sq centimetie of the section of the iivet (p 191) On the other 
hand while Claik found the absolute shearing stiength of met non 
only 2/3 the absolute tractive stiength, La\alle) deteimined it at 3/4 

^ II siilliiait paiait il do cioisei les mises dn paquet au lieu de les phcti dans 
le mtnio sens (p 171) 
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Love adopts Clark's value ; if we suppose uniconstant linear elasticity 
to kold up to rupture we should have the ratio equal to 4/5 : see our 
Yol. I., p. 877. The remainder of the chapter forms an interesting 
practical discussion on the various modes of riveting and the resulting 
theoretical and experimental strengths. 

[904.] Chapter YL (pp. 213-338) is entitled : Application du fer 
et de Vacier sous l&ms dimrses- formes auoc appareils et conslmctions 
usites dans Vmdustrie, This chapter consists entirely of practical 
applications, and the small amount of theory applied is often of a rather 
dubious character (e.g. pp. 214, 217 etc.). The topics dealt with are : 
riveted boilers (pp. 213-25), water pipes of plate iron (pp. 225-32), 
water reservoirs of plate iron (pp. 232-42), iron chain- cables (invented by 
Captain Brown ^ and first used by him on board the Penelope^ ISll), the 
best form of link for chains and the few details known of their strength 
(pp. 242-75), and lastly the cables of iron wire and bar-iron for suspen- 
sion bridges with a lengthy discussion of the various applications of 
such bridges, the strength of their various parts, their advantages 
and dangers (pp. 275-338) ^ 

[905.] The final chapter (pp. 339-57) of Love's work is entitled : 
De certaines resistances du fer et de la fonts se rapprochant plus par- 
timliereinent de la resistance d la rupture par traction. This is devoted 
to such subjects as the strength of screws under a traction which does 
not turn them (pp. 340-3), so that rupture is produced by shearing 
ojSP the thread, on punching (pp. 343-5), on the resistance of iron and 
steel to torsion (pp. 345-51), and on the strength of railway axles and 
their journals (pp. 351-7). Several of these matters are treated with 
greater detail and more exact theory in other works of this period : see 
our Arts. 966-7, 1043, 1049, 957-9 and 988-1003. 

The work concludes with an appendix giving sheets prepared with 
blank columns for various details on the local preparation and strength 
of the ditferent kinds of metals : these were to be filled in by experi- 
menters and returned to the author. 

In conclusion we may remai'k that the book was distinctly the best 
practical treatise on the strength of non and steel produced in the years 
1850-60, and that even to the present day it may be consulted on some 
points with advantage. 

[906.] W. Fairbairn ; Useful In forinaiion for Engineers. The 
first edition of the First Series appeared in 1855 and a fifth edition 
of this series in 1874, the first edition of the Second Series in 1860, 

^ For the history of chain cables : see Transactwm of the Institution of Naval 
Architects^ Vol. i., pp. ICO — 70. London, 18G0. 

2 The first suspension bridge was built in America by James Finley at Jacob’s 
Creek in the year 1796 ; the first in Great Britain was clue to Samuel Brown and 
crossed the Tweed at Berwick, being built in the year 1819 ; and the first in France 
WAS due to S6euin ainc and dates from 1821. 
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and a second edition in 1867, the first edition of the Third Seizes 
m 1866 Our references will be in each case to the pages of 
the last edition mentioned The work consists of reprints of 
Fairbairn*s onginal researches, and of more popular articles and 
lectuies by him It has played a considerable part in developing 
a more rational scientific education for engineers 

[907 ] In the First Series, Lecture II deals in a popular manner 
with the strength of boileis (pp 28-53) and Lectuies YI (pp 127-153) 
and YII (pp 154-7) have further details of the strength of the 
materials used m boilei construction Lecture X is a popular account 
of the strength of the material used m non ship buildmg In the 
Appendix ls a reprint of Fairbaun’s Royal Society paper on the strength 
of wi ought-iron plates see our Arts 1495’*^-! 503* 

[908 ] The only other pait of this Senes which needs notice is the 
second portion of the Appendix entitled Expeninenial Researches to 
determine the Strength of Locomotive Boilers, and the causes which lead 
to Explosion (pp 321-40) This paper originally appeared in The 
Ciml Engineer cmd Architect's Journal, Yol 17, 1854, pp 219-223 
See also the Mechanics Magazine, Yol 60, pp 393-5 A senes of 
expenments was first made on the absolute strength of the hre box 
and exterior shell of a locomotive boiler (pp 325-8) This was 
followed by an attempt to find relations between the tempeiature of 
the steam, the time and the pressure in a bodei when the safety valve 
IS screwed down and the fire kept gomg It is shown that under these 
circumstances a boiler will burst in from about 30 to 40 minutes 
(pp 328-331) Fairbairn next deals with the strength of the flat 
surfaces or sides of a fire box and with the strength of the stays 
(pp 331-7) Two experiments were made m which two parr of 
parallel plates one of copper ( 5" thick) and the other of non ( 375" 
thick) were stayed together with one stay to the 25a" and one stay 
to the 16a" respectively Fairbairn says that the weakest part of the 
box was not in the copper but in the non plates which gave way by 
stripping or tearing asunder the threads or screws m the part of the 
non plate at the end of a stay In the first experiment, liowe\ri, the 
head of one of the stays was drawn through the copper ]>lato The 
pressiues at which the fire boxes gave way were respectively 815 and 
1625 lbs pel square inch and thus immensely gieatei than whxt could 
1)6 borne by an\ other part of the boiler It is not easy to ste theo 
leticilly why the strengths bhould be nearl} as 1 2 in the two cases 
of one stay to the 25 and one stay to tin IG sq inches respectixely 
The paper concludes with Etperinients to deteioiine the Ultunate 
Sf length oj- hon and Coppei Stays genei alhj nstd in nnitinef the Flat 
Snifact^ of To(onwtive Boileis (pp 318-40) IToio non and coppei 
sti^sweu seuwed and rn ot( d into n on uidco])p(r ])1 \tos huibinn 
concludi s tint 
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the iron stay and copper plate (not riveted) have little more than one- 
half the strength of those where both are of iron ; that iron stap, screwed 
and riveted into iron plates, are to iron stays screwed and riveted into 
copper plates as 1000 : 856 ; and that copper stays, screwed and riveted into 
copper plates of the same dimensions, have only alDOut one half the strength 
of those where both the stays and plates are of iron (p. 340). 

Hence so far as regards strength iron is much superior to copper 
as a stay, but its inferior conducting powers and probably inferior 
durability have still to be taken into account. 

[909.] In the Second Series we may note as popular lectures 
involving only elementary theorems in the strength of materials : 
Lectures Y. and Yl. (pp. 100-37) on the Strength of Iron Ships: see 
also Transactions of the Institution of Naral Architects^ Yol. i., pp. 71— 
97, London, 1860. This is a subject on which Fairbaim had, as one of 
the earliest constructors of iron-vessels, a great right to be heard and 
these lectures are thus of considerable interest from the standpoint of 
the history of technical elasticity. Lecture YIT. (pp. 138-56) : On 
Wrought Iron Tubular Cranes with experiments on their deflection and 
set, and a theory of their strength by Tate, is also of interest : see our 
Art. 960. Lecture YIIL (pp. 157-73) returns to the old subject of 
boiler-strength, appealing, however, to the then recently published 
memoir on the strength of flues: see our Art. 980. 

In the second part of this volume entitled : Experimental Researches 
we have reprints of the memoirs on cylindrical vessels of wrought-iron 
(see our Art. 980), on glass globes and cylinders (see our Arts. 853-6), 
on the tensile strength of wrought-iron at various temperatures (see our 
Art. 1115)^, and on the resistance to compression of various kinds 
of stone (see our Art. 1182). On pp. 328-9 will be found some 
experiments on Irish Basalt or Whinstone to be added to the results 
of this memoir. The specimens of this stone ‘‘fractured by vertical 
fissures splitting up into thin prisms, wedge-shaped usually at one end.” 

[910.] The Third Series contains the following papers dealing more 
or less closely with our subject : Lecture YI. (pp. 98-124) entitled : 
Iron and its Appliances^ which returns again to the strength of boilers ; 
a paper on the Construction of Iron Roofs (pp. 204-43), this gives 
details of the trusses of large iron roofs and the calculation of the 
stresses in their members ; a paper On the mechanical properties of the 
Atlantic Cable (pp. 276-89), this is a reprint from the Report of the 
British Association, 1864, pp. 408-15, and gives details of the absolute 
strength, stretches and ultimate elongations of a great variety of 
cables as well as of their several parts, central core, covering wires 
and gutta percha sheath ; finally a reprint (pp. 290-316) of Fairbairn’s 
Royal Society memoir of 1864 {Phil. Tram. pp. 311-25) on the eflect 
of impact and repeated loading on wrought-iron girders. The experi- 

^ See also The Artizan^ 1856, pp. 227-8, and Dinqlers Polytechnisches Journal, 
m. 150. 1858. S. 105-8 and S. 288-95. 
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ments embraced in this papei had formed the subject of a communica- 
tion to the British Association m 1860 (see our Ait 1035) and various 
accounts of them had appeared m the techmcal journals^ We defei 
oui full analysis of the memoir and criticism of the methods of ex 
periment until we come to deal with the techmcal memous of the 
decade 1860-70 

[911 ] The titles of two other books by Fairbaim may be just 
noted here 

(a) On the Application of Cast and Wrought Iron to Building 
Purposes London, 1854 The third edition has added to it a section 
on Wrought hon Budges A fourth edition appeared in 1870 

(b) Treatise on Iron Ship Budding^ its History and Progiess, as 
comprised in a Senes of Experimental Researches on the Laws of Sii am, 
the Sti engths^ Forms and othen Conditions of the Material, etc London, 
1865 


[912 ] Another technical text-book, the contents and method 
of which are much like those of this decade is A Bitter’s 
Lehhuch der technischen Mechanik The fiist edition was pub- 
lished in 1865, and the third edition which I have used ap- 
peared at Hannover in 1874 The Funftei Ahschmtt entitled 
StatiL elastischer Korpei (S 479-563), and the Sechstei Abschmtt 
(S 564-616) Hynamih elastischei Eojpei, belong to oui subject 
The work in its third edition is still a fanlj useful text-book for 
the engineering student The part on elasticity and the strength 
of materials contains one or two points, to which I may lefei as 
interesting, and one or two grievous errors, against which the 
student should be warned 


[913 ] Let us assume that it is legitimate to apply the Bernoulli 
Eukrian theory of beams to a cantilevei, vhicli has a constant 
thickness (h) in the \eitical plane of flexuie, but in % hoiizontal plane 
perpondiculai to the plane of flexuie, is in the foiin of an isosceles 
tiiangle of b\se b and height I Then, it lip be the ciu\atiue at 
distance x horn the free end of the cantilever undei load P and 
I (OK be the llexiual rigidity, we hive 


01 


EiOK 

P 


_ Fh'h 


( 1 ) 


^ Es 'llic Aiti (in 1860 pp 216-21 and Isbl pp 22S-M 
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Thus the cantilever has uniform curvature. Further if / be the 
terminal deflection, then / equals very nearly, or 


Ehh^ 


.(ii). 


If S be the maximum traction to which the material ought to be 
subiected : 

* " 2/5 “ ’ 

which gives for the minimum requisite breadth 6 at the built-in end : 


“ h^S 


(iii). 


Such formulae can at most be supposed to hold only when the 
triangular cantilever changes its cross-section very gradually, i.e. when 
hjl is very small 

Ritter now builds up a spring formed of several laminae by cutting 
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up the tiungular cantilevei and replacing the seveial parts as indicated 
in the accompanying figuies He thus gets the half of a laminated 
spimg of the ordinary foim, and one which has besides a very easy 
theory He supposes the pointed end of each lamina to press on the 
lamina abo^ e with a foice equal to P, the load at the end of the spring 
The result is that the triangulai part of each lamina suppoits as a 
cantilever a load P at its apex, which causes it to take the curvature 
given in (i), while the rectangular part of each lamina is acted upon 
by a couple P//4 which will also be found to give it the cuivatuie 
detei mined by (i) Thus each lamina is bent m exactly the same way 
as if it were a part of the triangular cantilever discussed above, while 
the spring itself is a solid of equal resistance, whose deflection is given 
by (ii) and whose propei breadth can be determined by (m) Por thns 
special case the lesiilt appeals to agree with that of Phillips see Eqn 
(xxv) of oui Art 496 Eitter does not, however, demonstrate clearly 
how and why the action of the apex of one lamina on the lamina above 
must equal F 


[914 ] On S 521-6, we have another added to the already 
numerous methods of calculating the maximum safe loading for a strut 
Suppose the stiut bent to a cential deflection /, its ends being pivoted 
Then if be as usual the moment of ineitia of the cross section and 
h the diameter of the section in the plane of flexuie, it is easy to see 
that the maximum compressive stress T due to a longitudinal load 
P IS (see our Ait 832*) 



Now, Eitter aigues that f cannot be as great as it would be m the 
case of a ciicular flexure, when 


/=Z/(8p), nearly, 

if I be the length of the strut and 1/p its umfoim cui\ ituie But if 3 
be the stretch (oi squeeze) due soUly to the bending at the cential 
section 

S = h/{2p), 


and thus the maximum of fh = l 8/4, whence we hnd on this h}pothesis 


P = 


oyT 


1 S i: 

I + T^T- 


8 h 


If P be the maximum sxfe compressno stress, this will give a 
minimum limit foi the safe mxxiinuin load P, siij)posing the sxtet} to 
be lendeied doubtful by compiessioii befoie extension So fii thtie 
IS no giouiid foi much ciiticism But what is 8 to be tiken is^ 
Eittei says it is to be put equal to das Vf thin ::nnijsvei halt uiss, lo^hhe^ 
1 11 t * i r 1 /SJ roi\ Tl 111 +1 f 
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something greater than its real value which is solely due to the bending 
and therefore the tendency would be to err on the side of safety. 
Eitter would thus make S = TjMj where T is the maximum compressive 
stress, although he does not express himself in this mannei’. We thus 
obtain finally : 




This result agrees with that which I have obtained by a very different 
method in Eqn. (x). Art. 650, if it be remembered that C and of 
that article = T and of this respectively. 

Hence it seems extremely probable that (a) may be considered as 
a fairly efficient measure of the safe load for struts, although the process 
by which Eitter deduces it is extremely questionable. 

The application on S. 528 to the case of an eccentric load upon a 
strut seems to me quite illegitimate. 


[915.] (a) On S. 528-33 we have a wholly inadmissible theory 

of shear, which leads to the slide-modulus being always one-half of 
the stretch-modulus. This is applied to deduce an erroneous theory 
of torsion on S. 533-6. 

{h) The following sections deal very fully with stresses in a great 
variety of roof trusses and bridge frames. These stresses are deduced 
by taking a section cutting three bars only, and by equating the moment 
of the stress in one bar about the intersection of the other two to the 
bending moment of the girder at the section. This valuable method, 
especially useful in testing graphical work, is now generally termed 
Bitterns Method (S. 537-55). The following pages (S. 555-63) deal 
with frame arches having a pin-joint, and therefore zero bending 
moment, at the crown. These important frames have been largely 
used in German engineering practice. For a still more complete 
discussion of the application of Bitterns Method to the stresses in 
various types of frames, we must refer the reader to his Elementare 
Theorie und Berechnung eiserner Each- und Briicken-Constructionen^ 
Hannover, 1862 (Second edition, 1873^). 

[916.] {a) In the Sechster Abschnitty Eitter turns in the first 

place to problems of resilience. Thus he calculates in the usual 
elementary manner (S. 567) that the total longitudinal resilience of 
a bar = -J- (volume) x T'jE, where T is the maximum traction allowable. 
But like most elementary writers he equates this result to the kinetic 
energy of the impulse-giving body, quite forgetting that it does not 
follow that such a body will communicate its kinetic energy to the 
toliole bar uniformly and not expend it in producing strain in one part 
only. That it is not distributed statically in the case of cither transverse 

1 Atl ’R’nrfl'iaU +VQnc!lQ finv» V*tr TT T? C2ov»1'-/iTr n 1 /T C! .-v \ 
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01 longitudinal impact is shown m oui Aits 361-71 and 401-7, 
the same remark holds good for torsional impulse 

(b) On S 567-8 theie is a paragraph entitled Binfiiiss 
FehUtdlen^ m which the author remarks 

Es ergiebt sich also das bemerkenswerthe Eesultat dass die Widerstai 
fahigkeit ernes Koi’pers gegen mechamsche Arbeit, oder gegen \ >CTidigo K 
bewegter Massen, durch Vermiiidei img der Matenalmenge u r^i I 1 1- 
'vergiossert werden kann 

This paiadox is easily accounted for by a flaw m Ritter's argum< 
which it IS suipnsmg should have survi\ed a third edition 

(c) The erioneous theory of toision and a consequently wr 
expression foi torsional resilience reappeai on S 571-3 The the 
of the torsional pendulum on S 573-5 is also incoirect 

(d) Gapitel XXV (S 575-608) involves little more than ^ 
usual theory of impact of particles and of uniplanar bodies ^ 
method by which the problem on S 589-91 is tieated seems to 
very doubtful mdeed Ritter endeavours to ascertam what the velo< 
of a cylindrical shot must be in older that the shot may peneti 
an non plate of a given thickness, and he obtams a solution by equai 
the kinetic energy of the shot to the product of the maximum t 
shearing lesistance of the hole punched in the plate into the semi leu 
of the shot It seems to me that a better result would ha\e 1: 
obtained by equatmg the kmetic energy of the shot to the woil 
punching, or to 

wheie S is the absolute sheaimg stiength, d the diameiiei of the s 
T the thickness of the plate and /i the slide modulus This of coi 
supposes elasticity to hold up to ruptuie, which is an appioximai 
toi some sorts of steel only Ritter supposes the vork done by 
total sheai (Srird) in flattening the shot to be the total sheai into 
semi length of the shot, but I do not undei stand this, noi his met 
of deducing Equation (823) 

(e) Capitel XXVI (S 608-16) deals in an elemental y fash 
but not always couectly, with the sti esses pioduced m elastic bo 
owing to the relati\e acceleiations of their puts Foi example, 
thin ring of ladiiis a and unifoim density p be lotating with spi 
about an axis pei pencliculai to its plane it is eisy to sho^^ that 
maximum stiess —p(a(t) (vS 613), but when Rittei attempts to a| 
i similai theoiy to a lotating ciiculai dist lie goes hopekssH wk 
foi he assumes the stiess untjo/ni acioss the wholt length of \diunt 
Theie aie othei jiaits of this chapter wdnch seem to im \ti> doub 



630 


FINK. WOHLER. 


[917-~919 


[917.] A third edition of Eiihlmann’s Gnmdziige der Meclianik 
was published at Leipzig in 1860, but I have not examined this work, 
as the number of technical text-books is too great to be examined 
individually. So far as my experience goes they rarely contain any 
novelty in the domain of elasticity — ^beyond an occasional theoretical 
heresy. 


Group B. 


Memoirs dealing with the Application of the Theory of 
Elasticity to special Technical Problems. 

[918.] r. Fink; Versuche uher die Tragfdhigkeit gespannter und 
ungespannter Hoher. Polytechnisches Oentralblatt, J ahrgang 1851, Cols. 
1485-8, Leipzig. (Extracted from the Gewerhehlatt f d. Grossh. 
Hessen, 1851, S. 237.) This paper does not appear to contain more 
than the statement of the fact that a wooden bar subjected to transverse 
load supports more when its ends are built-in than when they are 
simply supported. In the actual case the ends were not built-in but 
subjected to tractive load. Fink does not work out the theory of this 
case, but it obviously approximates roughly to built-in ends; the 
breaking loads were, however, in general more than double their values 
for simply supported ends. 


[919.] A. Wohler : Notiz vher die Berechnung der Darchhiegung 
elastischer Korper, Erhkams Zeitschrift filr Baiiwesen, Jahrgang 
III., S. 433-6, Berlin, 1853. In this paper Wohler enquires what 
the unstrained form of the central line of a cantilever must be in 
order that when it is loaded at its free end witli a weight P the 
central line may become straight. 

For a cantilever of uniform cross-section it seems to me we 
have the unstrained form of the central line given by : 




where y is measured vertically upwards from tlie strained position 
of the central line and the origin is at the free end. 

If the section be not uniform, we have on the Bernoulli- 
Eulerian hypothesis an equation of the form 

<7/^ Px 
dP E(did 

to intesfrate where is a function of n\ 
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Foi ‘ beaiiib of equal lesistance * we must have 
Pa^licoK^) = TJz, 

where is the imiform traction in the fibre at maximum 

distance z from the neutral axis Hence 

dx^'~ Ez' 

or if TJE = ny 

cPyjda? = njz, 

which we can integiate as soon as z is given None of these 
lesults agree with Wohler’s, who obtains differential equations of 
the fiist order only, and integrates them for a number of special 
cases, which the reader can easily construct for himself (eg 
etc) 

[920 ] C E, Bomemaim Ueher relative Festvgkeit Polytech 
mschee Gentralblatt,^Bh\g 2 ,Tig 1853, Cols 1297-1308 (Extracted fiom 
Dei Cvoihngemeur, Bd i , S 18 ) The author notes the discrepdncies 
which occui in the text-book formulae foi the stiength of beams (in 
great pait due to the ‘paradox^ see oui Ait 930), and pioposes 
to use a sti etch limit mstead of a stress limit m the ‘extieme fibie’ 
He is, I think, right m pieferrmg a stiain- to a stress limit, but 
otheiwise the papei only contiibutes what must, I think, be regarded 
as empiiical fonnulae foi ielati\e stiength 

[921] C R Bornemann Oi aphische Tabelle ube) die relatiie 
Fc I Der Givilingenieiii , Neue Folge, Bd i, S 18-25 
Freiberg, 1854 

Bornemann by means of logarithmic scales, or what Lalanne 
would term an abaque (see Aniiales des pants et chaiissees, T xi , 
1846, pp 1-69), repiesents b^ a system of parallel straight lines 
the families of curves given by the formula 

Bending Moment = T x , 

foi the flexuie of beams' Here T is the safe limit to tiactive 

1 The idea ol applying the method ot logaiithmic cooidmates to the giaphical 
lepieseiitation ot the stiength of mateiials as well as the method itself la due to 
Lalanne bee his Momnit t>in kb UthUb ifiripluqiub tt in la (jtuiiKtiu ana 
iiioijihiqnt Annaks dt'> pontb et chausbees T \i jip l-b9, 1840 alao liia book 
Metliodcs giaphiqULs pom lixpiebbion dt luib unpu njui'i on inathunatique a tiui 
vaiiahk^ Tans 1878 Louvel ga\e abac diaoiams loi the lesistance ot non bais m 
double T in the Poi tifcuiUe des condnUtiUb deb qjuntb it cliaus'>ee 4 btiie ISos 0 
and 7 Phillips toimulae toi spiings (see our -^ts 4bd-5U8) ha\e been i educed to 
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stress, is the moment of inertia of the cross-section about the 
“ neutral axis and h is the distance of the “ extreme fibre ” from 
that axis. For example for a beam of rectangular cross-section 
(6 X 2h) we have 

2T 

Bending Moment = — x & x 

o 

There would thus be three entries into the graphic table, i.e. 
bending moment, breadth and height of beam, supposing T a 
definite constant. Bornemann after some rather lengthy discussion 
chooses values of the constant T for wrought-iron, cast-iron and 
wood, and his table contains the system of lines for rectangular 
beams, with some few lines at a different slope for beams of 
circular, hollow circular, square and i sections. The method is 
of real worth for considering the relative strength of beams of 
diverse cross-sections. But I think Bornemann's example of the 
method is of small value, since T varies greatly with the different 
kinds of iron and wood and further varies with the shape of the 
cross-section. The first entry ought not to be M the bending 
moment, but M/T, in w^hich case the same set of lines answer for 
all materials. The method has been further discussed by Yogler: 
Anleitung zum Entwerfen graphischer Tafeln, S. 37, Berlin, 1877. 
I have for some time used a table constructed like Bornemann's, 
but with MjT the variable, for calculating beams with either a 
uniform load or an isolated central load. The body of Bornemann’s 
paper is taken up by details as to the best practical values for the 
constants in formulae for absolute and relative strength, and to 
this part of it we have briefly referred in the preceding article. 

[922.] 0. Ortmann: ZurTheorie der Widerstmidsfahig'keit der Bau- 

materiali&ii. Forsters Allgemeine Bauzeitung^ Jahrgang xx., S. 243-62, 
Wien, 1855. 

Ortmann in the Jahrgang viii. (1843) of this journal (S. 408-40, 
under the title Theorie des Widerstandes jester elastischer K'orper) had 

graphical abac representation by L6vy-Lambert in the Annalcs des j^onts ct 
chavss€es, T. xx., 1880, 2“ Seinestre, pp. 59-65, while Chery has given similar 
diagrams for the strength of beams of wood, iron, etc. of the principal forms in 
use in the Pratique de la resistance des materiaux dans les constructions, Paris, 
1877, p. 16, Plates 7 to 24. An interesting discussion of the method is given by 
P. Terrier in his French translation of Favaro’s Calcul graph ique, Pans, 1885, pp. 
208-224, with very copious references. See also Lalanne’s Description et usage de 
Vahaquej Paris, 1845 and 1851, English translation, London, 1846. 
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drawn attention to the fact that in many cases of flexure there is a 
noimal thrust on the cross sections of a beam and therefore that m 
such cases the ‘neutral axis’ does not pass through the centioids of the 
cross sections He says in the later memoir that Monn and Hebhann 
(see oui Alts 876 and 885) have neglected this fact^ There does 
not, howevei, seem any leal novelty in Ortmann’s own investigations 
He attempts to take into account the effect of impulsive stress, but 
ceitamly does not get further than, if as far as, Poncelet had done 
many years previously (see oui -^t. 988*) Some of the results 
obtained seem also \ ery questionable both m hypothesis and in metihod 
of analysis, and the paper does not seem to reqmie from us more than a 
note of caution 

[923] With Uehe't den W%dn stand del Baumaterialien Ooganjw) 
d%e Foi UGhritte des EisenhalinvmeTis^ Bd 8, S 200 Wiesbaden, 1853 
This paper contains a geneial 'ihume of the theory of the strength of 
materials combined with a statement of supposed expeiimental facts 
It appeals to be based chiefly on Morin’s work see our Art 876, and 
contains assertions with regard to the proportionahty of stretch and 
traction in cast-iion which are certainly mcorrect It has no present 
value 

[924 ] A long papei Uehei ziisammengesetzte Festigkeit was read 
by Giashot to the Berlinei Bez%rlsvei e%n of German engmeers on 
Maich 7, 1858 It is printed %n extenso on S 183-225 of the Zeii 
sch'ixft des Veieins deiitscliei Ingemeu'ie, Jahigang iii , 1859 It 
follows very much the Imes of Weisbach (see oui Art 1377*) and 
contams nothing of intrmsic importance We shall refer to Giashofs 
methods later v hen dealing with his well known treatise on elasticity 

[925 ] F Roffiaen Widerstandsfahigkeit dei Baumatenalien 
Praktisclie Beispiele fui die Stiulehestimmungen dei vei schiedenen 
VeibandstucLe der Holz- imd Eisenlonst) ukzionen nehst Bemei- 
hungen uhei Bauten, die aus diesen Matey lalien ausge/iilut sind 
Foisteis Allgememe Bauzeitiing, Jahrgang x\n , S 257-320 
Wien, 1859 I presume this is a tianslation of the a\oiL lefeiied 
to m my Ait 892, but which was inacessible to me in the oiigmal 
French There is, however, no statement that it is a tianslation 

The fiist pait applies the oidiiiaiy theoiy of elasticity to fiamcs 
built-up of stiaight wooden beams, the btcond to ciu\ed wooden aiclies 
In both cases the authoi appeals to Aidant, see the xiddenda to oui 
Vol I, pp 4-10 The thud pait deals with non stiuctuies, gi\ing 
nunieiical examples toi cases of wi ought, cast ind plate non giideis, 

1 This lb haully collect see p lol ot the tiibt edition (Idjd) of Moiin b woik 
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and later the author passes to structures combining wood and iron 
(S. 301-4). There does not seem to me any special novelty in these 
portions of the work, nor any special permanent technical value in the 
numerical examples worked out. In an Anhang (S. 304-20) the author 
develops a new theory of flexure and applies it to several examples. 
This theory as detailed on S. 304-5 is very obscure, but it seems to 
amount to taking the stretch- and squeeze-moduli different, and on this 
supposition calculating the position of the ^neutral axis^ which no longer 
pass through the centroid of the cross-section. The ultimate resistances 
to tension and compression are also taken to be in the ratio of these 
moduli. The application by Roffiaen, however, of the theory seems 
perfectly arbitrary. Thus his (v) and (xi) S. 305 are quite erroneous, 
and I do not grasp the meaning of (vi) S. 304, nor its application in 
paragraph 2 of S. 306. Indeed, what is new in the investigation 
seems to me wrong. The hypothesis itself is at least as old as 1822 : 
see our Arts. 234*-40*. 

[926.] Klose : Ueber die Festigkeit und die zweckmdssigste Form 
eisemer Trdger^ Ucmnoveo'ische Bau%eitung (Architecten- w. Ingenieur- 
Verein), Hannover, 1854, S. 523. 

The author at rather needless length of analysis based on Navier’s 
theory of ribs (see our Art. 257*), shows that a cantilever in the 
form of a circular arc if loaded at the free end perpendicular to the 
tangent at the built-in end is no stronger than a straight cantilever of 
the same cross-section and of length equal to half the chord of double 
the arc of the circular cantilever. This result is only true when the 
radius of the cantilever is great as compared with the linear dimensions 
of the cross-section (see our Arts. 519 and 621). Klose tested this 
theoretical result for four rods six feet long and with cross-sections 
squares of one inch, supported at their ends and centrally loaded. The 
details of the experiments show a remarkable agreement between the 
deflections of the rods for the same weights whether they were of 
straight or circular central line and this agreement lasted up to rupture, 
which also occurred at the same load for both types. The circular 
rib therefore has no advantage as a cantilever over the straight beam, 
and farther has the disadvantage of considerable lateral yielding, the 
values of which are tabulated in the experiments. 

[927.] The second part of the paper deals with the comparative 
strength of cast-iron beams of two special cross-sections. The first is 
a T in which the web is trapezoidal, and the second a JL. akin to 
Hodgkinsou’s strongest section (see our Art 244*). The beams were 
14' between the points of support, but not, as E tliiuk tliey ought to 
have been, of the same height, the former being S}/' and tlie latter 10"; 
the areas of the cross-sections were practically equal. Klose found tlie 
JL much the stronger section. But it is remarkaljle tliat lie found 
the theoretical value of the stress in the ‘extreme fibre’ at rupture 
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was the same foi both cross sections He does not state whethei thii> 
stiess was also equal to the absolute tensile strength of his cast-iion. 
He applies without hesitation the Bernoulli Eulerian theoiy of flexure 
to find the conditions of rupture 

[928] A Junge Ueher d%e Tiaghaft gesj^rengtei Balken Poly 
techmsohes Gentralblatt, 1855, Cols 844-54 (Extracted from Dei 
C%vihngemewt ^ Neue Folge, Bd 2, S 79 Freiberg, 1855) 

Der gc^picngtc Balken besteht auszwei ubei einandei liegenden Theileu, 
welche an ihren Lnden fest -verbunden sind, ubngens aber durch dazwisohen 
ge&tellte Spreizen auseinander gehalten weiden (Col 844) 

The present papei investigates whether such a girder, ^vhlch has 
initial strain, is theoietically stronger than one in which the two booms 
are united so as to form a simple glider Junge supposes the two 
booms exactly equal He shows by means of tables foi wood and 
wroiight-iron that the limits within which the spht beam is stronger 
are rather narrow 

Die Gefahr die gunstigste Spannung zu ubemchreiten hegt also sehi nahe 
(Col 854) 

Several such gliders had had to be removed alter a shoit period of 
use, and they appear now to have gone out of fashion They were 
introduced by Laves of Hannover in a woik entitled Uehei die 
Anwendung und den JS ut%en eims nmien Consti'uctiom 6 i/btenib nehbt 
erlautei nde'i Beschieihung desbelhen, 1839 

I have not verified Junge’s analysis , he assumes that the curvatuie 
of the initiall} stiained booms is circulai (Col 851) 

[929 ] Baumgaiten Note sui la ^aleui dio coefficient delabticite de 
la fonte d> Va 2 ipui du i appoi t de JIM Collet-Meygret et Desplaceb sui le 
maduc de Tarascon A iwales deb pontb et chaussees, 1 Semesti e, 1 85 5 , pp 
225-233 Pans, 1855 This papei gives some lesults on the flexuie of 
beams of considerable size, the cross sections being T and i the beanie 
had a vaiymg cross section fiom middle to end, and might l)e conceited 
of as paiabolic oi as ‘solids of equal lesistance ' Baumgarten supposes 
a beam of length 21 divided into 2m parts of equal length, and the 
ci OSS section in each of these parts to be unifoim foi the pait, then 
he gives the following formula foi the deflection / undei a centi il 
load 2P 

(d(ni-l)7n + l _ 3 (m ~ 2) {m - 1) + I ^ 3 (//i - (//i - 2) + 1 

/ 7-f 1 — -|- + 

oEm ( (OK (OK 

Jim — It) (in — yif-ll+l 312 + 1 1 i 

+ t ^ ^ + -r + 

m-i ^ ) 
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where is the moment of inertia of the cross-section of the nth. 
part about its central axis. 

By means of this formula he hnds different values of M for the two 
pieces on which he has experimented, and both values differ largely 
from that usually adopted for cast-iron. 

An attempt to explain the ‘beam paradox’ (pp. 231-3), with which 
Baumgarten concludes his memoir, falls into the old fallacy of sup- 
posing the proportionality of stress and strain to last up to rupture : 
see our Arts. 173, 507, 930-8 and 1053. 

[930.] William Henry Barlow. On the existence of an element 
of Strength in Beams subjected to Transverse Strain, arising from 
the Lateral Action of the fibres or particles on each other, and 
named by the author the '^Resistance of Flexure!' Phil. Trans. 
1855, pp. 225-242. This paper was received on February 23 and 
read March 29, 1855. 

It deals with the “old beam paradox see our Arts 173, 507 
and 542. Barlow expresses it thus : “ the strength of a bar of cast 
iron subjected to transverse strain cannot be reconciled with the 
results obtained from experiments on direct tension, if the neutral 
axis is in the centre 'of the bar” (p. 225), By a series of experi- 
ments (pp. 225-8) Barlow shows (as many previous experimenters: 
see our Arts. 998*, 1463* (e) and 876) that the neutral line within 
the limits of experimental error coincides with the central line. 
He then endeavours to explain by lateral adhesion,’ i.e. shearing 
stress, the increased absolute strength. We must here note one or 
two points: (i) the formula adopted by Barlow from the Bernoulli- 
Eulerian theory of beams supposes the material to remain elastic 
up to rupture, — this is certainly not true ; (ii) it assumes the elas- 
ticity also linear, this again is hardly true for cast-iron ; (iii) even 
if with Saint-Venant we introduce the proper slide terms into the 
formula they would make no sensible difference except for very 
short beams; (iv) to account for the ‘paradox’ we must suppose 
stress-strain relations other than linear to hold in the neighbour- 
hood of rupture, i.e. such relations as those suggested in our Arts. 
1411* and 178. It is to such relations, giving us results depending 
not only on the moment of inertia of the cross-section, hut more 
generally on its shape, that we must look for light on tlie so-called 
‘ paradox.’ 

Barlow gives (p. 231) an empirical formula for tlie breaking 
strength of ‘doubly ribbed open beams’. The cross-sections were 
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not of sufiScient variety to give any evidence that the quantity he 
terms ‘lesistance to flexure’ is really independent of the shape of 
the cross-section 


[931] W H Barlow On an Element of SUength %n Beams 
subjected to Transverse Strain, named by the anthor^^The Resistance 
of Flexure'' Seccmd Papei PM , 1857, pp 463-88 This 
paper was received March 12 and read March 26, 1857 It is a 
continuation of the subject dealt with in the memoir referred to in 
the preceding article 

Let T be the breaking tensile stress, W the breaking load, 
Ewk^ the flexuial rigidity of the beam, h the distance from the 
neutral axis, of the ‘fibre’ furthest removed, I the length of the 
beam, and 1/p the curvature at the mid-pomt The beam is 
supposed weightless, doubly supported and centrally loaded Then 
we have, assuming the correctness of the Bernoulli-Eulenan theory 
up to rupture 

T = Ehjp, Ecok^ Ip = J Wl, 

01 W= iTcoK^jhl (i) 

Now m his first memoir Barlow assumes that T consists of two 
parts, the fiist T^ due to tensile strength and the second T^ to 
what he terms ‘resistance to flexuie’ — produced b;y ‘lateral 
adhesion ’ The former part he holds to be constant, the latter to 
vary when the beam is hollow as the ‘ depth of metal into the 
deflection’ This value of seems curious, but as an empiiical 
expression we may perhaps allow it to stand, ho^^ever little it 
may have to do with ‘ lateral adhesion ’ 


[932 ] In the second memoir, howe'ver, Bailor goes much fuithei, 
he expresses his tiiction ^ at distance % fiom the neutral axis by the 
foimula (p 472) 

T = — + T=^-f^ + T (ii) 

p h 


He then pioceeds to tike the moment of these ti ictions at the middle 
ot the beam round the neutril ixis, and equates them to the bnidnig 
inouK nt, 01 ( ]i ive 


T^OiK 

~ir 


+ TinZ=^lWl 


At fust sight it would appeal that tlie second teim oiiglit to \ imsh, 
but Billow iNKhntly intends tint T shall clnnge sign on ciossing the 
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neutral axis so that if o>i, be the areas of cross-section above and 
below the neutral axis and aii, Xq the numerical distances of their 
centroids from this axis we have : 

^ + ^2 + ^^ 2 ) = (iii), 

or for a section symmetrical about the neutral axis : 

For a rectangle (26 x 2a), Wl^ 

for a circle (6) -H 6® = ^Wl. 

From these and similar results Barlow seeks to find the values of 
and and to ascertain whether they are constant. 


[933.1 We must now inquire whether there is any ground for the 
formula (ii). 

Since the total longitudinal load is zero, we must have ; 


T.QiX ^ i \ c\ 

-^ + 2;(<tf,-o),) = o. 


Hence we see that unless the neutral line will not coincide with 

the central line. W. H. Barlow himself has only dealt with sym- 
metrical sections, but Peter Barlow in an appendix to the paper, 
pp. 483-8, treats of the non- coincidence of the neutral and central 
lines in the case of X sections. There is no experimental investigation 
of whether this non-coincidence, a clear result of the theory used, 
is real or not. 

Barlow (p. 472) defines as “the resistance of flexure acting as a 
force evenly spread over the surface of the section.’’ He has previously, 
by a reasoning which I fail to follow, deduced that this ‘resistance 
of flexure’ is due to lateral cohesion (p. 472). Now whatever be 
the experimental value of a formula such as (ii) I think we may safely 
say : (a) that the quantity 2^ can have nothing whatever to do with 
shearing strength, (6) that the formula gives a discontinuous change 
of tractive stress at the neutral line, i.e. suddenly from 2\^ to - 
(c) that the constancy of the value as a term in tlio traction, all 
over the surface and whether the traction is negative or positive, is 
exceedingly improbable. 


[934.] But we may still inquire whether there may not bo an 
approximation to the truth in Barlow’s formula. The first t(‘rm 2\x/p 
might be a portion of the traction due to elasticity, the second 7’,, a 
constant, a portion due to plasticity. Now before rupture it does 
not seem improbable that a part of the beam may be plastic and 
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anothei elastic, although it is peihaps haidly likely that these two 
stages occui at the same time in all fibies The outer fibres will lie 
eneivated and then ti actions moie neaily constant, the innei especially 
m the neighbourhood of the neutral axis will still remain elastic Thus 
as a if>ieayi remit far the whole c^t oss section Bai low’s expression for the 
traction does not appear so unreasonable a* when we associate it, as 
its authoi has done, with any idea of ‘ lateral cohesion ’ 

[935 ] The chief value of the memoir however hes m the tabulation 
of the results of expeiiments on the absolute strength of beams of 
diverse section undei fiexure We reproduce some of these results as 
they cannot fail to be of value to any one investigating a theoiy of 
luptuie by flexure So far as the cast-iion beams are concerned, it 
may be questioned whether an allowance ought not to be made for 
the ‘defect in Hooke’s law,’ even if we use Bailows plastico elastic 
formula This allowance will piobably account for most of the 
difleience see oui Art 1053 

[936 ] Cast Iron Beams (Barlow’s ‘open girders’ are omitted ) 


Form 

1 in 
inches 

cj m sq 
inches 

Dimensions of 
cross section etc 
m inches 

T horn 
formula ( 1 ) 
m lbs 

T from 
formula (in) 
in lbs 

in lbs 

Rectangle 

60 

2 

2 x 1 height, 2 

41,709 

15,654 

17 971 

Square 

60 

1 

side vertical 

43 630 

17,892 

19 399 

Square 

60 

1 

diagonal vertical 

53,966 

17 523 

19,213 

Circle 

60 

1 

_ 

51,396 

19,lo8 

20 236 

n; Section 

48 

2 60 


"equal flanges'! 
2x5 and web j- 
1x5 about j 

37 508 

— 

20 942 

H Section 

48 

2 o9 


’equal flanges] 
2x 51 and web }• 

, 98 X 51 about) 

43,3o8 

1 

} 1 

18 460 

Square 

60 

4 

laige 2 x 2 

39 094 

— 

16 644 

Circle 

60 

5 

large 2 ^ diam 

39 06 O 

— 

lo 902 

Circle 

60 

3 79 

laige 24 diam 

44 9o7 

— 

17 778 

Square 

60 


large diagonal; 
\eitical ' 

47 746 

i 

16S78 


These numl)eis bring out sufficiently the following points 

(i) That T [as calculated fiom foimuh (i)] \aiies with the foiin 
of the section Hid we included the ‘open giideis,’ we should hi\e 
sten that its lalue vanes fioiii 25,000 to 54,000 lbs about The 
t( nsile stnngth of the nutd is howcifi oiil} 1"> 750 lbs 
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(ii) The values of and are by no means constant, but the 
values of are much more nearly that of the tensile strength of the 
material. 

(iii) The large bars are relatively weaker than the small : see our 
Arts. 952* 1484* and 169 {e) and (/). Barlow takes as mean values : 

^^ 2 = 16,573 lbs. and = -847. 

The mean value of is computed from those given in the above 
table and from the mean results of six series of experiments on ^ open 
girders 

[937.] Barlow then proceeds to investigate how far other experi- 
ments give confirmatory results. He considers : 

(a) Hodgkhison’s Experiments : Iron Commissioners^ Report, (See 
our Art. 1413*.) 

Mean ratio of to ^i = -853. This average compares well with 
Barlow’s -847, but the values of T^jT-i range from *516 to 1-185, or the 
ratio must be held to vary with each quality of metal. Ho information 
as to variety of cross-section is given. 

(b) Wade’s Experiments. American, Report on Canon Metal, (See 
our Art. 1043.) 

Here the cross-sections of the cast-iron bars were square and circular, 
and the breaking load under flexure and the tensile strength are given. 
From the former Barlow calculates by his formula the value of it 
agrees with Wade’s determination of the tensile strength pretty closely. 
I suppose, although Barlow does not state it distinctly, that he has 
taken T^j = *9. 

The following remarks of Barlow following on these experiments 
may be cited (pp. 479-80) : 

If the metal were homogeneous and the elasticity perfect, it is probable 
that the resistance of flexure would be precisely equal to the tensile resistance, 
instead of bearing the ratio of nine-tenths as found by experiment. It is 
evident, however, that it varies in different qualities of metal, and that the 
tensile resistance does not bear a constant ratio to the transverse strength. 

Barlow, after showing from Wade’s experiments that a decrease in 
the absolute tensile strength may be accompanied by an increase in th(^ 
absolute flexural strength, continues : 

It is easy to conceive also, that the resistance to flexure might he su])poscd 
to maintain nearly the same proportion to the tensile resistance in bodies 
similarly constituted, as for example crystalline substances, yet great variation 
may be expected to occur between crystalline and malleable and fibrous 
substances. 

I see no theoretical reason why it should bo pi'oliablo that - 7b 
for homogeneous and perfectly elastic bodies. 
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(c) Peter Barlow’s Expenments on Wrought-Iion (pp 480-3) 

Heie we lind W H Barlow no longei treating of absolute strength 

but of stresses ‘‘just sufficient to overcome the elasticity” — which seems to 
me a veiy different mattei He remarks that he has done this because 
the material yields by bending and not by fractuie The mean result 
IS \ ery nearly T^jT =2 I see, howe^ er, no reason for applying 
formula (ii) to this case, and W H Barlow himself admits that the ex 
periments are insufficient On p 481 he gives expenments confirming 
the coincidence of neutral and central lines in the case of wrought-iron 

(d) Furthei results of Hodgkinson’s Experiments on Cast-Iron 
taken from the Mancliestei Memoirs, Yol v see our Art 237* These 
aie given in the foim of an appendix by Peter Barlow (pp 483 — 8), the 
expenments in question are those on the cross section of greatest 
absolute strength Peter Barlow takes = T owing to the difficulty 
of finding a mean value for This leads to a senes of values for 

varying from 14,000 to 16,000 lbs, values not vaiying more among 
each other than those for the tensile strengths of 50 square cast-iron 
bais given on p 9 of the h on Commissioners^ Re^oi t see oui Art 1408* 
Eoi Imge iron castings owing to their relati\e weakness, Barlow lemarks, 
Ti ought to be taken much less, probably not more than 10,000 lb*? 

[938] We may conclude then that 

(i) There is no theoretical basis of sufficient validity for 
Barlow’s foimula, also that the term containing cannot arise 
from “lateral adhesion,” and that the name “resistance of flexuie” 
IS thoroughly bad , but, 

(ii) there is sufficient evidence to show that for a considerable 
range of cast-ii on beams of varied cross section the formula gives 
results for the absolute flexuial strength accurate enough in 
piactice 

[939] Jouiavski Sui la 'iesistance Wun coips piismatique et 
d'line piece composee en hois on en tole de fei d une foice peipen- 
diculaii e a lew longueui Annales des ponts et cliaussees, Memoii es, 
18 50, 2^* Seinestre, pp 328-51 Pans, 1856 This is an extiact 
hom a woik in three volumes 4to on budges built on Howes 
01 the American system 

The memoii is xn attempt to impiove the old Beinoulli 
Euleiian theory of flexuie by intioducing the consideiation of the 
lateral xdhesion of the fibres Jouiavski le marks that gi\cn a lect- 
anguhi beam its stiength will be diminished by dividing it into 
two eipial b( ims by i hoii/<mtil pi me , lunce theu is an tknunt 
1 ,, 41 
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of strength in the beam due to the lateral adhesion of the fibres, 
or in our own words there is shearing-stress along the neutral axis 
of a beam which in itself forms an element of strength, Jouravski’s 
investigation, suggestive as it is, is not, however, correct, for he 
really supposes this shearing stress to be uniform all along the 
neutral axis of a cross-section. This of course, as Saint- Venant 
has shown, is not the case, and the full treatment of the problem 
has been given by him in his memoir on flexure : see our Art. 
69. At the same time Saint-Venant has praised Jouravski's idea 
and in his Legons de Navier (see our Art. 183 (a) and his p. 390) 
adapted it to the case of a rectangular beam, the dimensions of 
which in the plane of flexure are much greater than those perpen- 
dicular to that plane. The memoir applies this incomplete theory 
of the slide-element in flexure to various numerical cases to which, 
I think, no importance can be attached. See my remarks on the 
similar investigations of Winkler and Airy in Arts. 661-6. 

[940.] J. Dupuit : Note sur la poussie des pieces droites employees 
dam les constructions. Comptes rendus^ T. xlv., pp. 881-2. Paris, 
1857. The brief extract given here of the memoir does not enable us 
to judge of its contents. The author apparently finds fault with the 
ordinary theory of beams, because it does not take account of the fact 
that the ‘ fibres * cannot slip over the points of support and states that 
this produces a great side thrust on the points of support. Further 
the reactions themselves modify the points of support and therefore 
their resistance. There is no hint in the paper of how the author 
proposed to allow for these sources of error and I do not think the paper 
was ever published in full. 

[941.] Fabre : Sur la resistance des corps Jihreux. Comptes rendus^ 
T. XLVL, p. 624. Paris, 1858. A memoir under this title was presented 
to the Academy in 1858. The author had concluded from very fine 
measurements that the ordinary theory of beams is incorrect, the 
central line being always compressed or elongated. I caiuioi find that 
the memoir was ever published, 

[942.] G. Bebhann : Relative Widersta/ndsfahigkeit eines an heiden 
Enden festgehaltenen prismatisclien Trdgers. Forsters Allge^yieine Bau~ 
zeitvng, Jahrgang xviii., S. 130-7. Wien, 1853. This is an applica- 
tion of the Bernoulli-Eulerian theory of beams to ascertain the increased 
strength obtained by building-in the terminals of a beam. There is no 
novelty to record : see our Arts. 571-3 and 943 — 5. 

[943.] F. Grashof : Ueher ein im PHndp einf aches Verfahren^ die 
Tragfdhigkeit eines auf relative Festigkeit in Anspmich genomm.enen 
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pt ismaiische7i Bcdkens wesentlich zu v&t grossefi a Zeitschrift dm Ferei^is 
dmUclh&t Ingemeu'te^ Jahrgang i, pp 75-80 Berlin, 1857 Gi*asliof, 
having seen Lamarle’s lesiilts (see our Art 571) without his analjbis, 
gives an investigation of some special cases where the strength of 
simple beams would be incieased by hxing their terminals at definite 
slopes 

[944 ] F Grashof Uehe'i die relative Festigkeit mit RivcLsicht auf 
deren nioghcliete Vergrosserung dtcrch aoigeniessene Uoiterstutziing mid 
Einmau&mng dei Trager bei constanteni QuerscJimtt derselben. Zeit- 
schri/t des Veoeins dmtscheo Ingemeare, Jahrgang ii , S 22-Sl, and 
Jahigang iii, S 23-8, 45-8, 155—160 Berhn, 1858 and 1859 This 
memoii starts with a ciiticism of Schefflei’s work referred to m the 
next article It then proceeds to a consideration of the following 
problem Suppose a simple beam uniformly loaded and havmg a 
concentrated load at any one point of it, at what angles must the ends 
be built in in older to ensure the maximum of strength % It will be 
obseived that this is httle more than the simplei case of Lamarle’s 
memoir (see our Arts 571-3) Grashof however works out a lery great 
number of special cases, as when the isolated load is at the centie, the 
termmals are built-in horizontally, etc , etc There seems to be no 
novelty of method or result in the papei, and its technical impoitance 
IS mmimised by the difficulty we ha\e already referred to of practically 
building in the terminals of a beam at a lequired angle see our 
Art 573 

In the last part of the memoir Giashof deals with contmuous beams 
passing over points of support at different heights, but as he takes heie 
only the case of continuous loadmg, his analysis is not moie geneial 
than Lamaile^s and is in no way super loi to it 

[945 ] H Schefflei Ueher dis Ve? sucliimg dei Ti agfahigkeit dei 
Bnickentrager dm ch angeiaessene Bebtimmung d&i Hoke uwL Entfemung 
der Statzpunkte Organ far die Fortschntte des Eisenbahnwesenb^ Bd \ii 
S 97 Wiesbaden, 1857 Further Uehei die T'^agfahiglnt dei Ballen 
mit eingemauerten Enden, Ibid Bd xiii S 51, 1858 

The first of these papers only deals with a \eiy special case of what 
Lamar le and afterwards Grashof have treated geueralh, and in addition 
the analysis is \eiy cumbersome The second paper is contioveisial, a 
pool reply to Grashof s perfectly legitimate ciiticism 

[946 ] H Febtigkeits mid BiegimgsieikcdtnibbP eines ahei nmheie 
Joitlaiifenden Tragerb Dei Civdiageuiem , Kem. Folgo, 
Bd IV , S 62-73 Fieiberg, 1858 

A continuous beam is supported on (?i + 1) points of support not on 
the same level and forming n equal spans The beam vveiglis p lbs 
per foot -1 un, and a live load of p> lbs pei foot-iun togethei with in 
isolitcd load Q cross the beam ind occupy successively each span 
I^lu autlioi finds thf deflfetions and bending moments w itli gu it h ngth 
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of analysis. He considers in particular the case of five spans, and 
applies his results to various special numerical cases. 

[947.] H. Contirimrliche Bruchentrager, Der CivilingenieuT^ 
Neue Folge, Bd. iv., S. 142-6. Freiberg, 1858. This memoir deals 
fully with the case of a beam of uniform cross-section resting on 
three points of support, when the mid-point of support is lower than 
the terminals and the live load covers one or both spans. Many 
numerical details are given for this case for variations of the ratio of 
live to dead loads, etc. 

[948.] H. Continuirliche Bruckentrciger, Der Cimlingeniev/r, 
Neue Folge, Bd. vi., S. 129-202. Freiberg, 1860. This paper is 
a continuation of the paper referred to under the same title in 
our Art. 947. The writer now supposes three unequal spans, the 
mid-span being longer than the two equal external spans and the 
mid-points of support lower than the terminals. There is a uniform 
dead load, and a uniform live load which may cover : (i) the two 
outside spans, (ii) the mid-span, (iii) all the spans, (iv) one outside 
span, (v) the mid-span and one outside span. All these separate cases 
are worked out with great detail and then more than 30 pages of 
numerical values are given for the reactions and maximum moments 
in these five different cases of loading for various ratios: {a) of the 
lengths of the spans, {h) of the live to the dead load, and for various 
amounts (c) by which the middle points of support may be supposed to 
be sunk below the terminals. Supposing these portentous tables to 
be correct we have here the most complete treatment the three-span 
continuous beam has ever received or is likely to receive. 

[949.] E. Winkler : Beitrage zmt Theorie der continnirlichen 
Briichentrciger. Der Civilingenieur, Neue Folge, Bd. viii., S. 135-182. 
Freiberg, 1862. This paper may be noted here as it belongs essentially 
to the same group as those referred to above. It opens with an 
investigation of results similar to those of Clapeyron, Heppel, etc., and 
then proceeds to discuss the effect of loading only the rth out of n 
spans. Winkler presents his results in the form of continued fractions. 
He then takes the case of equal spans and calculates reactions, deflec- 
tions, etc, (S. 147-60). Next he passes to the investigation of the most 
dangerous load system, and then turns to tables of numerical detail for 
various types of loading. Then he deals by aid of copious tables 
(S. 171-182) with the case of a continuous beam of four spans. Thus 
we may say that before 1862, the complete analytical theory of con- 
tinuous beams of any number of spans and cornph^te numerical d(‘tails 
of beams up to four spans had been published'. 

[950.] S. Hughes : An Inquiry into the Strength of Beurm mid 
Girders of all Descriptions, from the most simple a'ud, idemmilary Forms, 

1 For further investigations with regard to continuous beams belonging to tins 
decade see our Arts, 635, 571-7, 598-G07, 889, 890, and 893, 
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up to the Complex Ao ) aiigenients tohwh obtain in Girder Bridges oj 
Wrought- and Cast h on The Aiti^mi Yol xv , pp 145-50, 170-3, 
194-8, 217-20, 244-47, (255), 267-71, Yol xvi, pp 3-6, 27-31, 
(44-5), 79-84, 129-133, 158-160, London, 1857 and 1858 These 
papers contain a practical treatise on bridge making, involving veiy 
little theory, but citing the experimental results of Hodgkinson, 
Fairbaim and others, and applying them to the details of various 
girdeis, beams and bridges They do not appear, however, to demand 
any close analysis in our History at the present day 

[951] W R B Notiz uher die beaten Querschnittsfomi eise'inei 
Trager Zeitschrift des Vereins deutscher Ingeni&me^ Jahrgang ii, S 
310 Beilin, 1858 The writer of this note criticises Hodgkinson’s and 
Davis’ beams of strongest section (see our Arts 244* and 1023), saying 
that in practice we do not want to have the beam strongest at rupture, 
but stiongest at receiving set He supposes that the elastic limit of 
cast-iron in tension is half that m compression and that both elastic 
limits aie equal for wiought-iion How he leaches these numbers I 
do not know A footnote by Grashof questions then accuracy, but 
does not seem to notice the relative natme of the elastic limit in 
general Compare oui Ait 875 

[952] Albaiet Nouvelles Annales de la Comti uctwn^ Juin, 1859 
I have only seen an extract of this paper entitled Festigh&it von 
Metaltragern in the Hannovensche Bauzeitung^ 1860, S 523 The 
author discusses by a method, which is not veiy mtelligible m the 
extract, the foim ol the girdei which contaimng a minimum of material 
can yet sately cany a given load The paper does not appear to be 
of any importance 

[953 ] Callcott Reilly On the Longitihduud Stress oj the Wi ought 
Iron Plate Giidei This was a paper lead before the Biitish As&ocia 
tion in 1860 It is published in the Civil Engineer and AichitecVb 
Jomnal, Yol xxiii , pp 261-4 and 294-5, also in The Aitizan^ Yol 
xviii , pp 209-12 and 220-1 London, 1860 The authoi supposes 
the limits of safe tensile and compiessive stress to be different, taking 
for wi ought -11 on 5 and 3| (to 4) tons pei squaie mch lespecti’vel} (pp 
262 and 294) 

He assumes that these safe limits aie i cached in compiession and 
tension undei the same bending moment He fuithei supposes the 
stiess to be propoitionil to the strain and the stietch and squeeze 
moduli equal (p 262) This fixes the iieutial axis, and theretoie, if 
theie be no thiust, the position of the centroid of the cioss section 
1 01 i given bending moment uid X section of gL\ en tot il height ind 
given thickness of web, we then hi\e enough equations to deteiiniiK. 
the aie IS ot tlie fliiiges, if then bieadths b( given oi foi thin flinges 
the aieas even witliout the bieadths Reilly concludes his pipei with 
a cilculition of the girdeis foi a bridge actuill} built fiom designs 
b ised on his tliooiy 
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[954.] L. Mitgau: Ueber die relative Tragfdhiykeit guss- und 
schniede-eiserner Trdg&i' mit Biichsicht auf deren Verwendung m 
haulichen Zwechen, ZeLtschrift fur Bcmhandwerker, Jahrgang 1860, 
S. 121-7, Braunscliweig. Tliis paper is of no importance for us, the 
greater portion of it being occupied with the calculation of the moments 
of inertia of T and X sections. 


[955.] Blacher: Application du calcid des ressorts. Mhnoires et 
Gompte-rendu des travaux de la Socnete des TngenievA's civils, -A.nnee 
1850, pp. 143-52. Paris, 1850. 

This memoir may be considered as quite replaced by that of Phillips 
(see our Art. 483), for it only treats a very special case of the latter 
memoir. The formulae for springs cited on pp. 147-9 are due to 
Clapeyron who had given them to Shintz {sic, Schinz?) from whom 
Blacher obtained them. The assumption from which the memoir 
starts (“Soit une serie de lames d’%ale epaisseur et d’%ale largeim 
superpos6es de mani^re que Tune repose sur les extremit^s de hautre 
2 oar Vintefrrrddiaire de petits tasseaux^^ p. 144) is by no means so 
general or satisfactory as that of Phillips. 

[956.] Schwarz: Von der ruckwirkenden Festigkeit der Korper, 
jErbkams Zeitschrift fur Bauwesen, Jahrgang iv., S. 518-30. 
Berlin, 1854. 

This memoir after some general remarks on cohesion and 
elasticity proceeds to deduce a formula for the buckling load P 
of doubly pivoted struts in the following manner. If Ecok^ be the 
flexural rigidity of the strut supposed of length I, then as in 
Eulers theory (see our Art. 67^): 

(i). 


If there were compression without buckling, we should have as 
the value for P 

P = coC (ii), 

where C is the safe compressive stress. 

Now if S be the limiting elastic squeeze and C' the corre- 
sponding compressive stress G' = ES, 


or 


0 ' = 




(iii). 


Now Schwarz argues that the strut has to withstand buckling 
and compression at the same time, hence we must have 


U' f Cur - ( 
ft) V 


1 + 


n 
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less than the gieatest safe compressive stress, say Thus he 
finds 

This formula is in fact akin to the empirical formula, of 
Gordon, Eankine and Scheffler, but the above process by which 
Schwarz deduces it remains a mystery to me 


[957 ] A C Benoit-Duportail Galcul des essieiuv pow hs 
chermns de fer Le Technologiste, 1856, pp 315-25 Pans, 1856 
Translated in the Polytechmsohes Cmtralblatt, 1856, Cols 705-14 
This paper appears to be theoretically correct and is of considerable 
technical value 


Suppose 2F to be the load on the axle, b the distance from the 
mid-pomt of the wheel to the mid pomt of the journal on which the 
load rests, then the bending moment throughout the axle is uniform 
and equal to P5 If r be the radius of the axle and 2^ the safe 
tractive strength of its material, then on the Bernoulli Eulenan 
theory 


r 4 


PTrr® 

4 


w 


This foimula holds whethei the journals aie placed inside oi outside 
the wheels, the flexure in the two cases bemg, howevei, m opposite 
senses 

Accoiding to Benoit-Dupoitail the value of b lies between 2 and 
3, meties, and T varies fiom 600 to 400 kilogs per sq ceiitimetire 
He thus finds foi ? m centimetres 


T- 35 ijF, for 5 = 2 m and P= 600 kilogs 

= 40 = 25 m and P= 500 

= 457 ^P, = 3 m and P= 400 

= 40 ^P, = 2 m and P= 400 

The values of 7 aie then tabulated for vaiious loads P (pp 316-7) 


[958] The flexuie is next calculated, as befoie on the assumption 
that the axle has a uniform cross section Since the flexuie is circular 
this lb easily done and foi such axles as are in common use the 
amount is found to be 175 mm , which throws the top of the wheel 
from 3 to 4 imllimeties out of the pei pencliciilar (p 317) 

11 est c\ulent quo loisque touine, U flexion de po^sition et 

(pie I’ebsiou pi end un momement de flexion o'scilUtoiie, inilogue i eelui 
([lion opde ])()ui fxcilitci U luptuic de^ bxnes de foi ou dc'^ laoiee^iux do 
boi'^, qui tend i iltoici U qiiilite du fei Mils il cd \ iciiiiKXUCi quo 
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lorsque les trains sent en marche, comme il faut un certain temps j)onr que la 
flexion se produise, Tamplitude des oscillations est d’autant moindre que la 
Vitesse est plus grande et les efibts d’alteration qiii se produisent sent 
beaucoup moins destnictifs qu’on ne poiirrait le craindre au premier abord 
(p. 31V). 

This seems to me to disregard tbe possibility of an accumulation of 
stress : see our Arts. 970 and 992. 


[959.] Tbe journal has to be treated somewhat differently from the 
body of the axle. In the first place it may be considered as a cantilever 
of length I and thus we have for its radius : 




4 


(ii). 


This gives the radius required at the wheel -end or place of maximum 
stress, the journal being supposed outside the wheel. 

But there is another point to be considered, namely, the friction of 
the load, which produces heat. It is found that for an axle that has 
been some time in use, the frictional surface is about one-third of the 
circumference. Hence the area of friction = Or, if p be the mean 

pressure, we have, according to our author, P = p x 2tI about, that is 

l-mP-) (iii). 

This reasoning is not, I think, satisfactory; p) is normal to the 
journal surface at each point and we ought rather to have 

x2rl Y. l'7rl about. 

From (ii) and (iii) we find for the dimensions of the journal (p. 318) : 

h (iv). 

Benoit-Duportail states that p = 25 kilogs. per sq. centim(‘tre is found l)y 
experience to be about the maximum mean prossurii wliieli will not over- 
heat the journal. Putting P = 600 kilogs., he then finds : 

T = *08 Vp in centimetres, and 3-12r)r (v). 

The value of I as given by this formula would tlieii 1)0 rclaiiujd for the. 
journal. But the value of r would only be valid after there had hcien a 
certain wearing away due to use. The value of r tluirefoixi must 
be increased by from 1/10 to 1/12 of its value ([). 310). 

If we had supposed, however, the load distributed unifoi-nily over 
the length of the journal and not all acting at one end as in tlu; extnuue 
case, we should have had instead of (ii) the equation 

7Vr/ 
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which with (ill) leads us when T = 600 and ^ = 25 kilogs to 

?i= 068 and ?i = 4 3ri (vii), 

instead of (v) 

On the Cliemin de fei dv, Noid foi certain wagons P equals 3250 
kilogs This gives, coirecting Benoit Dupoitail^s arithmetic 

ri = 3 9 centimetres, and ^ = 167 centimetres 
Adding to a tenth of its value we have 

7i = 4 29 andZ,= 16 7, 

the values actually taken being = 4 and ^=17 Thus the theoiy 
leads to lesults in fan agreement with piactice 

For engines and locomotives whose spimgs aie much stifFer, T ought 
not to be taken so large, but = 400 kilogs , say, and p ought also to be 
1 educed We then have from (in) and (iv) (p 319) 

for = 20 kilogs, (^=2r= JP, l-2dy 

= 15 kilogs , 2^ = 171 VP, ^ = 2 Zd, 

= 10 kilogs , c?= 2^ = 189 JPy ?= 2 8c^ 

Benoit-Duportail gives a table of the values of d and I foi loads (2i^) 
fiom 500 to 12000 kilogs (pp 320) Then follows with tables an 
mvestigation similar to the above foi the case when the journals aie 
inside the wheels (pp 322-3) The memoir concludes with a discussion 
of the effect of wedging {calage) the wheels on to the axle (pp 324-5) 

[960] W Fan bairn Tuhulm Wi ought L on C'iane6 Iiibhtution 
oj- Mechanical Engineeib Pioceedingb, 1657, pp 87-98 This paper 
contains details as to the strength and deflection of these cianes see 
our Art 909 

[961 ] Gallon Rapport a la commibSion centude des machineb a 
vapeur sm la reponse des diveises conwiissio'ns de surveillance des bateaux 
a vapeur aux questions posees jrar la cvtculaiie imnistei lelle dulb juillet 
1653 Annales des pouts et chaussees Memoir es 1856, 2^ semestie, pp 
71-102 Pans, 1856 I only lofei to this memoii because m a Note, 
pp 90-102, it seems to me to gi\e a \eiy doubtful and, I think, 
eiioneous tlieoiy of the safe limit foi the thickness of the wills of 
eylindiical boileis I do not see how the theoij of beams cm be 
ipplied to this case, ind if it be aiiplicable I do not undei stand how 
{dgjdx) could be neglected as it is on p 92 see my remarks in Ait 
537 on a like ticiment of the pioblein due to Biesse 

[9G2 ] F Gi ly PiedijolPs For mula for the fhichiebS of Cast Lon 
Cghndtrs fhe Aitizan, Vol wii pp 269-90, London, 16)9 Tied 
j^ohl 0)1 the f^Uam h)igi)ie^ 516-20, gives \ foiiuuli foi the propei 
thicknes'^ of cast non c^lindeis and pipts subjictcd to sti iin iiising fiom 
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unequal expansion. Thus he supposes one-half of* a cylinder to be heated 
300“ F. higher than the other half. Tredgold’s formula and his method 
are both very questionable. Gray points out a slip in his algebraical 
work and gives a corrected formula based on the same hypothesis. The 
whole procedure seems to me so questionable that I place no faith in 
Gray’s corrected version of Tredgold’s formula. Winkler has attempted 
a similar problem, in a manner which I think inadmissible also, but 
certainly better than Tredgold’s: see our Art. 645. The problem is 
of some importance and ought, I think, to admit of a solution by accurate 
analysis. 


[963.] Mahistre : Mhnoire sur les limiies des vitesses qvJon pent 
iTwpHymr aux trams des chemms de fer, sans avoir d craindre la rupture 
des rails, Comptes rendus, T. XLiv., pp. 610-13. Paiis, 1857. 

This paper after referring to the Portsmouth experiments on the 
flexure of railway rails under a travelling load (see our Art. 1417*), 
proceeds to develop a formula for the maximum load which can cross 
with given velocity a doubly built-in rail without destroying its elastic 
efficiency. Mahistre treats the railway rails as built-in at the sleepers, 
and finds by a process which does not seem to me free from doubtful 
hypotheses the following formula for the maximum load which can 
travel with velocity V along the rail: 



where 2^ is the length of the rail, h its vertical diameter, its 

flexural rigidity, h the height of the centre of gravity of the travel- 
ling load above the rail, the limit to elastic tractive stress, E the 
stretch-modulus of the material of the rail, and iP the part of the 
weight of the locomotive which rests on the most charged pair of 
wheels. 

If 27i/5 be small compared with EI2\ as I think it would generally 
be, this formula reduces to 

This may be compared with a formula for P which I have deduced from 
Saint-Venant’s result (xiii^) for a doubly supported bisam giv(ui in our 
Art. 375. Putting the Q of that article = 2P, I find approximately for P : 




Thus the difference occurs in the factor 4/3 of the term 

Mahistre neglects the inertia of the rail; he assumes it at each 
instant under the transit of the load to take the statical form wliieli 

2P r- 

would be produced by the force 2P+ , where r is the radius of 

y r 
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curvatuie of the curve described by the centre of gravity of the load^ 
and he further appears to assume that the centies of curvatuie of the 
path of the load and of the curve of deflection of the rail at the pomt 
of contact with the wheel must coincide at each instant 

I do not think either the first equation of his (1) or his equation 
(3) holds for a doubly built in lail They apply rather to owe mnply 
suppoi ted, and this on the assumption that the cross section has its 
centroid m the mid point of the vertical axis of symmetry !Furthei 
I do not follow the argument by which it is shown that the envelope 
of the successive curves of deflection is a circle , nor if it be a circle do 
I understand why equation (4) for the deflection and curvature of the 
strained foim at any ynstani must hold My surprise is rather that the 
author comes so close to the right lesult than that he differs from the 
foimula of PhiUips and Saint-Venant 


[964] Bobeit Mallet On the inc't eased DeflecUon of Girders o? 
B'iidges exposed to the Transverse Strain oj a rapidly passing Load 
This paper was read at the Institution of Civil Engineers of Ireland 
and be found printed in The Civil Lngmeefr and Architect's Journcd, 
Yol xxiii pp 109-110 London, 1860 Mallet lefers to the labours of 
Willis and to the experiments of James and Galton, and then adopts 
Morin’s foimula for the deflection, which is leally due to Cox 
see our Arts 1417 *-24*, 1433* and 881(5) It supposes the beam 
to take its greatest deflection when the travelling load is at the centre 
and the deflection then to be that which would be due to a central load 
equal to the weight of the ti a veiling load, together with a load equal 
to the instantaneous ‘centrifugal force’ of the tiavelling load If the 
load statically placed at the centre of the beam would produce a bend 
mg moment Mg there, then I find on this theory that the bending 
moment Mj;^, when it is travelling with velocity V, is 




Ms 
E(j)k y 


wheic EijiK IS as usual the flexuial iigidity of the beam Hence if J/,, 
be the safe bending moment, we must have 

ITT 

1 + . 

J (j)K y 


Lilt if w be tlic weight of the tiavelling loid and 21 the length of the 
beam, Ms, = 2 ^^ 01 , 

Jl/y 


10 < 
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If 14 = T^fSiK^jh, we have 

2T,o>Ky(lh) 

^ ^ rn y2 * 

1 + — ® — 

^ E gk 

Mallet does not reduce Morin’s result to this simple form, but says 
rather vaguely that it accords with James and Galton’s experiments. 
The above result will be found to agree with that of Mahistre’s cited 
in the previous article, if we remember that w = = of the 

latter’s notation: see also our Art. 663. The conclusions, however, of 
Mahistre and Mallet are eiToneous, being founded on a method con- 
demned at a much earlier date by Stokes: see our Art. 1433*. Mallet 
in a footnote notices Phillips’ memoir (see our Art. 552), and commends 
it strongly to the reader, but does not seem to have noticed that its 
results contradict those he cites. He considers Willis and Stokes’ work 
as excellent, but '‘past the usual range of practical men.” There is 
nothing of further importance in the paper. 


[965.] Lemoyne : Note sur V&valuation du poids equivalent d un 
calhot en ce qui concerne la r^si$tam,ce dJune poutre de pont ; ou plus 
g^nJeralevient : DUermination de la charge Wanquille equivalente^ quant 
d la flexion <Pune pi^ce elastique reposant, par ses extrimiteSf sur deux 
appuis de niveau^ au choc dJune masse dUerminee tomhant d'une 
hauteur connue sur le milieu de cette piece. Annales des p)ont$ et 
chaussees. Mhnoires^ 1859, 1®^ semestre, pp. 326-33. 

The method of this paper is not very satisfactory, and the whole 
matter has since been thoroughly discussed by Saint-Venant (see our 
Arts. 362-71 and 413). 

Lemoyne argues as follows : Let the weight Q dropped from the 
height h produce the same deflection / as the weight P statically placed 
upon a bar, then to get a superior limit for the value of P we may 
suppose the work done in bending the bar in the two cases equal or : 

Q{h^f) = Pfl 


but /= f^P/(48-S'a)K-), where I is the length of tlie bar and Eom" its 
flexural rigidity, hence we find : 


P = 


Q 

2 



I 


(a). 


II cst h remarquor do plus, quo la relation (a) fom-iiirait sculcnient, dins l,i 
pratique, unc limite supericuro du poids h dotcrimnor ; f-ar eottij expression 
n’est vraie, thdoriquemont, quo pour le cas impossible do deux eoips jiarlaito- 
ment elastiques, oe cas otant le soul oh il n’y ait pas unc pcrto de [uiissanco 
vive par le fait m6me du choc (p. 329). 


To obtain an inferior limit Lemoyne determines the kinetic energy 
absorbed in the elastic deformation. Let V' be the joint velocity after 
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impact and W the weight of the bai, then if both 
we should have by the prmciple of momentum 

W and $ were free 




Thus, 

\W+Q QTh 

2 ^ ' W+Q 


Putting 




we find for an inferior limit of P (p 330) 

V 




1 + A / 1 + 


192^(«>k 


+ C)/ 


l^{W+Q)s 

Lemoyne’s reasoning seems to me very doubtful , in particular with 
bis definitions of P and f I tbink \Pf and not Pf is the woik 
corresponding to P He gives an example of these limits, and he 
finds that for a certain case P must he between 13,260 and 3,210 
kilogs , when Q = 3,000 kilogs and the drop is 08 metres A 
fuithei assumption leads him to limits of 11,000 and 5,142 kilogs 
In neither case do the limits seem to me sufficiently close to be of 
much practical value 


[966 ] r Grashof TJeher d%e Befrechnung der FestigJcPit der 
Sch aubengewinde Zeitschmft des Yeieins deutschm Ingemeute Jahi- 
gangiv, S 289-92 Berlin, 1860 

The author commences with a shoit htstoiical account of the 
discussions which had taken place in Germany on the stiength of 
screws At a meeting in March, 1860, of the Hannoveiian Aiclii 
tphten It IngeniPui Veiein Wittstein had given a formula foi the 
strength of screws based on the assumption that the thread is a 
beam under flexme (') Let a be the width and c the depth of 
the thread, h the circumference of the sciew multiplied by the nunibei 
of turns of the screw in the matrix, then Wittstein supposed that the 
tractive strength P of the aciew is given by 

P^mhcjct (i), 

where w is a constant to be deduced by experiments on the iin)tuie of 
screws ind not fiom pure ti action expeiimeiits on its mateiial This 
formula led to a discussion in which Ruhlmxnn, Kaimar'sch, Kiichwegei 
and others took part Kannaisch, from experiments made 1)} himself 
twenty yeais previously, concluded thit the lesistxncc of wooden scitws 
wxs du( to the shearing ind not to the bending stiength of tli( tine id 
Thus if S^^ be the ibsolute sheaiing stiength of the mateiial, ought 
to ha^ e instead of (i) 

P = SJ,c (ii) 

Ruhlnnnn dp^ AichitfktPn n Ingpumm Ye^pnis f d 

KomqiPuh Ilintnovn^ Hd m Heft 2 u wheie th( df tills of tlu 
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discussions will be found, — a periodical unfortunately inaccessible to 
me) considers that formulae (i) or (ii) will be true according as the 
thread does not or does accurately fit the matrix. He then proposes 
to use a formula given by Navier, in § 154 of his Lec^ons, for combined 
flexure and shear. This formula is erroneous, so that no weight can be 
laid on Ruhlmann’s results. In the course of his paper he refers to 
certain experiments on wrought-iron made in 1834, the details of which 
are published on S. 228 of the Mittheilungen des Gewerhe’- Vereins f d, 
K'migreich Harmover^ 1835, showing that the absolute shearing strength 
of wrought-iron is from 68 to 80 per cent, of its absolute tractive 
strength, — a result not very far from the A obtained by extending the 
results of uniconstant isotropic elasticity to the phenomena of cohesion : 
see our Arts. 879 {d) and 903. 

[967.] Such was the state of the problem when Grashof took it up. 
He considers (ii) to be the correct formula for tightly fitting screws, 
and that it is impossible to apply (i) to the case of a beam the height of 
whose cross-section is of the same dimensions as its length. It is 
necessary, he holds, in the case of a metal screw, which does not iifc 
so closely as a wooden one, to take into account both the flexure and 
shear of the thread. He supposes the pressure P to be distributed 
on a cylinder round the spindle of the screw, the radius of which is 
slightly greater than the mean between the radii of the spindle and 
the thread. I hardly see that he justifies this assumption (S. 290). 
He then, after demonstrating at some length the error of Havier’s 
formula, — a fact long before known from Saint- Venant’s researches — 
proceeds to apply Saint-Yenant’s formula for combined flexure and shear 
to the case of the thread of a screw. He attributes this formula to 
Poncelet and says he first found a rational treatment of combined 
flexure and shear in Laissle and Schiibler’s work (see our Art. 889)! 
He then gives a numerical table showing the influence of shear and 
flexure respectively on short beams. This table is similar to one which 
had been previously given by Saint-Yenant and which we have already 
cited in a later form (see our Art. 321 {d)). Grashof concludes from 
his formula, — into which, however, he has not introduced ilui difler- 
ences between the stretch and slide moduli, and between tlu^ absolute 
tractive and shearing strengths, — that if a screw tliread is not to give 
way by flexure we must have 

P< (iii), 

where Tq is the absolute tractive strength, and if it is not to give way 
by shear we must have ; 

Pcihe Tq (iv). 

Thus a slightly loose screw would give way sooner than a tight one. 
Better results than these would be obtained on the sanu^ Jtjfjxdhrds — 
i.e. that of the thread as a beam, — from the conclusions of our Art. 
321 (d). 

I question, however, whether this hypothesis in tlu^ kiast approxi- 
mates to the facts of the case. Were the tlnx'ad cut through in s(‘\'<‘ra,l 
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places parallel to the axis of the screw, would not its strength be 
weakened ? Further, if it is to be tieated as a beam, surely in pmctice 
its cross section is not imifoim and equal to he % Lastly if we may 
suppose these assumptions to make no diflference, would not better 
results be obtained by treatmg the thread as a veiy narrow flate built-in 
at one edge and loaded near the parallel edge ^ In this case we should 
not obtain a formula like (ui) in which is the absolute tractive 
stiength We should have to deal with a plate incapable of contracting 
in its own plane and the lesnlts would be again diffeient 


Group 0 

Experimental Researches on Shaped Material and Structmes 

[968 ] The remarks we have made on the papers of the two 
great engineering Institutions for the earlier period see our (Art 
1464^) hold in a slightly modified degree for much of the technical 
literature of the period 1850-60 The scientist stands aghast at 
the great mechanical results which have been obtained often by a 
defective, sometimes by a false theorj’’ Perhaps it is only a 
consciousness of the large ‘factor of safety’ used which makes a 
railway journey endurable for a scientist after a perusal of some of 
the technical papers published in this decade ’ 

[9G9 ] The following papers m the Proceedings of the Institvtion 
of Mechanical Engineers may be just noted 

{a) 1850-1, January, pp 19-31 On Railway Carnage and 

Waggon Sin mgs by W A Adams, with an additional papei by 
the same authoi, Apiil, pp 14-26 These papers are interesting 
as giving an account of the various buftiog and bearing springs 
then in use There are details of expeiiments on the deflection, 
set and absolute strength of some of tliese springs Seveial of them 
might be made the subject of mteiesting theoietical investigations 

(5) 1853, pp 45-56 On Invproved India Rubber Spnncjb for 

RarXwaij Engines^ Carnage^ etc by W G Oiaig ShuiIhi Kinnks 
apply to this papci 

(c) 1 857, pp 21 9-22G Descr iption of a Neio convex plate laminated 
Sirring l)y J Wilson Tlie flit plates of the oidiniiy siiiing au lepl iced 
m this new spring by “gioo\ed or tiougli plitcs ’ Detuls of deflection 
ind set in spiiiigs will be found on p 223 

(d) 1858, ])p lGO-5 On a new const t ta f ton of Rathun/ ^fonii/s^ 
by "r ITuut Tins <^i\ ( s (1( t ids of d( fl( I linu and s( t 
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[970.] On the Fatigue and consequent Fracture of Metals, F. Braith- 
waite. Institution of Civil Engineers, Minutes of Proceedings, Vol. xiii 
1853-4, pp. 463-7 (Discussion pp. 467-75). The word ‘fatigue’ is at 
tributed by Braithwaite to Field (p. 473) and is used by him to denote 
a progressive destructive action arising from repeated loading. The 
paper is in very genei-al language and the only evidence brought forward 
is drawn from numerous “unaccountable” accidents which the author 
attributes to a wearing-out of material due to repeated stress. Fair- 
bairn in the discussion supported the old view that the variations 
in stress produce a change in the molecular structure, thus “ wrouo-ht- 
iron assuming a crystalline instead of a fibrous arrangement ” (p. 469) • 
see our Arts. 1463 *-1464* and 881 (5). Sewell held “that fractures 
were frequently owing to the arrest of the longitudinal wave of vibration 
by a transverse check.” He believed that this would account for the 
action of fatigue at shoulders and angles (p. 471). This is really a true 
view although obscurely expressed, the wave of stress is reflected by such 
‘checks,’ and the stress tends to double if not further multiply itself 
at such points^. This accumulation of vibratory stress owing to reflec- 
tion can be easily demonstrated theoretically in the case of lono-itudinal 
and torsional vibrations, and I believe is the real reason why a vibrating 
body appears to give way under a stress less than the statical rupture 
stress. Thus ‘fatigue’ would only express the constantly increasing set 
due to an accumulated stress which exceeded the elastic limits. The 
vague way in which the latter term is used by Hawksley in the discus- 
sion is characteristic ; he does not seem to have in the least grasped that 
the vibratory strain under a certain loading may be twice, or even more 
times, as great as the strain produced by the same load under statical 
conditions. It is accordingly the maximum vibratory strain and not 
the statical strain which must be less than the elastic limit, but the 
vibratory strain can only be deduced from the load by theoretical 
calculations, which are occasionally of a rather complex character. 


[971.] C. R. Bornemann : Festigkeitsversuche mit dreieckigmi SUihen, 
Der Civilingenieur, Neue Folge, Bd. i., S. 186-195. Freibei*g, 1854.’ 
This is an attempt by means of experiments on wooden and cLt-iron 
bars of triangular cross-section to ascertain whether the strotcli- and 
squeeze-moduli of such materials are equal. The bars worci of equilateral 
cross-section, and in the case of wood were of deal with the ii])rcs ap- 
])arently in the plane of the cross-section and parallel to a median line. 
The experiments with the w^ooden bars were made with the cross-section 
in three difterent positions relative to the plane of tluj load sn])pos(‘d 
vertical, i.e. (i) with the vertex upwards, (ii) with it downwai'ds, in both 
cases one side being horizontal, and (hi) with a side vcTtical. Exp<‘]*i- 
ments were then made in which elastic flexiuv, set and nltimahdy 
flexural strength were measured. Similar bars of cast-iron witli thdr 

■u papers of Thorneycroft and McConnell referred to in our Art. 

both draw attention to the fact that axles almost invariably break at tJie whe(‘l 
McConnell attributes this position of the fracture to “the smbbm .sto])i)a-e or 
reaction of the vibratory wave at that place.” 
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cross sections in the same three positions relative to the load j 
v^ere expeiimented on The details of both sets of experiments wi 
found on S 187-92 

Eornemann finds that the relative strength of both wooden 
cast-iron beams, calculated by extending the Beinoulli-Eulerian tt 
to ruptuie, would depend on the position of the cross section rel 
to the plane of the load Further that the elastic flexures in i 
positions require us to suppose that for cast-iron at least the str 
and squeeze moduli are unequal He woiks out a theory of fle 
on this hypothesis on S 192-3, which is very similar to ths 
Hodgkinson see our Arts 234* and 925 His general conclu 
stated on S 195 are as follows His experiments 

(1) Die bei fruheren Festigkeitsversuchen gemachten Beobachtn 
bestatigen, namhch die Propoitionalitat der Zunahme der Embiegr 
mit den Gewichtslagern, innerhalb gewisser Grenzen , dann die sta 
Zunahme der Embiegungen bei hoheren Belastungen, das Auftreten 
manenter Embiegungen bereits bei sehr germgen Belastungen (z B fiir 
bei 1/57 der Bruchlast, fur Gusseisen bei wemger als 1/20 derselben) 
bei sehr unbedeutenden Ausdehnungen der extremiten Fasem (fiir 
bei einer Ausdehnung= 00032, und fur Gusseisen bei der Ausdeh 
= 00086), die starkere Zunahme der permanenten Embiegungen m 
Nahe der Bruchbelastung, das plotzliche Emtreten des Bruches bei 
eisernen Barren und unter Bildung eigenthumhcher keilformiger He 
ragungen an der Seite dei comprimirten Fasern, endhch die Abn^ 
des Elasticitatsmodulus mit wachsenden Embiegungen, 

(2) Schemt sich aus diesen Versuchen em Unterschied zwischen 
Elasticitatsmodulus der comprimirten und demjenigen der ausgedel 
Fasern herauszustellen, welcher aber fur Holz wo die entsprechenden W' 
sich wie 1 054 1 \erhielten nur sehr unbedeutend sem kann, fui Guss 
dagegen, wo die Elasticitatsmodeln sich wie 1 4939 1 verhielten, 
ubeisehen werden konnte, sondern die Annahme einer andern Lage 
neutralen Axe und die Emfuhiung anderer Biegungsmanente nothig ma 
wuide Als Elasticititsmodulus dei msgedehnten Fasern ergab sicl 
Gusseisen im Mittel 9562500000 Kilogr [per sq metre], fur Holz 153195 
Kilogr [per sq metre] 

(3) Gleichzeitig ergiebt sich aber auch eine Veranderlichkeit der neut 
Axe mit steigenden Belastungen, mdem sie sich immer mehi dem &cl 
punkte 7U n ihern schemt 

(4) Die gewohnliche Beiechnungswoise der Festigkeit wild dm cl 

Versuche nicht bestitigt, es schemt vielmehr, als ob /wise hen den In 
keitsmodeln dei dem Druck und der dem Zu^t " - ‘/I > 1 n u 
Ungleicliheit bestunde, welche /wisclien den m « i i i I i 

gefunden wuide 

Tlio foiutli lesult is of course the old ‘beim pxiadox ' sec oui 
173, 17S and 930-8 The possibility of obtaining sitisfictoiy k 
by miking tlic stiitch iiid squ( ( /o moduli foi cist non difitun 
I tlimk, doubtful, since the cliuf ])eculiiiity of cist non is tin 
Unciiity of its stri ss sti iiii cur\e fiom tin vc i y outset s( f 
Alts 1 ni^ ind 79 1 
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[972.] Eaton Hodgkinson : Eonperimental Researches on the 
Strength of Pillars of Cast Iron from various Parts of the King^ 
dom. Phil Trans. 1857, pp. 851-899 with three plates. London, 
1858. 

This memoir may be treated as a supplement to that of 1840 
considered in our Arts. 954^-965*. From the theoretical point 
of view it does not contribute much additional information, and 
from the practical it must be looked upon chiefly as modifying the 
constants obtained in the earlier investigations. 


[973.] The pillars in the present researches were upwards of 
10 ft. long and from 2‘5 to 4 inches in diameter,* partly solid and 
partly hollow. The material was cast-iron and the iron was of a 
variety of well-known qualities. A description of the testing 
machine will be found on pp. 851-2 (with plate xxxi); the 
experiments, made at University College, London, were at the 
joint cost of the Royal Society and Mr Robert Stephenson. 
Hodgkinson being unable to determine any point which could be 
described as that of incipient flexure, confined his attention to 
rupture loads. 


The rupture load of a solid pillar of diameter d and length I 
according to Hodgkinson’s investigations of 1840 varied as 
In the present experiments he gives for Low Moor Iron the rupture 
load w in tons of a hollow pillar of internal and external diaiueters, 
and d inches, I feet long (p. 862): 


20 = 42*347 


irG3 


while in the researches of 1840 he gave (see our Art. 961*') : 


20 = 46*65 


^ 3 ’ 56 __ 


Tt is obvious that there is a very considerable diflbi’once 
these results, and we are compelled to put even loss faith in tiie foi-uiula 
than we might hope to do, when we notice that tlie ])Owers of the 
diameters vary from 3-213 to 3-679, and the powers of tlui longtlis from 
1-5232 to 1-6724 in the different sets of experiments ; still otlujr values 
of the powers would have arisen, if the results of tlie oxpciiiimuits of 
1840 had been taken into account. Further these emj)irieal formulae 
are, we are told, to be limited to pillars of cast-iron, wliosc^ huigtlis are 
at least 30 times their diameter (pp. 864— G). Jt may be (juestiomjd 
whether the Gordon-Kankine formula or some of its nuimu-ous CbM iuaii 
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equivalents would not give equally good, peihaps better, lesults see 
our Arts 469, 650 and 956 

For the different kinds of cast-iion Hodgkinson gives on p 872 a 
summary of the values of m, where in tons w^m tor solid 

pillars m, for d in inches and I in feet, vanes from 33 6 up to 49 94 
This summaiy may have value foi practical purposes, but we can only 
afford space to refer to it here 


[974 ] We may note one or two pomts of the memoir which have 
possibly a theoretical bearing 

{a) The relative strength of pillars with flat oi bedded ends to 
those with rounded ends was found to be as 3 107 to 1 (p 855 and 
compare p 854, § 5) The theoretical incipient flexure loads are as 4 1 
Piobably a certain amount of strength was gained by the flattening of 
the rounded ends undei the piessure With one end flat and one 
rounded the ratio was as 2 1, which agiees with that given by incipient 
flexuie very fauly see our ^t 959* and G(m%genda to Yol i p 2 

(5) Hodgkinson gives a theory of these ratios (pp 855-58), but it 
IS not very novel oi sufficient His lemarks on the pomts of lupture 
(p 858) seem to suggest that ruptuie ultimately takes place at the 
points of maximum elastic stiess as given by Euler’s theory These 
aie the points referred to in our Art 959* 

(6) On pp 861-2 the great loss of strength due to removing the 
external ciust is lefeired to Hodgkmson thus notes “that to ornament 
a pillar it would not be piudent to plane it” Further “In expen 
ments upon hollow pillars it is frequently found that the metal on one 
side is much thinner than on the othei, but this does not pioduce so 
great a diminution in the stiength as might be expected, for the thinnei 
part of a casting is much harder than the thickei, and this usually 
becomes the compressed side ” (p 862) 

The considerable differences between the ciushmg strength of iron 
at the core and towards the periphery of the casting are again referied 
to on pp 866-870 Thus if B, E be the resistances to ciushing jier 
* ^ i? — A 

vquaie inch at the peiiphery and the coie respectively, then — = the 

defect of resistance at the core, the lesistance towards the peiiplieiy 
being taken to be unity Hence if d be the diametei of the weiker 
cou, f/j of the pillar, Hodgkinson supposes (see oui Art 1G9, (e)) 




li — E 1 

wlioio ^ IS a constant For Low Mooi non — ~ ^ neiily, ind fioni 

to J = 8</j, we see that w will vaiy fiom 
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Thus the weakness of the core may have considerable effect. The 
reasoning by which Hodgkinson reaches the above formula is not 
very satisfactory, but it probably roughly expresses the effect of the 
variation of the strength of the material across the section. The 
point has been considered in other applications by Saint-Yenant and 
Bresse : see our Arts. 169 (e)-(/) and 515. 

Experiments showing the decrease of strength from the periphery to 
the core of castings are given on pp. 889-92, and might be useful for 
comparison with further theoretical investigation on this subject, al- 
though in many cases the evidence only proves irregularity in the 
casting ; in one case even the greatest strength was near the centre, 

(d) In the A^ppendix to the memoir, pp. 893-9, we have some 
experiments on six cast-iron columns of circular, square and triangular 
cross-sections. Erom the few results obtained it would appear that for 
the same quality of metal, the same weight and length, the circular, 
square and equilateral triangular cross-sections give loads varying as 
55299, 51537, and 61056 respectively, or the triangulo/r is distinctly 
the strongest and the square the weakest. In these cases the ends were 
flat; Hodgkinson seems to hold that this would not be true if the ends 
were rounded, but the experiment on a cruciform pillar, made in 1840, 
on which he bases his conclusion does not seem very satisfactory. The 
ratio of the corresponding huchling loads is on Eulerh theory 
9 : Stt : 3‘4647r, which makes the load for the triangle the greatest, and 
with roughly about the same ratio to that for the square as Hodgkinson 
gives for the rupture loads. But this theory applied to rupture makes 
the square stronger than the circle, which is the reverse of Hodgkinson’s 
experience. 

The rupture surfaces of the pillars experimented on are figured. The 
details of some experiments on wrought-iron columns and timber balks 
referred to on pp. 852-3 were not, so far as I know, ever published. 

[975.] This is the last memoir of Hodgkinson’s that we have 
to note. He died on June 28, 1861, after some years of bad 
health. An account of his life will be found in the Mnnoires et 
compte rendu des travaux de la Societe des Ingmieurs civils, 
Annde 18G1, pp. 505-10. Paris, 1861. Of this society he was 
an honorary member. The account is a translation by Love of 
a notice of the veteran technical elastician which appeared in the 
Manchester Courier, but on what date I do not know. 

[976.] D. Treadwell: On the Strength of Cast-Iron l*illars. IWo- 
ceedings of the American Academy, Yol. iv., pp. 3G()-73, Jhxston, bSCO. 

This paper is a mere resume and criticism of earliiu* work. It rders 
to the labours of Euler, Rennie, Tredgold and Hodgkinson (soc^ our 
Arts. 65^ 74* 185* 196*, 833* and 9r)4*-65*). It points out that 
Hodgkinson’s formulae ought not to be trusteed beyond tln‘ 1 iinits of his 
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experiments, careful as the latter weie Treadwell fuithei remarks 
that no practical directions founded upon Hodgkinson’s experiments 
have been given in any engmeering woik^, and that American architects 
are governed by Tredgold’s formula, which leads to different and m 
many cases quite mcongiuous results At Tread welFs suggestion a 
committee was appointed to draw up rules which should be consistent 
with the laws of stiength for small as well as foi large pillars I am 
unawaie whether this committee ever published any leport 

[977] B B Stoney On the Strength of Lo'ng P%lk(/t s Proceedings 
of the Royal IrvJh Academy^ Yol viii , pp 191-4 Dublin, 1864 This 
gives a very insufficient and unsatisfactoiy method of deducing a 
formula for the Reflecting weight’ of long struts It practically 
only leaches Euler’s result in an incomplete form see oui Art 74* 

[978] G H Love A memoir by this writer may be noted 
although it belongs to a year outside the present decade It 
IS entitled Sitr la hi de Resistance des pilieis dJaaei dedmte 
de Vexp6nence povit servir au calcid des tiges de piston, hielles, etc 
Mdmoires et compte rendu des travaux de la Societd des Ingemewrs 
civils, Annee 1861, pp 119-66 Pans, 1861 

The memou commences by noting the want of experiments on the 
stiength of steel columns, and proposes to lectify this by experiments 
on thiee columns of steel with lounded ends of one centimetre diameter 
and of lengths 10, 20 and 30 centimeties lespectively Piom lesults 
obtained foi these thee cohomns only, and by a piocess which is not 
\eiy intelligible to me, Love obtains the following em pineal foimula for 
the total ciushing load P of a steel column 

wheie C = the ciushing stiength of a small block of steel, 

0 ) = the cross section of the column, supposed circular, 

I = itb length and d its diameter 

Picsumably this foimula only holds when P < Pw oi when //(^> 0 b2, 
and this only foi steel like that of the expeiiuients having an absolute 
strength not less than 7600 kilogs pei sq ceiitimctie 

Foi columns with flat ends Love gives the foiniuU 

^ This seems to me incoiiect as Hodghiiison s toimulae got at once into the. 
tc\t books— and have untoitimately remained theie till to da^ 
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For columns of square cross-section Love multiplies the results (i) 
and (ii) by 1*53 as a factor in analogy with Hodgkinson’s results for 
cast-iron\ 

These formulae may be compared with the empirical expressioiis for 
P in the case of columns of wrought-iron of circular cross-section which 
Love gives on p. 136. They are the following: 


For flat ends : 




(7o) 


For rounded ends : 




C^Cl) 

•WiT(35TW* 


Such formulae may hold fairly closely for a limited range of 
experiments, but there ought to be great caution in applying them 
beyond that range, as their extreme diversity of form shows that they 
have no theoretical justification. I draw attention to them here only 
because such formulae are still frequently quoted in practical treatises 
on bridge-design often without the necessary note of caution; for 
example in E^sal’s Fonts MHalliques^ Paris, 1885, p. 12. Love’s insist- 
ance (p. 142 footnote) on the generality of his formulae does not 
seem to me warranted. 


[979]. The remainder of the memoir consists of practical 
applications of these formulae and of a criticism of Euler’s expres- 
sion for the buckling load of struts (see our Arts. 74* and 649), 
which had been dogmatically applied to rupture. 

Love concludes with throwing down the gauntlet to the 
theoretical elasticians in the following words : 

Au reste, je reviendrai sur cette question dans un ocrit aiiquel je 
mets en ce moment la denii^re main, et qui traite de rinfluonco de la 
mUhode speculative en general, et de la speculation mathematique en 
particulier swr le pr ogres des sciences d\vpp)lication ; ot j 'os pore moiitrer 
que cette methode, qui, en France, trono encore dans toutc;s Ics sciences 
et qui empeche I’avenement de la methode bacouicniK*-, a etc ct continue 
d’etre le plus grand obstacle aux progres des sciences et de la socictc 
(p. 163). 

[980.] William Fairbairn: On the Resistance of Tubes to 
Collapse, Phil, Trans,, 1858, pp. 389-41 with two plates. 
London, 1859. This memoir was read on May 20, IS.nS. 

The experiments recorded in the memoir were imdtu’takeu 
at the joint request of the Royal Society and tlie llritisli Associa- 
tion. The author thus describes their aim: 

^ 1 I find by Art. 974 (^0, that, if and •'//*•'»•= for (joUnnns of 

circular and square cross-section respectively, then 1-4‘2/i and nut 
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Their object is to deteimme the laws which govern the strength of 
cylindrical vessels exposed to a uniform external force, and their 
immediate practical application m pioportioning more accurately £he 
flues of boilers for laismg steam, winch have hitherto been constructed 
on meiely empirical data (p 389) 

After refemng to the great increase in the number of boiler- 
explosions owing to the rise of working pressure from 10 to 50 
and even 150 lbs per sq inch, Fairbairn goes on to remark that 
it IS impossible to treat flues, the ends of which are supported by 
rigid rings or securely fastened frames, as cylindrical tubes of 
indefinite length, or as tubes whose strength is unaflfected by 
their length He states that practical engineers have supposed 
boiler-flues to be equally strong at all parts of then length not- 
withstanding their built-in terminals, but that this is very far 
indeed, from the fact Thus flues 35 feet long were found to be 
distorted under considerably less force than those 25 feet long 
(p 390) 

Pp 390-2 descnbe the apparatus by which a large external 
piessure was applied to a tube The air inside the tube was 
maintained at the atmospheric pressure by means of a small 
connecting pipe which also allowed the air to rush out on the 
collapse of the tube 

[981 ] The tubes to be experimented on weie composed of 
single thin plates bent to the required form on a mandril and then 
riveted They were also brazed to prevent leakage into the interioi 
The tubes were closed by cast-iron terminals, to which they were 
securely iiveted and brazed They were suppoited at one end by 
a lod from the cast-iron terminal of the tube to the lowei cover 
of the hydraulic cylinder, and the other terminal was united by a 
pipe to the uppei cover of the cylinder Fairbaiin seems to think 
that this lod and pipe sciewed tightly up to the covers hmdeied 
the buckling action of the pressure on the cast-non terminals 
of the tube, but the gieat increase of strength in one expeiiment 
m which an non lod was placed inside the tube between the 
eist-uon teiminals so as to prevent then appioacli appeiis to mc^ 
to indicate tint the piessuie on those teiminals may m some cases 
hive acted is a buckling force, and the collapse niiy not have 
been entiiely due to the latcial piessuic on the tube (cf haiibann’s 

^ 1 urban n iCcjaids the incieabL as due to x tin left in by il i 
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experiment M. and second ftm p. 393). This buckling action of 
the pressure would not occur in ordinary boiler flues. 

[982.] The first series of experiments were on tubes of 4, 6, 8, 10 
and 12 inch diameters, and from 19 to 60 inches in length (pp. 392-6). 
The general conclusion is that the ‘pressure of collapse' varies in- 
versely as the length. The tubes appear in these cases to have been 
lap-jointed (?) and made of plates of *043 inches thickness. The forms 
of the collapsed tubes together with their cross-sections at positions of 
greatest collapse are depicted. The latter are generally star-shaped 
and of surprising regularity (up to even five angles). 

The two tubes treated next were made of equal shape and size, but 
the one with a butt-joint and the other with a lap-joint. The one with 
a lap-joint showed more than ^ less strength than that with a butt-joint, 
proving how much a slight deviation from the true circular form 
reduces the strength (pp. 396-7), and therefore how important it is 
to adhere to that form. 

Fairbairn, as I have remarked, considered that his arrangement 
maintained a constant distance between the cast-iron ends of his tubes. 
He now gives some experiments in which the ends were left free to 
approach; in these no internal rod was placed inside the tube, nor 
were its ends connected with the covers of the enclosing cylinder. 
In these cases the pressure of collapse did not vary so exactly with 
the inverse of the length as in the previous results (pp. 397-8). 

The experiments we have referred to up to this point were on tubes 
made of thin wrought-iron plates. The next three were on steel and iron 
tubes of somewhat different forms, and in each case with an internal 
longitudinal stay between the ends (pp. 399-400). These do not appear 
to be very conclusive. They were followed by two on elliptic tubes, 
which showed a great weakness as compared with circular tubes of like 
construction and size. Thus the strength was found to be less by one- 
half when a tube of circular section 60" in length, 12" diameter, and 
•043" thickness of plate was compared with one of the same length and 
thickness, but of elliptic cross-section 14"xl0]". The experiments 
were, however, too few to be really of theoretical value. 

[983.] Fairbairn next turned to experiments on the stnmgth of 
tubes subjected to internal pressure. The results are not very satis- 
factory for the data were too few. He concluded, liowever, that the 
strength was in this case, for lengths greater than one to two feet, nearly 
independent of the length for wrought-iron tubes; iha dilliculty arising 
from the fact that the tubes invariably gave way at ilie riv(‘U;d joint 
was not overcome. The conclusion as to the bursting pressures ])eing 
independent of the length was confirmed by exi>ei*iments on l(^ad(‘u i)ipes 
(pp. 401-3). 

[984.] Pp. 403-10 are entitled: Genercdisaliou of the UesnllH of the 
ExpenmenU, Fairbairn states that T. Tate and W. Unwin assisted 
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him in this matter He assumes the following pin ely empirical foimula 
for tubes collapsing under external piessure 

wheie ^ = piessure in lbs per sq inch at collapse, t = thickness of plate 
of tube in inches, d its diametei m inches (whethei internal or external 
not stated, but the difference is a small percentage), and I its length in 
feet, C and n bemg constants to be detei mined from the expeiimental 
data (p 404) 

Foi sheet iron tubes Fairbairn gives as the mean of his experiments 
(7 = 806,300 and ^^ = 219 
Approximately therefore we may take in practice 

= 806,300 t2/(Zc?) 

Fairbairn consideis that I ought to be limited in the moie exact formula 
to values between 1 5 and 10 feet 

For very thin tubes of 12" diameter, the divergence, howevei, is 
consideiable, and Fan ban n accordingly gives the following formula as a 
closer approximation to the results of his experiments (p 408) 

« = 806,300^- 002- 
Id T 

Heie the second term on the right is negligible for all but veiy thin tubes 
It may well be doubted whether the experiments made by Fairbairn 
really permit of the geneialisations involved in these foimulae, and 
I feel inclined to lay still less stiess on the formulae suggested for 
elliptic tubes, for riveted tubes subjected to internal pressure and for 
lead pipes given on pp 409-10 These are all based on the result of 
only two 01 thiee experiments, which cannot be consideied as sufficing 
in such difficult and delicate matters 

[985 ] On pp 410-13 Fairbairn states the practical conclusions 
as to boilei construction which may be drawn fiom his expeiiments 
He points out that boilei flues are geneially dangeiously weak as 
compared with the outei shell of the boilei Both have to lesist the 
same pressure, but the rupture pressuie of the foimer is gi\en by 
^ = 806,300 T^i7(^cf), 

and that of the littei by = 60,000 t/c? Hence we ha\e foi tubes of 
the same thickness and diametei 

rl 1 / 

P J 13 4iT““ 

So tint the maximum intern il pressuie }> isgieatei thin the miximum 
( xteinal piessuie whenevei {I in feet and t in mcheb) 

Z>13 44 

In oidei to equalise the stiengths of the shell iiid Hues, Fin ban n 
suggests (1) tint butt joints with loiigitiulm il coveiing plites should 
bo used, and (ii) tint stiong angle iron iibs in the foi in ot iiiigs 
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conclusive experiments on the relative resistances to impact by a falling 
mass, to blows from a hammer and to torsion of hollow and solid railway 
wagon axles. 

[990.] Kaumann ; Versuche itber die Durchhiegung und die Elcbs- 
ticitdtsgreme filr Axen der Eisenhahnfahrzeiige, Erhkams Zeitschrift 
filr Bauwesen, Jahrgang v., S. 412. Berlin, 1855. Polytechnisches 
Centralhlatt, 3dih.vgB.Tig 18^55, Cols. 1107-1110. The axles were clamped 
at any chosen cross-section and loaded as cantilevers. The flexures 
and the elastic limits were then noted. The paper contains nothing of 
permanent value. 

[991.] A. von Burg: Ueher die von dem GiviUIngenieur 
Hrn, Kohn angestellten Versuche^ um den Einfluss oft wieder- 
holier Torsionen auf den Molehularzustand des Schmiedeisens 
auszmiitteln. Wiener Sitzungsherichte, Bd. vi., S. 149-52. Wien, 
1851. This paper contains a very brief and insufficient account 
of Kohn's experiments on repeated small torsions. Another 
account is given in the Zeitsohrift des osterr. Ingenieur-Y ereim, 
Jahrgang iii., 1851, S. 35. But the most satisfactory description 
of the experiments and apparatus will be found in the memoir 
discussed in the following article. 

[992.] A. Schrotter: Isi die krystallinisohe Texiur des Eisens 
von Einfluss auf sein Vermogen magnetisch zu werdenl Wiener 
Sitzungsberichte. Bd. xxiii., S. 472-81. Wien, 1857. 

This paper gives a very good account of the manner in 
which Kohn’s experiments were made. In the first series a 
rotating wheel had three teeth, each producing a small torsion in 
the bar or spindle under test and then suddenly releasing it from 
all load. In the second series the wheel was replaced by an 
eccentric, and thus the torsion was gradually imposed and removed. 
More than 32,000 torsions were given in the course of an hour, 
that is to say as many as nine a second. It seems to me, then, 
very probable that there may have been an 'accumulation of 
strain,’ i.e. it does not follow that because each individual total 
torsion gave a mean torsion which was below the clastic limit, that 
the bar or spindle was never subjected at any one point to strain 
beyond the elastic limits Waves of torsional strain would move 

1 l have calculated the value of this accumulation of strain, which can easily 
amount to two or three times that due to the individual total torsions supposing 
them to he applied statically. My results were communicated to the Cambridge 
JPhiloso;phical Society in 1888, but have not hitherto been publisiied. 
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backwards and forwaids along the bar and would hardly become 
insignificant in 1/9 of a second Seven bars were first expen- 
mented on and then broken at different stages by a hydraulic 
press after the loading had been repeated from 32,000 up to over 
128,000,000 times Each bar was bent into a nght-angular form 
ABG , A was built-in, B was embraced by a socket which allowed 
free rotation of the bar, AB was the vertical part of the bar 
receiving torsion by means of the honzontal bar BC, which was 
acted upon at G by the toothed wheel or eccentric The cross- 
sections after rupture were examined with a lens The seven bars 
gave the following results with the toothed wheel 

(i) After 32,400 torsions no change was observable m eithei AB 
or BG 

(u) After 129,600 torsions no change was visible to the naked eye, 
but m AB the lens showed the fibrous structure already bioken and as 
e^n Aggregat von frnien Nadeln 

(m) Aftei 388,800 torsions the change ro AB was visible to the 
naked eye and the rupture surface was grohko^ mg 

(iv) After 3,888,000 torsions, the whole length of AB was affected, 
especially at the middle section, which we aie told is the place of gieatest 
torsion. But why it should be so, is not shown, and it does not seem 
theoretically probable 

(v) After 23,328,000 torsions the ruptuie smfaces m AB weie 
sehr gi obkormg but showed still no Blattchen 

In all these cases the honzontal oxm BC had shown no change in 
its ruptuie surfaces owing to the fiexural vibiations it was subjected to 

(vi) After 78,732,000 torsions the bar AB showed, especially when 
ruptuied at its central cioss section, a lemaikable change, the luptuie 
surfaces were similai to those of cast zinc, and at the same time the 
horizontal arm BC began to alter its stiuctiue 

(vn) Aftei 128,309,000 repeated torsions (occupying thiiteen 
months) the bar AB showed no fuither change it its centre, onlv 
sections neaier to the ends began also to be gi osshlattuge) The 
horizontal arm BC also advanced m its stiucturil changes 

Similar results were obtained i\ith the eccentiic, only the 
number of toisions bad to be greater to produce the same changes 

[993] Schrottei concludes fiom these lesults 

(i) That repeated torsions can change the stiuctiue of a bai fioiii 
fibrous to ciysUlline and then to hlatUig^ ind th it tlu absolute stiength 
decreases diiiing these changes 

(ii) Thit the number of toisioiis lequiud depends upon tlu ii 
magnitude (He deduces this fioin tlie fict that tlu ch niges oecui 
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first at the centre of the bar AB^ according to him the place of maximum 
torsion, but if we do not accept this hypothesis, the statement is still 
doubtless true.) 

(iii) Impacts increase the effect of torsion, or without torsion 
produce ultimately the same structural changes. 

(iv) The changes were due to mechanical action and not to the 
influence of variations in temperature. 

The general conclusion then to be drawn from these results is 
the gradual destruction of wrought-iron by change of structure 
due to rapidly repeated loading or repeated vibratory impacts. 

[994.] Schrotter applied to the Jc, k. Handelsministerium with a 
view to the institution of experiments to ascertain whether the magnetic 
properties of a bar of iron were changed by several million repeated 
torsions. If they were so, a ready means would have been found for 
testing the loss of strength due to such loading. These experiments 
were ultimately undertaken by Militzer on five bars which had been 
subjected respectively to no strain, and in round numbers to 4, 23, 29 
and 79 million repeated torsions, and an account of these experiments 
is given on S. 477-80. The conclusions to be drawn from these 
experiments — supposing we adopt the theory that repeated loading 
changes iron from fibrous to crystalline are : — 

That this important molecular change corresponds to no marked 
alteration in the capacity of the bar either : (i) to be magnetised by an 
electric current, or, (ii) to retain magnetism on the cessation of the 
current. 

Militzer’s field appears to have been a high one. A fev) torsions 
certainly change magnetic properties in a weak field and this without 
appreciable change of the mechanical properties: see our Arts. 714, 
(12)-(14), and 811-4. 

[995.] Ueher Gussstahl-Acibsen. Binglers Polyteclmisches Journal, 
Bd. 146, S. 65-8. Stuttgart, 1857. This paper gives the details of 
experiments made at the Gussstahlfahrik des Bochumer Vereins fur 
Berghau wnd Gussstahlfahrication on cast-steel railway axles. A weight 
of 1403 pounds was dropped from heights of from 3 to 36 feet upon 
the axles supported at points 3 feet apart. The flexural sets were 
noted, and after each few blows the top and bottom fibres of the axle 
were reversed. With this reversal 5 or 6 blows from 36 feet destroyed 
the axles tested. 

[996.] H. Resal : Note sur les formules h employer dans les epreuves 
des essieux de Vartillerie. Annales des mines, Tome xiii., p|). 497-503. 
Paris, 1858. 

The axles were tested by dropping a given weight upon them while 
they were simply supported at their ends. Il6sal gives a theory of 
this sort of impact, but as his theory depends solely on the principle 
of work and on Cox’s hy])othosiR that the beam retains under cential 
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impact the statical form of the elastic Ime, it is not very satisfactory 
The whole matter has been more thoioughly investigated by Saint- 
Venant see our Aits 362-71 and 410 

[997] Wohlei Bencht uher die Versiiche, welche auf der 
Komgl Niederschlesisch-Maihischen Eisenhahn mit Apparaten zum 
Messen der Biegung und Veidrehung von Eisenhahnwagen-Achsen 
wdhrend der Faht, angestellt wurden EibLams Zeitschnft fm 
Bauwesen, Jahrgang vm, S 642-52 Berlin, 1858 

This paper describes the first investigations of Wohler on the 
repeated loading of railway axles, and not only is of histoiical 
interest as leading up to his later more important researches, but 
contains in itself much that is of considerable value It should be 
read in conjunction with the memoir on the theory of axles referred 
to in our ib:ts 957-9 


[998 ] Wohler designed two pieces of apparatus to measure 
respectively the flexure and torsion of the axles of railway 
wagons performing their usual service The first appaiatus, de- 
signed to measure flexure, recorded automatically the maximum 
approach and separation of two opposite points on the wheels, and 
by halving this it is obviously easy, supposing the flexure of the 
wheels insensible, to calculate the maximum flexure of the axle 
The amount through which the point on each wheel was shifted 
was measuied by a separate instrument, w^hich recorded the shift 
by a needle scratching a slip oi zinc Wohler remarks 


Beide Apparate zum Messen der Biegung sind so constiiiirt, dass 
1 Zoll Zeiger Ausschlag wahiend dei Fahit einei Bewegung ac am 
TJmfange des Hades von Zoll odei 
einei Abweichung am \on der normaleii 
Lage von ^ Zoll entspiicht 

Die Seitenkraft, welche am IJmfange 
des Hades angebiacht weiden muss, um 
eine gleiche Biegung dei Achse, also emeu 
einseitigen Zeiger Ausschlag von ^ Zoll 
hervoizubrmgen, ist fui die Achsen \oii 
3 1 Zoll Durchmesser in dei Nxbe, mit 
Hadeiri von 36^ Zoll Duichmessei, - 23]; 

Centnei \ und iui die Achsen ^ on 5 Zoll 
Duichmessei m dei Nabc, mit Hidein xon 
3C| Zoll Duichmessei, =70^ Centner (S G41 ) 



^ The C t ntnei = one hundled^\ eight oi piesumablj 100 Piussian Ibs-lOS 
English lbs 
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This Seitenkraft was ascertained by connecting opposite points 
on the rims of the wheels by a chain containing a dynamometer 
and then pulling them together. This does not seem to me an 
entirely satisfactory process. In the first place the axle is really 
bent by a couple on either journal. This couple changes, owing 
to unevenness in the permanent way, jolting, etc. during the 
journey. The ordinary load produces a certain flexure in the axle 
when the wagon is at rest; the same load applied, as it is, in 
alternate directions during the rapid rotation of the axle, we 
should expect to produce at least twice the flexure of the statical 
couple even if the way were perfectly level. Wohler does not 
distinguish between the flexure produced by the ordinary load 
applied in alternate directions and the flexure which may arise by 
way of variation due to unevenness in the way, etc. Further, his 
dynamometer did not act as a couple applied to the journals would 
have done, but it would include in the shifts measured by his 
apparatus the flexure of the wheels themselves. Thus while it 
would measure the load corresponding to flexure produced by side 
pressure on the flanges of the wheels, it does not seem to me to 
have suitably recorded the flexure of the axle due to statical 
dead load or to variations in the journal couples due to motion. 
Indeed Wohler appears to neglect the flexure due to statical 
dead-load, otherwise he ought surely to have stated whether 
the dynamometer was applied while the dead-load was on the 
journals and in what plane it was applied, as it might tend 
to increase or decrease the dead-load flexure according to the 
position of that plane. If the flexure due to dead-load was 
negligible, as compared with the vibratory flexure, then this 
ought certainly to have been stated. Was there no motion 
of the recording needle on the zinc when the axle was slowly 
turned round ? 

[999.] The apparatus for torsion measured only what might 
be termed the integral torsion of the axle, i.e. the angle one wheel 
had been rotated relative to the other. But if the inertia of the 
axle itself be taken into account, and this might be necessary with 
an axle of 5 inch diameter, then any impulsive couple applied 
simultaneously to both wheels would produce a torsion in the axle 
relative to the central cross-section, which would not be measured 
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by Wohlei’s appaiatus^ It ought to have been shown that this 
torsion was in itself negligible As first one wheel and then the 
other may lag, Wohler’s apparatus records twice the maximum 
integral torsion 

Der Apparat an dei Achse von 3J Zoll Duichmesser ist so constrmrt 
dass 1 Zoll Zeiger-Ausschlag emer Bewegung von 321 Zoll am Umfange 
des Kades von 36 J Zoll Duichmesser entspncht , gegen die noimale Lage 
des Bades betragt also die Giosse dei Bogen-Abweichung 160 Zoll, 
odei del Torsionswinkel 30 Minuten 

Zu einei solchen Yeidiehung ist eine am TJmfange des Hades 
wukende Kiaft von 18| Centnei erfoiderlich 

Bei dem Apparat der Achsen von 5 Zoll Duichmesser in der Nabe, 
deien Bader 36| Zoll Durchmesser haben, ist auf 1 Zoll Zeiger Aus 
schlag die Bewegung am Umfange des Hades = 228 Zoll, die Abwei- 
chung gegen die normale Lage also 114 Zoll, und der Torsionswinkel 
= 21 Minuten Um eine solche Verdrehung hervorzubnngen, ist erne 
am Umfange des Hades wnkende Eli aft von 44 Centnei erforderlich 
(S 642) 

[1000] Wohler, having now measured the motion of his re- 
cording needles in terms of the force applied to the rim of the 
wheels, is able at once to reduce their Aa^-maximum records to 
equivalent loads, and then to calculate from these loads the sti esses 
in the axles The journeys were made from Breslau, chiefly to 
Beilin and back, but also to Liegnitz, Lissa and Frankfiut The 
wagons were four- and six-wheeled coal and co\ ered goods wagons, 
and with two exceptions ran with goods tiains The axles weie 
3|" steel and 5 " iron axles The wagons were not leversed before 
the return journey so that the axle expeiimented on was some- 
times a fore- and sometimes a hind-axle The weight of the 
wagons, their loads and dimensions are all recorded 

Wohler gi\es no details of the calculations b} which he deduces the 
flexuial stiess Faseispannuiig’) horn the equn ilent load Thus he 
says that a iim load of 72 centners on the wheel of 36 diametei foi 
an axle of 3|" diameter pioduces a maximum stiess of 252 centnei s pei 
scpiiie inch This cm be eisily \eiified if it be noted that T the 
ti ictiio sti( ^s IS connected with C the inn load b} the toiinuU 


1 I have calculated the numtncal \aliie of thi^ toision in the papti loteiud to 
ni the tootiiotc ot oui p It is theie sIkwmi to he piactically small hnt tlu 

toisioiial diiteicnces noted by Wt>hlci wue also small 


J 1 H 
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where A is the diameter of the axle and d of the wheel, the longitudinal 
stress due to G being neglected. For the torsion of the same wheel, 
Wohler says a rim-load of 29^ centners produces a ^ Spannung der 
dussersten Fasern^ of 52 centners. 

Kow if S be the shear and not the traction at the ‘outer fibre’ I 
find 


S=--^,xC, 

TT A® ’ 


and S has the value 52 centners. 

So that there is a radical difference between the two stresses of 252 
and 52 centners both of which Wohler speaks of as Faserspanmxng, 
He proceeds as follows : 

Die M5gliohkeit des Falles vorausgesetzt, dass die grossten Krafte aiif 
Biegungund auf Verdrehunggleichzeitig wirkten, ist dann nach den vorstehend 
ermittelten Zahlen die grQss te aus di esem Zusammenwirken resultirende 
Faserspannung der Achse =^2522+ 62^=25 7 Centner pro □ Zoll (S. 644). 


I do not understand why the maximum stress at any point should 
be the square root of the sum of the squares of the maximum traction 
and shear. 

The maximum stretch is, I think, given by 



and therefore the maximum traction, which is not of course in the 
direction of the ‘ fibre ’, by 

or, for uniconstant isotropy, 

In Wohler’s results the smallness of B as compared with T enables 
us practically to neglect its effect on the maximum stress. 

Wohler remarks that the maximum stress of 257 centners in these 
cast-steel axles of 3J" diameter would have produced set in iron axles, 
the elastic limit of which he takes at 180 centners per 

The above results were for four-wheeled wagons. For six-wheeled 
wagons he found that these stresses were increased in the ratio of 
6:5; while for covered four-wheeled as compared with open four- 
wheeled wagons they were increased as 10 : 9. 

For the 5" diameter axle the maximum traction was 156 centners 
and the maximum shear 35 centners, so that the result appears rather 
close to the elastic limit of iron as stated by Wohler above. Further, 
with these axles the maximum stress seems to have been often repeated. 
Wohler reduces these stresses to percentages of the total load of wagon 
. and cargo (S. G4G). 
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[1001 ] The number of repetitions of the maximum stress does 
not, Wohler considers, exceed one per German mile\ and he reckons 
the life of an axle at 200,000 miles Hence he reduces his pioblem 
to the following one To how great recurring positive and negative 
stresses can an axle of given dimensions be subjected 200,000 
times without its breaking^ He describes (S 647-8) the method 
by which he proposes to answer experimentally this problem 
Thus we see the oiigin of his later experiments on repeated load- 
ing Two points are to be noticed in the problem as Wohler states 
it First, he supposes that all loads less than the maximum (and 
therefore unrecorded by his apparatus) do not contiibute to the 
destruction of the axle Secondly, he takes no account of the 
rapidity with which the loads are repeated Would 200,000 
loadings and reloadings of an axle in a day represent the same 
wear as 200,000 like maximum loadings occurnng while the axle 
was running 200,000 miles, that is, spread out over its whole life ^ 
— I believe not A load repeated many times a minute may lead 
to a vibratory accumulation of stress, this accumulation is im- 
possible if the same load recuis only at long intervals For both 
these reasons Wohler s latter experiments do not seem to me so 
useful as they might otherwise have been 

The memoir concludes with tables of the numerical details of 
the experiments (S 647-52) 

[1002 ] Wohler Veisuclie zui Ei mitteliing dev avf die Eisen- 
halimvagen-Achsen einwnkenden Krafte und dei Widei stands- 
fahiglceit dei Wagen-Achsen Etbkains Zeitschrift fm Baimesen, 
Jahrgang x, S 583-616 Berlin, 1860 The first portion of this 
memoir (S 58S-6) is entitled Vei siiche ziii Ei mittehmg dei auf 
die Wagen-Achsen einmi Lenden Ki afte, and it details expeiiments 
made with a slightly modified foim of the ai^paiatus refeiied to 
in our Arts 998-1000, necessitated by its application to the 
carriages of passenger tiains moving at a greater speed Only 
flexure experiments were made as it ^\a& considered that the first 
set of experiments had demonstrated tint the torsional stiess was 
of small account In the case of the ixles of passenger carnages 
the maximum stress in a 4 5" non axle was found to be 17^ 
centners pci and it was reckoned that the mean stress is 
fiom 80 to 110 centners 

^ \bont fne Fn^ lish 

43- i 
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Ein Durclimesser der Achse von 4*5 Zoll in der Nabe darf daher 
bei Wagen der Art, wie der benutzte, fur vollkommen ausreichend 
eracbtet -werden (S. 586). 

The details of the experiments on the axles of passenger 
carriages are given on S. 603-4. Further experiments, confir- 
matory of the previous ones, on the 3f"' steel and 5" iron axles of 
goods wagons are given on S. 601-2. 

[1003.] The second part of the paper is entitled: Versuche 
ssuT Ermittelung der Wider standsfdhigJceit der Wagen- Achsen (S. 
586-600 with tables of results S. 605-16). 

These are Wohler’s first series of experiments on repeated 
loading, and we postpone their consideration for the present, in 
order to deal with his complete researches in the decade 1860-70. 
The present experiments are on repeated flexure and the stress 
changed from zero to its maximum positive value through zero to 
its maximum negative value, and then back to zero again, once in 
about every four seconds (S. 586). Other matters in the memoir, 
not exactly bearing on repeated loading, are the erroneous 
treatment of the stretch-squeeze ratio on S. 592 where it 
is assumed that the volume of a bar under flexure does not 
change, the deduction of the form of the strained cross-section, 
and a not very lucid discussion of the relation of set to elastic 
strain. Wohler holds that elastic strain is always in linear 
proportion to stress, and is in itself quite independent of the 
amount of set (S. 600). 


Group D. 


Memoirs relating more especially to Bridge Htr. 
[1004.] F. W. Schwedler: Theorie 


ncinre. 


der Jhueke'tdiiill^riisflHtenie, 


i-gang I., S. 1 \Cr2- 1 


Erhkams ZeiUclwift fiir Baitwesen, Jahi 
265-278. Berlin, 1851. 

The first part of this paper is purely tlieoretical, l,ut does not 
present any novelty; the second deals with l.raccd -irders in -encial ■ 
and the third applies the rather complex formuhio obtained t(7 special 
systems (Neville s and Town’s girders, and to Stephenson’s and Faii- 
hairn 8 tubes). There are no numerical examples, and 1 doubt some of 
the statements made (e.g. S. 277) and see litth' advantage in others. 
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[1005 ] A series of papers also by Scbwedler on tbe analytical 
calculation of stress in the members of latticed girdeis {gitterfo'iimge 
Tragf^T^ will be found in Zeitschrift de$ VeTeins deutscher Inqemeuie^ 
Jahigang iii , S 37, 96, 135, 233, 297 (Beilin, 1859), but they have 
little real bearing on the theories of elasticity or of the strength of 
materials 

[1006 ] Baensch Zur TJieorie der Bruckenhcdkensy stems Erb 
hams Zeitschrift fur Bauwesen^ Jahrgang vii, S 35-50, 145-156, 
289-308 Berlin, 1857 This memoir professes to be a continuation 
of F W Schwedlers paper in the volume for 1851 of the same 
Zeitschnft see our Art, 1004 It applies the BernouUi Euleiian 
theory of beams to various cases of simple beams, to a few continuous 
beams, and to some cases of braced girders There is a great deal of 
analysis in the paper, but from the theoretical standpoint no novelty 
It may well be questioned whether practically it would not be easier 
to woik out ah imtio the theory of any given girdei than to endeavoui 
to apply formulae ob tamed m a memoir of this type for a great variety 
of special cases, none of which may really fit the exact type of giidei 
it IS lequiied to construct 

[1007 ] Institution of Gwil Engineers Minutes of Proceedings 
Yol XI, pp 227-232, 1851-52 Appendix to a paper by A S Jee 
entitled Desciiption of an hon Viaduct erected at Manchester 

This Appendix gives the details of expeiiments on cast non girdeia 
of vaiying cross section so far as deflection and set are concerned — 
these were of X section, also the details of expeiiments on wi ought 
iron tubular girders — these latter might be desciibed as X giideis in 
which the upper flange was replaced by a tube of ciicular section to 
prevent buckling 

Fuither expeiiments by J Hawkshaw on the absolute strength, 
deflection, etc of other X cast iron girders will be found on pp 242-3 

[1008] British Association, 1852, Belfast Meeting, Tr ansactwnb, 
pp 126-7 T M Gladstone gave some notes on the supeiior safety 
of malleable to cast-iron girders He considered the i eduction in 
weight compensated foi the diffeience m price He also tieated of 
the proper relation between depth and span foi a particular X section, 
ippaiently howevei for the case of a special load 

[1009 ] Poncelet EMiiien ci itique et Imstoi xqm des pi incipales 
iheoiies on solutions conoeinant Veqiiihhe des voiltes Goinjxteb 
lendus, T x\xv, pp 494-502, pp 5H-540, and pp 577-587 
Pans, 1852 

This IS % very valuable criticism of the vaiious theoncs of the 
iich piopoiindcd up to lcS52, and is of peculiai inteiest as noting 
the extent to whifh thpv.* flirmipv. 1 i 
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De Olercq, Winkler, nor Wohler take into account in their analysis 
(see our Arts. 1017, 1026 and 1028). In all cases the theoretical 
stresses in the bracing bars are calculated and tabulated. The 
experiments show the great increase of strength due to multiple- 
bracing and to the riveting together of the bracing bars. Lohse 
does not consider his experiments numerous enough for him to 
propound any general formula, but the numerical details and 
the general results are perhaps more likely to be of practical 
service than the lengthy analytical investigations to which we 
have previously referred. 

[1020]. Gr. Wolters : Resume des T^sultats ohtenus dans les epreuves 
de quelques pouts en fer. Annales des travaux publics de Belgique^ 
Tome XV., pp. 145-75. Bruxelles, 1856-7. This is translated into 
German under the title Bericht ilh&r die Ergehnisse der Belastungsproben 
einiger eiserner Brilcken in the Zeitschrift des osterreichischen Ingenieur- 
Yereins, Jahrgang x., S. 185-195. Wien, 1858. It gives details of 
experimental determinations of the deflection of various railway bridges 
in Flanders. The girders of the bridges were chiefly of cast-iron with 
openings in the web ; there was one of plate-iron. The results do not 
seem to have any permanent theoretical importance. 

[1021.] In the same volume of the Annales is an article by Houbotte 
entitled : Experiences sur la resistance des longerons en tOle (pp. 403-26). 
It is translated into German in the same volume of the Zeitschri/ty S. 
195-201. The girders were of plate-iron, and the object of the experi- 
ments described was to test the best relative dimensions for the flanges 
and web in the case of girders of i section. The span of the model 
girders was from 1*5 m. to 3 m. and their heights varied from *2 to 
*49 m. The load upon them was gradually increased up to rupture 
during a period amounting in some cases to several weeks ; the duration 
of load, the elastic and set deflections were all noted, Tlu‘re is also 
one set of experiments on a girder in which the wcib was rt‘j)laced by 
bracing. Houbotte concludes from this experiment that the bracing is 
more efficient than the plate-web. The rupture occurred in tlui plate 
girders by buckling of the web. Houbotte endeavours to construct a 
formula which will give the proper strength for the w(ib of such a 
girder, but neither the range of experiments nor his uudhod of ()l)taiuing 
his formula seems very satisfactory. 

[1022.] A number of articles by J. Jjangcu* on wood<‘n a,ud iron 
lattice girders, the latter in the form of arches witli braced ribs, (‘to. will 
be found in the Zeitschrift des bsterreichlsrhm Itn/rnieur- Vrreuts, 
Jahrgang x., S. 113, 135, 152. Wien, 1858-9. JalirgMug m., S. 69, 
127, 153, 186, 206. Wien, 1859. These givti a huigtiiy th(M)ry ol’ the 
braced arch. Further projects for braced arches will Ix^ found in 
Jahrgang xii., S. 29, 91, 125 and 193. In several of these proj(‘cts, 
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giaphical metliods uiiglit now be usefully employed Tlie designs would 
form very good exercises in tlie calculation of stresses foi advanced 
engineering students even at tlie present day 

[1023 ] Thomas Davies Wrought and Cast Iron Beams The Cvo%l 
Engineer and Architect^ s Journal^ Yol xx, pp 20-23, and pp 41-44 
London, 1857 This paper was read at a meeting of the Architectuial 
Institute in Edinburgh, Febiuary, 1856 

It commences with some account of the want of confidence felt in 
cast-iron beams, and of the superiority of malleable non beams owing to 
their lightness and sensible yielding befoie rupture Fairbaim havmg 
given in his work on cast- and wi ought iron only one experiment on 
a ‘‘plate beam’’ (one of X ‘section?) Davies proposes to supply this 
want of information with regard to the strength and elastic piopeiiiies 
of wrought-iron beams, m order that they may be more generally 
understood and adopted 

The experiments given m the first part of the paper may have 
technical, but they hardly have theoretical or physical value , the load 
was applied over as much as ^ of the length of the beam, and was 
brought mto play by putting on the top flange non railway bars 
“lequirmg two men at each end to lift them” The author agrees 
with Tate that the upper and lower flanges of a wrought iron beam 
should have practically equal areas (p 23) 

The second portion of the papei ciiticises the lesults of Hodgkmson’s 
experiments on the beam of greatest strength see our Aits 244*, 875 
and 1016 The wiiter contends that the ratio of the sectional aiea of 
the flanges ought to be as 3 5 or 3 to 1 and not 6 to 1 as suggested by 
Hodgkinson He enteis into no theoietical im estigation of the stiength 
of such beams, noi does he adduce any expeiimental e\idence beyond 
Hodgkinson’s He considers Hodgkinson’s results eiioneous because 
the lattei left out of account the diffeience in the thicknesses of the 
webs of Ins individual beams when deducing conclusions fiom his 
expel iments It seems to me that Hodgkinson was light and quite 
justified in doing this, as the web added little to the flexuial stiength 
of the beam Thus the ratio of the areas of the flanges ought to be 
ncaily that of the compiessive to the tensile strength of cast-iion, i e 
according to Hodgkinson about 6 1 

[1024 ] Decomble aSW les meilleu'ies formes d donned am imUies 
dioites eoijonte Amiales des 2 ^onts et chaubsee^, 2 Seinestie, pp 257-319 
Pans, 1857 

Tins IS a long memoir investig iting a theoiy ol the solid of gicatest 
Kbistince, when the tensile and compiessive stiengths of the material 
ire supposed diffeient, and the solid is designed so tint the luptuies of 
the stretched ind si^ueczed ‘hbus’ occiu it the snne loid A])ait 
from the issinnption invohcd in ip])lying the theoiy of tl isticit\ 
to the phenoiiuni of luptiiie, the discussion seems in seveial points 
very doubtful, ind ill tint cm be reichcd of value by i theoiy of this 
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kind has been better given by Saint-Venant in his Legons de Navier^ 
pp. 102, 142-56, and our Arts. 176, 177, (5). There are, however, a 
number o£ interesting experiments on the rupture of cast-iron beams 
of various shapes and cross-sections, which may possibly have practical 
value still. The editors of the Annale$ remark in a note appended to 
the memoir : 

Quoique la partie theorique du nn^moire prec(ident soit on opposition, sur 
pliisieurs points, aveo les principes g^ndralement admis, la commission des 
Anmles a cru devoir le publier tel qu’il a (ite prdscnte par I’auteur, h raison 
des details intdressants qu’il renferme sur les poutres on fonte et sur le moulage 
de la fonte en gendral (p. 319). 

[1025.] British Association. Report of Twenty-Seventh (Dublin) 
Meeting^ 1857. 

The titles of two articles in this^6;;o?'^ maybe noticed: C. Vignoles: 
On the Adaption of Suspension Bridges to sustain the passage of Railway 
Trains^ pp. 154-158. P. W. Barlow: On the Mechanical Effect of 
combining Girders a/nd Suspension Chains, and a comparison of the 
weight of Metal in Ordina/ry and Suspension Girders, to produce equal 
deflections with a given load, pp. 238-48, Both these papers discuss the 
adaption or modification of suspension bridges when built for the transit 
of railway trains. They turn principally on stiffening tho platform till 
it becomes a girder, or on special arrangements of the suspending bars. 
The bridges at Niagara and elsewhere built as girder suspension-bridges, 
had gone far to destroy the old mistrust in suspension-bridges for 
railway traffic ; and the authors of the above papers endeavour to show 
that equal strength may be obtained with far less material from a 
suspension-girder than from a pure girder bridge. 

[1026,] G. A. De Clercq : Note sur les phcnomhies dc lajlexion des 
poutres en treillis. Annales des travaux puhlics de Belgique, T. xv., pp. 
198-214. Bruxelles, 1856-7. 

This is another of those memoirs which deal witii tlie lattic( ‘-girders, 
which were rapidly taking the place of the older double-T girders with a 
solid web. The writer of the memoir supposes the bracing l)ars rigidly 
attached to the booms, and deduces by what does not seem to nui \ cry con- 
clusive reasoning, that a bracing bar after tloMiro will take tln^ foini of 
a spiral of Archimedes (p. 201). C. Winkler (s(‘C our Ait. 1()2<S) laid, 
I think, read De Clercq before writing the second part of his ])ap(‘.r; 
he extends, however, the latter's results. The pii;s(‘nt paper is ck'arly 
written as compared with Winklcn-’s, but it deals with a siniplm* eas(\ 
At the same time to consider tho special eonclusions diiduci'd hy hotli 
these writers from their somewhat doubtful hypothes(‘s would carry us 
beyond our limits. 

[1027.] 0. Knoll: Zur Theorie der Gliterhalkeu. Zisodxthn- 

Zeitung, Jahrgang xvi., S. 13-5. Stuttgart, 1859. This is an analytical 
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calculation of the sti esses in the bracing of lattice gliders with straight 
parallel booms 

[1028] C Winkler Tlieorw dev eisemen 6%UeTtiager Forsters 
Allgemeine Bauzeitung Jahigang xxiv , S 191-222 Wien, 1859 

This memoir on lattice-girdeis is divided into two parts The hrst 
deals with the sti esses in the booms and bracmg bars when the biacmg 
bars are not iiveted to each other In this case we have only to con- 
sidei the flexure of the booms, for the bracing bars aie, if buckling be 
excluded, m pure tensile oi compressive stress Winkler proceeds 
analytically to the discussion of the stresses, and points out an erroi 
of Scheffler’s (see our Art 651) The treatment appears sound, and the 
results, although havmg only special techmcal interest and application, 
may still be of service (S 191-9) 

In the second part of the memoir the biacmg bars are supposed 
riveted or piimed where they cioss each othei, and the result is that 
these bars are now subjected to flexure The calculations, heie of course 
necessarily analytical, become more complex, and I confine myself to 
referrmg to Winkler’s analysis which I have not verified (S 199-206) 
How far his fundamental hypotheses — similar to those of De Clercq 
(see our Art 1026), — approach the truth, especially foi the second case 
stated on S 199-200, I have no means of judging, they seem to me 
somewhat bold, not to say dubious The memon concludes with the 
application of the lesults obtained to a numbei of numerical cases of 
lattice giideis (pp 206-22) The exact treatment of these lattice* gliders, 
in which the frames have a gieat numbei of supeinumeraiy bais, would 
be an extremely difficult analytical problem 

[1029 ] B B Stoney On the A'p'pl%cat%on of some new Formidae to 
the Calculation of Straiiib in hiaced Giideis Fooceedings of the Royal 
Irish Academy, Vol vii , pp 165-172 Dublin, 1862 This paper was 
road in 1859 

Pp 165-9 deal by the simplest statical methods with the sti esses in 
the diagonal bracing of a Warren girdei when some oi all of the nodes 
at the upper boom aie loaded There is nothing that calls foi special 
comment 

Pp 169-72 tie it of Lattice Giideis and use only ordinal} static il 
]>roc(ssos The discussion, howevei, seems to me obscuie, especially 
tli( final paiagiaph It is in mmy cises impossible to find the exact 
stitSb(s in lattice gliders without appeal to the theoiy of elisticity, and 
this point docs not seem to have been lecogmsed by Stoney 

[1030] Another papei by B B Stoney may bo just refeiied to 
h(T( it is entitled On the Relative Deflection oj Lattice and Plate 
Ciidn'^ ind is published in the Tiansactions of flu Royal Academy, Yol 
wiv , p]) lcS9-9 1 of Put T, ^Science Dublin, lh71 iho pipti wis 
ic id JuiK 23, IcSGJ It does not sc (in to eontiin lu} tiling of sufficient 
tluoKtual lutcKst 01 < \penmental v due to i equiu speci d notice 
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[1031.] J. Gr. Lynde: Experiments on the Strength of Cast-Iron 
Girders, This paper was read before the Manchester Literary and 
Philosophical Society. An abstract of it will be found in The Civil 
Engineer and Architect's Journal^ Yol. xxii., pp. 386-7. London, 1859. 

Lynde made experiments on 89 girders, cast on their sides, and of the 
form recommended by Hodgkinson as that of strongest section (see oiir 
Art. 244^^). One girder only was tested up to rupture, and Lynde 
remarks that no permanent set was visible up to that point (!). The 
girders were of large size (30 ft. 9 in. in span). 

Hodgkinson [Experimental Researches on Cast-Iron^ Art. 146) had 
given the following formula for TF, the breaking central load in tons : 

w^~{hd^-{b-b')d'% 

where : I = span in feet, 

6 s= breadth of bottom flange in inches, 

5' = thickness of web in inches, 
d = whole depth in inches, 

= depth from the top of the beam to the upper side of the 
bottom flange in inches. 

Lynde’s single experiment on rupture would go to show that the 
coeflScient 2/3 is too large for a large beam and should be replaced by 
*625, as suggested by Hodgkinson himself in his Art. 147 for large 
beams. 

[1032.] Marqfoy: M'emoire sur les essais des ponts en tole par 
V'electridte. Annales des ponts et chaussees, 1859, 2‘^ Scmestre, pp. 74-89. 
Paris, 1859. This paper describes an apparatus for recording the deflec- 
tion at various points of bridges under a rapidly moving load. 

[1033.] Noyon; Notice sur la restauration et la consolidation de 
la suspension du pont de la Roche-Bernard. This j)aper is in the same 
volume of the Annales, pp. 249-329. It gives an account of the 
accident to this suspension bridge (see our Art. 936^) and also details 
of numerous experiments on the absolute strength of iron wire and 
cables. 

[1034.] In the same periodical in the volume for 1860, 2’’ Semestn', 
are two articles on bridges which touch the limits of our subject. Th(‘- 
first by Jouravski, entitled. Remarques sur les 2)<}utres en (reUfis et les 
poutres pleines en idle, pp. 113-34, discusses in gemn-al t(‘rms t]i(‘ vibra- 
tions which occur in such bridges and their stnmgtli ; tlu^ second by 
Mantion, Etude de la p}(^rtie ^netalllque d'n pont construit sur le eamd 
Saint-Denis,., pp. 161-251, gives a very full theoretical det(‘i*niinatioii 
of the stresses etc. in all the diflierent parts of a particular bridge. 

[1035.] W. Fairbairn: Experiments to determine the Effect of 
Vibratory Action and long-rovtivved Ohanr/es of Lo(t(l upon 
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Wrought-iron Oirders^ pp 45-8 Bntish Association, Report of 
Tlmtieth (Oxford) Meeting, 1860 

The experiments were made on a douhle-T plate girder of 
20 feet span, the flanges being built up of plates and angle-irons, 
the total depth of section was 16" and the calculated breaking 
weight 12 tons The load was applied at the mid-section of the 
glider in a gradual manner at the rate of about eight changes per 
minute with the following results 


Load 

Numbei of loadings 

Total numbei of loadings 

Mean 

Deflection 

About 3 tons 

696,790 

596,790 

17" 

About 3 5 tons 

403,210 

1,000,000 


About 4 8 tons 

5,176 

1 1,005,175 

36" (broke) 


The beam was repaired after the last load and 1,500,000 
additional loadings were given to it with a load of about 3 tons 
without its giving way 

It would appear, theiefoie, that with a load of this magnitude the 
structure undeigoes no deteiioiation in its molecular stiuctuie, and 
provided a su&cient margin of stiength is given, say from hve to six 
times the woiking load, there is every reason to believe, fiom the results 
of the above experiments, that girdeis composed of good mateiial and of 
sound workmanship aie indestructible so far as legards mere vibratoiy 
action (p 48) 

It will be noted that Fairbairn’s expeiiments diffei from 
Wohlei s m then slowness of repetition, theie w^s very little 
opportunity for accumulation ot stiess 

[103G ] P Fink AUqpmeine Jletiaditungpu nhe) Ihpgvmjsfistigl eit 
uml 1U( g'linqsnmh ) stand zni Eiziplunq iiups (inlu itlicla ]i Stand piadtps 
fur di( ])Pnr tin dung %ei sclftpdputr Ih ud cn HgstPniP ZdtsdDift dps 
ostpn eichisdipu Ingainui Vtteinr, J iliigang Mi , S 40, G9-77, J()4~211 
Wun, ISGO Tins pipd does not sfcm to coiiv( 3^ xuy iiifoi m ition 
beyond wli it m ly b( deduced tiom tlu oidinny Ik inoulli Fuh n in 
theoiy of luains wlun tlu loid is not [x 1 pi ndRulai to tin ixis 1 
li ive ni id( no ittempt to invistigatt tlu an in icy of tlu hngthy 
foi mul u with which tlu iiu mon dxmnds 



688 


wade’s report. 


[1037—1038 


Group E. 

Researches on the Strength of Cannon and of Materials for 

Ordnance, 

[1037.] Reports of Experiments on the Strength and other 
Properties of Metals for Cannon, with a Description of the Machines 
for testing Metals, and of the Classification of Cannon in Service, 
ly Officers of the Ordnance Department, U. S, Aonny, Philadelphia, 
1856. This folio volume of 4<28 pages is the first batch of a series 
of valuable technical researches in elasticity due to the United 
States Government. The more important portion of the present 
work is due to Major W. Wade, and it is sometimes cited as Wade : 
On the Strength of Metals for Cannon. A further group of reports 
by Rodman will be dealt with in the period 1800-70. The value 
for us of these reports lies not in their details as to cast-iron and 
bronze ordnance, which probably have little more than historical 
interest at the present day, but in the nxmierous experimental 
investigations on the strength of materials which are embraced in 
their pages. We can only afford space to note briefly some few of 
the facts recorded. 

[1038.] The first report deals with cast-iron, and particularly, 
with the influence of the time of fusion and tlu^ number of 
meltings upon the strength. Wo mark the following conclusions : 

{a) A prolonged exposure of liquid iron to intouso li(‘at augments 
its absolute strength. The strength increases as tlui tiim^ of (^xi>osuro 
up to some not well ascertained limit betweem .‘5 and 1 liours ('?). This 
result does not seem to be based on a sufliciently laige r}Liig(‘ of (‘\[)c;ri- 
ments. The experiments made were on 8 cast-i!-on guns t(‘Hled up to 
bursting (pp. 11-17). 

(5) In experiments on the transverse strength of cast-ii-on bars it 
was found that the absolute strength as d(‘duc(al from bai*s <jf circular 
cross-section was uniformly much higher than that from thos(‘ of s<iua»v 
cross-section cast from the same kind of iron. Tliis is part of tlu‘ old 
‘pamdox in the theory of beams.* Casting at a high t(unp<‘ratur(‘ gav(^ 
greater strength than casting at a low onc^ a gradual iucr(jas(‘ of 
strength even up to GO p.c. was found to r(‘sult from i]K*i‘(‘asiMg tlu* 
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time of fusion ^ this inciease of strength was accompanied hj a decrease 
of set, the set being measured for a given load somewhat less than 
the mimmum breaking load (pp 21-8) On p 44 further evidence is 
given of the increase in both tensile and transverse strength by increas 
mg the peiiod of fusion It is also shewn that rapid cooling increases 
transverse strength in small castings, and slow cooling in ci eases tensile 
strength in large ones (p 45) 

(c) Some attempts will be found on pp 77-88 to connect the 
tensile strength of a bar, the hydrostatic ruptuie pressuie in a cylinder 
and the impulsive lupture pressuie due to the discharge of powder in 
the same cylinder with one anothei As no theoiy is pioposed for 
this comparison, the experiments are rather vaguely diiected and lead 
to no very definite conclusions Wade takes for the transverse strength 
of a beam of length I and rectangular cross section h y. d, when centrally 
loaded with w, the expression wll^hd^ or 1/6 of the greatest traction in 
the extieme fibre He has for mean lesults on p 80 tensile 
strength of cast-iron = 22,133, transverse strength of cast-iron = 7370 
Thus we should have for the lupture stress in the extreme fibie 44,220 
or almost double the tensile strength This is a good example of the 
so called ‘paiadox in the theory of beams’ The absolute stiength 
calculated from fiexuie experiments upon a rectangulai beam is by this 
misapplied theoiy double the tensile strength of the material see oui 
Arts 173, 178, 930, 1043, 1049-53, etc 

Wade’s process of calculatmg the resistance of a circulai cylinder 
to hydiostatic pressure — i e by multiplying the pressuie per square inch 
by the ladius and dividing by the thickness of the cylindei — can haidly 
be considered satisfactory, when radius and thickness aie commen 
suiable This is well brought out by the Table on p 87, where the 
latio of this lesibtance to the tensile strength \aries gieatl} with the 

ratio of the thickness to the ladius of the boie But I doubt the 

accuracy even of Wade’s expeiimental numbers, foi when the latio of 
the thickness to the radius of the bore lemains constant, the internal 
bursting pressuie does not beai the same ratio to the tensile stiength, 
but varies from 329 to 602 • 

Fuithei detiils of experiments on the bui sting of musket bairtls by 
liydiostatic piessiue are gi\en on pp 92-107, but I ha\c not been able 
to apply any theoiy (eg the formula in the footnote of our Yol i 

p '"'50) to the numbeis given bociuse the piojxi details aic not 

ttcoided 

{d) Some expciiments on tlu ( tfcct which slow cooling and casting 
undei atmospliciic pifssuu h ive on the buisting stiength of guns ait 
given on pp IJO-H ^hey ue neitlni numeious noi scicntihc enough 
to \i( Id le suits of nine h viluo 

{<) Afnithei lepoiteinthe m inidactuie ot 24 pounde i noncumon 
does not thiow nioie light eni the mfluenee of the tinn s ot nn Iting ind 
fusion pp 115 (S hoi tin pioof Inis ot these t istinus the me in 
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ratio of rupture stress in ^extreme fibre’ to tensile strength = 1*65 so 
that it is considerably less than in the experiments considered under ^(c) 

(/) The influence of height and bulk of the sinking head in bronze 
gun-metal castings on both density and tenacity is referred to on pp 
152-5 and may be compared with the more definite results of a som^ 
what later British Report : see our Art. 1050. 

(g) On pp. 183-221 we have some interesting details of the relative 
durability of guns when cast solid and when cast hollow, in the latter 
case the interior was cooled by a flow of cold water. The hollow cast 
guns appear to have stood longer service than the solid cast guns, but 
the tenacity of specimens taken from the body of the former after 
bursting was not sensibly greater than that of specimens from the 
latter. This fact led Wade to suppose the difierence in endurance to 
be due to differences in initial stress resulting from the different modes 
of cooling. Rodman (pp. 209-13) gives a not very lucid theory of 
initial stress deduced from an erroneous hypothesis of Barlow. The 
most interesting part, however, of this report is perhaps embraced by 
pp. 217-221, where Wade shows how experience and probability tend 
to demonstrate that initial stress due to cooling ultimately subsides 
He cites a number of cases in which bodies held in a state of con- 
straint obtain a gradually increasing set, apparently relieving them 
from this state, and he tries to show that guns retained after manu- 
facture for long periods before proof, sustain a far greater proof than 
those tested directly. He accounts in this way for the hollow cast cruns 
having greater endurance than the solid cast guns. The process of 
internal cooling he supposes produced less initial stress althoiio-h no 
greater tenacity. Some of the details he gives are of interest iiT their 
bearing on elastic after-strain. 


[1039.] The next portion of the volume (pp. 223-322) i.s entitled : 
Report on the Strength and other Properties of Metals and on the Manu- 
jMture of Brmze and Iron Cannon, 1854. Tliis ie the final renort 
due to Major Wade. We proceed to note some points in it. 


(a) The effect produced by remelting iron and by rctainiim it in 
fusion ^posedto^^ intense heat for a long time is very fully considered 
on pp. 223-46. The quality of iron is as a imlc very much imijroved 
by remelting and long continued fusion, but the effects vary from one 
kind of iron to another. The order of densities is almost invariably 
the order of tenacities or at any rate up to a certain limit of <lensity» 
^ 2 ^ 347 ™^ ^ ***'^“'*^ reached, I cite the following 


have b^en cCrly Cs on ^ 214 irrsu, 

attains its maxLL tenaoitrwhh a density of 7 *7“ 

(pp. 246-7) that a density of 7-307 «ave e“Le • “ 
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Tenacity in 
Density lbs per sq 
in 

Amenia pig iron, 1st fusion 6 948 11420 

Same iron, remelted, 6 hours m 2nd fusion 7 172 26310 

Another parcel of Amenia iron, 2nd fusion 7 184 26237 

Same iron remelted, 3rd fusion 7 322 34728 

Thus it was found that the mass per cubic foot could he increased 
as much as 201bs and the tenacity m the ratio of 2 8 or even 3 to 1 

As a relation between small and large castings, Wade states that at 
least foi one kind of iron (Greenwood) the stiength of proof bars at any 
fusion may without mateiial erior be taken as an approximate measure 
of the strength of gun heads made of the same non at the next fusion 
(P 243) 

(b) On pp 248-9 we have a number of experimental details on 
transverse strength It is not easy to identify the bars which corre- 
spond to those treated for tenacity But it would seem as if the ratio 
of rupture stress in ' the extreme fibre ’ to tenacity was as low as 1 6 
or even less see our Arts 936, 1038 (c), 1043 and 1052-3 

(c) We have next a series of experiments on torsion (pp 250-6) 

So far as rupture is concerned what Wade records is really the value 
of for bars of circular cross-section oi the of oui Art 1051 (c), 

Tq being the absolute shearing strength Or, if be taken = the 
tensile strength T , he recoids what ought to equal 157085^2 If ^'2 
be the value of T calculated from this, I find from Wade’s summary 
of results on pp 241 and 251 by lecalculating his numbers, that foi 
various kinds of cast iron the ratio of T' jT varies fiom 1 6 to 1 8, the 
mean value being veiy nearly 17 Oi, with the notation of oui Art 
1051, Si/S = 267 , this differs but slightly from the mean value as 
found fiom the Biitibh cist iron torsion experiments see our Ait 
1053 

Besides the absolute torsional strength, the toisional elastic strain 
and set were noted for a vaiiety of loads as well as the load which 
produced an angular set of ^ in a length of bar equal to about 8 times 
the di imeter This appeus to have been about of the ruptuie load 

Wade also made experiments on the torsional stiength of wi ought 
iron xnd bronze His mean value for wi ought iron is 5465 

ind for bron/e 5511 lbs per sq in 

(d) Tlien follow experiments on the torsional stiain and lupturo of 
])iisms of squaie, ciiculai and circular annulus cioss sections The mean 
K suits aic given on p 256 flio mean stiength of piisms of squaic 
cioss section is iboub 811 times the mean stiength of those of ciiculai 
cross section of iqual xu is If Sxiiit Venint’s theoiy of the fail 
limit (st( oiu Arts 18 iiid 30) held up to ruptuu the latio ought to 
be 7 1^ hor th( stiength of i liollow circiilxi cyliiuh i , tin latio of 
the ink mil dianieb i of whicli to the (xtoinal diinuki is 1 find on 
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1 + ^’ 


strength 


of the solid cylinder of 


Coulomb’s theory ~ '.J =- times the 

V 1 b 

equal area. This gives the ratios of the strengths for f and | as 
1*44 and 1*7. Wade finds for the corresponding ratios in these cases 
1*22 and 1*45, thus considerably less than the theory of the fail-limit 
would give if extended to the rupture of cast-iron. 


(e) On pp. 257-9 we have details of experiments on the crushing 
strength of various cast-irons and steels. For cast-iron the ratio of the 
mean crushing strength to the mean tensile strength is about 4*56. If 
the theoiy of uni-constant elasticity be extended up to rupture then 
the ratio should be 4. The cast-iron was in small cylinders the lengths 
of which were generally two and a half times their diameters and 
the fracture-surfaces made angles of 52® to 59“*6 with the bases. 
Probably the ends were held in by the friction of the bed-plates and the 
strength would thus appear to be increased. I expect the ratio of 
crushing to tensile strength, if both could be ascertained accurately, is 
not very far from 4 for cast-iron. 

For cast-steel Wade gives (p. 258) the following values of the 
crushing strength in lbs. per sq. inch : 


jSTot hardened 198,944 

Hardened; low temper; chipping chisels 354,544 

Hardened; mean temper; turning tools 391,985 


Hardened ; high temper ; tools for turning hard steel 372,598 

He does not give the tensile strength of these steels which were all 
samples cut from the same bar. 


[1040.] (/) Pp. 259-67 deal with the Hard^tess of Metals. These 
pages were translated into French and published as a tract entitled : 
Experiences sur la durete des metanx (Paris, Correard, 1861), but 
without the name of author or editor. Wade commences with the 
following statement : 

The comparative softness, or hardness of metals, is determined by the bulk 
of the cavities or indentations, made by equal pressures ; the softness being 
as the bulk directly, and the hardness, as the bulk inversely (p. 250). 

The form of the indenting instrument was a pyramid on a rhom- 
boidal base. The longer diagonal of the base measured 1", the shorter 
*2", and the height of the pyramid *1". The pianos of th(‘ sides inter- 
sected at the penetrating edge (point X) at an angl(‘ of 00“. Such is 
Wade’s description of the instrument, but it seems to im^ tliat the real 
height is about *098’^, the difierence is perhaps in the angl<‘ and j)rol)ably 
within the limits of experimental error. According to the author the 
apparatus would have been improved by making the longest diagonal 
1*25^' instead of 1", and causing the faces to nicest at GU° instead of 
90 . Such a pyramid would make a longer indeiitatiou and mark 
minute differences more accurately (p. 26G). A cone with a vortical 
angle of 90 made a cavity about equal in bulk to that produced by the 
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pyramid under an equal pressure^ Wade found that for the same 
material the cavities made by his instrument under different pressures 
were nearly as the pressures raised to the power of 3/2 The nearly 
however neglects a divergence of about 17 per cent for large pressures, 
although the accuracy for small pressures is remarkable This suggests 
that the empirical law of Wade may be near the truth for indentations 
only producing set^ but becomes mcreasingly inaccurate as the loads 
produce separation of the material This want of distinction between 
set and separation of the pai tides of the material — Wade measures 
in each case the indentation due to a pressure of 10,000 lbs — seems to 
me the most serious objection to the process It has obvious advantages, 
however, over the scratching methods (see our Arts 836-44), and 
if Wade’s law of relation between the volume of the indentation and the 
pressure were a correct one for set, we could obviously avoid such 
pressures as produce separation and get a scientific measure of hardness 
The method does not, however, seem applicable to the variation of 
hardness with direction m crystals, or again to what Hugueny has 
termed tangential hardness 

Hertz’s theory of hardness makes, I think, the depth of the inden 

tation which a sphere would make on a plane vary as the (pressure)’^ 
Hence for small indentations the volume would vary approximately 

as the (piessuie)^ This applied to Wade’s numbers gives results more 
discordant than his f, but this is natural as a pyramid obviously has 
greater penetrating power than a sphere Thus the general bearmg 
of Hertz’s investigation seems to confirm Wade’s mode of experi 
menting 


[1041 ] Suppose I to be the length of indentation when the whole 
volume V of the pyiamid (F = 3 3 cubic tenths of an inch, ^=10 tenths 
of an inch with Wade’s instrument) is sunk in a material undei the given 
piessure then if I' be the length of the indentation for any othei 
substance under Wade takes as a measure of the hardness of that 
substance VPjl^ (p 260) But this does not s( em to me what lie really 
intended, although he actually calculates his hardnesses from it Foi 
he punts, I being measured m tenths of in inch, 

10 bulk 3 333 P bulk 


and he dehnes, is we have seen, baldness to ^ary inversely as bulk 
should thus have if 7/, //' be the two hardnesses 


10 '^ 


1 

II 


P 


1 

II ’ 


or 


II -- II 


103 

L 


wc 


But Wade taking hudness to b( (qua! to the invcise of bulk, m ikes i 
slip m iii\ citing his i itio ami u xlly puts // I >, wlu n it would seem 
rnoic natural to put it 1/(3 o) He his thus chosen to Uim the haidncss 

1 I liii. \V » Ir V >^1 it nt hut it is 1 thinl hflirllv iiistihftfl bv tlu iiiimhc ih in 
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of the material into which drives the whole volume of the pyramid 3*3, 
or, hardness varying inversely as bulk to take an arbitrary coefficient of 
variation 

= ( 3 * 3 )^ = 11 * 1 . 

To add confusion to his numbers he remarks (p. 259) : 

The maximum indentation of the instrument 3*3 cubic tenths, is therefore 
assumed as the type of extreme softness ; and as the 0 of hardness (!!). 

Wade's numbers would, perhaps, be more intelligible if divided by 
irl. This, however, would still leave them dependent on Wade's 
particular pyramid. He suggests that a good standard of comparison 
might be obtained by finding the hardness of the silver coin of some given 
country and reducing all other hardnesses to this easily obtainable 
standard. 


[1042.] As samples of his numbers we quote from p. 265 the follow- 
ing mean results : 


Bronze 



Density. 

Hardness. 

1st fusion 

7-032 

8*48 

2nd „ 

7*086 

12-16 

3rd „ 

7-198 

19-66 

4th „ 

7-301 

29-52 



5-18 



4*73 



...11-03 


[1043.] For any one investigating the relations which hold theo- 
.ically between density, tenacity, transverse strength, torsional 
strength, compressive strength and hardness, the table on p. 267 for 
upwards of 20 specimens of cast-iron would be invaluable. Want of 
space, however, compels me to cite here only the results for groups of 4 
specimens arranged according to their densities (p. 268); but the 
inaccessibility^ of these American Reports justifies at least this table in 
which I have corrected some of the numbers — 


Group 

Density 

g 

Tensile 

strengths in lbs. per sq 

Transverse Torsional 

. inch 

Crushing 

llaidiiess 

1 

1 

Ratio of 
cniwhing 
to tensile 
.strength 

1 

7-087 

20877 

6084 

6176 

99770 

12-16 

4-78 

2 

7-182 

30670 

7587 

8341 

139834 

18-08 i 

4-56 

3 

7-246 

35633 

8806 

9659 

158018 

25-42 

4-18 

4 

7-270 

39508 

9158 

9827 

159930 

25*59 

4-05 

6 

7*340 

32458 

9274 

9065 

167030 

1 80-51 

1 

5-15 

Mean 

7-225 

31829 

8182 

8614 

144916 

i 

22-84 

4-55 


^ I sought in vain for copies of these and other American Kcpoits in England. 

kindness of General S. V. Ben’et, Chief of 
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Here except for the tensile and torsional strengths of Group 5, all the 
strengths and hardnesses increase with the density, although the laws 
of inciease are not obvious The ratio of compressive to tensile strength 
appears to decrease with the density till we come to the last gioup, 
where it suddenly increases It must be remem beied that Wade under 
stands by the transverse strength ^ of the tension in the extreme 
fibre’ of a i octangular bar at lupture, and by the toisional strength 
7r/16 of the shearing stiess at the ciicuitiference of a bai of circular 
cross section at rupture see our Arts 1049-53 

Thus with the notation of our Ait 1051, we have 

SJS, = 257, SsIS, = 271, SJS, = 4 55 

numbers greater in the last two cases, but in the first case considerably 
smaller than those of the Biitish experiments 


[1044 ] (g) Wade next records some expeiiments on the lupture 

of hollow cylindrical rmgs These rings were burst by applying foice 
to a conical frustum made of hardened cast steel mserted in them By 
means of a shield of cast steel cut into segments and internally tapered 
to fit the frustum, the friction between the iing and the fiustum was 
reduced to a nunimum (p 269-70) Wade found that when the external 
diameter was about double of the inteinal diameter the ratio of the 
tenacity computed fiom what he teims the ‘central force’ on the 
frustum to the tenacity obtained by a pure tensile test was foi both 
ca&t-iron and bronze about as 4 1 , when the ratio of the diameters was 
as 21 to 16 then the ratio of these tenacities was about as 2 G 1 
Wade does not explain how he calculates the tenacity fiom the ‘ccutial 
force,’ and he lemarks that the divergence lu the values of the tcnicities 
IS piobably due to the friction His theory is in geneial so weik, that 
it very possibly has failed him m the reduction ot liis iiumbeis Lime’s 
formula (see oui Art 1013 \ ftn ) cannot be applied, wlicn is in this 
case theie is no longitudinal load on the cyliiidei I find, howt vi i, th it 
for a cylindei of isotiopic mateiial of ladii a and b subjcctid to an 
internal piessure p, the maximum stretch would occiu it the iimei 
surface, r-a, and be given by 


p r A + 2/x 
2/x (6 —a) [dA I 2/x 

whence, it we put T b( mg tin 

unieonstant isotropy, wc Ii ivi 

p 3a 4 - 56 

^ ^ b 


(I f- b 
li iisih 


}■ 

sti ( ngt li, 


in<l 


issunui 


1 if 6/a= J, 

1 02;;, it h\a 21/16 

It IS, liowevd, unlikily tint W nk eileuhkd tin t( ii luty tioni tin 
intiin il ])i( ssui ( md tli< n fi oni i Ik ‘< < ntiil Ioi < ( ’ by in v sue h loi mul i 
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UB this. His method of calculation being unknown, the numbers he 
gives cannot be modified or used to test any theory. 

(h) On pp. 272-4 will be found the details of experiments made 
with this conical frustum to test Barlow^s hypothesis that the area of 
the cross-section of cylinders subjected to internal pressure does not 
change. Tlie experiments were far too crude to efficiently demonstrate 
the erroneous nature of Barlow’s assumption : see our Arts. 901, 1069 
and 1076-7. 

(t) We may note how Wade on pp. 274-5 draws attention to the 
very considerable ranges of density, hardness, tensile and compressive 
strengths to be found for different kinds of the same metal, and there- 
fore to the importance of testing in every case samples of the metals 
which it is proposed to use for any given purpose. 

[1045.] Wade after suggesting on pp. 278-80 chemical tests of 
the various types of iron which possess owing to repeated meltings such 
different elastic and cohesive properties, turns to the subject of bronze 
^ns to which he devotes pp. 281-304. In these pages a great deal of 
information will be found as to the effect of position in the casting or 
of the size of the casting on the tenacity and density ; thus gun-head 
samples liave hardly half the strength of small bars cast with the guns, 
and as a rule less strength than small bars cast in quite different 

rpi, — interesting detail as to the exact effect 

.noting, but we cannot afford the space needful 
iusions here. 

. 305-22 contain a full account of Wade’s testing machine 

impressive, tmnsverse and torsional strains. The descrip- 
tion IS 01 considerable historical interest as the machine has been the 
model of a good many others, even in this country. Following our 
usual rule we refi-ain, however, from discussing apparatus and refer the 
reader to the original paper, or to W. C. Unwin : The Testing of 
Materwla of Construction^ p. 127. London, 1888. 

[1047.] The remaining Repoits of the volume may be briefly 
noticed. ^ 

(a) On pp. 323-46 we have a report by Lieutenant Walbaeh on 
the tensile strength and density of specimens taken from the muzzles 
of nearly 300U iron guns. He found that for metal of a high class with 
a tenacity of nearly 30,000 lbs. per sq. in. and a density of 7*21 there 
was a colour, structure and fracture quite different from those of a 
metal of a low class with tenacity of betw^een 19,000 and 20 000 and 
u density of about T-Qo. As a sample of the type of diflerence we 
ioa\ take the fracture described in the first case as close and even, 
not hackly and in the second as “rough, uneven and hackly” (p. 339).’ 
J^ume remarks on p. 344 on the general relation between increased 
density and increased strength are not without interest, but the whole 
JiCpoit has not much phgsical iniDortance. 



1048] 


WOOLWICH CAST-IRON EXPERIMENTS 


697 


(b) This lepoit is followed by one on the extreme proof by con 
tinuous fiimg of test guns (pp 350-68) , its contents appeal only of 
mterest foi the ait of gunnery 

(o) The \olume concludes with three leports on the chemical 
analysis of specimens of cast-iron gun metal (pp 370-428) In the 
first two reports by taking averages and classifying cast-iron into thiee 
classes it is shown that with decieasmg density and tensile strength 
theie is a decrease of combined carbon and an increase of silicium, and 
various suggestions aie made as to the i elation between the physical 
pioperties and chemical constitution of the metal (pj) 377 — 387) 
The efiect of hot and cold blast on these properties is also noted 
(pp 388-9)^ But m the Third Report (p 394) the writers remark on 
the discordance which exists between the laws suggested connecting 
physical pioperties with chemical constitution and the lesults of then 
more elaborate investigations They go so fai as to throw doubt on the 
exactness of the physical investigations of density and tenacity and sum 
up with the words 

the hmited extent of oui mvestigations pi events, at piesent, the establish 
ment of any laws as to the relation of chemical composition and physical 
structure, in gun metal (p 394) 

On p 396 they gi\e the chemical analysis of 32 specimens of cast 
iron, but as they now suppress all data of tenacity and density, the 
results aie not suggestive for furthei lesearch on the lelations between 
chemical composition and physical structuie 

[1048 ] Oast-Iion Expeiiments Repoit leiative to a Se7ie6 of 
Mechiimcal Ej. pel imeiits made imdei the diiection of the Superin- 
tendent, Royal Gun Factories, and of Chemical At, tl i under the 
Chemist to the ^Yar Department, upon various British Irons, Ores 
etc, with a view to an Acquaintance, as far as possible, with the 
most suitable Varieties for the Maniifactur e of Cast-Ir on Ordnance, 
with an Appendii, containing similar Examinations of several 
Foreign and other Ir ons, car r red on by order of the Secretary of 
State for War dated 9 Jane, 1855 London 1858 

This Repoit appeals to ha\e been letuined m June, 1858 
although some of the experiments in the Appendix xre dated as 
late lb Febiuaiy 3, 1859, and so peihaps as tie added while the 
Eepoit was bting piinttd The expeiiments weie earned out 
undei the supeiintenJence of Colonel F Eaidley Wilmot, R A by 
the piuulmastLi Mi MKinlxy We need heit only considei the 

^ In the 1 ible oi -in m ft p ish m the 4th column loi the lotal Cat bon at the 
told Bill t lead 0417 toi 0107 
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mechanical experiments and not the chemical analyses of the 
various irons and ores, which form the second part of the Report, 

The Report is a folio volume consisting almost entirely of the 
numerical results of experiments on a great variety of cast-irons 
from all parts of the United Kingdom and some few foreign irons. 
The experiments are fairly comprehensive, but appear to have 
been made without any special regard to theory. They are thus 
very inferior in value to those of the Iron Commissioners^ Report 
or of Kirkaldy on wrought-iron and steel. 

A brief risumi of the results to be drawn from these experi- 
ments will be found in the Mechanic's Magazine, New Series, 
VoL II., pp. 162-3, and another in the Civil Engineer and Archi- 
tect's Journal, Vol. 22, pp. 397-8. Both, London, 1859. 

[1049.] Experiments were made on the tensile, flexural, torsional 
and crushing strengths of a great number of specimens and with a view 
of testing the bearing of the results I cite the following table from p. 2 ; 


Strengths of Cast-Iron in Ihs. per sq, inch. 


Specific 
[ Gravity of 

1 850 specimens 

Tensile, of 
850 speci- 
mens: S 3 

Transverse, 
of 664 speci- 
mens: Si 

Torsional, 
of 276 speci- 
mens: S 3 

Crushing, of 
273 speci- 
mens: S 4 

7-340 

3i,279 

11,321 

9,773 j 

140,056 

a i 6-822 

9,417 

2,586 

3,705 

44,563 

Mean* ' 7-140 

i 

23,257 

7,102 

6,056 

91,061 

Ratio of Strengths \\ 

(from General f 

Mean) ') 

1 

•305 

(S1/S2) 

•260 

3-915 

iSJS,) 


The dilference between the maximum and minimum values fully 
justifies the remarks of the Report that : 

The tenu ‘“cast-iron” as describing any specific material does not convey 
to the mind of those connected with such experiments any more positive 
quality than what may be gathered from the use of the term “ wood ” in 
i5i>e(ikiiig ot that material. The remarkable range of the various qualities of 
difierent sample^ is scarcely more marked in the latter than in the former ; 
and in addition, the same iron treated m a different manner, as regards the 
apparently simple process of melting or cooling assumes a different character. 

^ In all cases of 51 samples or parcels. 
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No attempt was made to ascertain the result of mixing \anous 
brands of iron nor the special treatment which would improve the 
quality of any particular non Eighteen bars were cast of each iron, 
22'' long and of cross section 2" square, nine were cast \ ertically and 
nme horizontally, three of each of these sets of bars were covered 
with sand to delay cooling as much as possible and kept m the mould 
till thoroughly cooled, three were cast ‘ in the usual way,’ three were 
turned out of the mould as soon as set and exposed to currents of air 
These processes are described in the tables as ‘slow,’ ‘gradual’ and 
‘quick ’ casting The results of these vaiious modes of casting show a 
distinct superiority of the bars cast horizontally over those cast verti- 
cally, and in a less marked degiee of those cooled quickly over those 
cooled gradually or slowly 

It IS to this rapid coohng and condensation that the supenor strength of a 
two mch bar, cast from a portion of the metal of '^hich a gun is made is due 
(P 4) 

[1050 ] Experiments were further made to show that the length of 
‘ dead head ’ does not add to the lesisting powei of metaL These 
experiments weie made on cast iron and ‘on bronze oi biass gun metal’ 
In the former case a cyhnder 26' long and 7" diameter was cast vertically, 
and discs weie cut from the top, centre and bottom, or at intervals of 
about 12', out of these discs tensile specimens were taken In the case 
of bronze there was 30" distance between the specimens as the}^ stood 
in the casting The following results were obtained (p 3) 


Cast Iiou ^mean results! 

Bronze 

j Tensile Strength 

Specific GraMtv 

Tensile Stiength 

bpecihc CTiant\ 

Top 

29 778 j 

7 217 

35, bOO 

o39 

Centre 

27,650 

7 263 

38 704 

8 o45^ 

Bottom 

28,648 

j 7 324 

49 401 

8 814 


Thus although the tensile strength of the cast non % iiied ^\lth tht 
pressure at casting, it did not, like the bionze, slitw i unitoiin iiiciease 
with increase of piessure 

[1031 ] Ot the l^ hais leteired to abo\e, 1-’ weie submitted to 
ti iiis\eise test aid G to tuisional test, \ tensile s}>tLinieii and a small 
c}liiidei foi specitie ivit} being taken fiom the end ot the t^lnb^else 
specimen iltei the test, lud i ciuslniig speLiineii trom the end ot the 
torsional specimen attci tes^ 

1 m hnt nn«!sihK a. nn^nnnt tor s h4’> 
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We will bi'iefly note how the experiments were made in order to 
render the table in our Art. 1049 intelligible. 


(a) Transverse Strength, The rectangular bars “ were ground in 
the centre, so as to present a regular surface ; this being necessary for 
obtaining a correct measure of fracture The area of fracture was 
measured by taking the mean of three breadths, centre, top and 
bottom of the section, and multiplying by the mean height found in the 
same manner. When a load of 5000 lbs. had been applied, it was 
removed and the permanent set measured, and this repeated for each 
additional 5000 lbs. up to fracture ; the deflections were also noted for 
the same increments of load. If L be the length, B the breadth, B the 
depth of the bar and W the central breaking weight, the report 
tabulates 


as a measure of transverse strengtL If be the apparmt tensile 
strength in the ‘extreme fibre’ supposing the Euler-Bernoulli theory 
applied up to rupture : 




Le. six times the quantity recorded in the table in our Art. 1049. 

(b) Tensile Strength, The specimens here were unfortunately made 
of varying diameter in order apparently to ensure breaking at a 
fflven central section : see our Art. 1146. Thus although the extensions 
asured after a stress of 15000 lbs. at every additional 5000, 

! of no real value owing to the irregular form of the specimen, 
uu results are only of value for the breaking load. If the rupture 
i be To, the tables of the Report record : 

S.^T.^, 


{c} Torsional Strength. The test pieces were cylindrical in the 
centre and square at the ends for the purpose of fastening them, one 
end being “ keyed to the standing part of the machine, the other to the 
moveable levers” (p, 9). From this description it appears to me not 
improbable that the pieces were subjected to both flexure and torsion, 
in which case the measure of strength adopted would not give a sound 
result. The tables tabulate : 63 = RWjd^^ where R is the arm at which 
the vreight IF is applied and d the diameter. If we apply the theory of 
elastic torsion up to rupture, let be the absolute shearing strength, 
then by our Art. 18, 





Strength, The specimens were *6" in diameter and 
1 o in length and were taken from bars which had been subjected 
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to the toreional test It does not appeal to have been noticed that this 
previous strain nearly up to torsional rupture may probably have had 
a sensible mfluence on the ciushing strength The squeeze of the 
material at 15,000 lbs and the set at tins load weie noted and these 
quantities measuied again with every addition of 5000 lbs The rupture 
sui faces correspond fairly closely to fig 5 of the frontispiece to our first 
volume They show, however, that the bedded terminals were hindered 
by the friction fiom expanding fully The tables of the Report recoid 
^^ 4 , where the ultimate eiushing strength 

Theie are pictuies of five samples of fracture surfaces under the 
above different kinds of stress on pp 8-10, and the work concludes with 
a numbei of diagrams lepiesentiiig, but not \erv clearly, the mean 
results of the tables of experiments Tables A and B (pp 154—6) gi-ve 
a risu 77 ii of the chief results for all the different kinds of cast-iron 
employed 

[1052 ] We may note a few theoretical consideiations, which fiow 
from the formulae m the precedmg article and fiom the table in our 
Art 1049 

If uniconstant isotropy could be supposed to hold foi cast-iron up to 
rupture, we should have the absolute shearing strength to the absolute 
tensile stiength as 4 5, or 

T, = ±T 

Furthei Tj, would be given by 

and T^-T ^ 

whence we ought to find 

US, 

S = Ibis , 

S^=4:S 

Of these lesults only the last is at all in accordance with the mean 
lesults of the table, which gives 

^4 = 3 915 * 5 ' 

This corifiims the statement often made in the course of oiu ^\ork that 
toi piacticcd purposes the relation between the tensile and crushing 
stiengths of cast non ini\ be taken to be that deduced fiom suppObing 
uniconstant i^otiopic elisticit\ to liold up to luptiuc 
Instt id of the tii^t lesult tin t ibh ^i\t^ 

Sj bus 

01 = 

insteul of Tj 1 This is tin so called puidox in the theon ot beams 
see 0111 \its blO 1 Recent evpeiiments ha^e gneii the latio of /j F 
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for rectangular sections = 1*74, for circular sections ~ 2-03, showing 
that it varies with the form of the section. 

If the result = ^2(yOS^ as given by the tables be correct, it shows 
that the ordinary theory of torsion certainly cannot be applied to cast- 
iron up to rupture, for there is little doubt that the shearing strength 
of cast-iron does not differ largely from the tensile strength. 

If we express the above ratios in terms of the crushing strength as 
unity we have from data supplied in the Report : 


1 Crusliiijg 
j Strengtli 

Tensile 

Strength 

Transverse 

Strength 

Torsional 

Strength 

ElajBtic Theory 

1 

•25 

•042 

•039 

General Means 

1 

•255 

•078 

•067 

Butterley Iron (p. 181) 

1 

•201 

•063 

•038 

New York Iron (p. 175) 

1 

•379 ' 

*097 1 

•067 

Charooal Iron (p. 171) 

1 

•266 

•093 1 

•088 

Blaenavon Iron (p. 147) , 

i 

1 

*183 

i 

•052 

•022 


The last four examples have been taken at random fi'om the tables 
in the Report to show the great variations in the ratios of the different 
types of strength, and to demonstrate how rash it is to apply the 
ordinary theory of elasticity to determine the rupture stresses of a 
material like cast-iron, 

[1053.] Let us apply the stress-strain relation which Saint-Yenant 
has based on Hodgkiuson’s results and which does not assume Hooke’s 
Tiaw For a rectangular beam under flexure, the method is discussed 
. Art. 178. Let 77ii be not put equal to 7)1^, but their ratio taken 
as that of the ultimate tensile and crushing strengths. We shall 
following Saint-Yenant then put for cast-iron = 1 and 7 no~ 4 whence 
we find (Lerans de Xavier, Table, p. 182) : 

ri = l-817’o. 

Further taking 7ii = 4 in the corresponding torsion-foi*miila in our 
Alt. 184, we find : 

Whence reducing to the *S'-notation of the present discussion we have : 




s,is. 

i SJS, 

, SJS, 

Saint -Venant’s theory 

'302 

204 

i 4 

Mean results of experiments 

•305 

•260 

j 3-915 
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Thus we see that for practical purposes, Samt-Yenant’s formulae 
with the above values of the constants may be used, failing direct 
expenments, to find fairly good mean results for the transverse strength 
of cast ii’on 

[1054 ] Robert Mallet On the Physical Gandtfions involved in 
the Construction of Artillery ^ and on some hitherto unexplained 
Causes of the Destruction of Cannon in Service Transactions of 
the Royal Irnsh Academy, Vol xxili , Part I , Science, pp 141-436 
Dublin, 1856 This paper was read on June 25, 1855 A review 
and at the same time a criticism of the portions of Mallet’s 
memoir beanng on the strength of matenals will be found in 
Vol XIX, pp 325, 366, 389, 401 and Yol xx , pp 29-31 of the 
Civil Engineer and Architect's Journal London, 1856-7 

This long memoir contains a great deal of interesting informa- 
tion with regard to the physical properties of the metals, 
notably iron Some of the statements made, seem to me wanting 
m scientific precision, but it is quite possible that they may 
be much more intelligible to one having a more intimate ac- 
quaintance with the appearance and the rupture surfaces of large 
masses of material Ve shall note only one or two points referred 
to by the writer in his earlier chapters 

[1055] On the Bursting of Guns from internal Pressure The 
memoir notices that ruptuie invariably appears to have begun at some 
pomt on the inside, the gun opening out along one half a longitudinal 
section through this point the opposite half being subjected in p u-t to 
traction and m pait to conti action, — this pioduces a chaiacteiibtic point 
of inflexion in this h ilf of the surface of rupture (p 146) 

[1056] Molecular Constitution oj Crystalline Bodies 

It is a law (though one which I do not find noticed bv vrriter^ on phvsics) 
of the molecnlar aggregation of ci ^ btalline bolida, that w hen the i particle^ 
coiiisobdate under the influence of heat m motion, their ci\btalss ariange and 
gioup themfaehefa with then principal ixets, iii line:^ peipendiculai to the 
cooling or heating surfaces of the solid that is, in the lines of diiectiun of 
the he it w i\e in motion, which is the diiection of least pressme within the 
mass Q) n*") 

Mallet la>s consideiabk stiess upon this law and discusses it at some 
length in pp 147-9 and Note E, pp 353-57 If the law be tine, it 
obMoush has a \er^ great bearing on the influences of the vaiious pio- 
cesses of working on the stiength of materials It is not alwa\s quite 
obiious what is meant bj crystalline stnutme and its opposite Jibiuus 
condition in the writings of technical elasticians, oi whetliei the\ are 



704 


MALLET. 


[1056 


distinctly related to molecular crystallisation. There is obviously a 
distinction l«tween an amorphic body or solid of confused erystaUisatim 
(as expressed by Saint-Tenant: see our Arts, llo and 117 (c)) and a 
body in a ‘longitudinally fibrous’ condition as produced by drawing or 
rolling, but Mallet describes both as presenting no crystallisation (pp. 
U8 91 Thus he notes an expeiiment with a plate ot roUed zinc 
which is nearly “homogeneous in structure [isotropic in stracture?], 
or if not so, presents fibres and laminae in the plane of the plate.” 
This T>lHte is laid ujjoii a cast-iron plate which is then heated nearly 
« 1 , to the melting point of the zinc. The zinc is then said to assume a 
“ crystalline structure,— the crystals now having their principal axes all 
cutting perpendicularly through the plate from side to side; in other 

words t/if plants of internal structure being in this case absolutely 

turwd round 180° V angular direction.” I suppose the 180° to be a 

slipper 90^.rds structure ” here seem to point as much to 

(rvBialline as to elastic structure, and Mallet would seem to associate a 
‘iibrous condition’ with crystalline axes in the direction of the fibre, 
and a ‘crystalline condition’ with crystalline axes perpendicular to the 
greatest dimension of a wire or plate. Now ‘initial stress’ due to 
workinv may produce aeolotropy, but it does not seem necessary to 
assume" that such stress really connotes an arrangement of ciystalline 
axes in’ or perpendicular to the lines of initial stress. Indeed I think 
the identification of elastic aeolotropy having one or more planes of 
symmetry with crystalline structure, which is assumed by some English 
writers, is not without danger. That ciystalline structure connotes a 
certain ’elastic structure may be perfectly true, but I do not see why the 
converse must necessarily hold. The passage of heat through a material, 
nerhaps changes its tensile strength, when the temperature is thereby 
Vaised nearly to fusing point (words omitted in Mallet’s statement of his 
law but which was appai’ently a condition of the experiments he quotes) : 
SI however our Arts. 692* (8), 876*, 953* 968*, 1301* and 1624*. 
What Mallet adds to this statement is, that the direction in which the 
heat is propagated threugh the metal affects the directions of greatest 
and least tensile strength and may interchange the two. At the same 
time it is not improbable that a much smaller change of temperature will 
produce a change in elastic structure, and alter the magnitude of the 
elastic constants and the directions of the planes of elastic symmetry. 

If Mallet’s law be true it would follow that many processes of annealing 
so far from producing isotropy may merely change the nature of the 
aeolotropy, and that further without very great precautions in the 
process of annealing, the question of rari-constant isotropy cannot be 
tested by experiments on annealed bodies, originally of fibrous struc- 
ture. The process of aimealiug so far from producing Saint-Tenant’s 
•amorphic’ condition m place of the ‘fibrous,’ may produce Mallet’s 
•crystalline structure.’ Mallet asserts (pp. 147-8) that a heat far 
below that of fusion will change an amorphic into a crystalline body, 
and that when a body cools “the principal axes of the crystals will 
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always be found arranged in lines perpendicular to the bounding planes 
of the mass, that is to say, in the lines of direction in which the wave 
of heat has passed outwards from the mass in the act of consolidation 
(p 147, § 10) He adds nothing as to the rate at which the cooling 
IS supposed to take place The beating of this remark, if true, on the 
labours of those experimenters who discard ran constant isotropy on 
account of the evidence of multi constancy found m annealed wires will 
be obvious to the reader 

One word more as to certain expressions used by Mallet m the 
statement of his law He identifies the direction of the heat wave, 
I presume he means heat Jlow, with that of “ least pressure within the 
mass” (pp 147 and 353) I do not understand exactly what this 
pressure denotes. In the second page cited Mallet speaks of it as the 
pressure due to distortion or change of form by contraction or 
expansion ” But this does not make it much clearer Does he mean 
the direction of least initial traction ? Even then I do not understand 
why the heat-flow always passes in this direction According to the 
mode in which we apply heat to the body, it seems to me we can 
alter the direction of the heat-flow If we could not, it is difficult to 
understand how the heat-flow could change the direction (m Mallets 
phraseology) of the crystals, whose * principal,* ‘ symmetric * or ‘ longest * 
axes are always in the direction in which the heat-flow has passed 
(p 353) By “ consolidation of particles ” Mallet refers not only to a 
previously fused solid solidifying by cooling, but to the action of heat 
applied to the external surfaces of a body rused to a temperature even 
less than that of fusion (pp 147-8) 

[1057 ] Chapter IV of the memoir is entitled Molecular Consii 
iution of Cast Iron (pp 149-152) Mallet, after remarking that 
according to his previous law “the planes of crystallisation group 
themselves perpendicularly to the surfaces of the external contour”, 
goes on to infer that when the contour presents either a re-entermg 
angle, or a sharp change m direction, then a plane exists in the neigh 
bourhood of the angle, in which there is confused c? ystallxsation , thib 
confused crystallisation he considers a source of weakness and he 
terms the plane a ^laiu of loeahness 

Expeiiments seem to piove that such planer oj ultimately 

of lupture, do leally exist where Mallet has placed them, but I much 
doubt if they ai'e due to “confused crystallisation ’ More probably 
they connote an initial stiesb due to the peculiarity of the cooling in 
these paits Indeed if ye tollowed Mallets idei as it appears e\ 
emplitied in an expeiiment on lead on p 148 (i; 12), it yould ='eem that 
parallelism and not confusion of the diiections of the ciystalhne axes 
would be a source of deci eased tensile strength m directions peipen 
diculai to the axes \nd so parallel to the surtace ot the castmg 

[1058 ] Chapter V is termed Physical tuaditiuns itidvc»=d in 
Moulding and Cubtiag (pp 152—162) In this cha]»tei Mallet points 
out that the size of the ‘crystal in the casting (ind theietoie its \\eik 
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Bess) depends on tbe length of time the casting takes to cool Hence 
the temperature of the molten metal ought to be only just above that 
requisite for fusion. He remarks also on the state of internal (initial) 
stress produced in large castings due to the different rates of cooling of 
adjacent parts. This points again rather to initial stress than to ‘ confused 
crystallisation ' as a source of weakness. He cites Savart’s memoir of 
1819 (see our Art. 332*) and a memoir by Bolley upon the molecular 
properties of zinc {Annalm der Chemie und Fha'nnacie^ Bd. xcv. S. 294) 
in support of his views. As an example of the evil of a long period of 
solidifying Mallet points out that a small bar which is part of a large 
casting and thus cools slowly is found not to be so strong as a bar of 
the same size cast alone under the same ‘head’ of metal (p. 162). 

[1059.] We may note that on pp. 154-5 Mallet rejects Fairbaim’s 
theory that a certain number of repeated meltings increases the strength 
of cast-iron (see our Art. 1098) : 

Indeed, these experiments (Fairbaim’s), rightly considered, only prove 
what was well known before— -that by continually remelting and casting into 
iniall pieces (Le. imperfectly chilling) any cast-iron, we may gradually cause 
all its suspended carbon (in the state of graphite) to exude, as Karsten long 
ago proved, and so gradually convert the metal into an imperfect steel, with 
increased hardness and cohesion, and diminished fusibility, but with proper- 
ties altogether unworkable and useless. No such result can occur when the 
metal is cast into large masses, nor any such improvement by repeated melt- 
ings, but very much the contrary (p. 154). 

[1060.] Chapter YI. on the Effects of Bulk and Fluid Pressure and 
Chapter YII. on the Quality of Metal in reference to strength refer to 
practical points of casting and need not detain us. We merely remark 
that increase of bulk produces decrease, increase of ‘head’ or fluid 
pressure produces increase of both density and strength, while British 
irons show a tensile strength comparing favourably with foreign makes 
(pp. 162-172). 

Chapter X. on the effect which heating the inside of a cylinder has 
in producing strain and ultimately rupture of the material is not very 
satisfactory from the theoretical point of view. With the aid of a 
somewhat more extended analysis more approximate results might I 
think have been obtained. 

[1061.] Chapter XYIII. is entitled : The General Relations of Elas- 
ticity to the Construction of Guns (pp. 194-220). So far as the theory 
of elasticity is concerned this is not a very satisfactory chapter. Thus 
on p. 194 (§ 114) it is pointed out that ‘linear’ and ‘cubic elasticity’ 
have not a constant ratio, while in the following section 115) the 
relation between them, and on p. 216 (§ 144) the relation between 
the slide- and stretch-moduli are given on the rari-constant hypothesis 
without a word of qualification. Similarly the thermal statements at 
the conclusion of § 114 and in § 116 strike me as very obscure. The 
following pages (pp. 198-207) are occupied with a reproduction of 
Poncelet’s results on the cohesive and elastic resilience of bat's, taken 
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from the M^camque %ndustr%f>Ue (see otir Arts. 981*~2*, 988*~991*) 
Mallet only reproduces those results which neglect the mflnence of the 
inertia of the metal, and makes no statement that he has done so His 
application of these results for the longitudinal resihence of bars to the 
case of the cylinder of a gun in § 130, p 208, seems to me quite 
unjustifiable The elastic resilience of a massive hollow cylinder subject 
to internal impulsive pressure presents no great difficulties of analysis, 
but it certainly cannot be deduced from that of a bar without mertia, 
by supposing the latter bent into a nng ’ 

[1062 ] On pp 211-219 are tables of the elastic strength and the 
coefficients of elastic and cohesive resilience of metals, chiefly extracted 
from Poncelet’s Mecanique iTidustrielle Mallet dravs attention, as 
Poncelet had already done to the importance of considenng these co- 
efficients of resihence rather than the cohesive strength of a material 
■when we are judging its suitability for ordnance At the same time I 
think he should have brought out more clearly that it is rather the 
elastic than the cohesive resilience which must be taken as a measure of 
suitability, otheiwise the gun would rapidly lose its form and efficiency 
Had he done so the disproportion in the efficiencies of cast steel and 
wrought iron of extreme ductility would not have appeared anything 
like so great as exhibited in the areas of the curves on p 213 Thus in 
Table X, p 219 ‘strong and rigid’ wrought-iron bar has a greater 
elastic resilience than wrought iron of ‘mean strength and ductility,’ 
while the cohesive resilience of the latter is much greater than that of 
the former Similarly gun-metal has a less elastic resihence than either 
cast lion or wrought-iion bar, but an immensely greater cohesive re 
silience At the same time we must remark that !Mallet’s tables are 
not quite in accord (e g the results m Tables VII and X ) , this is 
pel haps due to the assumption of uni constant isotropv in the calcula 
tion of some of the results 

[1063 ] Chapters XIX and XX of Mallet s memoii are de^ oted to 
the physical properties of gun metal oi bronze (pp 220-241) A table 
on p 232 giving the physical propeities and in particulai the temile 
stiengths of vanous alloys of copper with zinc or tin is extiacted from 
the authoi’s Second Bepait upon the action of iu and Wat^r upon 
Cast hcnij nought Iron and SteeP, Tioabaction of the Biiti h Issocza 
twa, Tenth (Glasgow) Meeting, 1840, pp 221-oU'- London 1641 

1 These reports (lb3s-43) escaped my notice m woiking up the mateiial 
Vol I but ouh pp 302-8 oi the Second Report italh ctncein u- On t p ^06-/ 
are the tables leteiied to (“^ee aLo Piottedimfb t / the l-i if il h t h h i It i if ^ ol ii 
pp 9D-b Dublin ls44) The\ ^ne the speeiiit giaMt\ ten ue -t ength haidne - 
ordei of anctlllt^ oidei of malleabiliU at 60 F older 1 1 fii>ibiiit\ (tl e a. K du. 
not state hovs these orders weie deteiiuined) nature of the ii'act ire and comniercia 
name wheie known ui 21 allcv^ of coppei and /me and 14 of copper and tin to 
gether with tho^.e ot coppei zinc and tin theniselve On pp 3U2-4 aie detmls^ ut the 
iiactuie and ^pecihc giaMt\ of laiicUh kinds, oi cast iron on n ^04 t iiKrei«=e 
of density in cast mm due to soliditication under a coi '^ide be j cid of i e al 
(4 to 14 feet) on p 30o ot decrease ot density with the i iciea e m b Ik cf 

4o — 2 
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[1064 1 Chapter XXI. (pp. 242-3) deals with cast-steel. It con- 
tains a inference to Ignaz von Mitis’ experiments, bnt nothing of 
Si^rtanre for our preLt purposes: see our Art. 693* 

[10661 Chapter XXIL is entitled: MoleculaT Constitution of 
WrmghtJron, and tU Law of Direction of its Crystals or Fibre (pp. 
244-248). Here we have the same general statements as to crystalline 
axes to which I have objected in Art. 1056. On p. 245 the general 
law is stated : 

In wrought, as in cast iron, the principal axes of the crystals, tend to 
assume the directions of least pressure throughout the mass while exposed to 
pressure and heat in progress of manufacture. 

It appears by the remarks upon this law, that Mallet understands 
by the ‘direction of least pressure’ that in which the stress applied in 
the process of working is least, Le. the direction of the ‘fibres’^ in a 
bar, plate or wire. Here again it seems to me that it would be safer to 
talk of an aeolotropy symmetrical with regard to certain planes rather 
than of the direction of the crystalline axes. Mallet notes (pp. 246-7) 
that in the case of a bar of wrought-iron of large cross-section, heat as 
well as working stress plays a part in determining the direction of the 
crystalline (elastic?) axes, and that the process of cooling tends to place 
these in directions perpendicular to the surface of the bar. 

[1066.] Chapters XXIII.-XXY. (pp. 248-266) deal principally 
with the characteristics presented by large masses of forged iron. The 
author speaks of these masses as possessing confused crystallisation, or in 
other words being amorphic. He disputes the accuracy of Fairbaim’s 
results cited in our Art. 1497* (ii), and refers to some experiments of 
Clarke’s (The Britannia and Conway Tubular Bridges^ Yol. i. p. 377) 
which gave for the mean tensile strength per sq. inch : with the fibres 
20 tons, across the fibres 17 tons. Mallet holds that the tensile 
strength of bars cut out of a large mass of forged iron in any direction 
would also give a tensile strength of about 17 tons (pp. 249 and 253). 

[1067.] Chapter XXYI. (pp. 256-260) deals with the point referred 
to in our Arts. 1463*-4*, 881 (6) and 970, namely the possibility of a 
change in wrought-iron from a ‘fibrous to a crystalline state’ by 
repeated loading or impacts. Mallet’s general conclusion on this point 
is given on p. 257. He holds that no strain or impact which does 
not produce permanent change of form is capable of affecting any 
molecular alteration however often repeated, but : 

It does appear certain from many well-observed phenomena, that in- 
stantaneous changes of molecular structure and reversals or transposition of 

casting; on p. 308, of the specific gravity and fracture of a number of wrought- 
irons and steels. 

1 Mallet, p. 248, says: “I have used the teim ‘fibre’ as being already long in 
use, and conveying well the character of this particular form of crystallisation to 
the eye ; but it should be clearly understood that the ‘ fibre ’ of the toughest and 
best iron is nothing more than the crystalline arrangement of inorganic matter.” 



1068—1069] 


MALLET 


709 


the crystalbne axes can be produced m wrought iron at ordinary temperature, 
by the violent application of mechamcal force, producing suddenly ch^ge of 
form at one or more points of the surface of the mass 

He instances the effect of the blacksmith’s ‘nicking’ with a blunt 
chisel the side of a bar of the toughest iron, which can then be easily 
broken, although without the ‘nick,’ it might have been sharply bent 
double without fracture There is an attempt to explam this on the 
‘ theory of direction of crystaUine axes ’ see our Art 1056 

[1068] Chapter XXVII (pp 260-266) is concerned with the 
rupture of wrought iron plates by impulses, such as the blow of a shot. 
In § 229 Mallet obtains a formula for the velocity V of the body which 
will certainly produce fracture If u be the ‘ velocity of force trans 
mission,’ by which we are to understand the velocity of sound waves, 
and 8q be the hmit of safe stretch or squeeze, then if 

V==UX8q 

theie will cei-tainly be rupture This is a result of Youngs for long^t 
tudinal vm/pact of beams (see his Lectures on Natural Philosophy^ VoL 
I p 144), but I do not understand how it can be straightway 
applied to the transverse impact of plates. Mallet apphes it, however, 
taking 13,000 ft pei second, So — deducing that F is only 
one-third to one fourth that of cannon shot, so that the iue\ itable 
destruction of the iron plate follows It is needless to add that m 
explaining the nature of the fracture of plates by shot he appeals to 
his ciystallme law (pp 265-6) see our Art 1056 The subject of the 
rupture velocity foi transverse impact on plates has been treated by 
Boussinesq in a memoir of 1882 (Gomptcb rendus^ Vol xc\ 1882, 
p 123 see also his Application des Potentiels pp 487-90), which we 
shall consider in its proper place 

[1069 ] After some chapters lelatmg more closely to the construction 
of artillery. Mallet in Chapter XXXIII (pp 280-296) return^ to our 
subject, dealing with the pioblem of constructing a gun b-^ placing 
cylindrical rings of wroiight-iion o\ei each other, each new iing being 
shrunk on to the senes of lings which foim its cnre It is well known 
that a hollow cylinder subject to mternal piessuie, if homogeneous and 
without initial stiess, will onlj sustain a certain detinite pre^suie, 
however its thickness may be inci eased see oui Aits 1U13’' (with 
footnote) and 1474* Mallet propo es to raise tins limitiii" pi€-suie h\ 
putting the material into an initiil state ot stiess The theon of this 
initial state of stress is gi\en in a Jtote b\ Dr Hait appended to the 
memoir to which note we shall letuiii 

On j^) 2b4-o Millet cites live dificieiit tuimuhe toi the leUtiuii 
between thickness, site tiacti\e load and iiiteinil prt^^uu None ut 
these agree with that I ha\e gueu on p djO of Vol i still Ic-s do 
the} agree xmong themselves Mallet mikes no itteinpt to s^^lcet iny 
one of them as the conect one He states with Birlow {2 1 aasaction'i 
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of Imtirnim of Civil Engimers, VoL i. p. 136) that there is no thick- 
ness which will withstand an internal pressure equal to the safe tensile 
load. Dr Hart's formula gives the same result. As a matter of fact 
for uni-constant isotropy the thickness t for internal pressure p and 
internal diameter d is given by : 

^"2 tv 47^0-5;? r 

whence we hnd p = ^ limiting possible pressure. 

[1070.] Chapter XXXIV. (pp. 296—9) is entitled : On the Relations 
hetvyeen Amweding and Tenacity, It is based principally on Baudri- 
mont's results : see our Arts. 830^-1* and 1524*. But there is very 
little evidence accessible on these points : 

A rich reward awaits the physicist who, in a comprehensive manner, shall 
first, exi)erimentally, attack the question of the molecular changes produced 
by hardening and annealing ; it has been as yet almost unattempted (p. 297). 

[1071.] The memoir concludes with a long series of notes, partly 
historical and partly statistical, of considerable general interest. I may 
draw attention to the following : 

{a) Note S. (pp. 392-396). Physical Comfemts of the Materials for 
Gunrfounding, This note gives some tables of information with regard 
to the ultimate strength of cast- and wrought-iron, cast-steel and bronze 
extracted from the Ordnance Reports, United States Army, 1856, and 
on the compression of bronze gun-metal from some experiments of 
Colonel F. E. Wilmot at Woolwich Arsenal made at Mallet's request 
(April, 1856). See oim Arts. 1037-47 and 1050. 

(d) Note W. (pp. 399-406). This note by Dr Hart pro- 
fesses to give the theory of the stress in a number of superposed metal 
cylinders (see our Art. 1069), but I have been unable to follow the 
analysis. If it be correct, which I very much doubt, at least the 
author should have clearly stated the meanings of the symbols he 
employs. After saying that the cylinder may be conceived as split 
up into ‘ cylindrical laminae,' he continues : 

Let be the radius of any of these cylinder, and 2P the corresponding 
force, the length of the cylinder being unity. Also let r + u be the radius of 
the same cylinder when extended, then (according to the common theory) : 

dP 

dr~~^r' 

It would appeal' from what follows that the author means by the 
‘corresponding force 2P’ the expression which we should denote by 
— 2r . ^ and his equation then becomes 

dTr rr — kulr 

-j- + = 0 . 

dr r 

This obviously assumes that the meridional traction is equal to kiijr ; 
see our Art. 120. 
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Similaily the second equation on p 400 is 

P^-k'r^ 

dr 

or rr^k -r- 

dr 

Thus it would seem that the author has either supposed the 
mateiial to have no dilatation, or else assumed that the mendional 
and radial ti actions aie each proportional solely to the stretches m 
the same directions’ The enoi is exactly that of Scheifler see our 
Art 655 

[1072 ] On the whole Mallet’s memoir presents much of interest 
and importance, but is painfully weak in analysis and e\ en m elementary 
dynamical notions (e g equation (58), p 269) 

[1073 ] British Association Report of Twenty fifth. (Glasgow) 
Meet%ng London, 1856 Provisional Report of the CoTnmittee 
appovnted to vnstitute an inquiry into the best means of ascertatnxng those 
properties of metals and effects of vai lous modes of treating them which 
are of importance to the durabiLity and efficiency of ArtiUery^ pp 100-8 
This does not appear to contribute anything of theoretical or permanent 
importance to the subject of our history, oi to the science of gunnerj 

[1074^ Experiences faxtes en 1856 aiec deux canons a boniheh en 
fonte de Jer Extrait du rappoit fait sur ces experiences par M ton 
Barries Annales des tiaiaux publics de Belgique, T xv pp 427-56 
Bruxelles, 1856-7 This is a ti-anslation of a portion of a report to 
the Prussian Government on the strength of two Belgian cast non 
cannon made at Liege The cannon weie tested to bursting Theie 
IS nothing that calls for special notice in the repoi*t 

[1075 ] D Tieadwell On the Piactxcability oj Const i ucting Cannon 
of Great Caliber, capable of endming long continved Use under fuU 
Changes Memoiis oJ the American Academy, Yo\ m Parti pp 1-19 
Cambridge and Boston US, 1857 This memoir, after criticising the 
current methods of constructmg guns of large size, pi eposes to foim 
the calibei and breech of cast-iion, but to place outside these paitb rii gs 
or hoops in one, two or more layeis of wioughciron, e^er^ hoop 
IS foimed with a screw or threid upon it^s inside to ht to a 
coriespondmg screw or thiead foraied upon the bod\ ot the gun 
fiist, and afterwards upon each layer that is embi*aced bv 'mother 
layei These hoops are made a little, si\ then 

diameters less upon then msides tlim the paits the\ enclose , \i d 
are placed on hot, being then ‘illowed to shiiiik and compier-N This 
method of constiuctmg cannon appeal-^ to hi^e been hi'-i lu^e'^ied 
b) TieadN\ell, and a piocess of building up guns l\ wiou^ht iiun hoop& 
has been lugely used see oui Aits I0b9, and I07b-c2 ihe memoii 
gives a few details of the lelative stiength of 'inch cinnon and of cist 
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iron cannon (pp. 13-16), and concludes "by describing a process of 
avoiding * lodgment' (pp. 16-18), and with a condemnation of the 
European process of ‘piling or fagoting' fpr building up wrought-iron 
cannon. 

[1076.] James Atkinson Longridge : On the comtruction of 
and other Vessels to resist great Internal Pressure, Institiu- 
tionofOivU Engineers. Minutes of Proceedings, Vol. xix. pp. 283- 
460 (with discussion). London, 1860. This is one of the numerous 
practical papers on artillery which contain statements with a good deal 
of bearing on physical and theoretical elasticity. There are frequent 
references in the course of the paper to Mallet's researches : see our 
Arts. 1054-72. 

The author commences by saying that he intends to limit his 
I'emarks to methods of maMng a gun ‘which gunpowder cannot 
burst.' He refers then to the difficulty of making the cylinders of 
large hydraulic presses sufficiently strong to resist a pressure of 3 
or 4 tons per square inch, and refers to what he terms the explanation 
of this difficulty given by Professor Barlow, “ with the clearness which 
distinguishes all the works of that accomplished mathematician." We 
have had occasion to mention this matter once or twice : see our Arts. 
655, 901 and 1069. 

[1077.] Barlow's foi-mula for the strength of hydraulic presses, 
which at one time had worked its way into all hydraulic text-books 
for practical engineers, depends on the assumption that the volume 
of the cylinder does not change owing to pressured It was superseded 
in Germany ultimately by a formula due to Brix, based on the assump- 
tion that the thickness of the wall of the cylinder is not changed by 
the pressure. These two formulae, equally absurd in theory, maintained 
their places in the text-books long after Lame had given more correct 
results®: see our Arts. 1012*-13* and footnote p. 550. 

Our author proposes to make guns to withstand a very gi'eat 
internal pressure by placing coils of metal round the inner cylinder of 
the gun having initial stresses. Blakely, Sir William Armstrong and 
Mallet had, unknown to the author, been working on the same lines. 

[1078.] The memoir commences by pointing out the extreme 
difficulty of making heavy guns of cast-iron, wrought-iron or steel. 
It notices how initial stresses are produced by cooling when metal 
is cast in large masses : see our Arts. 879 (/), 1039, 1056-8 and 1060. 
Further the difficulties inherent in the construction of wrought-iron and 

^ See Barlow's en’oneous theory in a paper entitled : On the force excited hij 
Hydraulic Pressure in a Bramah Press. Iiutitution of Civil Engineers, Transactions, 
Yol. I., pp. 133-9. London, 1836. 

2 Ruhlmann in his Vortrdge iiher Geschichte der technischen Mechanik, Bd. i. 
S. 320, after remarking on the doubtful character of Barlow’s formula, states that 
Bris’s ‘deserves much more confidence,’ — apparently because it does not give a 
limit to the pressure possible for an infinite thickness. This approval was given 
so late as 1885 ! 
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bteel guns are noticed, especially difficulties of good welding and ham 
menng are referred to (pp 287-96) The author then turns to the 
piocesses of construction suggested by Mallet and Blakely, consisting 
in putting on hoops of wrought-iron round the gun tube, which being 
put on hot, give, when cool, an initial tension. He considers that these 
processes of budding up a gun are not satisfactory, because (i) they 
really would require an infinite number of infinitely thin hoops, and (n) 
there is great practical difficulty in constructing the hoops with just the 
theoretically right radii. Longndge shows (pp 301-3) that an error in 
workmanship of only of an inch in the r^ius of a hoop may make 
a veiy serious difference m the stress in the material when the internal 
pressure is applied There is a mathematical theory of the propei 
values of the radu of the successive hoops given in the Appendix (pp 
329—335) by C H Brooks to which we shall return later In a 
diagram on p 297 curves of the stress across an axial section of a 
hollow cylinder are given These curves are plotted out for the 
formulae of both Barlow and Hart (see our Arts 1071 and 1077), so 
that in both cases they must be considered erroneous The real cur\e 
would be obtained by plottmg out, for values of r, the values of the 
meridional traction, which can be deduced from the results of our Art 
120, or for isotropy from those of our Art 1012* Subtract the 
ordmates of this curve from a constant traction equal to the maximum 
to which we propose to subject the gun, and we have the mitial tractions, 
which each point of the cyhuder ought to be subjected to on the theorj 
of Mallet and Longndge m order that we may have the strongest gun 
There aie I think obvious objections to this theorv, of which I need 
only mention one, namely that it is not an equahtj of sUetb, but of 
stiain (i e uji see our Ait 1080) that we ought to strive for, and that 
the former does not connote the lattei see our Arts 1567*, o (c) and 
321 

In Older to obtam the exact traction mitially required Longndge 
discards a finite and limited number of hoops, and pioposes to usse 
coils of wire, which he holds can be put on with the exact stiess 
indicated by theoiy (p 301) In the case of his experimental cvlinders 
he put on his coils of wire with an initial tension deduced fiom Barlow s 
theory (p 306) It is, theiefoie, difficult to believe that he coubtiucted 
the stiongest possible cylindei, eteu if we assume that the result:^ toi 
solid cylindei-s could be legitimately applied to wiie coils, and thit the 
test for maximum strength is equilit\ ol stiess, not ot strain, iciossS in 
axial section 

Pp 307-19 give details of the authoi’s expeiimenib on (.\lmleiij 
and guns bound with coils of steel or non wiu Pp o 19-21 gne 
the details of the construction of i small hjdiauln piefc& c\]indei hiuli 
up in this mannei and of experiments upon it 

[1079 ] All Appendix to the papei (pp 322 — jo7) tontiiu^ \ inou- 
mathematical iiucstigatioiis Thu's on tht tuicc of j^uiiowder 
wheiein it is shown that the picssuie cxtntd can be 17 tj 2') lon^ 
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per square inch. Remembering that this is more or less of an impulsive 
pressure applied to the inside of the cylinder, and therefore theoretically 
might correspond in straining effect to a steady pressure of 34 to 50 
tons, it would be little wonder if most guns ultimately burst by being 
thus continually strained beyond their elastic limit. It would not 
indeed much alter matters if the real impulsive pressure only reached 
a moiety of the above large value. 


[1080.] The next portion of the Appendix, which is of interest for 
our present purpose is entitled : Conditions of Stress of a Cylinder huilt 
up qf Coficentric Bings (pp, 329-35) by Mr C. H. Brooks. 

This investigation starts from expi*essions for the inner and outer 
meridian tractions in a hollow cylinder which agree with the values 
obtained from Lamp’s formula (see our Art. 1012*). So far the theory 
seems likely to be more complete than Hart’s, but, alas 1 the next stage 
is entirely erroneous. Brooks makes the following statement, which I 
cite with our notation : 


Now if 55 ^ tension at any radius r, and E the modulus of extension, 
then the extension of that radius is 5$ • rjE (p. 330). 


This is the error into which Schefflei', Hart, and Yirgile (see our 
Arts. 122, 655 with ftn. and 1071 (6)) have all fallen, and which it 
still seems impossible to root out of the mind of the technical elastician. 

Lame’s formula quoted by Brooks from Rankine involves a longi- 
tudinal traction in the cylinder, and thus if u be the radial shift, and 
the external and internal radii of the cylinder be and we easily 
find (see our Art. 1012*) : 


while 


^ E E (i^o - A) 

T 3X + 2/X 2fjL — ’ 


^Yhence in order that u = ^. rjE we must have i? = 3A + 2/^ = 2/^, 
an absurdity. Thus we need not inquire into the accuracy of the 
remainder of Brooks’ investigation. 

In the discussion which followed the author refers to Lame’s 
formula as the basis of Dr Hart’s and Mr Brooks’ investigations but 
he does not see how hopelessly the latter have misapplied it (p. 341). 


[1081.] Pp. 338-460 are occupied by the discussion which was 
extremely long and somewhat discursive. I may draw attention to the 
remarks: p. 345, on the want of longitudinal strength in wire-bound* 
cylinders — another obvious reason why Lame’s formula should not be 
applied to them ; p. 358, on the difficulty of forging large masses without 
flaw ; p. 360, that the pressure of gun-powder could reach 30 tons per 
sq. inch ; p. 364, that there is less internal stress in large castings after 
they have been kept a long time, showing a very slow after-strain effect ; 
pp. 385-7, on cooling hollow cast-iron cylinders from the inside and so 
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obtaining an initial negative traction in tbe inner shells , p 388, on a 
method of testing the pressure pioduced at various distances along the 
boie of a gun on discharge and so calculating the strength of matenal 
required at the corresponding sections, p 443 and footnote, on the 
absolute tensile strength of cast-iron before and after remelting, also on 
its general average (p 444) , pp 444-5, on the apparently shght in 
fluence of chemical identity on the identity of mechanical properties in 
iron The impression made on my mind after reading the paper is the 
general want even so late as 1860 of theoretical traming among practical 
engineers The apparently universal acceptance in the discussion with- 
out the least enquuy of an eiToneons theory is remarkable, and the 
need that experiments on the strength of matenals should be conducted 
by those who have a real knowledge of the theory of the elasticity 
becomes veiy obvious Foi example, thioughout no distinction seems 
to have been drawn between impulsive external load and the resulting 
maximum internal stress , thus the absolute tensile strength of the 
matenal is spoken of as if it were the limit to be given to the internal 
pressure, which is quite false, were we even to suppose the gun to be 
elastic up to rupture, and its efficiency not destroyed by set. 

[1082 ] T A. Blakely A mode of comtructing Cannoiiy whereby 
the Strain i^rodueed hy firing is distributed tdironghout the Mass of 
Metal This paper was prmted m the Journal of the United Service 
Institution^ whence it was reprinted in the (Jiiil Engineer and 
Aichitect^s Jomnal, Vol 22, pp 45-50, 81-3 London, 18o9 Idem 
Strength of Guns and othei Gylindeis Extract of a paper read at the 
United Service Institution Ciml Engimei and Architecfb Jovrnal^ 
Vol 22, pp 245-7 London, 1859 

The first of these papers contributes but httle to oui knov ledge of 
stiess in cylindiical bodies The author quotes eiioneous results of 
Bai low’s and notes that a press or gun will only stand a certam hmit of 
mteinal piessuie, whatever its thickness The whole theorv of pressure 
in cylindrical bodies had been some time previously coiTectiv worked 
out by Lame and it is not to the ciedit of our Ordnance Department at 
that date, that its scientific knowledge should ha\e extended no fuithei 
than the range exhibited in this papei Blakely notes experiments 
showing that cylindei*s subjected to internal piessure firtst ruptuie on 
the inside ILs object m the paper is to advocate that system of 
building up guns which consists in puttmg on imgs ot metal ot a 
diameter slightly smaller than that of the inner cvlmdei oi tube over 
which they aie placed He suggests wi ought-iron hoops o\er a cast non 
tube Theie is considerable lefeience to the im tstigation^ ot Mallet 
and Longndge see our Aits 1054 and 1076 

In the second paper Blakely cites lebultb from the Ameiitan 
Repoitb of Eximimentb on Metah fot Cannon in oidei to show that i 
gun built up of hoops shrunk over each othei must be miuh stioiigei 
than a solid c\liiidei The expeiiments cited aie those ot the wuik 
lefeired to in oui Ait 10 U 
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[1083.] J. Cavalli : Mdmoire sur la theorie de la resistance sta- 
tique et dynamique des solides suHout aiix impulsions comme celles 
dll Ur des canons. Memorie della i2. Accad. delle Sdenze di Torino. 
Serie 11. T, xxii. pp. 157-233 with three plates. Torino, 1865. 
The memoir was read on J anuary 22, 1860. 

This is one of several memoirs which were called forth by the 
publicity given to the results of Hodgkinson's experiments in the 
treatises of Love and others : see our Arts. 894, etc. The memoir 
is not without value although it contains some rather doubtful 
theoretical investigations. Considering the title of the paper and 
the fact that the major portion of it is devoted to the discussion 
of implements designed for the destruction of human life, it is a 
curious sign of the perverseness of even the scientific mind in 
1860 to find the preface closing with the following words : 

La connaissance du calcul de ces vitesses, avec les principes les plus 
eldmentaires de la m^canique rationnelle et des sciences en g^n^ral, foumiront 
aux constructeurs le seul guide infaillible pour r^ussir dans les grandes et 
nouvelles constructions, que le Tout-Puissant ait donne k Tintelligence des 
hommes pour qu’ils sachent bien s’en servir dans les etudes et les travaux 
auxquels tout mortel doit se livrer k I’avantage de son esp^ce, fuyant 
Toisivete pour justifier son passage sur la terre (p. 168). 

[1084.] Cavalli’s memoir opens with a Preface which occupies pp. 
157-168. It commences bj quoting with approval certain principles 
stated by Love. These principles are chiefly deduced from Hodgkinsohs 
experiments and may be summed up as follows : 

(i) There is no exact proportionality between stress and strain for 
cast-iron. 

(ii) Set begins for cast-iron with even the smallest loads, and the 
term elastic limit has thus no real meaning. 

(iii) Both cast- and wrought-iron subjected to impact or vibration 
can support indefinitely loads very near to those capable of producing 
immediate rupture (p. 159). 

The third conclusion seems to me founded on very doubtful evidence, 
the second is true only if the body has not been reduced to a state of 
ease, while the first will probably now be generally admitted. 

Cavalli next proposes to replace the elastic limit by what he terms 
la limite de stabilite. This limit is, I think, what I have termed the 
peld-point (see our Yol. i. p. 889), as the following words indicate : 

Dans mes experiences h. la flexion des barreaux on reconnait netternent 
les flexions paitagees en deux parties, retoinnantes les unes, restantes les 
autres des lem* commencement jusqu’k la rupture, et que chaque partie suit 
une loi difterente mais reguliere, des la plus petite charge jusqu’k celle 
momentanee produisant la rupture. On decouvre encore qu’il y a im terme 
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interm^diaire de la s^ne de ces charges que les barreaiis cessent de soutenir 
d’tine mani^re stable, et oh un mouvement de lassitude trJjb insensible d’abord 
commence et s’accroit ensmte rapidement au fur et h, mesure qu*on se rap- 
proche k la charge de la rupture, quoique le temps de Tessai soit tr^s-court 
(p 160) 

Cavalli’s experiments were made partly on flexure, partly on com 
pression, and stress stram curves were traced automatically After 
each small mcrease of load the load was removed, and we thus have a 
\ery accurate representation of the relations of elasticity and set to 
increasmg load Cavalli’s curves figured on Plates II and III are 
extremely mstructive and are I thmk the earhest of their kind Plate 
II contains load flexure diagrams for bronze, cast iron and cast-steel , 
Plate III contains compression diagrams for the same three materials 
Boughly speakmg these diagrams brmg out the following points 
(a) that both elastic strain and set follow laws the graphical I'epi’e- 
sentations of which give extremely regulai curves , (b) that the state of 
ease can be extended almost up to absolute strength , (c) that the 
elasticity lemains practically the same throughout this extension, 
(d) that there is a pomt at which set begins to increase with great 
rapidity see our Vol i , pp 887-9, (5)-(8) With regard to (d) we 
note that for a considerable range of stresses the set curve is almost a 
straight line close to and parallel to the stress axis, then it begins to 
slope more and more to this axis The pomt at which this change 
takes place Cavalh calls the ‘limit of stabihty^ and he considers it 
ought to replace the ‘elastic limit* It seems to me that it is an 
important hmit the knowledge of which is essential, but that it does 
not leplace the ‘elastic limit/ which notwithstandmg Cavalh s state- 
ments (eg p 162) has a real existence, only every stress exceeding the 
limit to the state of ease alters its value In order to ascertam the 
exact point at which the bar ceases to sustam its load stablv, 
Cavalh takes the limit of stability to be the pomt which is midway* 
between the point at which it is doubtful whethei the curve of set has 
ceased to be parallel to the stress axis and the pomt at which theie is 
no doubt such parallelism has ceased (p 181) He terms this pomt 
the limit of stability, because he holds apparently that foi any load 
beyond this limit, the bar will continue to }ield till aftei a longei oi 
shorter time it luptures (p 175) Thus he consideis the limit of 
stability to be the propei measuie of stiength foi peimanent loading, 
while for impulsive loading, lasting only durmg a %erv biief intei\ai, 
it lb allowable to pass this limit of stabiht\, provided the stiess still 
lemams sufficiently below the absolute stiength (pp 176-7) Thu of 
course is the legitimate lesult of piinciple (in) stited abuve, but that 
pimciple itself seems to me doubtful Ov\ ing to the above btateinent^ w e 
ha\e associated Oavalli’s ‘limit of stabilitv ’ vvnth uni vielJ point although 
m some respects it seems to be closer to the point halt wav between Ji 
and C on the diagrammatic stress strain cuive of oiii Vol i , p ^90 

^ Cavalh has ‘le point inteim^diaie le plus pie^ du second des ditis point but 
this IS very indefinite 
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[1085.1 Cavalli now notes that while in most cases the curve 
givuig the relation between the elastic stress and strain is practically 
linear that between the set strain and stress is represented by a curve 
which although perfectly regular has yet to be determined analytically. 
The sum of the areas of these stress-strain curves, however, gives the 
work done on the bar up to any given load, and Cavalli accordingly 
divides this work into two parts which we may term ‘‘ elastic strain 
energy ” and “ ductile strain energy” {tramil Uastique et travail ductile). 
The energy which the body can absorb of the former kind, increases as 
the state of ease is extended ; the energy of the latter kind is a definite 
quantity and can only be used once, although it may be consumed in 
mrts on different occasions. Cavalli holds that the elastic and ductile 
^rain energies are the true measures of the practical strength of 
materials; he expresses them in terms of the kinetic energy of a 
particle, of mass equal to that of the material, moving with velocities 7 
(for the elastic strain energy) and W (for the united elastic and ductile 
strain energies). The values of V and W (yitesses d^impulsion) thus 
measure the resilience of the material, and their values at the limits 
of stability and rupture are tabulated on pp. 230-3 of the memoir for a 
considerable number of bars of bronze, cast-iron and cast-steel (wrought 
and unwrought), as ascertained by flexural and compressional experi- 

^^^e above sufficiently indicates the general lines of Cavalli’ s investi- 
gations so far as they appear of real novelty or service, but a detailed 
criticism of his rather lengthy theoretical statements may be of service 
to other investigators, and I devote the next few articles to it. 


[1086.] § I. of the memoir (pp. 168-75) is entitled : De Veadstence 
de la limite de au lieu de la limite d'Uasticite. This opens with a 

statement of the old ‘paradox in the theory of beams’ ; see our Arts. 
173, 507, 542, 930-8, 1043 and 1051-3. Given a beam of rectangular 
cross-section of height li and breadth 5, then if M be the breakmg 
bending-moment, the absolute strength T (as deduced from an extension 
of the Bemoulli-Eulerian theory to rupture) is given by 


Now Hodgkinson found that for cast-iron bars the factor 6 must be 
replaced by 2*63, or if T„ and be the absolute strengths as calculated 
from traction and flexure respectively we have : 

TJT^~ *438, or (in the notation of Arts. 1051-3) - *380. 

But the American experiments on the metals for cannon (see our Art. 
1043) show that the ratio of T, to varies with the density of the 
cast-iron, increasing up to a certain density and then rather strangely 
decreasing. Cavalli holds this decrease to be a result of defective 
experimental method (possible failure of exactly axial application of 
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load whicli often occurs in pare traction expeinnents see our Art 
1249^ and Cavalli’s memoir, pp 169-70 and 160), and after lectifying 
the results, he obtains values of the ratio increasing from 57 to 72 -with 
the density ^ He u^es this variation as a general argument against the 
ordinary theory of beams and as in some way suggesting the impoi-tance 
of his own investigations into the ‘hmit of stabihty,* be<iuse he 
supposes it to show the inapplicability of the theory based on the ‘ limit 
of elasticity’ He passes rather abruptly from this discussion to a 
description of his testing machine and automatic apparatus for drawing 
stress stram diagiams (pp 172-5) 


[1087] § II of the memoir (pp 175-87) IS entitled Dtemseumdes 

nouveaiac pnncipes d admettre, et d^duiMon de la mesure du travail 
Uastique et ductile^ et de la vitesse dhmpulsion que les sohdes peuvent 
supporter In this section the author hrst states and critiei'^es the 
conclusions of Love, Hodgkmson, Belanger and Moiin, and then states 
his own theory of resilience as the true test of resistance especially for 
the case of impulsive loadmg He qualifies his pre^nous statements as 
to the limit of rupture being the supeiior limit for impulsive stress (see 
the principle (ui) of our Art 1084) by the rather vague reseivation 
that the impulses must not succeed each other too rapidly, nor last for 
too long a time without interval of repose (p 178) The following 
remarks indicate Oavalli’s standpomt and deserve quotation 

Lorsqu’une seule portion du travail ductile I’dpmserait k chaque impulsion, 
le nombre ou la somme de ce& impulsions ne devra pas depasi>er la limite 
du travail ductile total, de sorte que ce nombre d impulsions que le pri^me 
pourra supporter k la linute prescnte se trouvera restremt 

Le choix entre les difierents materiaux k employer dans let* constructions 
se trouva par ces conditions soumis k un calcul qu’il faut sa^ oir faire L on 
ne pourra pas dire d’avance qu’on doit dans telle sorte de construction 
employer les materiaux plus ductiles qu’elastiques et nee le/sa dan& telle 
autre sorte de construction , on s’exposerait par im tel proced6 a bien de^ 
m^prises, comme Tabus des constructions toutes en fonte a fait lesa^ortn et 
comme il arriverait par Tabus de tout faire en fer forge (p 179'» 


[1088] To apply his theory Ca\alli pioceeds thus Let F be 
the load and x the elastic, y the ‘ductile’ deflection immedntelv under 
the load, then the elastic stram energy = while the ductile stiain 
energy =\FTy^ where ^ry is the mean oiclinate of the ductile stress- 
strain (oi really of the load deflection) cuive Xo\s Ca\allis e\peii 
ments were made on the flexuie of i caiitile^ei of length I ind 
lectangulai cross section hence, if T’y be the maximum elastic 

stiess in the beam 


FL 


_^ FL 
" Lhh^ ’ 


^ The mean ot the \meiican results as rectifiel b'v Ca\alli gue^ T ^ — oi « 

the ratio as deduced liom the b3pothesib pioposed b\ the Fditoi in a jaiti on 
the Flexuie of Beams Quay tedy Journal ot Mathematic \o\ xmv p lOs 
IS for the case of a lectangulai section 067 
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or, 




If D be the density of the material, Cavalli equates this to ^hhLD x F* 
and so finds ; 


~ED 


Thus Cavalli’s F is at once determined by the density of the material 
and the modulus of resilience : see our Art. 363. 

If W be the velocity corresponding to both elastic and ductile 
strain energies 

■^bhZD xW^= iFx + ^Fry, 
whence we have 

F = Fv/l+r^. 

V X 

where t and yjx have to be determined by experiment for each material. 
According to Cavalli’s results r decreases by about a half between the 
limits of stability and rupture, so that Hodgkinson's experiments on 
cast-iron which made y oc F^ and give r = 2/3 cannot be accepted as 
generally true : see pp. 185-6 of the memoir and our Arts. 969* and 
1411*. 


[1089.] The reason apparently why Cavalli takes instead 

of as suggested by his definition of F (see our Art. 1085), is that 
he supposes iif P to be the resilience of longitudinal elasticity, in 

this case is equal to ^ hhL and this is nine times the above value. 

The following are Cavalli’s mean results in metres per second^ (p. 184) : 


Material 

At Limit of Stability 

At Kupture 

V 

W 

V 

W 


f Extension 
Bronze i 

1 Compression 

5-44 

6-16 

18-00 

29-50 

14-03 

15-43 

34-74 

48-80 

( Extension 

i 

8-16 

8-79 

16-4 

18-3 

Cast-Iron ] 


1 Compression 

27-45 

27-78 

80-54 

87-43 


This table may be used to obtain the moduli of resilience, which 
are equal to D F^ or D ir* as the case may be. 


1 The second number in the first column of the table in the footnote, p. 184, 
fchould be 4-93 and not 5-60, I think. 
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Cavalli in some rather obscure reasoning on p 186 appears to state 
that any poition of a body may receive a blow which gives it a velocity 
V (oi W as the case may be) without ultimate (oi immediate) dangei 
For example, the velocity given to the parts of the inner surface of a 
cannon ought not to exceed the value JF But I am unable to follow 
the aigument, noi do I understand how the \ elocity, which if attnbuteil 
to the entire mass would give an amount of energy equivalent to the 
strain eneigy, is necessarily the velocity with which any part will 
commence vibrating It must be noted that throughout Cavalli neglects 
the inertia of the vibrating parts, i e proceeds statically, and although 
this may give the maximum total flexuie or compression faiilv correctly, 
Saint-Venant has shown, that for the case of tiansverse impact at least 
it is very far from giving the coirect value of the maximum strain, 
which depends on relative flexure or relative compression see our 
Arts 371, 406 and 412 

[1090 ] § III (pp 187—96) IS entitled De la poszizon des ^fibres 
iiivariables dam les prismes sourrm a la fl&xnon This section rejects 
Hodgkinson's stress strain i elation for cast iron, and asserts that the 
neutral axis does not pass through the centroid of the section because the 
stretch and squeeze moduli are unequal This had m fact been previously 
discussed by Hodgkinson (see oui Art 234*), and there is nothing new 
or of leal value in CavaUi’s results By taking P and Q, as tlie lesistances 
per unit area to extension and compression respectively and supposing 
the mateiial peifectly elastic, Cavalh finds that the ratio QiF must be 
in some cases as much as 6, if the absolute strengths as given h\ 
tractive and flexural experiments are to agree He does not seem to 
have noticed that with his definitions and on his hypotheses this would 
have made the squeeze-modulus six times the stretch modulus (pp 
189-93) • Morin^s hypothesis, which oui authoi condemns, — i e that 
the resistances to compression and extension only begin to \arv after the 
elastic limit is passed, — is certainly moie leasonable than this ' 

Cavalli quotes a foimula due to RoflB.aen foi the stiength ot a pi ism 
under flexure (see oui Aits 892 and 925), and applies his own lesults 
to a pi ism of circular cioss section The tieatmeut in both cases is 
obscuie, not to say inadmissible 

[1091 ] ^ lY of the memoii is entitled Ebsai theonqnt ch la 

zebistance vive elabHque et ductile des pubj/icb pa) la iit^^be d impid am 
des sokdes, sui%% d^exempUb piatiques (pp 19b-229) 

This intioduces Tiedgold’s mudulus ot lesilieiice ^7 L but 
attributes it to Poncelet The im ebtigatioii ot the luiiiritudinal 
lesilience on p 198 is obscuie, because it is not obMous vli\ Ca^ dh 
concentrates the mass of the lod at the tree end The itsults lui i 
fiustum of a cone on ]) 199 seem to me still more doubttul In tit'inng 
of the flexiue ot a cintile\ei Ca\alli concentiates half its it thr 

free end (pp 199-202) and applies his tlieoiy of the shitted neutial im 
I n all these cases the ineitia of the bn is ne 2 ;lected but it ha*' I 

4 ^ » 
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have pointed out, the greatest influence on the maximum strain. On 
pp. 204-5, there is an unsatisfactory attempt to determine the time over 
which an impulse must be spread, in order that the whole and not a 
part of the bar may sustain the work due to the impulse. Cavalli finds 
that when the time of the maximum safe impulse is less than 

where is the maximum shift of the free end and F the velocity 
discussed in our Art. 1088, then even with this impulse the bar will he 
injured at the part to which the blow is applied. 

[1092,] Cavalli next passes to practical examples chiefly dealing 
with problems in gunnery and with the penetration of shot into iron- 
plates (p. 205 to the end). 

As a sample of the somewhat loose style of reasoning as well as 
of grammar adopted in these pages, I cite the following example, which 
does not belong to the theory of gunnery : 

Prenons k calculer un pont en poutres simples de fer sur un chemin de fer 
pendant le passage des trains : ces poutres fldchiront pour se redresser aprks le 
passage. De m§me que dans le calcul statique on ne considfere que la moiti6 
de la charge concentree au milieu, Pautre moitie de la charge 4tant portae par 
les cul4es. Ton pourra consid6rer aussi ici que la moiti4 de la masse totale du 
pont et de la charge est concentree au milieu, et tombant de la hauteur de la 
flexion enti^re ; soit pour plus de simplicite dans le calcul, que pour avoir 
egard aux secousses que rirregularite du mouvement du train causera au pont 
run. 215—6). 

Jonsidering the attention this problem had already received from 
Willis, Stokes and Phillips (see our Arts. 1276*-91*, 1418*-22*, 
378-82 and 552-60), Cavalli’s treatment is somewhat antiquated. 

Without entering into an analysis of these individual problems, we 
may conclude our notice of Cavalli’s memoir with citing a remark he 
makes on the testing of cannon. After noting that every impulse 
which exceeds the existing elastic limit uses up some of the reserve of 
ductile strain-energy in the material, and that every successive impulse 
uses up more of this surplus energy until either by raising the elastic 
limit the elastic strain-energy alone suffices, or the gun at last bursts, 
he continues : 

L’epreuve des canons par des til’s sui'tout plus forts que ceux ordinaires, 
outre d’etre embarrassante et tr5s-coflteuse, prouve seulement qu’ajor^s ces til’s 
les canons qui Pont subie sont moins bons qu’auparavant, sans pouvoir, pour 
plusieurs causes confirmees par I’expdrience, nous rassurer d’apr^s leur 
resistance sur celle des autres canons (p. 227). 

To the memoir are affixed the tables of experimental results referred 
to in our Art. 1085. 



1093—1096] MINOR MEMOIRS ON IRON AND STEFE 


723 


Group F 


St'iengih of Lon and Steel 


[1093] A Series of Expenmmts on the Comparahie Streiigth of 
Liferent K%nds of Gast-h on, tn then simple state as cobt from the Ptg, 
and also in their compounded state as Mixctm eSj made under the directions 
of Robert Stephenson, Esq , vnth a view to the sehctioii of the most 
suitable for the various pui poses required in the construction of the High 
Level Bridge The experiments were made at Gateshead, September, 
1846, to February, 1847, and the results are published m the Ciml 
Engineer and A'ichitecfs Jomnal, Vol xiii , pp 194-199 London, 
1850 Only the numerical results — consisting of the loads and deflec 
tions thiough a certain range up to the breaking load, togethei with 
the initial series of sets — are gi\en NTo geneial conclusions aie drawn 
nor is there any graphical repiesentation of lesults 


[1094] Rapport dJune Commission nomm^e pai le goifieuiement 
anglais, pour favre une enquete sui Vemploi du Jei et de la fonte dans 
les constructions dependant deb chennns de Jei Annales de^ pouts ei 
chaussees Memoires, 1851, 1®^ Semestie, pp 193-220 Paii^, 1851 
This IS a translation by Busche of the report attached to the endence 
of the Tion Commissioneis see om Ait 1406* 


[1095 ] 111 the volume of the Annakb des ponts et chaubsees foi 

1855, Mhnoiieb, 1®^ Semestie, pp 1-127 will be found a Fiench trans 
lation of E Hodgkin son’s E juper i mental Reseaiches (see oui Alt^ 966*- 
73*) by E Fuel E\en at the present da> the results of Hodgkinson’b 
expeiiments reduced to Fiench measuie aie not without speuil ^alue 


[1096 ] Dehaigne Galvanisation du jei aamtaqes d(> / ei iploi d*^ 
fils galvanibes dans les p> 0 'nfb su'^piendub {nnabs pant cJfaii 
Memoires, 1851, 1®^ Semestie, pp 25')-"''^ Pins, lb)\ On pp 
280-8 will be found details of expeiiments on the ibsoliite stieu^tli of 
lion wire before and iftei gah amsation, aid it is shown th it tin 
iron loses nothing ot its stiength oi ductility b\ the piocess soim 
of the expeiiments show indeed a gieat mcreise of stiength i»winji 
to gahanisation 


4b~2 
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[1097.] British Association, 1852, Belfast Meeting^ Transactions^ 
p. 125. Notice of some experiments by Fairbairn then in progress 
to test the effect of repeated meltiogs on the strength of metals— 
and further to test the effect of temperature on unwrought iron plates. 


[1098.] The experiments on the effect of repeated meltings 
referred to in the previous article form the subject of a paper 
communicated to the British Association in 1853, and printed on 
pp, 87-116 of the Report of the Hull Meeting for that year. The 
paper is entitled : On the Mechanical Properties of Metals as 
derived from repeated Meltings, exhibiting the Maximum Point of 
Strength and the Causes of Deterioration, 

Fairbaim commences by thus stating the object of his investi- 
gation, undertaken at the request of the Association : 


It is a generally acknowledged opinion, that iron is improved up to the 
second, third and probably the fourth meltings ; but that opinion, as far as 
I know, has not been foamded upon any well-grounded fact, but rather 
deduced from observation, or from those appearances which indicate greater 
purity and increased strength in the metal. 

Those appearances have, in almost every instance, been satisfactory as 
regards the strength ; and the questions we have been called upon to solve in 
this investigation, are, to what extent can these improvements be carried 
without injury to the material ; and what are the conditions which bear 
more directly upon the crystalline structure, and the forces of cohesion by 
wliich they {sic) are united (p. 87). 


[1099.] The first set of experiments were on the resistance of 
rectangular bars (in all cases of nearly 1 inch square cross-section and 
of 4 ft. 6 inches span) to a central transverse load. 18 successive 
meltings were undertaken of which the 17 th melting was a failure, 
“the iron being too stiff to run into bars.” Fairbairn reduces his 
results to a standai'd beam of 1 inch square cross-section and 4 ft. 
6 in. span. He terms the product of the breaking load into the ultimate 
deflection, the power of resistmg impact He considers it proportional 
to the resilience, and it is entered in the table below as Proportional 
Resilience. The experiments were made on “Eglinton Iron, No. 3, 
Hot-blast. After each melting the rupture-surfaces were micro- 
scopically examined and presented interesting changes, in some cases 
figured in the memoir. Their general appearance is described in 
rather vague language, as : ‘finely grained texture,’ ‘crystals of greatly 
increased density,’ ‘tine frosty appearance,’ etc. One noteworthy 
change is the ajpeamnce of an internal core in the last meltings 
differing much in structure from the rest of the metal. 
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I xepioduce the following summary of results (pp 107-8) 


No of Meltmgs 

Specific i 
Gravity 

1 

1 Mean rapture 

1 load in lbs 

Mean ultimate ' 
deflection m 
inches 

Proportional 

resilience 

1 

6 949 

490 0 

1440 

705 b 

2 

6 970 

441 9 

1446 

639 0 

3 

6 886 

401 6 1 

I486 

596 7 

4 

6 938 

413 4 j 

1260 

520 8 

5 

6 842 1 

1 431 6 ' 

lo03 

648 6 

6 

6 771 

1 438 7 

1320 

579 0 

7 

6 879 

449 1 

1440 

646 7 

8 

7 025 ! 

1 491 3 

17o3 

8612 

9 

7102 

, 546 6 

1620 

8853 

10 

7 108 

, 566 9 

1626 

9218 

11 

7113 

! 651 9 

1636 

1066 5 

12 

7160 

692 1 

! 1666 

1153-0 

13 

7134 

634 8 

i 1646 

1044 9 

14 

7 530 

1 603 4 

1513 

912 9 

15 

7 248 

i 371 1 

643 

238 6 

16 

7 330 

i T i_ 

351 3 

566 

198 8 

17 

1 lost 

— 

— 



18 

1 7 385 

312 7 

476 

1488 


1 


It Will be noted that the tiansveise strength decieases fiom the 1st 
to the 3id melting and then inci eases to the 12th meltmg aftei which 
it rapidly decreases The resilience also leaches its maximum at the 
12th melting, but I should not feel inclmed to lay much stiess on an} 
results obtained by a measuiement of ultimate defections 


[1100] A second senes of experiments Mas made on the com 
pressi\e strength of the same non after lb meltings (pp 109-113) 
The following results were obtained 



Cominessi\e 

1 

Compi essive 

No of Alelting‘3 

stiengtb 111 toil's 

No of Meltmgs 

strength ui tons 


pel sq mdi 


pel sq iiu’ 

1 

44 0 

10 

>7 7 

2 

43 6 

11 

0 > b 

3 

41 1 

12 

73 1 

4 

40 7 

13 

0 

5 

41 1 

14 

Mo 

6 

41 1 

lo 

7b 7 

7 

40 9 

16 

70 j 

8 

41 1 

17 

lO'^t 

9 

5>1 

1 

18 

ss L) 


* In Experiment 13 the cube was not pioptil} bedded, ind so the 
result is erroneous It would piobably, Faubaiin sus, lu\e gnen 80 
to 8o tons pel inch 
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Up to the eighth melting it will he observed that the ordiuaiy power of 
resistance to a crushing force, namely, about 40 tons to the square inch, is 
indicated. Afterwards, as the metal increases in strength, from the eighth 
to the thirteenth melting, a very considerable change has taken place, and we 
have 60 instead of 40 tons as the crushing force. Subsequently, as the 
hardness increases, but not the [transverse] strength, double the power is 
required to produce [crushing] fracture (p. 115). 

Plate 3 at the end of the B, A. Beport figures the rupture surfaces 
of the blocks crushed in the experiments. 

The results are compared with those of Bennie, Bondelet and 
Hodgkinson : see our Arts. ]85*--7*, 696*, and 948*— 51*. The 
memoir concludes with a chemical analysis of the iron after different 
meltings by R C. Calvert (pp. 115-116). From this analysis it appears 
that silicium increases, while sulphur and carbon fluctuate in percentage 
with the number of meltings. 

[1101.] Bntish Association^ Report of Liverpool Meeting, 1854, 
Tramactiom, pp. 151-152. Letter of William Hawkes: On the 
Strength of Iron after repeated Meltings, The writer had made experi- 
ments on “Corbyns Hall Iron, No. 1, Hot- blast” with 29 successive 
meltings. His results do not present the regularity of change which 
marks Fairbaim’s experiments : see om* Art. 1099. They do indeed give 
a minimum and maximum of strength after the 6th and 12th meltings 
respectively, but these are followed again by a minimum at the 14th, 
a maximum at the 18th, a minimum at the 21st, and a maximum at 
the 24th, while the strength at the 29th is greater than after the first 
melting. There is thus no sign of deterioration following on any number 
of meltings, such as was manifested in Fairbairn’s results : see our Arts. 
1059 and 1099. 

[1102,] F. C. Calvert : On the Increased Strength of Cast-Iron 
produced hy the use of improved Coke^ with a Series of Experiments hy 
W. Fairbairn, histitution of Civil Engineers,^ Minutes of Proceedings^ 
Vol. XII., pp. 352-381. London, 1853. Evidence is given in this 
paper as to the amount of influence which the method of preparation 
has on the elasticity, set and absolute strength of cast-iron. 

[1103.] J. Jones: Table of Pressures }iecessary for Punching 
Plate-Iron of mrious Thicknesses, The Practical Mechanics Jour- 
nal, Yol. VI., p. 183. London and Glasgow, 1853-4. This table 
contains numerical details of apparently very careful experiments 
on punching plate-iron. It would still be of considerable service 
to any investigator wishing to test a theory of absolute shearing 
strength : see our Art. 184 (6). No theory is attempted in the 
paper itself. 

[1104.] C. R. Bomemann: Notiz iiber John Jones Versuche 
nber den A rnffbedarf ztnn Luchen von Kesselblechen. Dinglers 
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Polytechmsches Journal, Bd 140, S 327-32 Stuttgart, 1856 
The details of Jones’ experiments on punching holes of various 
diameters in iron boiler-plates had been cited in the Polytech- 
nisches Gentralblatt for 18o4 (see our Art 1103) Bornemann 
gives a of them, calculating the mean values, and he 

suggests the following empirical formula 

P = 62725 - 2822 34a, 

where P is the punching stress per umt-area of sheared surface 
and a is the area of the sheared surface, P being measured in 
pounds per sq inch and a m sq inches For a circular hole of 
diameter 6 in a plate of thickness t, the total load Z = ttJ x r x P 
and a = ttS X T or 

L = (62725 - 2822 347r6T) ttSt Ib^^ , 

= (197056 -278566t)6t lbs 

Boinemann obtains the numerical coeflScients by means of the 
method of least squares and he then compares the result with 
earlier investigations on punching strength,— eg those of E Cresy 
{Encyclopcedia of Civ%l Engineering, New Impression, Vol IL, 
pp 1035 and 1708 London, 1861), which give considerably 
smaller values for L, of Fairbairn {locus ^), of Gouin et Cie (see 
our Art 1108) In round numbers we have for the punching 
strength in kilogrammes pei square millimetie Jones, 42 , Cresj, 
31 , Fairbairn, 37 , Gouin et Cie 32 Bornemann concludes with 
the following table foi English plate-uon 

Resistance to punching 42 kilogrammes pei sq millimetie, 

, , ti action 40 „ „ „ 

„ „ shearing 32 

,, , crushing 25 

The last number 25 I do not understand, as I should ha\e ex- 
pected the crushing strength to be gieatei than this 

[1105] J D Monies Stilling On hon, and bome 1 mpi OLPineah 
initb Maymfactuie Inst%tidion oj Mechanical hngineei^, Pio< p<h a 
1853, pp 19-33 London, 1853 This papei contiius expeiuntnts on 
the transveise and tensile stiengths of cast lud wiouglitnon with the 
details of some expeunicnts by Owen on the compai itne stiength of 
oidinai \ and ‘ toiighem cl c ist iron giideis (p 23 and Plate 4) 
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[1106.] Brame : Note sur V application de la idle a la construction 
de quelques ponts d^i chemin de fer de ceinture, Annahs des ponis et 
chaussies, MSmoires, 1853, 1“ Semestre, pp. 78-111. Paris, 1853. 
This contains some account of experiments by Brame on iron-plate 
with references to those of Hodgkinson, Fairbairn, Gouin et Oie., etc. 
see our Arts. 1477*, 1497* and 1108. 

[1107.] Kirch weger: Ueher die Priifung des Staheisens, Polytecli- 
7 maies Centralhlatt^ 1854, Cols. 1110-6. Leipzig, 1854. (Extracted 
from MUtlidlungen des Geuoerhevereins fur das Konigreich Hannover^ 
1853, S. 240.) This paper gives details of German experiments on the 
strength of English iron plates used for the .girders of railway bridges. 
The plates were tested by boring rivet holes in them, which were then 
driven asunder by a conical steel wedge upon which a given weight was 
allowed to fall repeatedly from a definite height. The number of blows 
required for rupture was taken as a measure of the strength. 

[1108.1 Gouin et Cie. {Experiences sur la resistance d la traction 
de idles de dwerses provenances et sur celle des rivets). These are 
described in an article by Mathieu and Lavalley on the Po7it de Glichy 
in the M%moires,..de la Society des Inghiieurs civile, Annee 1852, pp. 
153-7. Paris, 1852. A German translation appeared in the Polyteclir 
'tiisclm Gmtralhlatt, Jahrgang 1854, Cols. 525-6. The first part of the 
experiments deals with the absolute tensile strength of iron-plate parallel 
and perpendicular to the direction of the rolling. For charcoal raw iron 
there was on the average a fall from 3313 to 3240 kilog. per sq. centi- 
metre ; for coke raw iron a fall from 3657 to 2906. Hence the rolling 
has far less influence when the iron is prepared in the former fashion ; 
see our Arts. 1497^, 879 (d) and 902. 

The second part of the experiments deals with the absolute sheai'ing 
strength of iron rivets of 8 to 16 millimetres diametei\ The shearing 
strength averaged about 3200 kilogs. per sq. centimetre as compared 
with about 4000 kilogs. tensile strength, or very nearly in the 4 ratio 
obtained by extending uni-constant isotropy to the rupture of wrought- 
iron. 

[1109.] Collet-Meygret etDesplaces: Rapport sur les ipreuves 
faites d I’occasion de la reception dii viadac en fonte construit sur 
le lilidne, entre Tarascon et Beaiicaire, pour le passage du chemiu 
de fer, et sur les observations qid ont servi d constater les mouve- 
ments des arches sous Uinfluence de la temperature et des charges, 
soil permamntes, soit accidentelles ; suivi de considerations sur le 
mode de resistance et sur Vemploi de la fonte dans les grands 
travaxLX publics. Annales des ponts et chaussees. Memoires, 1854, 
1" Semestre, pp. 257-367. Paris, 1854. 

This memoir contains an account of the viaduct over the 
Rhone at Tarascon, the arches of which were made of cast-iron. 
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The descnptioa is of inteiest, as these arches have been dealt with 
theoretically by Bresse see our Arts 520 (a) and 527 It is also 
I think, the first bridge in which the >,trains due to changes of 
temperature were carefully measured (pp 274-291) The exact 
deflections due to dead and hve load were also very accurately 
ascertained (p 280 and pp 292-307) The diminution of the 
compressibility of the iron with the increase of the load, i e the 
non-proportionality of stress and strain within the elastic limit, 
seems to have been noted on the large scale of this bridge see 
our Alts 1411* and 935 ® 

[1110] On pp 307-19 we have a oompanson of theory and ex 
penment The authois give the following formula for the deflection f 
(deduced in NoU A, pp 360-4) 

000,004,855, 

where p = the weight of the arch pei unit run of the horizontal, r the 
radius of its central axis, ^ its sti etch modulus and the usual 
moment of inertia of the cross section about the ‘central axis’ The 
values of / obtained from this formula weie far from agreeing with 
those found by direct experiment The authors accordingly ar^e that 
E ought only to be given one half the value previously adopted for it 
fiom traction experiments (p 320) It must be remarked, however, 
that their theory of arched ribs is very far fiom satisfactory and that it 
ought to be replaced by Bresse’s investigation see our Ai^ts 514-31 

This disci epancy in their theory leads the authors to consider the 
details of a numbei of French and English expenments on cast iron 
They show that its tensile strength varies with its quality and the 
dimensions of the test-piece to a very wide extent, and hence they appear 
to aigue (p 329) that its stretch modulus can also ha\e \alues vaiTinc^ 
from 6,000,000,000 to 12,000,000,000 kilogrammes per sq metre This 
does not seem veiy convincing, especially as the table (p 327) of tensile 
strengths has been deduced fiom flexuie expenments see oui Art 
1052 A moie satisfactoiy investigation by diiect expenment ot the 
values of E follows on pp 330-46 These \alues weie found to \ai\ 
from less than 3,000,000,000 to moie than 12,000,000,000 kilogi-amme'^, 
pei sq metre, accoidmg to the material of the bai The luthon 
conclude that 

les baiieaux de fonte des diver^eb Ubines ecbaycb daiib leb memeb 
circonstances donneiit des vileurb de E peu diffdrenteb 

2*^ un barreau donne pour E des \ ileuib seiibiblement difteienttb suivant 
qu il est pose k pht ou de ch imp 

3° les barrexuK d’une iiiCme iisme doniient deb \ ileuib dt E tieb diticieiiteb 
sun lilt leb conditions des isbeinbhges , poses siu deux appuib et chii=rtb lu 
milieu, ils donnent des \ ileuis de ^plus giandes qiie lui^que etaut port's sm 
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deux appuis ils sont charges k leurs extr^mit^s, ou lorsqu’dtant encastres par 
un bout ils sont charges k Fautre bout, et, dans ce cas, ils donnent des 
valeurs de E plus grandes que lorsqu’ils sont charges debout, c’est-k-dire 
comprim4s dans le sens de leur longueur (p. 337). 

As a result of these conclusions Collet-Meygret and Desplaces 
consider that the best value of the stretch-modulus for the iron of the 
Tarascon viaduct ought to be obtained by comparing direct experiment 
on the bridge itself with the formula referred to above. They consider 
that it is the manner in which the iron is employed in the structure 
rather than its particular ‘manufacture’ which determines the value of 
its stretch-modulus. 

[1111.] They especially note the difference between the elasticity 
of the core and periphery in the case of cast-iron bars and conclude : 

1® que de deux pieces semblables de la mtoe fonte, la plus grosse donnera 
la plus faible valeur de E. 

2® qu’une m^me pi^ce chargee de la m^me mani^re et sous les m^mes 
assemblages donnera, lorsqu’elle sera presentee sous diffi^rentes faces, des 
valeurs de E diff^rentes, dependantes du moment d’inertie de sa section, 
compart au moment d’inertie de son perimfetre. 

3® que dans une m^me pi^ce de fonte on trouvera pour E une valeur 
d’autant moindre que dans les joints d’assemblage et par le mode de charge- 
ment, on laissera libre une plus grande portion du perim^tre, de mani^re 
qu*une plus grande partie du metal ext4rieur, le moins dlastique, soit en- 
tralnee par le metal int^rieur, le plus ^lastique, au lieu de le retenir (pp. 
340-1). 

The authors suppose the periphery to have a thickness of -005 
metres, a stretch-modulus € and an absolute tractive strength t. Then if 
E and T be the like quantities for the core, they find from expeiiments 
on cast-iron bars such as were used in the Rhone viaduct in kilogs. per 
sq. metre, 

T > -10,000,000, € > 12,000,000,000, 

20,000,000, 3,000,000,000. 

Their remarks on the experiments leading to these results and the 
conclusions to be drawn from them are of considerable interest : see 
their pp. 341-6 and our Arts. 169 (e)~(/) and 974 (c). Similar 
differences probably hold for the temperature effect on the core and on 
the periphery, but the authors remark that as various physicists give 
values for the stretch per degree centigrade of iron, whether it be cast 
or wrought, varying only between ’000,011 and ’000,013, it is safe to 
neglect these differences and adopt the number *000,012,2 to represent 
this stretch. 

[1112.] With this value of the stretch or thermal coefficient and 
with the moditied value of the stretch-modulus the authors (pp. 346-58) 
analyse the various elements of flexure due to temperature, to live and 
to dead load. They sum up their conclusions on pp. 358 -60. Their 
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remark^ that the values of the elastic constants found by physicists 
experimenting on small bars of metal cannot he safely adopted for large 
masses of the same metal such as occur in great engineering structures, 
deserves from its obvious tiuth moie attention than it has sometimes 
received (p 359) To the memoir are appended (pp 360-7) vanous 
notes which do not call for special mention here 

[1113 ] Gr W^eber Versucke ube? die Cohdbions und Torsions 
haft des fui GeschiUzf^ hestimmten Krupp^schen GussatahJs Dimlsrs 
Polytechnisches Jomnal^ Bd 135, S 401-17 Stuttgart, 1855 

This memoir opens with some interesting details of the chemical 
constitution of gun metal used m 1663 and later, and shows how the 
earlier metal would certainly not have stood the strength of modem (f) 
powder Webei then proceeds to details of the tensile and the 
torsional strengths of steel (manufactuied by Kmpp, and in England, 
Salzburg and the Tyiol) of wrought-non and of bronze or gun metal’ 
There is an mteiestmg figuie (Tab vi, Eig 2) givmg a good picture 
of the strictuie of a bar of Kiupp’s cast-steel for guns It shows 
exceedingly well the lelative amount of stucture at each cross section 
and the total change at ruptuie of each dimension of the bar The 
whole paper is an advertisement foi Krupp, but probably a well 
deserved advertisement 

[1114] Details of various expeiimente on the strength and elas- 
ticity of steel with reference to the peculiai difficulties of casting it so 
that its quality is uniform thioughout the piece, and with companson 
of results obtained foi wrought-non will be found m the Poly 
techmsches Centralhlatt, Jahigang 1856, Cols 1275-6, Jahrgang 1857, 
Cols 35-44 {Annales des Mines^ T viii , pp 373-88, 18o5) and 
Jahigang 1857, Cols 1128-38 All these ha-ve special leference to steel 
prepaied by TJchatius’ process With regard to the strength and 
stricture of wiought-iroii piepaied by the Bessemei process an account 
of some experiments made at Woolwich will be found m Tlie Mechanics 
Magazine, 1856, p 270 

[1115] William Fairbaiin On the Tensile Sbength of 
Wioitglit-Iiio)i at vaiious Tenipeiatuies British Association, 
Cheltenham Meeting, 1856, Repot t pp 405-422 

These expeiiments aie of veiy consideiable inteiest, as in 
many stiuctures ut wiought-iiou the mateiial is subjected to \er\ 
high temperatures or to a consideiable lange of terapoiiture- 
Fairbairn’s first senes aie on the tensile stieiigth of boilei plaies 
with and against the fibres Fiom 0 to 395 Fain thcie ^eem 
to be only very slight fluctuations in the stiength m the diiecnon 
of the fibre, and these are not impiobibh due to evpeiimentil 
eirors, or to weaknesses in the individual pieces Ruughh the 
stiength fluctuates fiom 18 to 22 tons pu sq inch NMthout iu\ 
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apparently regular variation with the temperature. I have little 
doubt that some of the fluctuation is due to want of exactly 
central pull in the arrangement adopted by Fairbairn. For tensile 
strength across the fibre there is a rise from about 187 to 20*4 
tons per sq. inch for a change of temperature from 0° to 212% a 
fall to 18*8 at 340° and to 15*3 at visible red heat, the latter result 
being considered by Fairbairn as too high. Here again the only 
safe conclusion seems to be that at ‘^a dull red heat just per- 
ceptible in day-light ” the tensile strength is much reduced. At 
what heat the maximum is reached is not rendered clear by the 
experiments (pp. 413-4). 

[1116.] The second series of experiments relate to the tensile 
strength of rivet-iron. Here there was a more marked relation 
between strength and temperature. The experiments were on 
temperatures from —30° to 435° and at 'red heat.’ There was an 
increase here from 28*2 tons at — 30° to 37*5 at 325°, and at least 
a steady increase from 28*1 tons at 60° to 37*5 at 325°. After 
this there was a slight diminution at 435°, and a great drop to 
ons (marked "too high”) at red heat (p. 420). 

me memoir concludes with a comparison of the increase in 
strength due to rise of temperature with that due to repeated 
fracture, and with some remarks on the stretch in bars of different 
lengths, which do not seem to- me of much scientific value : see 
pp. 421-2 and our Art. 1503^. 

[1117.] William Bell: Un the Laius of the Strength of 
Wrought- and Cast-Iron, Institution of Civil Engineers, Minutes 
of Proceedings, Vol. xvi., pp. 65-81. London, 1857. A resume 
of this paper will be found in the Mechanic's Magazine, Vol. 65, 
pp. 579-81. Loudon, 1856. It is an endeavour to demonstrate 
from the many experiments which have been made on cast- and 
wrought-ii-on beams under flexure that theory and experiment are 
after all not so discordant as some have supposed. We may sum 
up the author’s conclusions as follows : 

(i) For slight strains theory and experiment coincide. 

(ii) The ordinaiy theory of rupture practically coincides with 
experiment for wrought-iron beams, especially those of large size. [It 
should only do this if Hooke’s Law practically holds for wrought-iron 
up to rupture.] 



1118—1122] 


BELL MINOR MEMOIRS 


738 

(in) There is no reason for supposing the neutral axis shifts its 
position to any extent worth noticing before rupture 

(iv) There is a divergence between theory and experiment in the 

case of small oast iron bais whose tiansverse strength is compared with 
their direct tensile strength, but the coincidence between thesestrengtbs 
for large girders is nearly exact ® 

I think the latter statement requires further demonstration We 
should not expect such equality because Hooke’s Law does not hold 
for cast-iron, even in the case of small strains, and eertamly not up to 
rupture 

(v) That one of the chief failures of the ordinary theory occurs for 
cast-iron struts (rounded ends for length < 20 diameters, and flat ends 
for length < 50 diameters, p 67) 

[1118] The author remaiks that accordmg to Hodgkinson the 
ratio of the tensile and compressive strengths of wrought iron may for 
practical purposes be taken as unity In the case of cast-iron he 
apparently prefers a traction sti etch relation of the form (’} 

«« = 3 ^ + ^5259 

where g' is a constant, to Hodgkmson’s 

[1119] In the discussion P W Barlow laid stress on W H 
Barlow’s ‘ explanation ’ of the paradox in the resistance of beams under 
flexure (see oui Ait 931), and W T Doyne on his modification of 
Hodgkinson’s rule for the section of the beam of maximum strength ^ 
see oui Arts 1016 and 1023 II Sheppaid commumcated a method of 
noting the permanent set due to flexure by drawing lines on the faces 
of a beam of lead 

[1120] On p 83 ftn of the same volume will be found some 
details of the tensile, tiansveise and crushing strengths of some iron 
manufactuied in India 

[1121] H Wiebe Uebei die Fest%gke%t det Bleche und der Veimet 
ungen Zeitschrift des Ve'ieins deutsclm Ingenieuie Jahigang i, S 
255-268 Berlin, 1857 This paper gives details of the expenments 
of Fairbaiin, Claik, and Goum et Cie on ii\eted non plates see oui 
Alts 1497^ 902, 1066 and 1108 

[1122] B Dahlmann Die absolute Festigkeit leibthiedtaet EtaPti 
und Stahhoiten des luniyl wuittemh Hattenioeikb Fupduch tkcd 
Dinglers Folytechnibches Journal^ Bd 14^, S 94-7 fetuttgait, lbi7 
Details are given of the absolute stiength of cast non and steel made 
it a particular foundry, and as mdividuil results the\ foim onU an 
adveitiseinent of the same foundiy 
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[1123.] M. Meissner: MiUheUwng von Vermchen, welche zur 
ErmMtelung der ahsoluten Festigkeit von Eisen- u. Sfahlsorten in April 
1858 amge/uhrt word&n mid, Folytechnisches Centralhlatt, Jahrgang 
1868, Cols. 1195-9. Leipzig, 1858. (Extracted from tlie Zeitschrift 
d, bsterr, Ingemieur-Vereins, 1858, S. 88.) This papei' merely contains 
details of the absolute tensile strength of various kinds of iron and 
steel, which might be useful, as others of the same type, to anyone 
writing a history of the gradual improvements in the preparation of 
iron and steel, but the results are of no permanent practical value and 
have no bearing on theory. 

[1124.] Yergleicliende Zerreissversuche mit dm Fbhlmann^schm, 
Welster^HorsfaWsclien und MilleFschen Glavier-Stahlseiten, DmgUrs 
Polytech/nisches Journalj Bd. 147, S. 460—1. Stuttgart, 1858. (Extracted 
from Verhandlungen de$ nieder-bsterreicMschen Gewerhevereins, Jahrgang 
1858, S. 54.) This contains details of the comparative strength of the 
steel pianoforte wires of different manufacturers, and is of no general 
interest at the present time. 

[1125.] C. E. Browning: On the Extension and Permanent Set of 
Wrought-Iron when strain^ te^isihly. The Engineer^ Yol. v. pp. 317 
and 352. London, 1858. These two letters propound the thesis that 
the strength of wrought-iron is increased by straining it to rupture. 
The writer apparently considers that the density and strength are alike 
increased by the drawing in of the cross-section in set, but the experi- 
ments he cites are certainly not conclusive, as it might well be argued 
r would give way first at its weakest cross-section, and thus 
aiignc expect a greater load at successive ruptures : see our Art. 

The proposal in the second letter to subject all the bars of 
braced girders and the cables of suspension bridges to a stress of 20 
tons per square inch before using them, as a means of increasing their 
strength and reducing the weight of structures would hardly meet with 
favour, we think, from practical engineers. 

[1126.] Volckers : Ueb&i' Festigkeit der Bleche, Zeitschrift des 
Vereins deutscher loigenieure. Jahrgang ii., S. 17-20. Berlin, 1858. 
This paper contains the details of some experiments on the absolute 
tensile strength of iron plate with and across the fibre, — Volckers found 
\vith the fibre 100, across 91 ‘3, in the diagonal 93*2 to represent the 
relative strengths of one kind of iron plate, — and on the loss of strength 
due to riveting. V bickers found the loss of strength due to punching 
rivet holes to be as 59 ’4 to 100, while Fairbairn had given it as 56 : 100 : 
see our Art. 1500*. The author also gives some account of experi- 
ments on the loss of strength by heating. He concludes that there is 
little reduction of absolute strength up to about 300° C., but that 
temperatures from 500° to 700° C. enormously reduce the strength, the 
reduction amounting to one-half and even more. The memoir concludes 
with a comparison of the formulae of the Prussian, French and Austrian 
Clovemments for the thickness of cylindrical boilers, Tf n be the number 
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of atmospheies internal piessnres, t the thickness in Piussian inches. 
d the diameter m Prussian feet, these formulae weie ^ 

Prussian, t = 018c? (/i - 1) + 1 

French, t= Q2Ud{n- 1) + 113, (see our Art 879<o) 1 
Austiian, t= 0216c? (^-1)+ II 4 ^ 

Yolckers compares these formulae with the results obtained by him 
for the strength of riveted plates and concludes that even the Prussian 
formula gives theoietically sevenfold safety (p 20) 

[1127 ] Another series of experiments on plate iron by C Schone 
mann will be found on S 304-6 of the same Jahigang of the ZeiUchnft 
(Eemltate von Blech Yersuchen) The effects of temperature and of 
nvet holes in leducmg stiength were considered Numeiical results 
are given, but no geneial conclusions aie drawn Further expenments 
by Kiame of a like kind will be found on S 173 of the ZeiUchnft 
Jahrgang ill , 1859 ’ 

[1128 ] Robert Mallet On the Goeffiinents T, and of Elasticity 
and of Rupture in Wrought Iron, in relation to the Volume of the Metallu 
Mass, its Metallurgic Treatment, and the Ax/ial Li'iecHon of its con 
stituent Crystals Institution of Civil Engineers, Minutes of Pi o- 
ceedings, Yol xviii , pp 296-348 (with discussion) London, 1859 
This IS an interesting paper dealing principally with the influence of 
the bulk ot a forging on its elastic and cohesive pioperties The author 
on p 298 states the three principal points of his inquny as follows 

( 1 ) What diffeience does the same wrought iron afford to forces of 
tension and of compression, when piepared by lollmg, 01 by hammermg 
undei the steam hammer, the bars being in both cases large ^ 

(n) How much weaker, per unit of section, is the iron of very 
massive hammer forgings than the oiigmal, or integrant iron, of which 
the mass was made up 

(ill) What IS the average, 01 safe ineasuie of strength, per unit of 
section of the non composing such very massive foigings, as compared 
with the acknowledged mean stiength of good British bar iron m 
moderate market size 8*2 

Mallet holds the pioper measure of stiength in a bar of iron to be 
the “woik done, whethei by extension, compression, lupture, or crush 
ing, by any force applied to it” Thus his elastic lesilience of 

the body = J^6jj, where is the limiting elastic stietch 01 squeeze, 
= where 

“The value of tlic coefhcient he continues, “is armed at in the 
same way by substituting the coi responding values foi P^ and due to 
the moment of ciiishing or ol luptuie” (p 299) Ihis seems to me to 
suppose that the pioportionality of stress and stiain lasts up to luptuie, 
which is indeed fai from true foi many mateiials It would seem 
bettei to define as the woik done in iiiptuimg a hodv, without 
expressing it in teims of the final stiess and stiain 

T find that Mallet calculates his value of T fiom the i^^siimption 
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that its value is half the product of the final strain into the final stress 
(see his Appendix, Tables I. and II., together with the remarks, p. 332). 
Thus it cannot be taken as a basis for some of the conclusions he draws 
from it. I think his own diagrams, pp. 318-19, should have shown him 
his error in this respect. 

Mallet attributes the introduction of these coefficients T'g and to 
Poncelet (see our Art. 982* and compare Art. 999* however) and re- 
marks that for all crystalline substances, notably wrought-iron (see our 
Art. 1065), their values will depend on the direction of the stress which 
produces rupture. 

[1129.] He compares the strength of bars cut in different directions 
from massive forgings, and concludes generally that the latter are 
weaker than the rolled bars of moderate size of which the heavy 
forgings were built up. He likewise shows how the molecular arrange- 
ment f&T more than the metallurgical constitution affects the elasticity 
and strength of different kinds of iron. 

Probably his resumi of the elasticities and strengths of cast- and 
wrought-irons, especially in regard to the longitudinal and transverse 
elasticities and strengths of large forgings would be useful even to-day : 
see Table Y. of the Appendix. It is certainly of great interest to the 
theoretical elastician to see how far the distribution of elasticity depends 
on * working,’ and how widely the ordinary materials of construction 
diverge from isotropy. 

[1130.] A. B- von Burg: Untersuchimg&n iiher die Festigkeit von 
StaMblechen^ welcJie in dem JEisenwerke des Eerm Franz Mayr in Leohen 
fiir Dampfkessel erzeugt werden. SitmngsheHchte der mathematisch- 
'iiatu'i'wissenschaftliclien Classe d. k. Akademie der Wissemcha/ten, Bd. 
35, S. 452-74. Wien, 1859. 

This memoir busies itself^ with the safe use of cast-steel as a material 
then being adopted for boilers. Howell in England had introduced 
a ‘homogeneous patent ii'on’ especially intended for boilers, and the 
expeiiments detailed in this paper are on cast-steel plates (Gussstahl- 
bkclie) prepared by F. Mayr for a similar purpose and tested by the 
Vienna Polytechnic Institute at the request of the Eandelsminis- 
tenuni. The experiments go to show that the tensile strength of 
cast-steel plates is roundly double that of iron plates, both being of 
Austrian manufacture, and these experiments are shown to be well 
in accord with those of Fairbairn, Clark and Gouin et Cie. : see our 
Arts. 1497*, 902, 1066, and 1108. They give a tensile strength in 
the direction of the rolling {Ldngenrichtung, Richtung des Walzens) 

^ V. Burg gives an interesting foot-note on S. 454 on the difficulty of determining 
the exact factors in iron and steel which cause their very different elastic properties. 
All this difierence is not due to the quantity of carbon (varying from *625 to 1*9 p.c.), 
hut has probably much to do with the state of crystallisation (Dalton attiibuted the 
difference almost entirely to the latter). Fuchs supposes iron dimorphic, consisting 
of a mixture of tesseral and rhombohedral crystals : wi'ought-iron is chiefly tessera], 
raw-iron rhombohedral. He attributes the difference between tempered and un- 
tempered steel to a transition from one form of crystallisation to the other. By 
annealing with increasing heat the tesseral replaces the rhombohedral crystallisation. 
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slightly gieater than in the direction transverse to it (Qiiemehiiing) 
this agiees with the lesnlts for non plates, of Clark, Gouin et Cie and 
von Buig himself, hut not with the rathei doubtful conductions of 
Fairbairn as to Yoikshire and Staffordshire plates The stncture was 
also greatei and rupture more giadual in the case of bars cut m the 
diiection of the rolling Yon Burg concludes his paper with some 
lemarks on the elastic limit foi steel plates, which are not, however 
based on his own experiments Ausghihen for two hours over*a charcoal 
file did not reduce on cooling the strength of steel more than 2 nc 
(S 463-6) * 

[1131 ] K Kaimarsch Ueber die absolute Festigkeit der Metail 
drahie Polytechnisches Gentialhlatt, Jahrgang 1859, Cols. 1272-70 
Leipzig, 1859 (Extracted from the MiUheilungeyi d Geicerhe Yereins 
f d Komgreich Hannovei^ 1859, S 137 ) 

The wntei begms by refenmg to his experiments of 1824 (see oui 
Art 748*) in which he had shown that the process of drawmg alters in 
a remarkable manner the absolute strength of metal in the form of 
wires 

Die Ursache der beruhrten Erschemimg hegt unstreitig in Folgendem 
Wenn em Draht femer und femer gezogen wird, vermmdert sich seme Festig 
keit— d h die zum Abreissen desselben erforderhche Zugkraft — nach Ver 
haltniss seiner Querschnittsflache oder des Quadrats semes Durchmessers 
Zugleioh aber findet ein Zuwachs an Festigkeit dadurch statt, das 
Metall zimachst an der Oberflache, vermoge des DmcU m den Ziehlochem 
verdichtet, wohl in dei Testur \ortheilhaft lerandert wird. Di die^e Yir 
kung unmittelbar am Umkreise des Querochmtts vor sich geht, so steht ihre 
Giosse im Verhaltmss dieses Umkreises oder, was eben so \nel sagen will, des 
Duichmessers 

Man darf sich daher die Festigkeit F ernes Diahtes vom Durchme's^er D 
als aus zwei Theilen zusammengesetzt \orstellen, von welchen der erne \on 
dem Durchmesser, dei andere \on der zweiten Potenz des Durchmes^ei^ 
abhangig ist , d h man kann 

F==aD^^bD 

setzen, worm a und h aus der Erfahning abgeleitete Coefficienten sind (Col 
1273) 

Kaimaisch then determines the constants a and h foi \ gieat \anet} 
of metal wiies, but his method of selecting the i fault's fioin whith a 
md 6 aie to be detei mined seems to me \er\ unsatistacton He ought 
to have pioceeded by the method of least squiie^, but ht cikulitos 
a and h from a numbei of selected expeiiments b> t iking the aiith 
metical means 

The process of annealing i educes the \alues of both a and b The 
coefficient b can amount in the case of oidmii} non oi platinum wiit 
to as much as one half of a and sinks in the case of leid to zcio or to 
an insensible quantity The relation of the absolute sticngthb ut 
anneiled and unannealed wiies is not the same foi the "aim imtal, 
but vanes with the chametei of the wiie Fuitlni foi wiiCb ol the 
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same diameter but of different metals it varies from a maximum with 
platinum to a minimum with iron. 

[1132.] Admiralty Exim'iments on the Various Makes of Iron and 
Stek. Transactions of the Institution of Naval Architects. Vol. i., 
pp. 169-70. London, 1860. Also The Mechanics Magazine^ New 
Series j Yol. in., pp. 156-7. London, 1860. 

This paper records the results of a number of experiments on cast 
and puddled steel and on cable iron in the form of bolts and links as 
used for cables made at Woolwich Dockyard in 1859. With a side 
weld and 1| in. chain the best puddled steel bore 39 to 41 tons, while 
the best iron bore 41|- to 43f tons. The difficulty of properly welding 
the steel seems to have told against the strength of steel as compared 
with iron cables in the experiments on links: see our Art. 1147. 
The numerical details might still be of service to any one working out 
a theory of the absolute strength of chain-cables : see our Art. 641. 

[1133.] F. Schnirch : Eesultate einiger Versuche iiher die Festigkeit 
des Schmiedeisens und einiger Steingattungen. Zeitschrift des osterreich- 
ischen Ingenieur-Y efi'eins^ Jahrgang xii., S. 2-3. Wien, 1860. This 
paper contains nothing of permanent value. 

[1134.] H. Tresca: Proces-verbal des experiences faites sur 
ua resistance des idles en ader fondu pour chaudieres. Annales des 
Mines, Memoires, T. xix. pp. 345-65. Paris, 1861. This is attached 
to a RappoH by a Commission appointed to consider les condi- 
tions speciales ddpaisseur pour les idles deader fondu employees 
dans la construction des chaudieres d vapeur, which occupies 
pp. 311-44 of the same volume. The Commission consisted of 
the engineers Combes, Lorieux and Couche, and they experi- 
mented on a boiler of cast steel plate presented by MM. Pdtin 
et Gaudet to the Exhibition of 1855. The experiments on the 
material of this boiler and on plates of like material showed 
that the ductility and absolute strength of a plate were in 
inverse ratio ; they also exhibited the now well-recognised phe- 
nomenon of stricture. There are details (pp. 324-6) of further 
experiments on the strength and ductility of various kinds of steel 
plates and the evidence of various engineers with regard to their 
practical efficiency. At the request of the Commission further 
experiments were made by Tresca on bars cut from plates 
prepared by Petin et Gaudet. These bars Were tested for exten- 
sion and absolute strength, and in various conditions as regards 
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tempenng and annealing Tresca gives (Plate VI ) stress-strain 
diagrams, which show the rapid increase of stretch after the elastic 
limit IS passed For an untempered bar this limi t was reached at 
a tensile stress of about 2477 kilogs per sq centimetie, the 
stretch-modulus bemg ^ = 19,674,000,000 kilogs pei sq metre 
and the elastic limit a stretch of s, = 001259 Corresponding to 
rupture we have a traction T, of about 4873, with a stretch of 
Sj = 05493 On the other hand after tempering and annealing 
we find for another bar with the same units, 

= 6628, Sj = 00331, E = 19,722,000,000, 

2; = 8820, s,= 00473 

Thus the elastic limit and the absolute strength are much raised 
by the process, but the stretch-modulus remains practically con- 
stant Tresca was among the first to notice these facts and also 
to give well-drawn traction-stretch diagrams showing the hfe- 
history of individual material see our Art 1084 and Vol i p 889 

Without entermg more fully into the details of his individual 
experiments we may biiefly indicate his conclusions 

1“ Maximum stietch before rupture 



Aciers doux 

Before tempering 

about 04 

1 

Tempeied and ) 
Annealed \ 

1 

1 about 005 ' 

i 


Aciers vifs 


about 06 


about 004 


2 ° 


Stretch modulus in kilogs pei sq metie 


Acieis (Tou\ 


Bctore tempenng 17,273 x lO^' 


. L 


Aftei tempenng 


19,906 X 10' 


\cieis Mfb 


20,704 X lO" 
19 199 X 10® 


Thus the stietch modulus \aiies fai less than the miximum stietdi 
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ractions at elastic limit in kilogs. per sq. centimetre : 



Aciers doux 

1 

Aciers vifs 

Before tempering 

2400 

2532 

1 

After tempering 

7440 

1 

j 5056 

tretches at elastic limit : 


Aciers donx 

Aciers vifs 

Before tempering 

•001,368 

•001,236 

After tempering 

•003,767 

•002,618 


ilastic resilience (= area of elastic stress-strain diagram) : 



Aciers doux 

Aciers vifs 

mpering 

1-641 kilogs. per sq. cm. 

1^565 kilogs. per sq. cm. 

npering 

about nine times the above. 

about four times the above. 


absolute strength, means in kilogs. per sq. cm. : 



Aciers doux 

Aciers vifs 

Before tempering 

5748 

5318 

After tempering 

8502 

7234 


Tresca’s memoir pp. 3G1-5, and compare ^vitll the results of 
id Wertlieim cited in our Arts. and 1292'‘'-1301*. 


B5.] ‘ Lloyd’s’ Experiments vpon Iron Plates and Modes of 
g applicable to the Construction of Ships: Transactions if 
ititution of Kaval Architects, Yol. t., pp. 99-104. Loudon, 
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1860 This paper contains the details of a senes of expenments 
on riveted joints made for ‘ Lloyd’s ’ under the supenntendence of 
W T Mumfoid, surveyoi, in 1857 The experiments were 
arranged solely with a view to acquinng special information for 
iron shipbuilders, and seem both from the mode of experimenting 
and the comparative paucity of expenments, 22 in all, to be of 
little theoretical or even permanent practical interest With two 
exceptions the joints were all butt-joints, the nvets were placed m 
single and double rows, being spaced at three, four, and four and a 
half diameters apart In both lap- and butt-joints spacing the 
back row exactly behind the front row gave better results 
than spacing midway, and four diameteis apart seems to have 
been the best spacing Lap-joint, double nveting, four diameters 
apart, reduced the strength of the plate in the ratio of 69 5 to 100, 
while butt-joint, double riveting four diameters apart, reduced the 
strength in the ratio of 76 5 to 100, in both cases the back rows 
were exactly behind the front-rows 

[1136] J Daghsh On tJie Strength of Wue Ropes and ChauVi 
The Engineer^ Yol xr , pp 51 and 67 London, 1861 This contains 
the details of a paper lead befoie the Noithein Institute of Mining 
Engineers with the discussion upon it A further paper entitled On 
the cause of the Loss of St'iength in Lon Wue ulien heated will also 
be found on p 67 These papeis give some account of expenments 
on the absolute strength of wire lopes and iron chains They sho)^ 
the reduction in strength produced by heating, by splicing and b> 
oidinaiy socket joints in the case of wires The experiments on 
chains do not give details of the links (f mch wiought-iion chains bore 
15 to 24 tons) They show, howevei, the remaikable result that chains 
xftei being once tested and ha\mg borne a load of 18 to 22 tons ma\ 
ifterwaids bieak with a less load of 16 to 20 tons This does not tend 
to confiiin the contention of Bi owning see oui Ait 1125 Daglish 
supposes the consider ihle weakening effect of heating wiie lopes to a 
led heat as compared with the slight effect of the same tieitment uii 
chains to bo due to the fact that the foimei aie cold and the lattei hut 
lolled He does not believe, howe\ei, that the incieased deubitv dut 
to drawing is the real cause of this difleience in strength, toi this 
differ ence in density he tries to show does not disippeai on heitiiiL 
cither wire or cold rolled non to red heat buch a proceob chrn^es tin 
density but sometimes increases, sometimes deci eases it 

[1137] David Kirkaldj E tpei iments un the Cuiupanitiie 
Tensile Stiength of Steel and Wiongld-Lon (made lui 
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Napier and Sons). These are published in the T7'amactioiis of 
the Institution of Engineers in Scotland, Vol. ii., 1859. A short 
resunii of Kirkaldy s results was also communicated to the 
British Association and will be found in the Transactions of the 
Tweivty-Ninth (Aberdeen) Meeting, 1859, pp. 242-3. They were 
reprinted in eoctenso in The Artizan, Vol xviii., pp. 8-20 (pp. 
9-20 are erroneously paged 321-332). London, 1860. The 
results are given in the above publications without comment 
and consist almost entirely of tables of numerical data. The 
experiments are some of the most comprehensive and thorough 
ever made on steel and wrought-iron. 

The object sought in instituting the series of experiments about to be 
described was to ascertain the comparative strength of various kinds of steel 
and wrought-iron when subjected to a tensile strain, with the view of sub- 
stituting homogeneous metal or steel for wrought-iron in the construction of 
machinery, boilers, steam ships, etc. 

Upwards of 540 specimens were tested and these were “ indis- 
ciiminately collected from engineers’ or merchants’ stores except 
those marked samples which were obtained from the makei*sl” 
The object of this precaution was to avoid especially prepared test 
The experiments themselves made by perfectly reliable 
nterested engineers for their own practical information 
long the first to give full details of stricture and fracture, 

A are of as great theoretical as practical interest. We shall not, 
however, attempt to analyse them in the above form, but note 
that all these results as well as others were embodied by Kirkaldy 
shortly afterwards in a work, the title of which is given in the 
following article, 

[1138.] David Kirkaldy : Results of an Experimental Inquiry 
into the Tensile Strength and other Propei'ties of various kinds of 
Wrought-iron and Steel. 1st edition, 1862, 2nd edition, 1864, 
Glasgow. This work, although falling a little outside our present 
period, to a great extent embraces experiments conducted several 
years previously and referred to in the preceding article. Our 
references will be to the pages (1-227 and xvi plates) of the 

^ An attempt was made to suppress the publication of the results on the ground 
that the specimens had not been procured directly, and legal proceedings were 
threatened. That the attempt failed does not really affect the arguments in favour 
of an independent Government testing house. 
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second edition The treatise may be said to do, and do m a 
more thorough manner, for wrought non and steel what the 
English and American experiments had already done for cast-iron 
see our Arts 1406^, 1037 and 1048 

[1139 ] Pp 9-17 deal with the mode of collecting specimens (see 
our Art 1137), with the foim of the testing ai^parat us (see Plate I, it 
was a somewhat primitive directly loaded lever machine), with the 
pieparation of the specimens and the measurement of their extension 
under stiess (by a large pan of compasses with their points inserted in 
maiks made by a centre-punch in the bar) and with the method in 
which the results aie tabulated The method of experimenting was 
throughout based on the desire to reach broad technical conclusions, 
latbei than to make dehcate physical measurements, and the methods 
adopted appear occasionally to have been rather rough and ready when 
judged from the physical standpomt The experiments weie directed 
to ascertain breaking stiess, stricture, nature of rupture, rate of elonga 
tion under increasing stress, influence of treatment and of shape, 
strength of welded joints, efiect of gradual and sudden stress on steel 
and non in both bar and plate Tables F-K give a summary of the 
numeucal results, Plates II to V give leproductions of the rupture 
surfaces, and Plates YI to XIII represent the results graphically 
We pioceed in the following articles to give a brief ihuim of some of 
the results of Knkaldy’s expeiiments togethei with the inferences 
which may be diawn from them 

[1140 ] Section VIII 29-70) deals with the tensile strength 
and stiictiire of wrought-iron It opens with an historical account 
of the experiments on iron of Muschenbroeck, Lame, Telford, 
Biunel, Faiibairu, Wade, Lloyd, etc (see our Arts 28^ (8), 
1001*-4^, 1494^-1503^, 1037, and 1135) and points out the great 
divergence in the lecorded results This is attributed paitlj to 
difference in quality and paitly to difference m methods of e\peii- 
meuting and stating expeiimental lesults Kiikaldv remiiks of 
these eailiei leseaiches 

111 "ill foimei c\peiiiuciitb the ultimate stiengtli oi bie<ikm3 pei 

bqime iiieli of the speLiineii’s oiigmxl uex xioae ib given lud the \ ii * iis 
pieces lie lated iccoulingl}, the one tbit stinds highest btin^ co i^kIhl I 
the best 

It seems most umiikible tint iii element of the highe"! luiptitinLt 
bhould hi\c been so long oveilooked, iiainel}, the Cjnti tdiJi o* iiit 
men’s iiei [] e Sttutt/ft] when siib)ecteLl to consuiLi ible sti iin ''tu-N-J id 
the still gioitci coiiti lotion, it the point of laptuie which t kt'' pKcc i i i 
gieitci 01 lessci degicO is the miteiiil ib soft oi hiid ind the cnii^epie 
mfliieucc this leduution mubt hive on the imouut ot weight su^tuiied i»v tnc 
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specimen before breaking. The apparent mystery of a very inferior descrip- 
tion of iron susi;>ending, under a st^dy load, fully a third more than a very 
superior kind, vanishes at once when we find that the former had the benefit 
of retaining to the last its original area only slightly decreased ; whilst the 
latter on breaking was reduced to very nearly a fourth of its original area— 
the one a hard and brittle iron, liable to snap suddenly under a jerk or blow, 
the other very soft and tough, impossible to break otherwise than by tearing 
slowly asunder (pp. 23-4). 

Kirkaldy is of course quite right in drawing attention to the 
importance of taking into account not only the absolute strength 
per unit of original area, but also the elongation and stricture in 
measuring the value of a certain class of metal, but the introduc- 
tion of the words ' superior ’ and ‘ inferior ’ above would appear to 
suggest some test of the superiority or inferiority of the metal not 
relative to the purpose to which it is to he applied. In most cases 
the element of ultimate resilience will of course be of considerable 
importance : see our Arts. 1085 and 1128. 

Kirkaldy following up the ideas suggested in the above quota- 
tion gives for bars full details of their total elongation, their 
general reduction of section other than at the section of fracture, 
their reduction at the section of rupture (or the stricture), and also 
of their absolute strength calculated to original, reduced and 
rupture sections. Further, the nature of the rupture is recorded. 
Similar details are then given for plates. 

[1141.] Kirkaldy takes as his test of relative merit the absolute 
strength conjointly with the stricture, and it becomes important to 
ascertain what influence different methods of working have on one or 
both of these properties. He notes the following points : 

(i) The size of the bar in rolled iron has far more influence on the 
absolute strength of ‘ inferior ’ iron than of iron of * superior ’ quality. 

(ii) Removing the skin does not alter the strength, or rough rolled 
bars are not stronger than turned ones : see our Art. 858^. 

(iii) Reducing rolled bars by forging slightly increases the absolute 
strength, but decreases the stricture. 

(iy) The absolute strength and stricture of iron-plates is greater in 
the direction m which they are rolled than across it (pp. 26-30): see 
our Arts, 1497^ 902 and 1108. 

After dealing with rolled iron Kirkaldy turns to hammered iron 
and criticises the loose use of the term scrap-iron. He shows among 
other things, that the absolute strength and stricture are greater in 
specimens cut lengthwise than in those cut crosswise from crankshafts. 
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[1142] Section IX (pp 33-5) deals with steel, and Kirkaldy 
insists on the same conjoint test (Ait 1141) of the value of different 
paicels He states that the absolute stiength and strictuie of puddled 
steel plates aie greater in the diiection in which they are rolled, as m the 
case of lion plates, while the converge holds for cast steel plates (p 92) 

[1143] Section X (pp 35-60) discusses ^vith a criticism of the 
results of other writers the appeal ance of the lupture surfaces in iron 
Kirkaldy enters into the history of the controversy as to the change 
from fibrous to ciystalline structuie by vibration see our Arts 1463*-4* 
881 (&) and 992 He cites the opinions of McConnell, Thoineycroft 
and Stephenson, as well as that of Koebling, the engmeer of the 
Brooklyn bridge, who does not appeal to have believed in the change 
Kirkaldy himself considers that the natuie of the luptuie surface 
depends largely on the mode of ruptuie, and not on previous vibration 
He holds that 

the appearance of the same bar may be completely changed from wholly 
fibrous to wholly crystalhne, without calling in the assistance of any of those 
agents already referred to— viz , vibration, percussion, heat, magnetism, etc , 
and that may be done in thiee different ways — 1st, by altenng the shape of 
the specimen so as to lender it more liable to snap , 2nd, by treatment 
making it harder , and 3rd, by applymg the strain [stress] so suddenly as to 
render it more liable to snap from having less time to stietch (p 53) 

The act of hreahing is really the determmmg cause and Knkaldy’s 
best demonstration of this was the actual breaking of the same bar with 
crystalline and fibious fractures within a few inches of each other 
(pp 53-4) Kirkaldy considers however, that any process of woikmg 
that decreases the stiictuie of a specimen renders it more liable to 
snap or to take a ciystalline fracture^ 

After considering the evidence brought forward by Kirkaldy and 
others with regaid to ciystalline and fibrous fractures, I am inclmed 
to think that the diffeience really lies in the ejuteiit of the mateiial 
which IS subjected to a stress equal oi nearly equal to the luiitme 
stress When only tne material between two ^ely close ci oss sections 
IS subjected to such stiess then we get a ciystalline fiactuie such as 
occuis in snapping, when a consideiable extent of the mateiial as in 
puie tensile strain is subjected to this limiting stiess then the luptuie 
IS fibious This view would account foi the cijstalhne fi ictuic olcui 
img in cisesj of vibration, for in such cases tlieie is genci ilh in ' ictu 
nnilatioii of stiess’ due to stress wi\es at some paiticuhi ci oss sections 
only Almost the sime lesult aiises fioin the sudden blow ot i hammci 
which also leads to i ciystalline fi ictuie 

1 In this section luikaldy leteis to the action of dilute hjdiochloiic acid in 
lemovmg the impuiities iioin the suitace of a specimen and expo iiuie cleaih 
to view the metallic poitioii and its textiue A lilt ipplicatiou to dn\ planed 
section ot a specimen which has been subjected to laige stie&ses pioduciiio set will 
often bung to view the directions ot maximum and minimum btiaiu 
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Section XI. (pp. 61-2) is devoted to the appearance of the rupture 
irfaces in steel. These ai*e classified as granular^ granular and crystal- 
rie, crystalline and fibrous, gramdar and fibrous, fibrous. The distinc- 
on between a fibrous and gmnular fracture is always due according 
) Kirkaldy to the slowness or suddenness of the act of breaking. 

[1144.] Section XII. (pp. 62-9) is entitled : Rate of Elongation 
}V(ler huareasing Strains [^ Stresses]. Kirkaldy holds that a slow 
pplication of load {i.e. one that leaves time to measure the stretches) 
oes not lessen the absolute strength. I think Kirkaldy cannot be 
istituting a comparison with (p. 63) the sudden application of load, or 
Ise its slow application would ceiiiainly be remarkable not for lessening 
ut iiixfreasing the apparent absolute strength : see our Arts. 988*, 970, 
tc. 

The set and the ultimate stretches were measured, and Kirkaldy 
Bmarks that most of the specimens extended uniformly along their 
mgths nearly up to rupture just before which stricture began usually 
t one, sometimes at two, and in a few exceptional cases at three 
ifferent places. The lateral dimensions of the specimens formed an 
inportant element in determining the value of the ultimate stretches 
p. 69), Le. in modifying the amount of stricture. 

[1145.] Section XIII. (pp. 69-74) deals with the Influence of 
arious Kinds of Treatment. Here Kirkaldy considers a number of 
nteresting and practically valuable methods of altering the absolute 
fi.anor+Ti aud stiucture of iron and steel. I reraai'k that : 

The strength of steel is reduced by hardening in water, but is 
;reatly increased by hardening in oil. This increase varies from 1 1 *8 
o 79 per cent, as we pass from soft steels slightly heated to hard steels 
lighly heated (p. 70). The higher the temperature at whicli the 
hardening’ takes place, the greater the increase provided the steel is 
lot * burnt.’ Kirkaldy argues that the steel was also ‘toughened’ 
lecause when under gi*eat stresses it might be “repeatedly struck 
? without breaking] with a rivet-hammer” (p. 70). I do not under- 
stand exactly what Kirkaldy means by ‘ toughened ’ here. 

Further, steel plates hardened in oil and riveted are fully equal in 
jtrength to unriveted soft plates, or the hardening in oil more than 
counterbalances the loss of strength by riveting (p. 71). 

(ii) In the course of the investigations on riveted steel plates, it is 
pointed out that the absolute shearing strength of steel rivets is about 
I- of the tensile strength. According to the uni-constant theory 
extended to rupture the former should be i of the latter. As a inedn 
from 17 rivets we find that the shearing is to the tensile strength 
as 63,796 is to 86,450 lbs. per sq. in., f of the latter would have been 
69,160 lbs. (p. 71). Kirkaldy questions whether the usual rule lor 
non rivets — that the diameter of the rivet should equal the combined 
thicknesses of the two plates to be joined — is a correct one. 
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( 111 ) ‘Case haidened' iron bolts have less absolute strength than 
whole iron bolts Iron highly heated and sudd&dy cooled in water has 
a greater absolute stiength than before, but it is more liable to snap, 
le exhibits less strictuie Iron like steel, when heated and slowly 
cooled loses in absolute stiength see our Arts. 692*, 1301* and 1353* 
Cold -1 oiling increases the absolute strength but dunmishes the stncture 
Earkaldy holds (cf our Aits 1136 and 1149) that the specific gravity 
is not raised by cold-rolling Galvanising or tinning iron plates did not 
increase the strength of plates of the thickness ( 375" to 186") expen 
mented on (pp 73-4) 

[1146] Section XIY (pp 74-7) discusses the effect of altenng 
the shape of specimens JKirkaldy states that we cannot compare the 
stiengths of metals as given by different expeiimenters as we do not 
know the shape of their specimens, and instances Wilmoths Woolwich 
experiments, which are cited in Fairbairn’s tieatise on Iron (see 
our Art 91 1), as diveigmg essentially from his own for Bessemer Steel 
(Wilmot’s mean value for the absolute strength is 153,677 lbs. per sq 
inch, Elirkaldy’s, 111,460 lbs) This divergence Elirkaldy shows to 
ha've arisen from the fact that the minimum cioss section m the test- 
pieces for the Woolwich machine occurred only at om yovni He cites 
expel iments to prove that grooving mcreases the absolute strength 
and decreases the strictuie (see oui Art 1503*) This seems to me 
probable as it is very unlikely that the groove would be formed at the 
weakest cioss section, and the maximum stresses bemg confined to the 
neighbourhood of the gioove there will aiise accordmg to the view 
expressed above (see oiii Art 1143) a crystallme fiacture, or at any 
rate one with less stricture 

[1147] Section XY deals with the comparative strength of 
screwed and chased bolts (pp 77-80), and Section XYI with the 
stiength of welded joints (pp 80-2) In the first case the strength of 
screwed bolts is found to be neaily piopoitional to then areas, with a 
slight difference in favoui of the smaller area The strength of the 
bolt IS gieatei foi a screw made with old than for one made with new 
dies, a result attributed by Kirkaldy to the haidemng effect of an old 
and blunt die (p 78) The loss in stiength due to sciewing is given 
in Table Q (pp 174-9), oi vanes fiom about 7 5 pc for Govan bolt^ 
with old dies (about 17 8 pc with new dies) to about 23 pc foi 
‘Glasgow B Best’ with old dies (about 33 pc with new diea) The 
results foi the welding of non aie veiy inconclusive In some Lake's 
the welded joint boie neaily as much as the uncut bai and in othci 
cases the strength was reduced fullv one thud (p bO) Heating to the 
welding point and then cooling slowlv without himmermg wa^ tuund t j 
reduce the stiictuie veiy laigtl}, but not the absolute btitiigth liic 
welding of steel bais owing to tlicir liabilitv of being burnt ib dimtu t 
and iincei tain see oui Aib 1132 

[1148 ] Section XYII is concciiied with -ijjj u t 

(pp b2-6) Kiikaldy aiiives it the conclusion tint the bu ikm« 
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stress is cousiderably less when the load is suddenly applied, “though 
some have imagined that the reverse is the case ’’ (p. 95). The decrease 
is, however, only about 18*5 p.c. instead of 50 p.c., so I imagine 
Kirkaldy’s trigger appai'atus did not really apply the load instan- 
iaueously. Like other experimentalists he does not distinguish in the 
iase of sudden loading between the real breaking stress and the apparent 
load per unit area of cross-section. 

He notes that the stricture is in the case of sudden application of 
load much reduced (p. 84). Turning to the effect of frost we find that 
the absolute strength is reduced when iron is frozen. Frovided the 
<stress he suddenly ajpylied^ there is a reduction of about 3*6 p.c. "When 
the stress is gradually applied there is little difference. Kirkaldy 
attributes this to the warming of the iron by the drawing out of the 
specimen (p. 86). The experiments were not, however, nearly sufficient 
In number to be very conclusive. The difterence between sudden and 
gradual loadings may, perhaps, explain the divergence between the 
conclusions reached by Joule and Kirkaldy : see our Art. 697 (c). 

[1149.] Section XVIII. deals with the specific gravities of iron and 
steel (pp. 87-91). Kirkaldy found that the specific gravity of iron 
indicates generally its ‘quality,’ that it is decreased by wire drawing, 
cold rolling, and for some kinds by hot rolling in the ordinary way : 
see our Ai’ts. 732 and 1136. It is also decreased by being drawn out 
by a severe tensile stress. In the case of steel, ‘highly converted ’ steel 
has not the greatest density. Cast steel is denser than puddled steel, 
which is even less dense than some of the superior descriptions of 
wrought-iron (pp. 91 and 95). 

[1150.] Section XIX. (pp. 91-100) gives a summary of the con- 
clusions contained in the volume, and some general remarks on their 
practical application. Kirkaldy asserts that the truest measure of the 
quality of iron or steel is the breaking stress per unit area of the 
fractured surface (i.e. of the stricture) and appears to lay the greatest 
importance on this mode of comparison. 

On pp. 106-187 we have the tables of numevicai results which it is 
impossible to condense or analyse here ; their importance has been long 
recognised by technical elasticians. For the absolute strength of 
w'rought-iron we may, however, reproduce the mean results as given 
on p. 96 since they may be of service for later reference in our own w*ork: 


Strength in lbs. per square inch of original area. 



Highest ! 

Lowest 

Mean 


188 Bars, rolled 

i 

68,848 

44,584 

1 

57,555 

= 25^ tons 

72 Angle iion, etc. 

63,715 

37,900 

54,729 


167 Plates (lellgtll-^^a^h) 

62,544 

37,474 

50,737 

ji ” 

160 Plates (cross-ways) 

60,756 

32,450 

46,171 
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[1151 ] In the Append'ix will be found a senes of extracts from 
articles and letters in The Engineer and other papers, which are not 
without interest as showing the general state of knowledge with regard 
to the elasticity of iron and steel about 1860 The volume concludes 
with plates of Kiikaldy’s simple apparatus, and with more or less sug 
gestive diagrams of the surfaces of rupture, showing the reduction m 
transverse diameter not only at the stnctuie, but also at other cross 
sections of the specimens There are graphical representations of some 
of the numerical results, and on Plate XIY are given the distorted 
foims (approximately elhptical) after strain of circles drawn on the 
unstrained faces of a bar These were obtamed with a view of showing 
the relative longitudinal stretch and lateral squeeze I find just about 
the stnctured portion of a bai of cast steel fiom measurement of the 
semi diameter that the circle of 1'' diameter has been converted into an 
oval of 1 125'' longitudinal and of 889" lateral diameter Hence the 
longitudinal stretch is 125 and the lateral squeeze 111, or the stretch- 
squeeze ratio Y] for the set of this bar equals 89, wLch is from 
agreeing with the 25 which the uni constant theory gives for t] in 
the case of elastic strain 


Group G 

Strength of Materials, othei than Lon and Steel 

[1152 ] LG Peiieaux Appa'tatus foi testing and ascertaining 
the strength of yarn, thread, wire strings, or fabncs London Journal 
of Arts (Conjoined Series) Yol 43, pp 325-8 London, 1853 This 
contains a description of a patent for a testing machme In ordei to 
pi event too great a shock upon the rupture of the material tested, one 
of the clamps holding the material sets in motion a fly wheel on the 
release of the load and thus the shock is deadened 

[1153 ] Houbotte A testing machine invented by this engineei 
will be found descubed on p 432 of the Annalcb des tiaiauL pulhca 
de Belgique, T \iii , 1854-5, or Folytechnuches Centi alblatt, Jahigang 
1855, Cols 1237-40 Leipzig, 1855 The machine was designed to 
ascertain the ciushing stieugth of stone Its pecuhai no\eltv seems 
to be the gradual application of load by filling slowh a leseivoir of 
watei suppoited by the loading level of the machine Houbotte gne'^ 
the details of vinous expeiiments on the crushing of stone blocks He 
further made some few not veiy conclusive expeiiments on the iiKietse 
of stiength due to later il suppoit 

[1154] T Dunn On chain Cable and Timhti Tt^tiag Madune^ 
Institution of Civil Engineers Minute^ of Bioc^edings^ ^ ul wi 
j)p 301-308 London, 1857 This gives an aLLOunt ot i tt sting 
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machine made by Messrs Dunn and of some experiments made with it 
on bars and chains. This apparently was the first introduction into 
general use of fairly cheap testing machines. We refer in our Art. 
1158 to the use made of one of these machines by Captain Fowke in 
the Paris Exhibition of 1855. 

[1155.] W. Fairbaim : On the Dendty of various Bodies %ohen 
mlyected to enormous compressing Forces. British Association, Eeport 
of Liverpool Meeting, 1854, Transactions, p. 56. The author states 
that he has applied pressures of 90,000 lbs. per sq. inch to various 
substances. “Under this enormous pressure, clay and some other 
substances had acquired all the density, consistency and hardness of 
some of our hardest and densest rocks."' 

[1156.] W. Fairbairn: Solidification of Bodies under Pressure: 
The Civil Engineer and Architect's Journal, Vol. xvii., p. 394. London, 
1854. The author gives further particulars of the experiments referred 
to in our Art. 1155. The tensile and compressive strengths of sper- 
maceti and tin were found to be much increased by solidification under 
pressure. 

Thus a bar of the former substance solidified under a pressure of 
40,793 lbs. per sq. inch carried 7*52 lbs. per sq. inch more compressive 
stress than when solidified under a pressure of 6421 lbs. The tensile 
strength was again as 1 to 0*876 in favour of the more compressed bar. 

Further three bars of tin were allowed to solidify, the first at the 
of the atmosphere, the second at 908 lbs., and the third at 
per sq. inch. Between the two last there was an increase of 
i>orength in the ratio of *706 to 1, or an increase of about -I 
.olidified under six times the pressure. 

Since the specific gravity of the metals increases at a less rate than 
the strength Fairbairn hopes from compression to insure not only 
greater strength but greater economy. 

[1157.] Marcq: Exph'iences faites sur differ entes pieces de hois, ci 
Veffet d^en deteimiiner le coefficient d'UasticitL Annales des travaux 
jmblics de Belgique, Tome xiv., pp. 279-301. Bruxelles, 1855-6. This 
paper gives details of experiments on the flexure of various kinds of 
wood, such as may be bought in the market and not specially prepared 
for the purpose of experiment in small blocks as in the researches of 
Wertheim and Chevandier (see our Art. 1312*). Nothing is said about 
the state of moisture of the wood, or the position of rings and fibres 
relative to the plane of flexure; presumably the latter were always 
parallel to that plane, as the pieces were long. The author believed 
that he had found a real limit of elasticity up to which the flexures 
were proportional to the loads. This limit of elasticity, as measured 
by the load, bore to the rupture load the ratio *43 for oak to *33 for 
beech. After the limit of elasticity was passed the flexures increased 
more rapidly than the loads till the rupture load was approached, when 
this law was no longer true. For beams of largo cross-s(‘ction the 
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stietch modulus was less than for pieces of small section, where the 
fibres are more contmuous (p 281) A load if iemo\ed and then 
after a shoit interval re applied pioduced a greater flexure than on the 
first application This seems a mther doubtful statement especially as 
it IS not stated whether the load was above or below the elastic limit, 
when oiiginally applied 

Either a stretch of 0006 or a traction of 600,000 kilogs per aq 
metre may be taken as a safe limit of loading for all kinds of wood 
even the poorest ’ 

I do not cite heie the values of the stretch moduli for the various 
kinds of wood (pp 298-9) as the sti etch modulus of wood \anes from 
tree to tree and with the state of dryness of the wood 

[1158 ] Francis Fowke Results of cb senes of Expeirinieuts on 
the Strength and Resistance of Vanous Woods Reports on the 
Fans Universal Exhibition, Presented to both Houses of Parliament 
by Command of Hei Majesty Part i , pp 402-525 London, 1856 
This report contains the details of a long senes of expenments 
on the specimens of various woods from Australia, Bntish Guiana 
and Jamaica exhibited at the exhibition The experiments were 
made with the aid of a hydraulic testing machine made by Dunn 
of Manchester see our Art 1154 The expenments were directed 
to ascertaining the following data (i) the specific gravit} of wood, 
(ii) the rupture stiength under flexuie, (m) the crushing load in 
the direction of the fibre, (iv) the crushing load transverse to the 
direction of the fibre The deflections for \anous loads are given, 
but as there is no reference to set, it is not certain that the} give 
the true values of the stretch-moduli In many cases the deflections 
are not propoitional to the loads Tables giving the final results 
for upwards of 80 specimens of wood will be found on pp 514-25, 
and these might even now be useful foi commercial purposes 

[1159] Captain Fowhe made furthei expeiimentb on a much 
greatei variety of woods exhibited at the International Exh-’bition 
of 1862 His results were published in 1SG7 b} the Scitnce and 
Art Department in a work entitled Table^^ of the Re^^dt^ of a 
Senes of Expenments on the Stiength of Bt itibh, Culunial m d uthei 
Woods The Report of 1855 was lepnnted at the cuncliision of 
thib work 

Upwards of 3000 specimens \\eie tested with a h\diiulic 
machine due to Mes^is Ha} ward, T}ki and Cu Each sptLiiueii 
was as neaily as possible 16 inches luiu( and ot '-(jiiait ciu-'* 
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section, 2"' side. The bearings for flexure seem to have been 12" 
apart. The same series of experiments were made as at Paris, 
and an additional series wavS undertaken to ascertain the elasticity. 
The woods came from a wider range of colonies and from some 
European countries. 

Table VIII. gives the deflection, divided into set and elastic 
strain, at every 1,120 lbs. (pp. 213-242). The stretch-moduli are 
not actually reckoned out. The elastic strains were not propor- 
tional to the loads, and it seems probable that elastic after-strain 
was not recognised and allowed for. 

The work contains the most extensive series of experiments 
on wood hitherto made, and may for many purposes still be useful, 
but the experiments were conducted in a manner rather calculated 
to further commercial purposes than to put to the test any 
theories of the distributions of elasticity in wood : see out Arts. 
1229* and 308-15. 

[1160.] E. R. Storer: On Gutta F&rcha Tubes. Silliman’s Ameri- 
can J(mmaL of Science and Arts. Second Series, Yol. 21, pp, 445-6. 
New Haven, 1856. (Extracted from the Proceedings Boston Society 
Nat. Hist., Yol. v., p. 268.) This paper gives details of the bursting 
strength of gutta percha tubes under water pressure. The tubes varied 
in diameter from 1" internal, 1^" external, to internal, -I" external 
diameter, and the bursting pressures varied from 266 lbs. to 760 lbs. 
per square inch. The smaller tubes had the greater strength. 

[1161.] 0. F, Dietzel: TIeher die JElasticitat des 'oulkanisirten 
Kautscliiiks uiid Bemerkungen ilher die Elasiicitdt fester Korp&r iiher- 
liaupt. PolytecJinisches Centralblatt, Jahrgang 1857, Cols. 689-94. 
Leipzig, 1857. This paper commences by general remarks on the 
influence of temperature, elastic after-strain etc. on elastic phenomena. 
It then criticises Boileau^s experiments (see our Art. 851) on the ground 
that they left out of account the influence of after-strain. Dietzel 
gives an account of two series of experiments of his own on a vulcanised 
caoutchouc thread, in which he carefully distinguished fore-strain, after- 
stmin and set. The loads were gradually increased from 1 to 29 
grammes, and 24 hours were allowed for the action of the elastic after- 
strain. He found roughly speaking that the elastic after- strains were 
proportional to the loads, but that the elastic fore-strains were far from 
being so, increasing in a much more rapid ratio than the loads. This 
was not due to the decrease in cross-section due to the increasing sets. 
The elastic after-strain developed in 24 hours decreased from about 
I of tlie fore-strain down to about yV as the loads increased from 1 
to 29 grammes. Dietzel remarks that Gerstner’s Law (see our Art. 
806*) does not appear to hold for vulcanised caoutchouc. 
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y^auehe vher dwIesligTteiid^sAlvmtmuima 
vmd der Alumirniumbronze {Legtrung von 90 woe Kupfer uni 10 
yroe Alurmmum) PolytechnwoheB Gentralbhtt, Jahrgang 1859 cols 

Cast bars of alummium gave an absolute strength of 10 96 kilo- 
grammes per square-millimetre Cold hammered bars gave an absolute 
strength of 20 26, or reduced to the section of stricture, 28 67 kilo 
grammes per square milbmetre The aluminium bronze had an absolute 
strength of 64 59 m one specimen and 49 62 m a second, the first being 
hot-hammered and the second only cast Thus the absolute strength 
lies between those of iron and steeP ^ 


[1163] C Fabian TJeler die Dehniba^keit des Aluminiums 
Dvnglers Polytechnisches Journal, Bd 154, S 437-8 Stuttgart, 1860 
Demonstration of the extensibihty of aluminium by beating it luto 
extremely fine leaves See also the R^ertcyire de chimie 
1859, p 435, where the discovery is attributed to the Pansian gold- 
smith Degousse, who had beaten aluminium to leaves as thm as those 
of gold or silver 

[1164] Monn and Tiesea DUermiTiation du coejlcieni JeloBticUi 
deV aluminium Annales des mines, ^ xviii, pp 63—6 Pans, 1860 
This is an extract from the Annales du Conseriatoire des arts et metiers, 
!N‘o 2, presumably of the same year 

The authors after lefemng to the experiments of von Burg on the 
absolute strength of aluminium and aluminium bronze consistmg of 
90 p c copper and 10 pc aluminium (see our Art 1162) remaik that 
his results are not sufficient for the purposes of construction in the 
former material They have accoidingly determmed its stretch 
modulus They find from flexuie experiments that the stretch modulus 
may be taken as equal to 6,757,000,000 kilogs per sq mm and that 
the elastic limit was reached at about 8 16 kilogs per sq mm For 
good iron we have 20,000,000,000 and the tiaction at the elastic 
limit 20 kilogs , while the density is about 7 7 as compared with the 
2 5 of aluminium Thus the compaiative semceabilitv of the t^o 
metals is indicated 


[1165] William Faubaiin Expe^iinerUs to detamine the Piop^tiics 
of some mixtures of Cast Irm and Nickel Memouti of the Lit^mry 
ojYid Philosophical Society of MancheUe) Yol xv , pp 1U4~112 
Manchester, 1860 This memoir lead Maich 2, 1658, gl^eis the lesiilt's 
of expeiiments on the lesistance to flexuie of a mixture ot ca^tiiou 
and 2 5 pc of nickel This m\ estigation is imdei taken u^\l^g to 

^ Weitheim found foi the absolute strength of steel wire to liKJ kik« j.tr 
sq mm , and foi iron wne 62 to 5o thus the\alue for aluminium bro ze b4 
IS a little less than that of very strong iron 

2 See also Bepertory oj Patent Inventioiib, London, \ol 82, p lob 
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lie fact that this percentage of nickel had been found in meteoric iron, 
j^Mch is above all other, the most ductile.” The ingots prepared, 
lowever, for these experiments were found to be widely different ; for 
;heir “power to resist impact” was nearly one half less than those 
jomposed of pure iron. In this memoir the “ power to resist impact ” 
s, as in that discussed in our Arts. 1098-9, measured by the product 
ultimate deflection and rupture load. The general result of two 
aeries of experiments is that the admixture of nickel reduces the 
strength of the cast-iron : see our Art. 1189. 

[1166.] W. M. Ellis: Remits of Experiments on the Tensile Strength 
of CoppeTy Iron, Gun Metal, Yellow Metal and Bolts, The Artizan, 
Yol. XVIII., p. 124. London, 1860. This is merely a table of the 
numerical results of experiments made by Ellis for the United States 
Government. The exact nature of the metals is not stated. As 
mean results for tensile strength we find : 


Copper 3 6, 000 lbs, per sq. inch, 

Iron .....52,250 „ 


Gun metal (9 copper, 1 tin) 17,400 „ „ 

Yellow metal (19 copper, 6 spelter)... 48, 700 „ „ 

[1167.] Einige Bemerhmgen zwt Tragfdhigiceit holzerner Balken. 
Zeitschrifk fur Bomhcmdwerher, Jahrgang 1860, S. 161-5. This paper 
gives some details of the best methods of cutting beams out of the tree, 
having regard to the variation of strength with the direction of the 
axis of the beam. It considers further the most advantageous forms of 
simple wooden trusses, etc. 

[1168.] Yicat: Memoir e sur Vemploi des ciments eventes compares 
aux ciments vifs suwi de guelques observations sur les ciments hrHUs on 
mits jusqu^d, ramollissement. Annales des ponts et chaussees, Mtmoires 
1851, 1®’^ semestre, pp. 236—254. Paris, 1851. This paper gives some 
interesting practical details of the cohesion, absolute strength, etc., 
of various kinds of cements before and after immersion in water for 
various periods of time. 

[1169.] J. M. Pendel : Experiments on the relative Resistance to 
‘ compression ’ of Portland and Roman Cement, etc. Institution of Civil 
Engineers, Minutes of Proceedings, Yol. xi., pp. 497-502. London, 
1851-2. This contains further experiments on the ^adhesive’, ‘cohesive’, 
and ‘ cross- strain ’ strengths of cement. The paper is printed as an 
appendix to one by G. F. White on the subject of Portland cements. 
It deals solely with the strength of these cements under various 
kinds of stress, and has only practical value. 

[1170.] J. Manger: Untersuchungen ilher die Pestigkeit von reinen 
und gemischten Cementen. Erhkams Zeitschrift filr Bauwesen. J ahrgang 
IX., S. 523—34. Berlin, 1859, 

This paper gives details of the sti'engths of Medina and Portland 



1171] 


EAETHENWARE PIPES 


755 


cement Specimens in the shape of small bars only i" long between the 
supports were tested by flexure I doubt the possibility of calculating 
by use of the Bernoulli-Eulenan formula the absolute strength from 
flexure experiments in which the length of the bar was not even four 
times the diameter, even if we suppose stress proportional to strain up 
to rupture For the rest Manger’s numerical results have no perma- 
nent interest He concludes his memoir with a number of results as 
to the time various kinds of cement take to become hard. 

[1171 ] Tacke Yermche uher dxe FestigLe^t thonemer Rohren 
gegen inner en Wasserdrml Hannoverische Bauzeitung {Archi- 
tecben- u Ingemeuy-Ver&in) S 308 Hannover, 1854 

This IS an interesting experimental paper on the internal 
pressure at which earthenware pipes burst The pipes were 
tested by water pressure, either ‘dry’, that is without previous 
soaking, or ‘wet’, that is after soaking for four days in warm 
water, they were from 2 to 3 feet long, 2 to 9 inches diameter 
and 1^ down to \ inch thickness In the case of some materials 
the strength of the pipes was enormously reduced by the process 
of soaking, in others it did not appear to have much influence. 
The following are some of the results 







} 

Bursting Pres* 


Substance of Pipe 

Length 
in feet 

Diameter 
m inches. 

Thickness 

minch. 

Condition. 

sure m Cologne 
pounds*" 







persq inch. 

1 

(Ordinary glazed) 

( earthenware J 

2 

4 

1 

dry 

94 

2 


2 

6 



46 

3 

>> 

2 

4 

H 

> 

110 

A 

5 ‘ Porphyrmasse ( 

3t 

2 

iV 


142 


\ burnt without glaze ( 


5 


3 

3 

4 


230 

6 


3 

4 



122 


(had two suppoiting 



J 




rings) 





242 

7 

Same as (5) i 

3 

3 

1 

■uet 

8 

‘ Chamottthon ’ (ra , 
ther poious and 
yellow glaze) 

! 

b 

* 1 

1 

dry 

4b 

Ibb 

9 


1 j 

4 

1 1 ' 
1 

10 

j j » 

J Same material, / 
j black glaze ) 

I 

3 




11 



1 ’ 


42 iTt ^ d 
ooa ll*- cLv) 

12 


b 


dr\ 

It 2 

13 

1 


4 



1U2 

14 

1 

i 


b 



10 

lo 

1 


4 

- 


^4 


* A ColojjHt lb - 500 jjraimnes + ‘'-ixon feet the otli r ii peart be; In 
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These results might be useful in testing how far the theory of our Arts. 
1012*~1013* footnote, may be applied to rupture. The writer concludes 
that pipes of more than 6" diameter ought to be made of cast-iron. 

[1172.] Kraft: Ueher die nothwendige Starke thonerner Wasser- 
Uitungsrohren, PolytecliniscJies Gentralhh>tt, Jahrgang 1859, Cols. 
1445-.6. Leipzig, 1859. (Extracted from the Gewerbehlatt am Wnrt- 
ee 7 ndergj 1859, Nr. 30.) This paper gives an empirical formula for the 
thickness of the sides of pipes, which is said to be based on experiments 
made in Ravensburg on pipes for the water supply. The formula, 
which is accompanied by a numerical table, is the following: 

J^o(a-{»l), 

where d is the thickness of the side of the pipe in lines {Linim), w is 
the internal diameter (Lichtweite) in inches [ZolV) and a is the internal 
water pressure in inches. 

[1173.] Institution of Civil Engineers^ Minutes of Proceedings^ 
Yol. XIX., p. 276. London, 1859-60. Some details of experiments on 
the power of bricks to resist a crushing force will be found in an 
Appendix to a paper on the Ketherton Tunnel. 

[1174.] Lateral Strength of Stone. The Civil Engineer and Archi- 
tects Journal., YoL xiii., pp, 269-270. London, 1850. Some account 
of experiments made in 1848 for Chester Railway Station on the flexural 
strength and ultimate deflection of slate and stone are here recorded. 
Only unreduced numerical results are given. 

[1175.] W. R. Johnson: Comparison of Experiments on American 
and Foreign Building Stones to determme their relative Strength and 
Durability. Silliman’s American Journal of Science and Arts. Second 
Series. Yol. xi., pp. 1-17. New Haven, 1851. 

This memoir contains a general resume of European investigations 
on the crushing strength of various kinds of stone together with 
accounts of experiments by C. G. Page, Dougherty and R. Mills on 
American stones. The American experiments were made on 2" cubes, 
and the absolute crushing strengths as well as those relative to alum 
sandstone taken as 100 are recorded. Good tables in English measure 
are given of the results of Rennie (see our Arts. 185*-6*), Daniel 
and Wheatstone, W. Wyatt in England; Rondelet (see our Art. 
696*), Gauthey, Soufflot and Perronet (see our Art. 28* (^)) in France. 
See especially pp. 14-15 of the memoir. Noting the discordance of the 
results obtained, Johnson concludes that the I’esistance to crushing 
must be some function of the number of units in the base of the 
column crushed, increasing with that number. He suggests the 
following law: 

That the crushing strength of a cube varies as the product of the area of 
the base into the cube root of that area. 
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He tests this law hj some ten cases, which he remarks do not 
conclusively prove it, but afford “a pretty strong presumption in its 
favoi (p 17) 

j”1176 ] lyCohn V&j/'sucJh6 uher das Gl&iclig&wicht wni di6 TutdcwiT-’ 
henm Festigh&it von naturkchen Bausteinen Fotizblatt de$ Architecien 
und Ingemeur-Vereins, Bd i, S 360 Hannover, 1853 

This paper contains details of expeuments on the crushing strength 
of stone cubes, the sides of which were four Hannoverian inches long 
In order to test the stones m a frozen condition some were placed in 
warm water and after becoming saturated submitted to a frost of 10** E. 
for several days In some cases the strength appears to have been 
somewhat decreased by this freezing process, but no general law is 
obvious The numerical results are somewhat irregular and have little 
more than local and temporal interest 

[1177 1 Hodgkmson On the Elasticity of Stone and Crystalline 
Bodies British Association, Eeport of Hxill Meetmg 1853, Transac- 
tions, pp 36-37 Hodgkmson lefers agam to the “defect of elasticity'* 
m stone and cast-iron It is not quite obvious what he means by 
“defect,” but it is I imagine ‘set’ and not perfect elasticity with 
“defect of Hooke’s Law ” See our Arts 969*, 1411* and YoL i p 891 
He refers to Lame’s “ profound work ” and lemarks that its results do 
not apply to the bodies of which he is speaking — some of which are of 
primary technical importance 

[1178 ] Strength and Density of Building Stone The Edinburgh 
New Philosophical Journal, Yol Lvii , p 371 Edinburgh, 1854 A 
few numeiical details of the crushing strengths ot sandstones, marbles 
and granites, extracted from a report on experiments made at Wash 
mgton, IT S , are here published 

[1179] Michelot Eecheiches statistiques sur Us matniaux de 
construction employes dans le depaiteinent de la Seme AnnaUn 
ponts et chausbees, Memoiies 1855, P semebtie, pp 189-212 Pans, 
1855 This IS only a lepoit by Belgrand on i long memou b\ 
Michelot, which as far as I am awaie w is never published It refers 
on p 209 to some expeuments on the ciushmg of stone 

[1180 ] Henry On the Mode oj testing Building MaUi lah and yn 
account of the Mai hie used in the E Ueubion of the L uif^^d Hat^b Cnpi d 
SilliinanU American Journal oJ Scieute and Aitb, Yol 22 pp 3U-o^ 
Hew Haven, 1856 (Extiacted from the Fioceedmg^ ot th^ im^nc ni 
Association Joi the Advancement of Science, August, 1 m5, PiunPnc 
Meeting) This paper describes the appaiatus used b\ an Anieiicai 
Commission to test the marble used in extendmg the Capitol There 
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e that calls for general note here, except perhaps the statement on 
3 that in crushing cubes the manner in which the ends are bedded 
fundamental factor in the apparent crushing strength. If the bases 
he cube are free to expand, as is approximately the case if they 
oedded on thin plates of lead, the crushing strength appears far 
than if they be bedded on steel 

For example, one of the cubes, precisely similar to another which 
istood a pressure of upwards of 60,000 lbs. when placed in imme- 
e contact with the steel bed-plates, gave way at about 30,000 lbs. 
1 lead interposed. This remarkable fact was verified in a series 
xperiments, embracing samples of nearly all the marbles under trial, 
in no case did a single exception occur to vary the result. 

Some remarks on cohesion and molecular attraction with which the 
loir closes do not seem very lucid (pp. 36-38). 

[1181.] A. Brix : ZerdTiickungs-Versuche zur Ermittelung d&r 
zwirh&ndm Festigkeit verschiedener Baust&ine. YerJiandhmgen des 
nm zuT Be/drderimg des Gewerhjleisses in Preussen, 1855, Lief, 2. 
glers Polytechnisckes Jonrnal^ Bd. 137, pp. 393-4 Stuttgart, 1855. 

5 paper gives details of the crushing strength of various kinds of 
man stone. The loads at cracking and at crushing are given in 
i case. Details of earlier experiments by Brix will be found in the 
e Verha'ndlungen 1853, S. 1, 137, 203, and in the Polytechnisckes 
tralhlaU 1853, Cols. 1308-9. 

[1182.] W. Fairbairn: On the Comparative Value of various kinds 
Stone, as exhibited by their Powers of Resisting Compression, 
mirs of the Manchester Literary and Philosophical Society, Vol. 14, 
31-47. Manchester, 1857. This memoir was read April 1, 1856. 

It contains numerical values for the crushing loads of various kinds 
granite, limestone and sandstone, and a comparison of these results 
!i those of Rennie for stone, Hodgkinson for stone and wood, 
imer Clarke for brickwork, and Fairbairn himself for cast-iron: see 
Arts. 185*, 1445* and 953*. 

There are three plates of rupture-surfaces. While the sandstones 
fcured in wedges, the limestones formed longitudinal cracks or 
nters. The strength of stone was about as “10 to 8 in favour 
the stone being crushed upon its bed to the same when crushed 
he line of cleavage.” This applied to both sandstone and limestone 
39). 

[1183.] Knight: Strength of Building Stone. The Builder, Vol. 
[I., p. 579. London, 1860. Details are given in this paper of the 
shing strengths of various colonial building stones ; they are taken 
n a treatise by Knight, presumably published in Victoria. Some 
Dunt of experiments on the transverse strength of stone are also 
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[1184] G Cavalli Memona ml dehneaTnento equilthraio deck 
Arm% in muratura e in a/rmatura Memone delV Accademia d% Torino 
Sene Seconda, Tomo xix, pp 143-200 Turm, 1861 This memoir 
was read in 1858 It contains on pp 183-7 values of the crashing 
strengths of a very great variety of Italian stones ^ 


Group H 

Miscellaneous Minor Memoirs on topics related to the 
Strength of Matei'ials 


[1185] BoUey Ueher das KrystaUimsch und Sprodewerden des 
Schmiedeisens durch fortgesetzte Erschutterungm Dinglers Folytecf^ 
niscJies Jowmal, Bd 120, S 75—7 Stuttgart, 1851 Extracted from 
Schweizerisches Gewerheblatt 1850, No 5 This contains evidence in 
favour of the change of wrought-iron from the fibrous to the crystal 
line (hornig) condition by repeated impacts 

[1186] P W Brix Ausdehnung des Gusseiseiis h&i wiederholtem 
Erhitzen Mittkeilungen des Gewerhe Yereins fur das Emiigreich 
Hcmnover, Neue Folge, Jahrgang 1853, Cols 214-5 Hannover, 1853 

This short extract from a work on fuel by Biix contains some 
interesting statements with regard to the set produced m cast-iron 
bars by heating them The fact that cast iron after heating does not 
return to its old volume '^as first noted by Prinsep in the Edinhiugh 
Journal of Science, Yol x , pp 356-7, 1829 Bnx found that bv continu 
ally heating a cast iron bai there was after each heating more set, but in 
decreasing inciements The theimal set appeal's m this to resemble 
after strain Set produced by heating in a moderate fire 17 and moie 
days gave an extension of 2 to 3 pc This fact deseives fuithei 
investigation as its physical and piactical consequences seem of much 
interest 

[1187 ] L Dufonr Tenacite des fih metalliquen q%n out ett pai 
courus par des courants voltaiques BihliotJieque uniiersJh 
Archives des sciences physiques et natui elles, T 27, pp 156-"' Gene^e, 

1854 

Wertheim had noted the change in the stretch modulus pioduced 
by sending an electiic current through a loaded vire see our Art 
1306* Dufoui proposes to investigate the chan^e'^ in ab^uliue 
strength, if any, produced by pissing i ciuieiit toi a long time 
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rough & wire. His results are not very conclusive. He finds a 
s of strength in copper and a slight gain of strength in ii'on wire, 
3 currents having run as long as 1 9 days. A much greater number 
experiments would have to be undertaken to reach results of real 
lue. 

[1188.] Florimond : I^ote sur les aimants defer de fonts trempee et 
^ la fragilite des fils de laiton eosposes d Vair sous Vinfluence de 
taiTies variatioyis de temp^atuTC, JBulletin de VAcad^nvie Roy ale de 
Igique, S^rie, T. vii., pp. 368-71. Bruxelles, 1859. 

This paper merely puts on record that in 1848 ^^apres quelques jou/rs 
geUe suivi dun Irouillard^^ the brass wires which bind the telegraph 
res ruptured and the pieces falling to the earth broke into small 
s of excessive fragility. In 1858 a similar phenomenon occurred 
bh the brass ropes which worked the bells at the church of St Pierre 
Louvain. Attempts to reproduce the phenomenon arbificially failed. 
)rimond inquires what may be the peculiar crystallisation or dis- 
jregation produced by these atmospherical changes in brass. 

[1189.] Bri-Brachion ('I Sir W. Armstrong): The Cause and Pre- 
\tion of ike Deterioration of WroughUlron, The Chemical N'ews, 
1 IL, pp. 183-4. London, 1860. 

The author cites the fact that iron crystallises in cubes or octa- 
Irons, and states his belief that such crystallisation takes place 
}hout melting and slow cooling, namely % the influence of fre- 
snfcly repeated vibrations. He quotes two 'French chemical writers 
this effect (Pelouze and Fremy) and refers to the stock examples 
railway axles and steam boilers. He then remarks that any 
purity tends to hinder ciystallisation. Hence he considers pure 
n should not be used for structures subjected to frequent vibrations, 
test whether iron is pure or not, he suggests magnetisation, pure 
D losing immediately its magnetisation, but impure iron retaining it. 

> has himself tried as ‘impurities’ carbon, manganese, cobalt, zinc, 
‘omium, tin and nickel, but his experiments lead him to believe that 
kel is the most efficient, as it is not removed in the puddling 
nace. As an example of the unsatisfactory nature of pure iron, he 
5 S an experiment with a pure iron bar which was successfully tested 
-h 80 lbs. before being submitted to vibration, but after the vibratory 
Deriment it broke with a ‘highly crystalline fracture’ in three pieces 
simply falling to the ground. Compare our Art. 1165. 

[1190.] W. Liiders : Ueher die Aeusserung der Elasticitdt an 
Idartigen Eisenstaben und Stahlstahen und uher eine heiin Biegen 
dter iStahe heohacJitete Molecularbewegung : Dinghies Polytechnisches 
irnal, Bd. 155, S. 18. Stuttgart, 1860. Polytechnisches G entralhlatt, 
irgang 1860, Cols. 950-4. Leipzig, 1860. Luders had noted that 
Magdesprimger bar-iron and on various soft kinds of cast-steel the 
•face after flexure is covered by a network of orthogonal systems 
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of curves ^ese cu^es by means of a weai solution of mtnc acid 
could he etche^ and this process even repeated after several filings of 
the surface At the same time these Imes only exhibit themselv^ afc 
places where the material has received great strain Similar Luderf 
Curves were shown to the Editor on I-bars of wrought iron a few years 
agoS and apparently corresponded very nearly with the lines of strain 
in beams undei flexure as figured m the ti^books It would appear 
then that if a bar be bent bevond the elastic limit mechanical changes 
take place along the lines of stiam and exhibit themselves m a astern 
of orthogonal curves on the scale at the surface of the beam, or even 
further in, if the strain has been great, and acid be applied Lfidera 
attributes these curves to a MoleowlarheweguTigy but does not associate 
them with the Imes of stram He had in one specimen found a 
third system of curves diagonal to the rectangular elements of the 
other two He had observed these curves of strain after flexure in 
bars of pure tin {tesserale Form) 

[1191] Summary The decade with which we have been 
dealing in this chapter is one of the most fruitful in the history of 
elastic theory and practice Hesides the large number of memoirs 
which have been dealt with in the last five hundred pages, it 
must be remembered that several of the most important publi- 
cations of Lam^, of Saint-Venant and of the older German 
elasticians, considered in previous chapters or in the following 
chapter of our History, really date from this period Nor is the 
advance confined to any one branch of our subject There is to 
be noted the beginnings of a real union between theory and 
technical practice in France and Germany, which has contmued 
to bear fruit even to the present day, when its full value is also 
being realised in England by the estabhshment of numerous 
technical schools in which instruction in the strength of materials 
is given and reseaich is scientifically carried on In the depart- 
ment of physical elasticity we have to note that while great 
progress was made in the collection of facts, there wa^ still too 
wide a divorce between theory and experiment This is ver\ 
obvious in the elaborate physical researches of Kupfler and 
Wertheim Yet while these and other m\ estigator^ to some 
extent failed to conduct their experimental inquiries in tl e 


1 Still moie recently Mr J B Hunter, MICE has sent me some «pVrd d 
photographs and specimens of Luders cur\es produced b\ rubt round hoiea punoLed 
in the steel plates of diedger buckets see frontispiece to Pait II I look funv^ra to 
these curves being used as a powerful mode ot giaphically analvbing stram 
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aner best calculated to advance scientific theory, they un- 
ibtedly by their researches in such branches as thermo- 
jticity, after-strain, and magneto-elasticity gave a great impulse 
further theoretical and physical work. The development in 
3 period of our knowledge of the physical properties of elastic 
terials showed the insufficiency of much of the accepted elastic 
lOry, but for the establishment of a truer and more comprehen- 
e theory we shall probably have to wait until we gain a wider 
[uaintance with the nature of intermolecular action and the 
•t played by the ether in varying and adjusting that action. 

In the technical researches of the period we find that the 
jcial problems of bridge structure and gun-making, notably the 
reduction of lattice-girders and composite cannon, largely 
luenced the direction of investigation, and incidentally led to 
3 discovery of many important physical properties of iron and 
iel. On the technical side the researches of Bresse, Phillips 
d Kirkaldy form each in their peculiar fields models of what 
^estigation in technical elasticity should be, and emphasise the 
Bcial merits of the French and English systems of engineerino* 
lining. In the sphere of terminology a great service was 
adered by Rankine owing to his introduction or precise defini- 
m of a number of useful names for important elastic coefficients 
conceptions. On the whole while the number of memoirs 
iblished was alarmingly great, the proportion which may be 
issified as absolutely worthless is extremely small. In many 
ses they contain important facts which have been forgotten in 
ter decades only in order to be rediscovered in recent times, 
lis is largely owing to the want of any easily accessible record. 
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